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Stochastic approximation is a framework unifying many random iterative algorithms occurring in a diverse
range of applications. The stability of the process is often difficult to verify in practical applications and the
process may even be unstable without additional stabilisation techniques. We study a stochastic approxi-
mation procedure with expanding projections similar to Andradéttir [Oper. Res. 43 (1995) 1037-1048]. We
focus on Markovian noise and show the stability and convergence under general conditions. Our framework
also incorporates the possibility to use a random step size sequence, which allows us to consider settings
with a non-smooth family of Markov kernels. We apply the theory to stochastic approximation expectation
maximisation with particle independent Metropolis—Hastings sampling.
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1. Introduction

Stochastic approximation (SA) is concerned with finding the zeros of a function defined on the
space © C R? as

h(d) ::/H(@,x)ne(dx), (1.1)
X

where {7g}oce is a family of probability distributions on a generic measurable space (X, B(X))
and H:® x X — O is a measurable function. In numerous situations /# behaves like a gradient,
suggesting that a recursion of the type 6;11 = 6; + yi+1h(6;) where (y;);>1 is a sequence of
nonnegative step sizes decaying to zero, can be used to find the aforementioned roots.

Often in applications, the integral (1.1) needs to be approximated numerically. We focus here
on methods relying on Monte Carlo simulation where sampling exactly from g for any 6 € ® is
not possible directly and instead Markov chain Monte Carlo methods are used. Let { Py}pco be
a family of Markov transition probabilities with stationary distributions {mg}gc@, respectively.
Then, the standard SA recursion with Markovian dynamic is as follows

Xi+]|905 XOa . "501'7 Xi ~ P(Q,'(Xl'v ')5
Oit1 =0i +vit1HOi, Xiy1).

1350-7265 © 2014 ISI/BS


http://www.bernoulli-society.org/index.php/publications/bernoulli-journal/bernoulli-journal
http://dx.doi.org/10.3150/12-BEJ497
mailto:C.Andrieu@bristol.ac.uk
mailto:matti.vihola@iki.fi

546 C. Andrieu and M. Vihola

Stability of this process is far from obvious and a significant effort has been dedicated to its
study (e.g., [7], Section 7.3). Problems occur in particular when ergodicity, a term to be made
more precise later, of Py vanishes as 6 approaches a set of critical values denoted d0® hereafter.
Younes [30], Section 6.3, gives an example of a situation where the Robbins—Monro algorithm
fails for this reason.

Cures include projection on a fixed set Ro C ©, that is, given a projection mapping I, : © \
Ro — R, one can define [20,21]

071 =0 +vir1 HO:, Xit1),
Oir1 =067 {6, € Ro} + TRy (671)1{671 ¢ Ro}-

Projection on a fixed set R¢ might not be satisfactory when for example the location of the zeros
of h(0) is not known a priori. It is also possible that the projection induces spurious attractors on
the boundary of Ry.

Adaptive projections overcome these difficulties by considering an increasing sequence of
projection sets {R;};>o which forms a covering of ®. The process is defined through [4,11-13,
28]

0 =6 +vir1 HO:, Xit1),
Oit1 = 91‘*+1]1{9;k+1 € Rri} + HRO( iil)ﬂ{eiil ¢ Rri }’
ri+1 =ri +]I{91*+1 ¢Rri}v

where r; is the indicator of the current reprojection set and ro = 0. Adaptive projections can be
shown to lead to stable recursions under rather general conditions. In the case of a Markovian
noise, one usually modifies also X, so that [4]

Xit1160, Xo, ..., 0:, Xi ~ Po,(X7,)  with
X;-k = H{@i* G'R,,'_l}X,‘ +H{9i* ¢Ri_1}ﬁK0(Xi),

where fIKO : X — Ko maps X; to a suitable (usually compact) set Ko C X. This corresponds effec-
tively to ‘restarting’ the process, with a smaller step size sequence and a bigger feasible set R, 1.
One can show that the projections occur finitely often under fairly general conditions, whence
the process is eventually stable [4]. In practice, this algorithm may be wasteful if {R;};>0 or Ko
are ill-defined, and the projections occur frequently.

We focus here on the study of a different stabilising approach where projection occurs on an
expanding (with time) sequence of projection sets {R;}. Our approach is similar to Andradéttir’s
[1]; see also [26,27], but we consider a more general framework with two major differences.
First, we focus on a Markovian noise setting, and second, we allow the step size sequence, now
denoted (T';);>1, to be random.! Our analysis is inspired by earlier related work in adaptive
Markov chain Monte Carlo [25]. The generic algorithm can be given as follows.

IThe recent work of Sharia [27] includes random step sizes as well, but our assumptions on I'; are completely different.
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Algorithm 1.1. Let {R;}i>0 be subsets of © and let the weights (I';);>1 be nonnegative ran-
dom variables. The stochastic approximation process (0;, X;)i>o with expanding projection sets
{Ri}i>0 is defined for any starting point (6p, Xo) = (6, x) € Ro x X and recursively for i >0 as
follows

Xiv11Fi ~ Py (Xi, ),
07 =0; +Tit1H(6:, Xiy1),
Oir1 =07 {071 € Riva} + 6771071 ¢ Ris],

whe_re Fi stands for the o-algebra generated by 0y, Xo, 01, X1,T'1,...,6;, X;i, i, and where
QPFO_]

HI isao(F;, Xiy1, Gi’ﬂr])-measumble random variable taking values in R 1.

Most common practical projection mechanisms include 9}101] :=6; ‘rejecting’ an update out-
proj .

side the current feasible set, and 91+1 = HRI.H(G;;I), where I, O\ Rij;1 — Rit1 isa
measurable mapping.

In words, the expanding projections approach only ensures that 6; is in a feasible set R; but
does not involve potentially harmful ‘restarts’ as is the case with the adaptive reprojection strat-
egy. Note particularly that unlike with the adaptive reprojections strategy, we need not project
Xi+1 at all. We believe that these advantages can provide significantly better results in certain
settings, but this is at the expense of requiring more when proving the stability and the conver-
gence of the process. In short, we must be able to control certain quantitative criteria within each
feasible set R;. The random step size sequence allows one to consider situations where the fam-
ily of Markov kernels { Pg}pce is not necessarily smooth in a manner that is usually considered
in the stochastic approximation literature (e.g., [8]).

Other stabilisation techniques in the literature related to our approach include the state-
dependent averaging framework of Younes [30] and a state-dependent step size sequence of
Kamal [19]. Particularly the former shares similarities with the present work, as it also relies on
quantifying the ergodicity rates of Markov kernels explicitly. Our stabilisation approach differs,
however, crucially from these methods, adding only the projections to the basic Robbins—Monro
algorithm. We remark also that our present approach may be used in some situations to prove
the stability and convergence of an unmodified Robbins—Monro stochastic approximation. This
is possible, loosely speaking, if one can show that projections do not occur at all with a positive
probability; see [25] for an example of such a situation. We point out also the work [6] suggesting
a generic method to establish the stability of unmodified Markovian Robbins—Monro stochastic
approximation at the expense of more stringent assumptions.

Our main results show that the SA process (6;);>0 produced by our expanding projections
algorithm ‘stays away from 0®’ almost surely for any starting point (6, x) € Ro x X under
conditions on H (-, -), {Pp}oco, (Ri)i>o0 and (I';);>1. Figure 1 summarises the inter-dependency
between our various main conditions and results and in order to help the reader we provide a
nomenclature of some of the constants involved in Appendix D.

Section 2 contains two fundamental results, Theorems 2.5 and 2.8, which both establish sta-
bility of Algorithm 1.1 under abstract noise conditions and the existence of a Lyapunov function

i+1
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)j|Prop.3.19|

Prop. 3.17

Figure 1. Road map of the main results and assumptions.

satisfying two distinct sets of assumptions which, roughly speaking, allow us to tackle instability
at infinity or at a finite point. Section 3 focuses on establishing the required noise conditions
with verifiable assumptions on the Markov kernels. First, Theorem 3.3 establishes the aforemen-
tioned noise conditions under Condition 3.1, which essentially involves a trade-off between the
sequences (I';);>0 and (§;);>0 and properties of the solution of the Poisson equation related to
{Ps}oco and H (-, -). Second, essentially assuming geometric ergodicity, Propositions 3.17 and
3.19 establish the required conditions in the scenarios where {Pg}gce depends smoothly on 6
and where it does not respectively—the latter case requires the introduction of random step-sizes
(I'))i>0 (see also the comments in the introduction of Section 3.3).

We complement our stability results in Section 4 with a discussion on how one can use existing
results in the literature to obtain convergence of (6;);>¢ to a zero of h. Finally, we apply our
theory to a new stochastic approximation expectation maximisation algorithm involving particle
independent Metropolis—Hastings sampling in Section 5.

2. General stability results

We denote throughout the article the probability distribution associated to the process (6;, X;)i>0
defined in Algorithm 1.1 and starting at (6p, Xo) = (6, x) € ® x X as Py () and the associated
expectation as [Eg .[-]. For any subset A C E of some space E, we denote A€ its complement in
E. We also denote (-, -) the standard inner product and | - | the associated norm on ® C R¢. We
also use the notation a V b := max{a, b} and a A b := min{a, b}.

The approach we develop relies on the existence of a Lyapunov function w: ® — [0, co) for
the recursion on 6 and the subsequent proof that {w(6;)} is Py ,-a.s. under some adequate level.
For any M > 0, we define the level sets Wy, := {6 € ®: w(0) < M}. Our general stability results
are inspired by a proof due to Benveniste, Metivier and Priouret [8], Theorem 17, page 239, but
differ in many respects as we shall see.

We consider two different settings concerning the way w behaves on the boundary 9® of
©®. Section 2.1 assumes that limg_, 30 w(8) = oo, which is well suited for example to the case
® =R and 00 = {—o00, 0o}. Section 2.2 considers the case where w may not be unbounded,
which requires stronger assumptions on the behaviour of w. This setting subsumes for example
the case where ® C R and d® contains some points on the real line. Both of the scenarios share
the following set of assumptions.
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Condition 2.1. There exists a twice continuously differentiable function w:® — [0, 00) such
that

(i) the Hessian matrix Hess,, : © — R*4 of w is bounded so that

Cy 1= sup sup !Hessw(Q)é)o} < 00,
€0 |6p|=1

(ii) the projection sets are increasing subsets of ®, that is, R; C Ri+1 for all i > 0, and
(iii) there exists a constant My > 0 such that for any 6 € WX,IO ne

(Vw(®). h(®) <0,
(iv) the family of random variables {6’ip roj}iz | satisfies for all i > 1 whenever 0] ¢ R;
Qiproj eR; and u)(@ipmj) < u)(@l»*) Py x-a.s.,

(V) there exists constants oy, ¢ € [0, 00) and a non-decreasing sequence of constants &; €
[1, 00) satisfying supger, [Vw ()| < cEl.aw foralli > 0.

Remark 2.2. Condition 2.1

(1) Can often be established by introducing a Lyapunov function defined through w := Y o,
where ¢ : [0, co) — [0, 00) is a suitable concave function modifying the values of another
Lyapunov function w which satisfies the drift condition (iii) but does not have finite
second derivatives; see [8], Remark on page 239.

(i) Is often satisfied with © = ©, but accomodates also projections sets which do not cover
®, but only certain admissible values 6} C ©. As an extreme case, this allows to use the
present framework to check that a fixed projection does not induce spurious attractors on
the boundary of ©. Notice also that the function H (6, x) and the corresponding mean
field /(0) need only be defined for values 6 € 0.

(ii1) Will be replaced with a stricter drift in Theorem 2.8, where w is not required to diverge
on the boundary GIC)

(iv) Is satisfied trivially by the choices Ql.p ) .= @;_; and 0ip o= MR, (87), if the projection
sets are defined as the level sets of the Lyapunov function, that is R; := Wy, for some
M; > 0. In the Markovian case, the projections are assumed to satisfy an additional con-
tinuity condition; see Theorem 3.3.

(v) Involves in practice a sequence that grows at most at a rate &; :=i V 1, with some power
ay € [0, 1). The sequence &; plays a central role also in controlling the ergodicity rate of
the Markov chain in R;; see Remark 3.2.

Hereafter, we denote the ‘centred’ version of H as H (0, x) := H (0, x) —h(8). For the stability
results, we shall introduce the following general condition on the noise sequence. In general
terms, it is related to the rate at which {6;} may approach 90 in relation to the growth of |H (0, x)|
and the loss of ergodicity of { Py}. Establishing practical and realistic conditions under which this
assumption holds will be the topic of Section 3.
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Condition 2.3. For any (6, x) € Ro x X it holds that

() Po( lim Tot|Vw)| - [HE: X =0) =1,

]<oo.

In what follows, we shall focus on a single condition implying Condition 2.3(i) and (ii). It is
slightly more stringent, but more convenient to check in practice.

o

.. 2

(i) Eg. [ZF?+1|H<9,-,X,-H)| } < oo,
i=0

k

D Tina(Vw(®), H®;, Xit1))
i=0

(iii)) Eg.x|sup
k>0

Lemma 2.4. Suppose Condition 2.1 holds and

o]
2 2
By x |:Zri+léi !
i=0

Then, Condition 2.3(i) and (ii) hold.

H(G,-,X,-+1)|2:| < . @2.1)

Proof. Note first that Condition 2.3(ii) holds trivially, because ";“,.2“"’ > 1. For Condition 2.3(i),
consider

o oo
Eo [Z(rm [Vw(®)| - |H®;, Xi+1)|)2} <’Eox [ZF?HSE‘"W |H @, X,~+1)|2}.
i=0

i=0

2.1. Unbounded Lyapunov function

When 1im9_) 96 W(B) = 00, it is enough to show that the sequence w(6;) is bounded in order to
ensure the stability of 6;.

Theorem 2.5. Assume Conditions 2.1 and 2.3 hold. Then, for any (0, x) € Rg x X

Pp x (limsupw(@i) < oo) =1.

i—00

Proof. To show the Py -a.s. boundedness of {w(6;)} we fix (8,x) € Rp x X and introduce
the following quantities. Let My < M] < --- < M,, — o0 be an increasing sequence tending to
infinity and consider the level sets Wy, C ®. We assume that M is chosen large enough so that
0o =6 € Wy, . For any n > 0, we define the first exit time of ¢; from the level set Wy, as

op =inf{i > 0: 6; ¢ Wy, },
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with the usual convention that inf{@} = co. For any n > 0, we define the time following the last
exit of 6; from Wy, before o, as

7, =1 +sup{i <o, 6; € Wi},

which is finite at least whenever o, is finite by our assumption that 8y € WWyy,. With these defini-
tions, the claim holds once we show that lim,,_, 5 Py x (0, < 00) =0.
To begin with, define for n > 1 the following sets characterising the jumps out of Wy,

M, — My
Dy := {]I{Tn < oo} [w(by,) — w(b,—1)] < "f}
We first show that lim,,—, o0 P x (D) = 1. Clearly
~ M, — My
Dy, == {sup[w(®i+1) — w(®;)] < —5 [ CDn 22)
i>0

and since M,, — 00, one has {sup;-o[w(¥;+1) — w(¥;)] < oo} = U,ﬁl Dn. Lemma 2.6 shows
that 1 =Py (UZC’:1 D,,) =1lim, o0 Py x (D,,) <lim,_, o Py x(Dy) because 5,1 is an increasing
sequence and by (2.2), respectively.

Now, it remains to focus on proving that

lim Py (Dn N{o, < oo}) =0.
n—od
In order to achieve this observe first that w(6,,) — w(6;,—1) > M,, — Mg on {0, < oo}, implying
that on D,, N {0, < o0},
M, — My

w(b,) — w(By,) = w(b,) — wl,-1) — [WO,) = wO,-1)] > nT

This allows us to deduce the following bound
Py x (D,, N{o, < oo}) = EQ’X[H{Dn N{o, < oo}}]

w(6s,) —w(%)]

<Eg, [H{Dn N{o, < oo}} (1/2)(M,, — M)

2

= 2o Eousllon < ool[w(®s,) = w(r,)]]

Since M, — oo, the proof will be finished once we show that

supEy » [H{o,, < oo}[w(@dn) — w(@,n)]] < 0. 2.3)

n>0

Thanks to Condition 2.1(iv), we have for any i > 0 that w(6;41) < w(@l.*+ 1) and consequently
w®i41) —w®;) < Tig1(Vw(®:), h(6))

- (&
T (Yw®), HO Xi) + T2 =2 [H G, X))

i+1 2
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So in particular, since (Vw(6;), h(6;)) <0 whenever 6; € quo,

I{on < oo}[w(be,) — w(by,)]
o,—1

=T{on <00} ) [w(i+1) — w(6)]

=1,

op—1
<]1{an<oo}<2n+1 Vw(b;), H(@,,xlﬂ))Jrrl+1 5 2| H (6, Xiv)| )

=T,

Recall the following estimate for partial sums

k k j—1 k
Zai = Zai—Zai < Za, Zal <2sup Za, , 2.4)
. T S T k>0
i=j i=0 i=0 i=0 i=0
implying in our case that
1
EH{Gn < OO}[w(ean) - w(er,,)]
L Cu
<Ion < 00}<SUP Z l+1(vw(9 ), H(els Xl+l) + ZF"H ) |H(91’ Xl+l)| )
k=020 i=0
Now, Condition 2.3(ii) and (iii) imply (2.3) allowing us to conclude. O
Lemma 2.6. Under Condition 2.3 we have, Py -almost surely
lim sup[w(8; 1) — w(®)] <0, 25)
i— 00
sug[w(@,ur]) — w(@i)] < 00. (2.6)
i>

Proof. We first prove that lim;_, oo |w(9, Jrl) w(6;)| =0, Py «-a.s. By a Taylor expansion, we
get

w(6;1) — w®)| < |Yw®)| - Tist HG; Xix)| + T2, Cu | HG:, Xisn) |

The terms on the right converge to zero Py ,-a.s. by Condition 2.3(i) and (ii), respectively. Now,
(2.5) follows since by Condition 2.1(iv) w(8;4+1) — w(6;) < w(Gl +1) w(H;). We conclude by
noting that (2.6) follows directly from (2.5). O

2.2. Bounded Lyapunov function

In the previous section, the Lyapunov function satisfied lim,_, ;o w(6) = oo. If this is not the
case, we need to replace Condition 2.1(iii) with a more stringent condition quantifying the drift
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outside Wiy, while not requiring lim,__ ;4 w(8) = oco.

Condition 2.7. The Lyapunov function and the step size sequence satisfy

o0
8 = inf —(Vw(@), h(@)) >0 and Z I'ié; =00 Py y-almost surely.
0ER\ Wi, P '

Theorem 2.8. Assume Conditions 2.1, 2.3 and 2.7 hold, and in addition that the following con-
dition on the noise holds

k
Z Tip1(Vw(®), H®;, Xi+1)

i=m

lim sup
m— 00 k>m

=0. 2.7

Then for any M > M, the tails of the trajectories of {6;} are eventually contained within Wy
Py x-a.s., that is,

PQ,X(U (16n € WM}> =1.

m>0n=m

Proof. We first show that 6, must visit W)y, infinitely often Py x-a.s., in other words

Py ( UMt ¢ WM0}> =0. 2.8)

m>1nzm

For any m > 0, we define the hitting times «;, := inf{i > m: 6; € Wy, } and notice that

U ()60 & Waod = (U 10m & Wiy} 0 {iein = 00}

m>1n=zm m>1
Recall that for any i > 0

w(®i11) — w®;) < Tipa(Vw(®,), h(6))
Cu

| H O X[

+ Tist(Yw(®), H®;, X))+ T
So in particular, and thanks to Condition 2.7, for n > m

{0 & Wito{wOnrc,) — w(Om)]
(nAky)—1

=On ¢ Wi} Y 1O & Wi} [w(6i1) — w())]

i=m
(nAKy)—1

_ Cy
<{Om ¢ Wh,} Z Lit1 [—31‘ +(VYw(©), H®;, Xit1) + Fi+17|H(9i, Xi+1)|2:|~

1=m
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From this, we obtain the following inequality holding Py -a.s. on {6, ¢ Wy, } for any n > m

n—1
Ep [H{:«m =00} Y Tit1; fm} — w(On)

i=m

n—1
<Eo.x [H{xm =00} Y Tis1(Vw(), H®;, Xiy1) (2.9)

i=m
C 2
+Fi2+17w|H(9i,Xi+1)| ‘]:m:|

Using this inequality, we shall see that for any m > 0
Pg,x ({6 & Wato} N {km = 00}) =0. (2.10)

Suppose the contrary, Py ({6, € Wy} N {k = 00}) > 0. Then, because of Condition 2.7, we
observe that the conditional expectation on the left hand side of (2.9) necessarily tends to infinity
almost surely as n — oo. Denote then the conditional expectation on the right hand side of (2.9)
by E(gf';’”). As in the proof of Theorem 2.5, we have the following upper bound

k 00
- C
S Tt (Vw@), HO:. X)) + D F?+1—2“’|H<9,~,x,~+1>|2},

EQ,X [ng{")] =< E@,x |:sup
i=0 i=0

k>0

which is finite by Condition 2.3 and independent of m and n. By letting n — oo we end up with
a contradiction, unless (2.10) holds. Consequently, the event

L 0m & Wiy} 0 {icm = 00}

m>1

has null probability and we obtain (2.8).
We now show that for any fixed M > My

Pe,X(U () {6n eWM}> =1.
m>0n=m

We are going to apply Lemma 2.9 below with § = M — My > 0 to the events
Am = {0 € Wi} 0 [ (6 ¢ Wi}
k>m

and denote

Bu = {0 € Wtg} \ A = {6 € Wiy} 0 [ ) {6 € Wia).

k>m
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We may write

mU{emEWMO}ZmUAmUBm

n>1mz=n n>1mz=n
n>1 m>n m>n
Now, since  J,,,~, Am and | ,,~, Bm are both decreasing events with respect to n — 0o, we have

1—ngrgoP9x<U{e eWMO})

m=n
= lim [PQVX(U A,,,) +P9,X<U B,,,) — Py, ( Jann B,,,)].
nee m=>n m=>n m=>n m=>n

By Lemma 2.9, lim,,—, o6 Py x (U, 5, Am) = 0, so we end up with limy,—, oo Py x (U,,5, Bm) = 1,
implying the claim. O

Lemma 2.9. Assume the conditions of Theorem 2.8, let § > 0 and denote

Am = {0 € Wi} 0 | {6k ¢ Way5)-

k>m

Then, limy,_, o Py x (L An) =0.

m>=n

Proof. Define the random times oy, :=inf{i > m: 6; ¢ Wy, +s} and t,, := sup{i € [m, 0,,): 6; €
Wu,} + 1, both finite on A,,. Recall that on {6; € W,‘;,,O} we have

w(®i+1) —w®) <Tipi(Vw®,), H(e,,x,+1)>+r,+1 5 = |H (0, X,

so on A, we may bound

on—1
w(l,) —w(:,) < Y Tip(Vw@), H(e,,x,+n>+rl+1 | H G, X))
=Ty
k
< 2sup| Y Tist(Vw(®), HG;, Xit1)) +Zr,+l S H O X0
k>ml =m i=m
=:Cp

by a similar argument as in (2.4). On A,, one clearly has w(6,,,) — w(6,—1) > 8, implying that
Cn +w(by,) — w(B,—1) > 8. We deduce that

Ay = {cm + sup[w(Bi1) — w)] > 5} S Ap.

i>m
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The sets A~m are clearly decreasing with respect to m and lim,,;,—, oo P x (Am) =0 by Lemma 2.6
and because Condition 2.3gii) angi (2.7) imply lim,,—, oo C;;, = 0. This concludes the proof, be-
cause >, Am C Upsn Am = An. O

3. Verifying noise conditions

The aim of this section is to provide verifiable conditions which will imply the conditions of
the stability theorems in Section 2. We proceed progressively and start by a general result in
Theorem 3.3 which ensures both Condition 2.3 and that in (2.7) hold given a set of abstract
conditions involving some expectations as well as properties of the solutions of the Poisson
equation.

Condition 3.1, required in Theorem 3.3, shall be verified in detail below for a family of geo-
metrically ergodic Markov kernels. In Section 3.1, we first gather general known results related
to Condition 3.1(ii) and (iii). In Section 3.2, we consider the case where the mapping 6 — Py is
Holder continuous, which allows us to establish Condition 3.1(iv). In Section 3.3, we consider
the case where the aforementioned Holder continuity may not hold, and a continuity is enforced
by using a random step size sequence, allowing us to recover Condition 3.1(iv) in such situations.

Condition 3.1. Condition 2.1 holds with constants (&;)i>0 and oy, € (0, 00). For all 6 € (:), the
solution gy : X — O to the Poisson equation gg(x) — Pygo(x) = H (9, x) exists and foralli >0
the step size I';11 is independent of F; and X;11. Moreover, there exist a measurable function
V :X— [1, 00) and constants ¢ < 00, By, Bg € [0,1/2] and ag, oy, ay € [0, 00) such that for
all 0,x) e Ryg x X

(i) sup |H®,x)| <& VP (x),
0eR;

(i) Eo.[V(X)] <&V (x),
(i) sup [lgo )| + | Pago(0)]] < c& VFe (x),
e i

(v) D EITig 1€ B« [| Py g0, (Xi) — Po,_, g0, (X0)|] < 00,

i=1

00
V) ZE[F?]Eizaw"rz((aH+/3H05V)v(0lg+ﬁgav)) < o0,
i=1

o0
(vi) ZE[FiHFi]f,qﬂwﬁ(ﬂ”wg)av < 00,
i=1
i

o
(i) Y |ETigr — Tifg P < oo,
i=1

where we write E := Eg  whenever the expectation does not depend on 6 and x.
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Remark 3.2. These assumptions call for various comments of practical relevance to the actual
implementation of the algorithm with expanding projections. Once H (-, -) and { Py}pce are cho-
sen the user is left with the choice of (§;);>0 and (I';);>0, which must in particular satisfy the
summability conditions above. For the purpose of efficiency we would like (§;);>0 to grow as fast
as possible, as we may otherwise slow convergence down. A common choice for the step-size
sequence is I'; = ¢i ~7 for some constants ¢ € (0, c0) and n € (1/2, 1] — this implies a required
condition to establish convergence. The sequence (&;);>¢ is determined by the user through the
choice of the sequence of reprojection sets (R;);>0 and we point out that the constants oy, oy
and o, typically depend on that choice (whereas By and B, typically do not). We show how these
constants can be obtained from the properties of { Pp}gce in Sections 3.1-3.3. Now if (&;);>0 is
increasing at a rate slower than any power sequence, for example of the order logi or i (1°¢)™"
for some p € (0, 1), then it is easy to see that the summability conditions (v)—(vii) are always sat-
isfied. In the situation where & = i” for p € (0, 1], then the conditions (v)—(vii) require stricter
assumptions on 7 and the constants oy, ay,ag, By and B, which may not be satisfiable. We
however point out a possible sub-optimality of the results stated above. Indeed, in order to sim-
plify presentation we have decided to quantify the growth of the various quantities involved in
the algorithm in terms of powers of (§;);>0 only, whereas other scales may be possible, such as
log(&;), in which case some of the constants oy, oy or o, may be taken arbitrarily small in the
statement above. It is also possible to revisit our proofs with such more precise estimates and
obtain a set of weaker assumptions.

In practice, the conditions (iii) and (iv) add more requirements which are inter-related with
(v)—(vii); Propositions 3.17 and 3.19 summarise the conditions when 6 — Py admits a Holder-
continuity, and when a random step size sequence is used to satisfy (iv), respectively. Appendix D
contains a summary of the related constants.

Theorem 3.3. Suppose Conditions 2.1 and 3.1 hold and for all i > 0 the projections satisfy
|6i41 — 6;] <107, — 6;|. Then, for all (6,x) € Ry x X,

i+1
o
Eg,x [Zri2+15,-2aw|1‘1(9i, Xi+1)’2:| < 00, (3.1
(=0
n
lim Eg,x[sup ZFHl(Vw(G,-), H®:, Xi1)) ] =0. (3.2)
m—00 n>m T

Proof. Throughout the proof, C denotes a constant which may have a different value upon each
appearance. For (3.1), we may use Condition 3.1(i) and (ii) with Jensen’s inequality to obtain

o0 o0
Eo.x [ZFEH;?“W |H @, X,~+1)|2:| < CY E[I7, |67 2 By ([VH (Xi41)]
i=0 i=0

[e¢)
S CVZﬂH (X)ZE[F1-2+1].‘;:izaw_‘_2aH+2ﬁHaV ;
i=0

where the sum converges by Condition 3.1(v).
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Consider then (3.2), and denote the partial sums for n >m > 1 as

n
Amn =Y _Tipt(Vw®), HO:. Xiy1)).

i=m
Since H(6;, Xi+1) = g6, (Xi+1) — Po,g6;(Xi41), we may write

Tiy1(Vw(®;). H®;, Xi11))
=Tip1(Vw(6). g5 (Xiy1) — Po 8o, (X))
+ i1 (Vw(6i), Py, go, (Xi) — Po_, go,_, (X))
+ Tipt(Vw(6;), Po,_, 86, (Xi) — Po,g6,(Xiy1)),

where the last term can be written as

Tit1(Vw(®:), Py,_, g6,_, (Xi) — Po,go, (Xit1))
=Tip1(Vw(®;) — Vw(b—1), Py,_, go_, (Xi))
+ Ti(Vw(6i-1), Po,_, 80,_, (X)) — Tit1(Vw(6;), Py, &g, (Xi+1))
+ (i1 = T)(Vw(0i-1), Py,_, 86, (X1))-

When summing up, the middle term on the right is telescoping, so in total we may write A,, , =
P R, where

n
RY =Y Tina(Vw(®). go (Xit1) — Pyge, (X)),

=m

n
Ry, ==Y Tipi(Vw(®). Py s (Xi) — Po_ 86, (X)),

i=m

n
R}, == Tip(Vw®) — Vw®i_1). Po_, 86, (X)),

i=m

Ry, =T (VwOn-1). Py, 86, (Xm)) = Tug1 (VW (). P, 86, (Xnt1)).

n
Ry, =Y (Tiv1 = T)(Vw(@io1). Po_ g6, (X0).

i=m

We shall show that (3.2) holds for each of these five terms in turn, which is sufficient to yield the
claim.
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Notice that {R! Y, is a martingale with respect to the filtration {7;}7_, , whence

m,i i=m’

Eox[|Rya 1= Y Eox[T2 [V, g6, (Xis1) — Po,ga, (X0)[]

i=m

<C ZSZ““’E 2,1 1Bo.«[ |6, (Xis1)|* + | P go, (X)|]
=

20, +2
=c ZE RS E[T2, TR o [V (Xi) + VP (X))
l

n
20420 +2
=V Y g TR,

i=m
by the fact that I'; 1 is independent of F; and X; 1, Condition 2.1(v), Condition 3.1(ii) and (iii).
Now, Jensen’s and Doob’s inequality imply

2 o
(=0 [suplR3al])” < B sup | Ry, [*] < €V g2 B[, )
n>m n=m

i=m

This yields limy,— 00 By, x[SUp, >, |R,,11’,,|] = 0, because the term on the right tends to zero as
m — oo by Condition 3.1(v).

For the second term R2

on.ns WE may simply write

Eex[sup|Rmn|] <E9x[2|r,+1 Vw(©,), P 8o, (Xi) = P, 80, (Xi ))|]

I1=m

Blit

o0
=C ZS?"’E[EH]E@,XHP@(?@ (Xi) — Po,_, 80,

i=m

which converges to zero as m — oo by Condition 3.1(iv).
Now we inspect R,3n’ ,,- First, since the Hessian is bounded as in Condition 2.1(i), we have

|Vw(®;) — Vw(®;—1)| < Cylb; — 6i—1] < Cy|0F — 6;—1| = CuTi|H Gi—1, X))
< CEMT VP (X)),
and consequently

Bo.x[ sup |3, [] = € S BI ATy L [V ()]

i=m

o0
< CVPstPh(x) ZE[Fi+1Fi]%fxgﬂH—HﬂngﬁH)av,

i=m



560 C. Andrieu and M. Vihola

by Condition 3.1(i), (ii) and (iii). The claim follows for R,3n,n by Condition 3.1(vi).

Let us then focus on an, - We have for any i > m

MJ+
T (Vw(@i-1), Po,_ g6, (X)) < CTi&™ VP (X;).

Now we have

o
o [sup B3, 7] = € 30 6 B[R [V ()]
n=m

i=m

o
< CVHe(n) Y g g 2,

i=m

so0 (3.2) holds for an’n by Condition 3.1(v).
We shall apply Lemma 3.4 below for the last term R), , , with Z; :=T'; and

m,n>
. wt
Bi_i:=(Vw(®i_1), Py,_, g6, (X))  with |B;i_1| < C&™ VP (X;).

By the independence of I';1 and I';, and because &1 > & > &;_;, we easily establish the
required bounds

o o
3 Var(Tiy1 — T)Eq[BE ] < Ve (x) YO E[T2]g ™ 2525 < oo,
i=1 i=1
oo oo /3
Aaytae+pPec
> |ECig — DAElBi 11 < CVPe(x) Y [EITigy — Dyl < o0,
i=1 i=1
by Condition 3.1(v) and (vii), respectively. O

Lemma 3.4. Let {G;}i>0 be a filtration and for all i > 0 let B; and Z; be G;-adapted random
variables so that Z; is independent of G;_| and

o0 o0
> Var(Ziy1 — Z)E[BY ] <oo and Y |BIZiy1 — Zi]|El|Bi—1]] < co.

i=1 i=l

Then,

lim E |: sup

m—00 n>m

Z(Zi+1 —Z)Bi- '] =0.

1=m
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Proof. Suppose for now that m is even and n odd and denote m = 2m and n = 2n + 1. Write the
sum

n n n
Z(Zi+1 —Z)Bi_1= Z(sz+1 —Z3j)Baj_1+ Z(sz+2 — Zok+1) Bog. (3.3)

i=m j=m k=m

We shall first show that the claim holds for the first term on the right. Denote G i =G2+1,
Zj=12Zjy1 — Zzj and Bj_1 = Byj_1. Observe that E[Zj|gj_1] = E[Zj] and write
b i i
Y (Zajr1—Zaj)Baj1 =Y (Z;—EIZ;))Bj-1+ Y _EIZ;1Bj1.

j=m j=m Jj=m

Now, the first term on the right-hand side is a martingale with respect to G j» and so by Doob’s
inequality and by assumption

i 2 00 }
]E|:Sllp(Z(Zj —]E[Zj])éj]) j| §4ZVar(Z])]E[BJZ_1]m0

nzm j=m j=m

For the second term, by assumption

n 00 B
E|:_su12 Y EIZ;1B;- } < Y |BIZIE[|1Bj 1] === 0.
P2 j=ii j=m
The same arguments apply also for the second term on the right-hand side of (3.3), and for any
integers m > n > 1, by a change of the indices. O

3.1. Geometrically ergodic Markov kernels

In this section, we focus on the scenario where for any 6 € ® the kernel Py is geometrically
ergodic. This condition is satisfied by numerous Markov chains of practical interest, see for
example, [17,18,22] and references therein. This section gathers together standard results about
the regularity of the solutions to the Poisson equation (see, e.g., [3,4]).

Throughout this section, suppose V :X — [1, 00) is a fixed measurable function. We shall
denote the V-norm of a measurable function f:X — R? by | fllv :==sup, [f(x)|/V(x). We
also assume that for each 6 € ©, the Markov kernel Py admits a unique invariant probability
measure 7g.

Condition 3.5. Foranyr € (0, 1] and any 6 € @), there exist constants My , € [0, 00) and py , €
(0, 1), such that for any function || f|yr < oo

|PECe, £) =70 (D] < VIO f v Mo 0,

forall k >0 and all x € X.
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Having Condition 3.5 one can bound the V’-norm of the solutions of the Poisson equation,
making the dependence on 6 explicit. This result is a restatement of [3], Proposition 3, in quan-
titative form; we provide it here for the reader’s convenience.

Proposition 3.6. Assume Condition 3.5 holds. Then, for any function || f ||y < 0o, the functions
g0 : X — R4 defined for all 0 € © by

[e.e]

go(x) =Y [Pff(x)—ma(f)]

k=0

exist, solve the Poisson equation go(x) — Pogo(x) = f(x) — mo(f), and satisfy the bound
Igollvr v Il Pagellvr < Mo (1= po.)" I fllvr. (3.4

Proof. It is evident that gy solves the Poisson equation whenever the sum converges. By the
definition of gy and Condition 3.5, we have

o o
lgollv: <D P f =m0 (Dl yr < Morlflve Y o, = Mo, (1= po. )" I fllvr.
k=0 k=0

The same bound applies clearly also for Pygg, establishing (3.4). ]
We also need the following simple lemma in order to establish Condition 3.1(ii).

Lemma 3.7. Suppose that for all i > 0 there exist constants A; € [0, 1) and b; € [0, 00) such
that

sup PoV(x) <X V(x)+b; forall x € X, 3.5)
967—\’4‘

and that both (A;)i>0 and (b;);>0 are non-decreasing. Then, for any (0,x) € Ro x X and i > 0,
the bound Eg [V (Xi+1)]1 < (1 — 1)~ Nbi v V(x)) holds.

Proof. By construction, for all i > 1 we have Eg [V (X;)|Fi—1] = Ps,_,V(X;—1) and 6,1 €
Ri—1, so we may use (3.5) iteratively to obtain

1

Eo [V(Xi40] < Bo e[V (X0) +bi] < < (b v V() Yok < 2V VD)
k=0

1—2 O

Let us consider next a case where the ergodicity rates in each projection set R; are controlled
by the sequence &;.

Condition 3.8. Suppose Condition 3.5 holds with constants Mg ,, pe., satisfying

1 o
sup My, < Cr%'iaM and sup (1 —pg,)" =< Cré:i !
0eR; 0eR;
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for some constants oy, o, € [0, 00), and a constant ¢, € [0, 00) depending only on r.

Proposition 3.9. If Condition 3.8 holds, then Condition 3.1(iii) holds with otg = oy + oy + 0t
and Be = BH.

Proof. Corollary of Proposition 3.6 with r = f,. (]

Finally, we shall state a result similar to [25], Lemma 3, yielding Condition 3.5 from simulta-
neous, but #-dependent, drift and minorisation conditions. These conditions can be verified for
random-walk Metropolis kernels with a target distribution having super-exponential tail decay
and sufficiently regular tail contours [3,18,25,29].

Condition 3.10. Suppose that P is an irreducible and aperiodic Markov kernel with invariant
distribution w, that there exists a Borel set C C X, a probability measure v concentrated on C,
constants A € [0,1), b < oo and § € (0, 1] such that v:=sup,.- V(x) < oo and

PV(x) <AV(x)+bl{ix € C} forall x € X,
P(x,A) > 6v(A) for all x € C and any Borel set A C X.

Proposition 3.11. Assume Condition 3.10. Then, for any r € (0, 1] there exists a constant ¢} €
[1, 00) depending only on r such that for all || f|lyr <ocoand k > 1

[P Cx, £) —m(f)]

v V@M pfl fllvrs

where the constants M, € [1, 00) and p, € (0, 1) are defined in terms of the constants in Condi-
tion 3.10 as follows

pri=1—[cr1—n) 458357,
M, =c'(1—x)"*s7155p7,
whereb:=bVv v > 1.

The proof of Proposition 3.11 is given in Appendix A.

3.2. Smooth family of Markov kernels

In many practically interesting settings, the mapping 6 +— Py, possibly restricted to a suitable set,
satisfies a Holder continuity condition. This continuity allows one to establish Condition 3.1(iv)
in a natural way [3,4,8]. We restate these results in a quantitative manner below, so that they are
directly applicable in the present setting. The Holder continuity condition is given as follows.
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Condition 3.12. Suppose Condition 3.5 holds and for any 6,0’ € ©, there exist a constant
Dy g € [0, 00) and a constant Bp € (0, 00) independent of 9, 0" and r such that for any function

I fllvr <o0

1Py f = Por fllve <11 fllvr Dy gr r10 —0'1FP.

We consider below only the case when Py and Py admit the same stationary measure; this
is a commonly encountered in adaptive Markov chain Monte Carlo. The general case is slightly
more involved, but can be handled as well; we refer the reader to [4] for details. We start by a
lemma characterising the difference of the iterates of the kernels.

Lemma 3.13. Assume Condition 3.12 holds and f is a measurable function with || f|yr < oo
and that mg = g =: . Then, for any k > 0

vr < Mo My Dy g k(oo v por )< 110 —0'[PP | fllyr.

|75 f = Py f]

Proof. We use the following telescoping decomposition

k
PEf—PEf=> Py (P— PP} f= Z )Py — Po)(P) £ =7 (f)).

j=1

where IT(x, A) :=m(A) for all x € X and all measurable A C X.
By Condition 3.5 and Condition 3.12,

v < |27 f =7y Dosrrle 6|

-1
< Do, Mg r0p , 1 fllve

|(Ps — PoY(P) " f —m())]
9 _ 9/|ﬂD'

Writing then

|75 f = Py f]

o <k s (B =)= P () £ =7 (D)
<j=<

and applying Condition 3.5 once more yields the claim. ]

Proposition 3.14. Assume Condition 3.12 holds, mg = g =: 7w and || follv V || forllvr < oo.
Then, the solutions of the Poisson equation defined as gg = Z,fio[PéC fo — ma(fo)] sat-

isfy
Mo My Dy o r

llge — gorllvr VvV | Pago — Porgerllvr < 16 —0"1P2|| follvr
(I = (po.r V por.r))?

+ Mg (1= pgr.) " fo — farllvr

(3.6)
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Proof. With the estimate from Lemma 3.13,

o H 1 PSCfo = fo) =7 (fo — for) | yr)

oo
llgo — gorllvr < Y (| Ps fo — Py fo]
k=0

o
< Mo.-My s Do, 6 — 6"l follvr > k(po.r v por )" !
k=0

+ Mg, (1= pgr ) I fo — forllvr

The same bound clearly holds also for || Pygs — Py ge’|lvr yielding (3.6). O
We shall provide some sufficient conditions to verify Condition 3.1(iv).

Condition 3.15. Condition 3.12 holds with constants satisfying SUP (g g)eR2 Dy, < chEiaD

for some constant ch € [0, 00) depending only on r € (0, 1], Condition 3.1(i) and (ii) hold with
constants a g, By and ay, and there exist constants ¢ < 00, aa € [0, 00) and Ba > 0 such that

sup |H@®,)—H(¥',")
(0.0)eR?

I A

Proposition 3.16. Suppose Conditions 3.1(i) and (ii), 3.8 and 3.15 hold, the constants Bp, Ba €
0,1/Bu — 11, for any i = 0 the step size I; is independent of X; and the projections satisfy
[6ir1 — 6] < |9i":+1 — 0;|. Then, the solutions gg to the Poisson equation gg — Pypgy = H (O, -)
exist for all 6 € O, and there is a constant ¢ < oo such that for all (6, x) € Rg x X

Eo,x| Py, g0, (Xi) — Po,_, 80, (X7)|

2oy +2ep+ap+(Bp+D)(Brav+an)  , (Bp+1)
i o vy Bp+1)Bu (x)

< cE[If"]e

ayteptoart+Bacn+BatDBuay  (Ba+1)
. , y (Ba ﬂH(x).

+ B[P e

Proof. By assumption, both 6; and 6;_; are in R;, so |0; — 6;—1| < [';|H®6;i-1, X;)| <
cI‘iEl.aH VB (X)), Proposition 3.14 yields, with » = By and denoting Hy (x) := H (6, x),

”PO,' 86; — P9i71g9i,1 ” VAH

)
< Mg, gy Mo,_, 1 Do,.0i_1. 8 (1 — (068 N P6,_1.81)) 16 — 0i—11P2 | Hg, |l 61

+ Mo,y gy (1 — po,_, pu) " "I1Ho, — Ho,_, Il s

20 +2ap+ap
i

+
<ct 16; — 6i—11PP | Ho, Il sy + &7 | Ho, — Ho,_, lyen

< c§i2aM+2Olp+OlD+C(H(l+ISD)1—1;30 v BoBH (X)) + CS;XM+ap+aA+ﬂAaH FfA yBabu (X))
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The independence of I'; and X; and Condition 3.1(ii) with Jensen’s inequality (we have (1 +
(Bp V Ba))Bu € (0, 1]) imply the claim. U

Now, we shall consider the common case where (I';);>1 is a deterministic power sequence.
Then, Condition 3.1 can be established.

Proposition 3.17. Suppose I'; = ci™" for all i > 1 with some ¢ < oo and n € (1/2, 1]. Then, if
the conditions of Proposition 3.16 hold and

00
Z l-—(1+,3D)77§iaw+20‘M+2ap+aD+(ﬂD+l)(/3H+aV+aH) <00, (3.7)

i=1

o

Z i—(l+ﬂA)né.iaM+ap+aA+5A'1H+(,3A+l)5H0[V < o0, (3.8)
i=1

oo
P, e +
D g v AT I o, (3.9)

i=1

then, Condition 3.1 holds.

Proof. Condition 3.1(i) and (ii) hold by assumption. Propositions 3.9 and 3.16 imply Condition
3.1(ii1) with g = ooy + ey + ), and B, = By . Condition 3.1(iv) follows from Proposition 3.16
with (3.7) and (3.8).

Observe then that I'; 1 T'; < Fl.2 =%~ and by the mean value theorem |I'; 1 — ;| = cen(i +
hi)™"~1 < eni=1=! < nI'? where h; € [0, 1]. Conditions 3.1(v)—(vii) follow easily from (3.9), by
the fact ¢y = ay +ay +ap and B, = By. O

3.3. Non-smooth family of Markov kernels

When the mapping & — P, does not admit (local) Holder-continuity as discussed above, estab-
lishing Condition 3.1 is more involved, but possible using a random step size sequence which,
in intuitive terms, enforce continuity in a stochastic manner. We focus on a specific step size
sequence given as I'; := y;I{U; < p;} where the U; are independent uniform [0, 1] random vari-
ables and both sequences y; and p; decay to zero. It will be clear later on that these sequences
must satisfy Y, yipi =00, Y, yl.zp,- <ooand ) ;¥ p? < 00; for simplicity of exposition, we
shall consider below the particular example where y; and p; decay with a power law.

The definition of (I';);>1 above will result in practice in keeping the value of 6; fixed for longer
and longer (random) periods. We remark that one could consider inducing such a behaviour also
in a deterministic manner, but we do not pursue this here.

Proposition 3.18. Assume Conditions 2.1 and 3.8 hold and for all i > 1 the step size I'; is
independent of X;. Suppose also that Condition 3.1(i) holds with oy € [0, 00) and By € [0, 1/2],
and Condition 3.1(ii) holds with ay € [0, 00).
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Then, the solutions gg to the Poisson equation gg — Page = H (0, -) exist for all 6 € O, and
there exists a constant ¢ < 0o such that for any (0, x) € Ryp x X

+aptag+
o [| P g6, (Xi) — P,y 86, (Xi)|] < cP(T; £ 0)& M T n PV B ()

Proof. The solutions gy to the Poisson equation exist by Proposition 3.6. If I'; = 0 then clearly
9,’ = 9,'_1 and so

| Py, 80, (Xi) — Po,_, 86, (X7)|
=I{T; # 0}| Py, g0, (Xi) — Po,_, 86, (X))
< Ty # OV E™ ™ [ H O )| yon + 61T | HG =1, )| o ) VI (X0,

by Proposition 3.6. The claim follows by Conditions 3.1(i) and (ii), and by the independence of
I'; and X;. O

Next, we shall consider the particular case where (I';);>1 is defined by two sequences with a
power decay.

Proposition 3.19. Let (U;);>1 be a sequence of independent and uniformly distributed random
variables on [0, 1], and assume I'; = y;I{U; < p;}, where the constant sequences (y;)i>1 C (0, 1)
and (p;)i>1 C [0, 1] are defined as y; :== ¢, i~ and p; := cpi~"» for some cy, c, € (0, 00) and
Ny, Np € (0, 1) such that n, +np, <1,2n, +np >l and n, +2n, > 1.

If Conditions 3.1(i) and (ii) and Condition 3.8 hold, and

oo
.7, — aytayta,toagt+ppa
Zl ny an,é__i wtay+optoap+puay < o0, (3.10)

i=1
oo
Y i g entantantatuar) o (3.11)

i
i=1

then, Condition 3.1 is satisfied.

Proof. Proposition 3.9 implies Condition 3.1(iii) with 8, = By and oy =y + oy + . Com-
pute E[I; 1Py # 0) = yir1pit1pi < ci~™~2p_Then, Proposition 3.18 with (3.10) imply
Condition 3.1(iv).

Let us then compute E[Fiz] = yl.zpi = ci ™2 and observe that E[["; 1] = ¢i 2~ <
ci ™2~ and that |E[T; 1 — ;1| < i~ 7"~ < ¢i =27~ With these bounds, (3.11) implies
Conditions 3.1(v)—(vii). [l

Remark 3.20. We emphasise that while our conditions on (I';);>1 are only sufficient, it is neces-
sary that the random step sizes decay to zero, thatis limsup;_, . I'; = 0. Otherwise, the procedure
might not converge; see [24], Example 4, for a related result in the context of adaptive Markov
chain Monte Carlo.
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4. Convergence

Up to this point, we have only considered the stability of the stochastic approximation process
with expanding projections. Indeed, after showing the stability we know that the projections can
occur only finitely often (almost surely), and the noise sequence can typically be controlled.
Given this, the stochastic approximation literature provides several alternatives to show the con-
vergence (e.g., [7-9,11,21]).

In some special cases, one can employ our stability results directly to establish convergence;
namely, if the strict drift condition (2.7) holds outside an arbitrary small neighbourhood of the
zeros of h. We believe, however, that such a result has only a limited applicability, because we
suspect that it is often useful to consider two different Lyapunov functions w and w to establish
the stability and convergence, respectively.

In many practical scenarios, the ‘true’ Lyapunov function w, which would yield convergence,
cannot be given in a closed form. It is also possible that w does not satisfy Condition 2.1 at
all. We believe that it is often possible to find a simpler ‘approximate Lyapunov function’ w
satisfying Condition 2.1, which yields a suitable drift away from the boundary of the space, but
does not necessarily qualify as a true Lyapunov function to establish the convergence.

We formulate below a more general convergence result following [4] for reader’s conve-
nience.

Condition 4.1. The set ® C RY s open, the mean field h:® — RY is continuous, and there
exists a continuously differentiable function w : © — [0, 00) such that

(1) there exists a constant My > 0 such that
L:={0e0:(Vi®),h®))=0} C {0 cO:d(®0) < Mo},

(ii) there exists M1 € (Mg, oo] such that {0 € ©: 1})(9) < My} is compact,
(iii) for all 8 € ® \ L, the inner product (Vw(9), h(0)) <0, and

(iv) the closure of W(L) has an empty interior.

Theorem 4.2. Assume Condition 4.1 holds, and let I C ® be a compact set intersecting L,
that is, I N L # @. Suppose that (yvi)i>1 is a sequence of non-negative real numbers satisfying
lim; 0 3 =0 and Zfil yi = oo. Consider the sequence (6;);>0 taking values in © and defined
th:i'ough the recursion 6; = 0;_1 4+ y;h(6;—1) + yisi for all i > 1, where (g;)i>1 take values in
R4,

If there exists an integer io such that {6;};>;, C K and limy,,, o SUp,,~, | Zl":m yiei| =0, then
lim,— o infye£nic |00 — X[ = 0.

Proof. Theorem 4.2 is a restatement of [4], Theorem 2.3, but without the monotonicity assump-
tion on the sequence (y;);>1. The proof of [4], Theorem 2.3, applies unchanged, but the reader
can also consult [5], Theorem 5, which is a slight generalisation of Theorem 4.2. O

Remark 4.3. The stability results of the present paper ensure that 6; are eventually contained in
a level set of w which can usually be assumed compact. Then, one can take }C = W,y for some
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(random) M’ > 0, and the trajectories of (6;);>¢ are eventually contained within /C, and there are
only finitely many projections, almost surely. To employ Theorem 4.2, it then suffices to show
that for any M in the possible range of w

lim sup ZF H(@,,X,+1)H{9 eWyll = 4.1)

m—00 n>m

For the sake of completeness and because our setting involves the random step sizes (I';);>1,
we give a detailed theorem to establish this noise condition, by a straightforward modification of
Theorem 3.3.

Theorem 4.4. Suppose that for all i > 1, the step size I'; is mdependent of Fi—1 and X;, and
the sums Zz>1 ]E[Fz] and Z,>1 |E[T;+1 — I';]| are finite. Let R C O bea compact set such that
there exists a constant ¢ < 00 so that for any (6,x) € R x X

supEg [V (XixDI{AR}] < eV (), 4.2)
i>0
sup [|go (0)| + [ Page (0)[] < VP2 (), 43)
0eR

e .

ZE[DH]Ee,xﬂP@g@ (Xi) = Po,_ 80, (XD |[I{ AR }] < o0, (4.4)

i=1

where gg is the solution of the Poisson equation as in Proposition 3.6 and A%, = ﬂ;:(){@n eR}.

Then, (4.1) holds for Py x-almost every » € (= A%.
The proof of Theorem 4.4 is given in Appendix B.

Remark 4.5. The condition (4.4) may be checked in practice either with Proposition 3.16 or with
Proposition 3.19. To apply Theorem 4.2 in the case of random step sizes, one must check also
that Y72, I'; diverges almost surely. Assuming the conditions of Theorem 4.4, it is sufficient
to ensure that Z;’il E[T';] = oo, because Z,, := Z?:l (I'; — E[I';]) form an a.s. convergent L2-
martingale.

5. Application: Particle independent Metropolis—Hastings
expectation maximisation

We consider a stochastic approximation expectation maximisation (EM) algorithm [14] for static
parameter maximum likelihood estimation in time series models, employing a particle indepen-
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dent Metropolis—Hastings (PIMH) sampler [2] in order to approximate the expectation step of
the EM algorithm. We present the generic algorithm in Section 5.1. Then, we focus on a spe-
cific example involving a Poisson count model with an intensity determined by a latent process.
The model is given in Section 5.2 and the employed particle filter is discussed in Section 5.3.
We establish the stability of the algorithm in Section 5.4 and conclude with a brief numerical
experiment in Section 5.5.

5.1. Generic PIMH-EM algorithm

We assume a state space setting where a latent process X1., := (X1, X2, ..., X,) defined on some
measurable space X’ gives rise to an observation process Y1., := (Y1, Y2, ..., ¥;;) taking values in
a measurable space ) and assumed to consist of independent random variables given the latent
process X1.,. The process Xi., typically follows a Markov model parameterised by a vector ¢
taking values in a measurable parameter space E. The conditional marginal distributions of the
observations given the latent process are also assumed to be parameterised by ¢. This allows
one to define the so-called complete-data likelihood p¢ (x1.s, y1:4) for any x1., € X” and yi., €
V" and, when applicable, the EM algorithm allows one to iteratively maximise the likelihood
Pe(Y1:n). We will assume below that for any xi., € A" and y;., € V" there exists a unique
parameter value [eE maximising the complete-data likelihood, which is also assumed to be
uniquely determined through a vector of sufficient statistics taking values in an open set ® C
R

Application of the EM algorithm requires one to compute the expectation of the complete-data
log-likelihood with respect to p; (dx1.,|y1:4). When this is not possible analytically one resorts
to numerical methods, and we focus here on the use of Markov chain Monte Carlo (MCMC) al-
gorithms. More precisely, we focus on the use of a methodology recently introduced in [2] which
combines MCMC and particle filters and is particularly well suited to sampling in state-space
models. Let us denote by (X, A) ~ PF( Y1, ¢) the full output of a particle filter targeting the con-
ditional distribution p; (dx1.;|y1.,) of the model with the parameter value ¢. This output consists
of all the random variables generated by the particle filter, that is, the state variables before resam-
pling X € XN and the ancestor indices A € N*=D*N: see [2] for details. The sample trajecto-
ries relevant to the approximation of quantities dependent on p; (dx1.,|y1.,), denoted X 1., x € X"
hereafter, and the associated weights Wy € [0, 1] fork =1, ..., N can be recovered from X and A
through functions 1., : XN x NO=DXN o N — X" and w: XN x N#=DxN « N — [0, 1],
such that

Ximr =%1.X, A k) and Wi :=w(X, A, k).

We also introduce a ‘sufficient statistics’ function 7 : X" x Y — © which, given a set of observa-
tions and one trajectory of the latent state variables, returns the sufficient statistics underpinning
the complete-data likelihood. From our earlier assumption, we can define the function [:0—>E
which returns the parameter value maximising the conditional likelihood given some sufficient

statistics 6 € ©.
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We can now summarise our PIMH-EM algorithm with the projections Iz, : ® — R; to the
sets Rop C Ry C --- C O as follows.

Algorithm 5.1. Choose an initial value for the parameters {y € B and set

(X, AL) ~ PR(y1a, 0), (5.1)
0 = TR, [Z wt(x () k,ym)}. (5.2)
k=1
Fori > 1, proceed recursively as follows:
(X, AL) ~ PF(yim, £ 6i-1)), (5.3)
qC )( (l))

() A0 : e : i—1

(X([),A(l)) — (X* s A* ), with probablllty mln{ m} (54)
i—1

(X(i_ D AG- 1)), otherwise,

N
0; = T, [ei_l +T) (Z Wt (XT0 o yin) — 9,-_1)}, (5.5)

k=1

where the step (5.4) implements an accept-reject mechanism, and Z; ()A() stands for the estimate
of the likelihood p¢(y1.,) computed with the given particles X [2] and (T';);i>1 is a random step
size sequence taking values in [0, 00).

We can rewrite the steps (5.3) and (5.4) as (X, A©D) ~ P;(I;V[H)((f((i_”, AU=DYy ) in terms
i—1

of a Markov kernel ng IMH (ith the invariant distribution nf IMH (3%, da). As shown in [2],
nf MH (4%, da) has the property that for any function f: X" — R

/ 5 R, 8,0 (B ), ) — [ rempe@aly.

k=1

whenever the integrals above are well-defined. Note that it is possible to further improve on this
scheme by using smoothing procedures within the particle filtering procedure, but we do not con-
sider such a possibility here. Given this, we define H (6, (X, a)) := Z,/(V:] w(X, a, k)t (x1., (X, a,
k)) — 0. Assuming I1g, (0) =6 for all € R;, we can rewrite (5.3)—(5.5) in our generic stochas-
tic approximation framework as follows

%i ~ P@,-,l(xiflv ')’
0F =0;_1+TiH (-1, %), (5.6)

6; = 0;1{6F € R; } +6P1{67 ¢ R, ),
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where %; := (X®, A®) stands for the state variable, Py, := PPIMH and Hpmj TR, (6}). Note
also that the initial value 6y computed in (5.1) and (5.2) belongs to the initial projection set Rg.

Remark 5.2. A similar algorithm to our PIMH-EM algorithm has been independently developed
recently by Donnet and Samson [15]. They apply the algorithm to the problem of maximum
likelihood estimation of static parameters in continuous-time diffusion models. Our work differs
in various ways: at a theoretical level, Donnet and Samson [15] (essentially) assume a compact
state space X', which, among other things, eliminates the need to establish the stability of the
recursion. At a methodological level, apart from the stabilisation procedure through the expand-
ing projections scheme, our algorithm differs in that we use a random step size sequence, which
allows us to consider families of Markov kernels { Py }pco which do not satisfy Holder-continuity
as discussed in Section 3.2.

5.2. Example: Poisson count model with random intensity

Our specific example is a Poisson count model with an intensity determined by a autoregressive
process [10,16,31]. The latent stationary AR(1) process is determined by an initial distribution
~N(Q@, (1—- ,02)_102) and for 2 < k <n through

Xi = pXi—1 + o€,

where ¢, are independent standard Gaussian random variables. The observations are condition-
ally independent following the law
Yi| Xy ~ Poisson(e® ).
For brevity, we keep p € (—1, 1) and o> > 0 fixed, so that the unknown parameter of the model
is¢:=ae€E:=R.
The complete data log-likelihood for the model considered satisfies log(pg (x1:1, y1:0)) =
L(x1:n, ) 4 ¢ where ¢ = ¢(p, %) € R is a constant and

n . 1 n—1 n
L(x1:n,¢) = Z[yi(a +x;) —e* ] — 252 |:)Cl2 +x; 4 (1+p%) lez —2p inxi—l:|-
i=2

i=1 i=2

Let us introduce a sufficient statistics function t (x1.,, y1:n) =t (X1:n) := Zf’ e taking values
in ©® := (0, 00). Then, denoting with [, the expectation with respect to p, (dx1 Y1), We can

write the mean field of the stochastic approximation as
h(®) = Eg(g) ([(XlzN)) -0

It is straightforward to check that the unique parameter value maximising the complete-data
likelihood is £ (0) := & () = log(%), where j := Y i | vi.
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5.3. Particle filter for the example
We use the AR(1) process prior as a proposal distribution in our particle filter, that is,

g (Xilx1i—1, Y1) == pe (xi|xi—1) = N (x5 pxi—1, 02)- 5.7

For our convenience, we augment the state space by adding an artificial initial state Xy ~
N0, (1 — p?)~1o?) with no associated observations, which we sample perfectly.

For our analysis, we need to quantify the dependence on ¢ of the (geometric) rates of ergodicity
of the PIMH kernel for a particular drift function. We shall see that for this it is sufficient to upper
bound the weights of the particle filter and to lower bound the true likelihood.

Proposition 5.3. The weights of the particle filter for 1 <i <n

we (xi 1) = Pe Yilxi) pe (xilxi—1) (5.8)
qc (xilX1:i—1, Y1:)

with the proposal distribution q; (x;|x1:i—1, ¥1.i) given in (5.7), applied to the model described in
Section 5.2 satisfy for all i > 1

sup  we(x, xi—1) < 1. 5.9)

(xi,xi—1)€R?

Proof. Because we use the prior proposal, the particle weights are determined by the likelihood.
The observations are discrete, so the likelihood is upper bounded by one. (]

Proposition 5.4. The log-likelihood of the model satisfies, with 'y :=Y_¢_, y;, the bound

n 2

- o

log pe (yi:n) = — ) log yi! + yor — nexr><a ) p2)>. (5.10)
i=1

Proof. We may write the log-likelihood in terms of an expectation with respect to the stationary
latent process X1.,, and use Jensen’s inequality to obtain

log p¢ (y1:n) = 10g]E[1_[ pOilXi, ;“)} > E[log p(yilXi, )]

i=1 i=l1
n
=D Elvie+2) — e —log(y))],
i=1

where Z follows the stationary distribution of X1.,, that is, Z is zero-mean Gaussian with the
variance 0% := (1 — p?)~'o%. By recalling that the mean of a log-Gaussian random variable e
is exp(o% /2), we obtain the desired bound (5.10). ([l
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We now turn to the particle independent Metropolis—Hastings (PIMH) kernel in this context.
Denote by q? ¥ the overall distribution of the random variables (X, A) generated by the particle
filter with the proposal distribution g, (x;|x1:;—1, y1:;) given in (5.7) and targeting p; (X141, Y1:1)-

The PIMH is nothing but an ordinary independent Metropolis—Hastings algorithm with the pro-

posal distribution q?F and the target distribution JT;IMH.

Proposition 5.5. The ratio of the overall distribution of the particle filter and the target density
satisfies the bound
dg;*
inf ————(X,a) > cjexp|yo — c2e*]|, 5.11
i P (X,a) > ¢y exp[ o — c2e”] (5.11)

with constants c1 = c1(y1:n) > 0 and ¢2 = 2 (p, o2, n) > 0.

Proof. In case of the Particle IMH, [2], page 299,

dmr PIMH

dpp< a) = M—]‘[ ch xk,,xkl,/payln)

where N is the number of particles, w; are the unnormalised particle weights given in (5.8)

and X; and x;_; ; stand for the i/th particle at time k and its ancestor, respectively. The bound
(5.11) follows dlrectly from the bounds (5.9) and (5.10) established in Propositions 5.3 and 5.4,
respectively. |

The bound on the ratio of the proposal and target densities in Proposition 5.5 ensures a uniform
ergodicity of the PIMH sampler. We, however, must be able to analyse the ergodic behaviour
of the algorithm for unbounded functions. Therefore, we consider geometric ergodicity with
a certain ‘drift’ function V, which will allow us to control averages of functions f such that
supyex | £ (0)1/V (x) < oo.

Proposition 5.6. Let q?F(df(, da) stand for the overall proposal density of the particle filter with
the one-step proposal density q; (xi|x1:;—1, y1:;) given in (5.7) and denote

n N .
V(x,a) := ZZeme'.
i=1 j=1

Then, the following bounds hold

2 2
e (V) < 2nN" exp( —— ). (5.12)
1—p2

H (9, (x,a))
sup  ———— =
(%,a)eX VI/2(%, a)

0]

_IN+V1/2( s

(5.13)
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Proof. The overall proposal density of the particle filter without selection g, (x1.,) is in fact the

finite-dimensional distribution of the stationary AR(1) prior. Denote by Xy ~ G¢. We obtain by
a crude bound

z % A A~
4c(V) < Y N'E[H] <nN" sup E[em> 4-2].

i—1 1<i<n

Our X; are Gaussian with zero mean and variance o2/(1 — p2), and E[exp(j:f(i)] =
exp(Var(X;)/2). We obtain (5.12).
Consider then (5.13). Because |w| < 1, we have

|H®, (X, a)| <N sup |t(F1:(X,a,0))| +10].
1<k<N

Because x., only chooses a path among the state variables X and the sufficient statistics of the
chosen paths satisfy

n 2 n
1(F10 (X, 2, 5)) = (Z exp (¥ (%, a, k))) <n) exp(2%i(X.a,k)),

i=1 i=1

where X;(X,a,k) = X; jx,i) for some integer 1 < j(k,i) < N. Therefore, |t(X.,(X,a,k))| <
V/nV1/2(x, a), and we get (5.13). O

5.4. Stability of the PIMH-EM

We already have most of the ingredients to establish the stability of the PIMH-EM algorithm
with expanding projections applied to our example Poisson count model with random intensity.
What remains is to identify a Lyapunov function w for the sufficient statistic. For this purpose,
we study the properties of the mean field /(6).

Proposition 5.7. For any constant ¢ € (1, 00) there exists a cg = cg(c, o2, 0, V1) € (0, 1] such
that

h(O) = o' =PV I 080 i e (0, ¢, (5.14)

h@) <—c'0  foralld elc;", ). (5.15)

Proof. Observe first that we may write, up to a constant,

1 - .
Pe (¥1in, Yim) = det(Z71/2) exp(_ix?;nzlxl:n + Z[)’i(a +xi) — ea+x’]),

i=1

where =~ =27 1(p,02) e R"™" is a symmetric and positive definite matrix with all elements

equal to zero except the diagonal elements which satisfy El_% = 2,2,11 =1/0? and by é =...=
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P 11 =0+ p%) /02, and the first diagonal above and below the main diagonal which are

such that E” | =2 111——,0/02 fori=2,...,n

We may write the mean field as

n
ho) = | (Z - 9) P i,

— Pa©) (V1)

=9/ exp(—%xTE]x—f-Zyixi— Z )(Z%—l)dx (5.16)
! i=1 = =

1 ~ n ) n e¥i
// exp(—ExTE 1x+2yixi—y27 dx
i=1 i=1

For (5.15), it is enough to observe that by dominated convergence limg_, », #(0)/0 = —1.
Let us then consider the case where 6 is small (5.14). Denote the numerator in (5.16) by Ny,
and use the change of variables u; :=¢* /6 foralli =1, ..., n to write

1 Ts—1 .
Ni= [ exp(—5(og8 x 1+logu)" ¥~ (logh x 1+ logu) D ui—1
+ i=1
Xexp(Zyl log(Ou; )—yZu,) ”
1 1%

where we use the convention logu := [loguy, ...,logu,]” and 1:=[1,..., 1]7. By rearranging
the terms, this can be written as

n
Nh=9y7(1/2)172*1110g9/ 91T21]0gu<zui _ 1>gz(u)du, (517)

i=1

where the function gy is independent of 6 and for all u € R”} and all -l e Rx7,

i=1 i=1

1 n n
gx(u) = e><p<—§lothTZ_1 logu + Z(yi —1)logu; — yZui) > 0.

We shall partition the domain R’| according to the sign of the integrand in (5.17) as I_ :={u €
R : Yol qui<1}and I} = R’ \ I_. Observe that for all u € I, the elements of logu are all
negative, and the row sums of ¥ ™! are all positive. Therefore, —17 £~ logu > 0 forall u € I_
and because the integral is finite for any fixed 6 > 0,

n
Glir([)lJr g—1"= " logu <Z ui — l)gz (u)du =0.
-0+ J1_

i=1
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On the other hand, considering the subset i+ ={u e Rﬁ: Vi=1,...,n log(u;) >0} C I, then
similarly —17 X' logu < 0 for all u € f+, whence

i=1

n

Ts—1
1' 0—1 x logu _1 d — .
S [ D ui—1 gz du=oo

Overall, we deduce that for any constant ¢’ > 0 there exists a ¢y = cyp(c’, T, y1.,) > 0 such that
for all 6 € (0, ¢p),

S Ty -1
Ny, ZC/CEG) (1/2)1" ¥~ "1log6 > 0.

We are left with upper bounding the denominator Dy, in (5.16), which we write as an expecta-
tion with respect to a random variable X ~ N (0, X)

n - n
Dy = CZE[exp(Zini - g Zexfﬂ.
i=1 i=1

By elementary calculus, one can compute that for y, y,6 > 0

sup exp(yx — Xex> =06? exp(y logz — y>,
xeR 0 y
so Dy, < cymgéy , and we deduce (5.14) by choosing ¢’ sufficiently large.
Now we are ready to establish the stability of the PIMH-EM in our example setting.
Proposition 5.8. Consider Algorithm 5.1 applied to the model specified in Section 5.2, with

the projections (5.6). The projection sets are defined as R; :==1{0 € ©: §;, <6 < 0;} and the

projections as Qiproj =(0; VO A 0;, with the constant sequences 9; 1 0and 0; 1 0o satisfying

9.
liminfo; log(i) =00 and limsup — =0
1—> 00

i—oo !

for all € > 0. The step sizes are defined as I'; :=c,i"""I{U; < cpi~ "} where c,,, cp € (0, 00),
and the constants n,,,np € (0,1) satisfy n, +np <1, 2n, +np > 1 and n, + 29, > 1, and
(Uy)i>1 are uniform (0, 1) distributed random variables independent on the history F;_1 and
X;.

Then, there exists 0 < c1 < ¢p < 00 such that for any (8, x) € Ry x X,
o0 o0
Pe,x(U (e <6 5c2}> =1.
m=1n=m

Proof. Let ¢y € (0, 1) be the constant from Proposition 5.7 applied with, say, c = 1, and define
w(0) := 10 — cj| with ¢ := (cog + ¢, 1Y/2. Define w as the smoothed version of @ through the
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convolution w := W * ¢ with a C*-mollifier ¢ supported on a sufficiently small [—€4, €41, s0
that w = w on (0,cy] U [c, ! 00). Then, w is twice differentiable with bounded derivatives,
w(@) < w(@) for all 6 € Wy, = [cg, cgl] and 6" € R\ Wyy,, where My := cj; — co > 0. To sum
up, letting & :=i v 1 for i > 0, Conditions 2.1(i), (ii), (iv) and (v) hold with «,, = 0 and with
some constant ¢ < 00.

Now, we turn into establishing Condition 2.7. The bounds from Proposition 5.7 imply § :=
infp>¢, —(h(0), Vw(#)) > 0 and

8; == inf —(h(@), Vw(e)) >c inf gl—cnlog(®)
0elb;.c; 1 0elb;.c; "1
= CQI_I_Ch log(8;) > ¢ (10gi)7czloglogi

for i > 2, where cy,c; € (0,00). Therefore, with our choice of the step sizes Zfil(é A
8)E[T;] = oo, implying that ) 72, (8 A §;)T; = co almost surely.?
Recalling that &(0) = log(y/6), we bound by Proposition 5.5

dgtf —c2/0
€):= inf &(®) X,a)>c ,
©) (.a)eX anIMH( )z e 0

a (o)

where c1, ¢ < 0o are constants independent of 6. Now, fix an ¢ > 0. Then, it is straightforward
to check that there exists a constant ¢ < oo such that for all i > 1

1 1 1
Sup = ( Sup = ) Vv ( su ) S C§i8~
9er,; €O@)  \oepp,.11 €(0) fell, 0 €0)

Without loss of generality, we may assume 6(6) <1/2, so Corollary C.2 implies that the Py is
geometrically ergodic with constants M=M (€O) =cé~2(0) and p = H(E(0)) = (1 —€(H)/2).
It is easy to see that then Condition 3.8 holds with aps =2¢ and ap = €.

Let V be defined as in Proposition 5.6. Then, there exists a constant ¢ < oo such that

sup [H©. )1 <2+ sup 101 =c2 +6; < c&f,
eR;
implying Condition 3.1(i) with 8y = 1/2 and ay = €. The drift condition assumed in Lemma 3.7
holds with A; = 1 — infyeR, €(8) and b; = b < oo due to Corollary C.2. This implies Condition
3.13i) with ay =) =e.
Now, Proposition 3.19 is applicable as soon as we choose ¢ > 0 above sufficiently small so
that

2n, +1np —1
oy +am +ap +an + Buay < (ny +2n, = D A %
Proposition 3.19 implies Condition 3.1, allowing us to establish the noise condition in Theo-
rem 3.3. Finally, Theorem 2.8 yields the claim with ¢; = cp and c2 = ¢, L O

2The random variables Zp = Z" 16 A 8;)(T; — E[I';]) form an a.s. convergent L2—martingale.
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Figure 2. Trajectories of the estimate @ (6;) corresponding the PIMH-EM started from three different initial
values for &p. The dashed lines correspond to the boundaries induced to &(6;) by (6;);>0 and (6;);>0.
Notice the logarithmic scale on the x-axis (iterations).

We remark that the condition for 6; in Proposition 5.8 can be relaxed by only assuming it to
hold with a certain fixed € > 0 depending on y, n,, and n,,.

5.5. Numerical experiment

We illustrate our algorithm briefly in practice in the setup of Proposition 5.8. We consider the
same setting as Fort and Moulines [16]: we have n = 100 simulated observations of the model of
Section 5.2 with parameters o« =2, p = 0.4 and o2=1.

We use the following projection sequences to control the sufficient statistic

9; =clogf ' +2) and 6;:=&( + 2)C2/1og"(i+2),
with the constants ¢ = 0.1my, ¢; = 10my, € = € =0.1 and ¢; = 1, where mg := nexp(z(%zpz))
is the prior expectation of the sufficient statistic. The step size sequence parameters are ¢, = 6,
¢p =3 and y, =y, = 0.35. The number of particles is set to N = 1000.
Figure 2 shows the trajectories of the estimates &(6;) for 10,000 iterations of the algorithm
starting from three different initial values &g € {0, 2, 4}. The final values of the estimates & are

within 2.10-2.16. The average acceptance rate during the runs varied between 46—72%. Notice
the unstable initial behaviour of the estimates in Figure 2, which is controlled by the projections.

Appendix A: Geometric ergodicity from drift condition

Before the proof of Proposition 3.11, we restate the result by Meyn and Tweedie [23] upon which
the proof relies.

Theorem A.1 (Meyn and Tweedie [23] Theorem 2.3). Suppose Condition 3.10 holds. Then,
forallk>0and | fl|lv <oo

|PEGe, f) =7 (H)] < V(L + y)p_%pkufnv
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forany p>9=1—M"", for

1

M= -
(1-21)?2

[1=X+b+b6>+(b(1— 1) +b)].

defined in terms of

y=872[4b+280v], A=@(+y)/A+y)<1 and b=v+y <oo,

_<4—52 b \?
= 83 1—1)°

Proof of Proposition 3.11. Let us first consider the claim for r = 1. Define first

and the bound

L= (4—8%)8702(1 - 02 <4872 (1 - 12,
and observe that y := 8§ 2[4b + 25Av] < 65 2b. We also have

«  A4+y A+657%h , 1 146872 757%b
A= < = implying - < < .
I+y 7 14652 1—x 1—2 1—2

We have also b := v +y < 78~2b. Now, we can bound
~ 1
M=——
(1—2)?
1
(1-7)2

[1=A+b+b>+(b(1—X)+5%)]

=

£ (5b%) < 48,020(1 — 1) 4671355,

Now we can take pj := 1 — [100,000(1 — A) 813501~ satisfying p; > 1 — M~'/2. Finally,
the claim holds with ¢} = ¢* := 336,140 by setting

My =1+y) P = < (1+y)2M <336,140(1 — 1) *6~ b

p—(1-M"
Let us consider then the case r € (0, 1). Observe first that by Jensen’s inequality
PV'(x) < (PV(x) <AV'(x) forallx ¢C,

PV (x) < (sup V(@) +b)r <2@vb)y  forallxeC.

zeC

That is, Condition 3.10 holds for V" with A, := A", l;, :=2b", and Vr i=sup,cc V' (X)
(sup,cc V(x))" =v". Because ¢ — t" is concave, A" <1 —r(1 — 1) and so (1 — AL
r~1(1 —2)~!. We may take cli= @r—htex.

Al
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Appendix B: Noise condition for convergence theorem

Proof of Theorem 4.4. We give only the required modifications to the proof of Theorem 3.3
regarding (3.2). First, by symbolically substituting Vw = 1, it is sufficient to show that claim
holds for the following four terms in turn:

n
Ry =Y Tip1(g0, (Xis1) — Po,go, (X)) { Al }.

i=m
n
R2 = Tisi(Psgo (Xi) — Po_, g0, (X0)I{ A% }.
i=m

Ry = (T Po,_, 86, (Xm) — D1 Po, 80, (Xns1))I{ AR}

n
R, = (Tig1 —Ti)Py_ go_,(XDI{AR"}.

i=m

The first term R,ln,n is a martingale, so by Doob’s inequality, (4.2) and (4.3),
2 > P
(Ee x[SuP’Rm n’]) <C ZEe,x[Fiz+1|ge,~ (Xit1) — Po,go, (X)) | T{A%R }]
i=m

m— 00

< Vs (x) ZE 2] ==>0.

i=m

The claim for the second term is implied directly by (4.4). For the term R*
observe that

m.ns it 18 €nough to

Ey x[sup ] < 421@ B[ o 26, (X0 T{ AT }] < CVe () ZE [r2].
l l—m
Finally, we may employ Lemma 3.4 for R,Sny” withU; :=T; and B;_1 :=|Py,_,8¢,_, (X,-)l]I{A;gl}
because Eg [|Bi—1|]1 < CVPs(x) and Eg «[B? ] < CV?Pe(x). O

Appendix C: Geometric ergodicity of IMH

We provide here quantitative bounds for the ergodicity constants for independent Metropolis—
Hastings kernels. To our knowledge, the results here are new, and can be useful also in other
settings.

Recall that the independent Metropolis—Hastings kernel with target density = and proposal
density g on space X C R? is defined as

P(x., A) :=an<x, Ve dy +I(x € A}(l - /x“(x’ Ve dy)
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for all x € X and measurable A C X, where the acceptance probability «(x, y) is defined as

T(y)/q(y) }

a(x,y) ::min{l, 20/ ()

Proposition C.1. Assume P is the independent Metropolis—Hastings kernel with target density
7 and proposal density q satisfying € = infyex g(x)/m(x) > 0. Let V : X — [1, 00) be a function
with q(V) < o0o. Then,

(i) the drift inequality
PV(x)<pVx)+4q(V) forall x € X

holds with the constant p := 1 — €, and
(ii) the following bound holds for any measurable function f:X — RY with | f|y :=
Sup,ex | f(x)|/V(x) <oo,allk>1andall x € X

|PEf) —m()] <kMA =X flvV (),
where the constant M = q(V)[1 +e 14 (11— o1

Proof. Denote by r(x) :=m(x)/q(x) so that «(x, y) = min{l, r(x)/r(y)} and compute

PV()  [VOaG,ygdy [ q(v)
Vo —1= Vo /mm{r ), r (x)}rr(y)dys Vo €.

This readily implies (i).
Observe then that for any measurable A C X, the following uniform minorisation inequality
holds

P(x, A) zan(x,y)qmdy > en(A).

By this inequality, one can define a Markov kernel Q(x, A) := (1 — ) I(P(x, A) —em(A)). By
(i), wehave QV(x) <(1 — &) " (pV(x)+q(V) =Vx)+ (1 —e)"lg(V) so by induction we
obtain

V() V) +k(l—)'q(V).

Observe that for any probability measure v with v(V) < oo, one has v(|f]) < || fllvv(V), and
that

(V)= @Vu)q(x)dxse*‘q(vy
q(x)

Note that 7 Q = 7, whence by denoting IT(x, -) := 7(-) one can compute for any k > 1
|PEf)—m(H] =[PP f)| =1 —e)|(@ - P f(x)]
=(1-0|QP f)—n(f)| = =0 - 0" f(x) —7(f)|
<A-*(V@) +k( = +e )IflvaV).
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establishing (ii). [l
Corollary C.2. In Proposition C.1, the bound (ii) can be replaced with the following

|PEf) —m(H] =M A=zl fllvV (),

where ¢ € (0, 1) can be chosen arbitrarily and where

-1
M’=K|:log(l_§€>:| .
e 1—¢€

Ife <1/2, then M’ can be taken as M’ =2M[e(1 — ¢)e] .

Proof. From Proposition C.1, we obtain

|P*f ) — ()| < kM1 =X fllvV(x)
<MA - flvVx),

) 1—e\"* M 1—ze\1™!
M’ := Msupk < —/|log ,
1 \1—2Ce€ e 1—e€

since by a straightforward calculation one obtains for any a € (0,1) that sup,_gxa* =
(elog(1/a))~"!. Suppose then that € < 1/2 and notice that for any 4 > 0 one has log(1 + h) >

h—%hzandso
1—2¢e (1—-2)e 1(1-2¢)e 1
10g<1—e)Z 1—¢ (1_5 1—¢ )25(1_06' O

Appendix D: Nomenclature

with

oy in Condition 2.1, page 549, related to the growth of supyc, [Vw(0)].

o, By in Condition 3.1, page 556, characterise SUPgeR; |H(@, x)|.

ay, By in Condition 3.1, page 556, characterise Eg [V (X;)].

g, Bg in Condition 3.1, page 556, characterise supyc g, [1g0 ()| + [Pago (x)[].

Bp in Condition 3.12, page 564, characterises the Holder continuity of || Py f — Py f|lvr.
aa, Ba in Condition 3.15, page 565, characterise the size of SUP(g o) e R2 |H(@®, ) —
HEO', )lyey -

e oy and a, are defined in Condition 3.8, page 562, and characterise the loss of ergodic-
ity through the growth of geometric ergodicity constants supger, Mo » and supyer, (1 —

09.r) ", respectively.
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