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Perturbation analysis of Poisson processes
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We consider a Poisson process @ on a general phase space. The expectation of a function of ® can be
considered as a functional of the intensity measure A of ®. Extending earlier results of Molchanov and
Zuyev [Math. Oper. Res. 25 (2010) 485-508] on finite Poisson processes, we study the behaviour of this
functional under signed (possibly infinite) perturbations of A. In particular, we obtain general Margulis—
Russo type formulas for the derivative with respect to non-linear transformations of the intensity measure
depending on some parameter. As an application, we study the behaviour of expectations of functions of
multivariate Lévy processes under perturbations of the Lévy measure. A key ingredient of our approach is
the explicit Fock space representation obtained in Last and Penrose [Probab. Theory Related Fields 150
(2011) 663-690].
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1. Introduction

The aim of this paper is to advance the perturbation analysis of a Poisson process ® on a gen-
eral measurable space (X, X’). For any o-finite measure A on (X, X), we let [T, denote the
distribution of a Poisson process with intensity measure A, see, for example, [12], Chapter 12.
Further we let P, be a probability measure on some fixed measurable sample space such that
P, (® € ) =II,. We let E, denote the expectation operator with respect to P;,. Let f(®) be
some (measurable) function of ®. Under certain assumptions on f, Molchanov and Zuyev [18]
showed for finite measures A and v the variational formula

1
E, f(®) =E; f(®) + Z s /(EAD;“Wf(@))(V — 0" (dCxr, . X)), (1.1)
n=1

where

n
DX| ,,,,,

Wf @)=Y (—1)”—'J'f(¢+25xj), Xl,o.o,xmeX,neN. (1.2

JC{1,2,...n} jeJ

Here, |J| denotes the number of elements of J, while §, is the Dirac measure located at a point
x € X. It is common to say that v results from A by adding the perturbation v — X.

In this paper, we shall extend (1.1) to o-finite measures A and v. One can use a pathwise
defined thinning and superposition construction to move from P, to PP, see Remark 4.2. In
general, v — X is a signed measure that cannot be defined on the whole o-field X'. Integration
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with respect to v — A, however, is well defined via (4.1) below. Under an additional assumption
on v and X (satisfied for positive, negative and many other perturbations of 1), we shall establish
a condition that is necessary and sufficient for (1.1) to hold for all bounded functions of ®. If, for
instance, A < v, this condition is equivalent to the absolute continuity I < IT,. The variational
formula does not only hold for bounded functions but under a more general second moment
assumption on f.

A consequence of (1.1) are derivative formulas of the form

d

0 Erto0—n) f(P) = /]E)Hr@(vf)L)Dxf(q))(V — A)(dx), 6 €[0, 1], (1.3)

where D, := D} is the first order difference (or add one cost) operator. This can be generalized
to non-linear perturbations of A and to more than one parameter. Such formulas are useful in the
performance evaluation, optimization and simulation of discrete event systems [1,10]. Applica-
tions in a spatial setting can be found in [2,18]. Equation (1.3) can be seen as a Poisson version
of the Margulis—Russo formula for Bernoulli random fields (see, e.g., [5]). Such formulae are,
for instance, an important tool in both discrete and continuum percolation theory.

The extension of the identity (1.1) from finite to o-finite measures is a non-trivial task. Our
approach is based on a combination of the recent Fock space representation in [13] with classical
results in [7] on the absolute continuity of Poisson process distributions. A related approach to
derivatives of the type (1.3) for marked point processes on the real line was taken in [9]. For
Poisson processes on the line and under a (rather strong) continuity assumptions on f the result
(1.1) can be considered as a special case of the main result in [4].

The paper is organized as follows. In Section 2, we introduce some basic notation and re-
call facts about the Fock space representation and likelihood functions of Poisson processes. In
Section 3, we use an elementary but illustrative argument to prove a simple version of (1.1). In
Section 4, we prove and discuss Theorem 4.1, which is the main result of this paper. In Section 5,
we derive conditions on A and v that are necessary for (1.1) to hold for all bounded functions f.
In some cases these conditions are also sufficient. Section 6 gives general Margulis—Russo type
formulas for derivatives. The final Section 7 treats perturbations of the Lévy measure of a Lévy
process in RY.

2. Preliminaries

Let N be the space of integer-valued o -finite measures ¢ on X equipped with the smallest o -field
N making the mappings ¢ — ¢(B) measurable for all B € X. We fix a measurable mapping
®:Q — N, where (2, F) is some abstract measurable (sample) space. For any o -finite measure
A on (X, X) we let P, be a probability measure on (€2, F) such that P, (® € -) = I, is the
distribution of a Poisson process with intensity measure A.

For any measurable f:N — R and x € X the function D, f on N is defined by

Dy f(9) == flo+68x) — f(e), peN. 2.1

The difference operator D, and its iterations play a central role in the variational analysis of
Poisson processes. For n > 2 and (x1,...,x,) € X" we define a function D;’l
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inductively by
D;lls-"!xnf:: DllD.;l_l x,lf’ (2.2)

x 2seees

where D! := D and D° f = f. Note that

Dy o= > (—1)”""f(¢+25x,.>, (2.3)

Jc{1,2,...n} jeJ

where |J| denotes the number of elements of J. This shows that the operator DY,
metric in xq, ..., X,, and that (¢, x1, ..., x,) > D;‘l f () is measurable.

From [13], Theorem 1.1, we obtain for any measurable f, g: N — R satisfying E f(®)? < 0o
and  g(®)? < oo that

,,,,, Xn

~~~~~ Xn

..........

where the summand for n = 0 has to be interpreted as (E, f(®))(E;g(®P)). (The integral of a
constant ¢ with respect to A is interpreted as c.)

Next, we recall a result from [7] in a slightly modified form. Consider two o -finite measures
v, p on X such that v < p, that is, v is absolutely continuous with respect to p. Let & :=dv/dp
be the corresponding density (Radon—Nikodym derivative) and assume that

/(h —1)%dp < oo. (2.5)

This implies that the sets C,, := {|h — 1| > 1/n}, n € N, have finite measure with respect to both
v and p, cf. also [7]. Define measurable functions L, :N — [0, co) by

La(9) :=1{p(Cy) < 00}e = TT h(y), (2.6)

YEQC,

where @p is the restriction of ¢ € N to a measurable set B C X and the product is over all points
of the support of ¢c, taking into account the multiplicities, that is,

[T r» :=exp[ f 1nh<y)go(dy>},
Yepc, Cn
where In0 := —oo0.
Proposition 2.1. With v and p as above we have for any measurable g :N — R that
Epg(®) =E,Ly p(P)g(P), 2.7)

where

L(p) =Ly p(p) = lrilrgggan(so) (2.8)
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if this limit inferior is finite and L(¢) := L, ,(¢) := 0 otherwise. Furthermore,
E,Ly ,(®)? < oco. (2.9)

Proof. It follows as in the proof of Theorem 1 in [7] that L, (®) converges IP,-a.s. to a random
variable Y such that E,g(®) = E,Yg(®) for all measurable g:N — R. Hence, (2.7) holds.
Furthermore, we have for any n € N that

EpLy(®)* = exp[2p(Cp) — 2v<cn)]1Ep[ [1 h(y)z]
ye®NnC,

=exp[2p(cn)—2/ hdp]exp[/ (hz—l)d,oj|
Cn Cn
=exp[/ <h—1>2dp},

Ca

where we have used a well-known property of Poisson processes to obtain the second equality.
(Because p(C,,) < oo one can use a direct calculation based on the mixed sample representation
or take f : = —1In h? in [12], Lemma 12.2(i), see also [16], 1.5.6.) Fatou’s lemma implies that

E,L(®)% < exp[/(h - 1)2dp],
which is finite by assumption (2.5). U

Remark 2.2. As noted above, (2.5) implies that IT, < I1,. The converse is generally not true.
However, if & is bounded then (2.5) is necessary and sufficient for I, < I1,. This follows from
the main result in [7], see also Theorem 1.5.12 in [16].

3. Finite non-negative perturbations

In this section, we fix a o -finite measure A on X and a finite measure x on X. In this case, we
can derive the variational formula (1.1) for v := A 4+ x under a minimal integrability assumption
on the function f. Our proof (basically taken from [18]) is elementary but instructive.

Theorem 3.1. Let f:N — R be a measurable function such that ; 1, | f (®)| < oo. Then (1.1)
holds, where all expectations exist and the series converges absolutely.

Proof. We perform a formal calculation using Fubini’s theorem. This will be justified below.
Denoting the right-hand side of (1.1) by /, and using (1.2), we have that

21
I=X(:)E/< (_l)ﬂ—ljE)\f<(l>+ZSx_i))un(d(xl,...,xn)).

Jc{l,...,n} jeJ
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By symmetry,
(o] 1 "
=3 (m) (—1)"_mM(X)”_m/Exf(<D 8y e B, DU (A )

—1n—m
#/’L(X)n_m\/Ekf(qD +8X| + - +5xm)//Lm(d(.X1, s vxm))
n—m)!

o
2l-
¥

o0
B 1
=e M § %/‘Exf(cb+3xl o S I (A - X))
m=0

- /Exf(CD + )M, (dg),

where in the last step we have used the mixed sample representation of finite Poisson processes,
see, for example, [12], Theorem 12.7. Noting that the distribution P, (® € -) is that of a sum
of two independent Poisson processes with intensity measures A and u, respectively, we obtain
that I =y, f(P), as desired.

To justify the use of Fubini’s theorem, we need to show that

o0 1 n
c::ZH > <;>M(X)"’”/Ek|f(d>+8“ o S| ([d(x - X)) < 00
n=0 m=0

By a similar calculation as above,

21
c:e“(X)Z%/IEA‘f(QD-{-(SM +...+8xm)’y,m(d(x1,...,xm))

m=0

= OB | f(®)] < 0.

This proves the theorem. ]

4. General perturbations

In this section, we allow also signed and infinite perturbations of the intensity measure of ®. This
requires more advanced techniques, as the Fock space representation (2.4) and Proposition 2.1.

We consider two o -finite measures A and v on X. We take a o -finite measure p dominating A
and v, thatis, A + v < p. Let h :=dA/dp, h, :=dv/dp. The integral of a measurable function
g: X" — R with respect to (v — A)" is defined by

fgd(v—)\)” :=/g(x1,...,x,,)(h,, —h)® (x1, . x) P (A L X)), 4.1
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where, for any function 4 : X — R, the function #®" : X" — R is given by
n
WO (x1, ..., Xp) 1= ]_[ h(x;).
j=1

Note that our definition of [ gd(v — A)" does not depend on the choice of p. The following
theorem is the main result of this paper.

Theorem 4.1. Assume that
/(l—hk)zdp+/(1—h,,)2dp<oo. 4.2)

Let f:N — R be a measurable function such that Epf(d>)2 < 00. Then

=1
o Bl @) =l 1 56 (k) <00 (4
n=0 "

and (1.1) holds.

Remark 4.2. Let ®, be a Poisson process with intensity measure A defined on some abstract
probability space. Then we can use independent thinning and superposition to generate a Poisson
process @, with intensity measure v. Let A := {x € X: k) (x) > h,(x)} and define p: X — [0, 1]
by p(x) :=h,(x)/h) (x) for x € A and by p(x) := 1, otherwise. Let ®' be a p-thinning of ®;,
see [12], Chapter 12. Then @’ is a Poisson process with intensity measure

p(x)A(dx) =14 (x)hy (x)p(dx) + Ix\aln (x) p(dx).

Let ®” be a Poisson process with intensity measure Ix\ A (x)(hy (x) — By (x))p(dx), independent
of @. Then @' + ®” is a Poisson process with intensity measure /4, (x)p(dx) = v(dx). In some
applications, it might be convenient to couple ®, and the perturbed process &, in a different
way. For instance, ®; could be an independent marking of a homogeneous Poisson process of
arrival times and one might wish to keep the times and to change only the marks.

Proof of Theorem 4.1. By assumption (4.2), we can apply Proposition 2.1 to both A and v. It
follows from (2.6) and (2.8) that L ,(® + 6y) = hy(x) Ly, ,(P) for all x € X. Therefore,

D o Lap(®) =Ly p(®) [ [(ma(x) = 1).

i=1
Since E,L; ,(®) =1 we obtain that

n

E D} o Lio@=[[(rx)=1).  xi....xyeXneN. (4.4)

,,,,,

i=1
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Denoting the right-hand side of (1.1) by I, we have
1
=% - /(]Eka,p(d))D;’I’wx”f(dD))(v =" (d(xr, X)), (4.5)
n=0

In the following, we assume that f is bounded, an assumption that will be removed in the final
part of the proof. Then DY . f(®) is for any fixed (xi, ..., x,) bounded and hence square-
integrable. Hence, we can apply (2.4) to the expectations in (4.5) and use (4.4) to obtain that

x o5 (A1, .o 30)) (v — A)”(d(xl, X))
k

e 11 .
g;n—k—/ (E,DiHE L f(®)) ]]:[1 hy(xj) — 1)
n+k
< [T (o) —hae)) o™ (dexr, . xag)).
Jj=k+1

where the use of Fubini’s theorem will be justified below. Swapping the order of summation, we
obtain

oo 00 k
(E,D2 o (@) [](hatxj)—1)
)Vk!
=0n k j=1

< T (ho(xj) = hatx)p™(d(xr. ... xa))

j=k+1
0 1 n k n
:Z_V/Z( 1_[ (ha(xj) = 1) l_[ (hv(x)) = h(x)))
n=0n k=0 j=1 Jj=k+1
x (oD}, o F(@)p" (d(x1, ..., x0))
o 1 n
= ;/l_[(hv(xﬂ—l)(EpD;’l ..... o (@) 0" (A, 1)),
n=0 " j=I

where we have used

n

[ —mGp+m@y—1)= > T —1) [Tt —hatx)y))

Jj=1 Jc{l,...n} j1eJ J¢J
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and the permutation invariance of (E, Dy, . f(P))p"(d(x1, ..., x,)) to obtain the last equal-

,,,,,

ity. We are now using Proposition 2.1, the identity (4.4) with A replaced by v, and (2.4) to obtain
that

I—Z /E D"L, ,(®))(E,D" f(®))dp

n= 0
= }Eva’p(d))f(QD) :Evf((l)),

where D" f (¢) denotes for any ¢ € N the mapping (x1,...,xn) = Dy, . f(¢). This proves
(1.1) for bounded f.
To justify the formal calculation above and to establish (4.3), we need to show that

Z%/Z( >H|hl(x1)_1| 1_[ |hy(xj) = ha(x))]

j=k+1

o S(@)]p"(d(x1, ..., xn)

.....

is finite. By permutation invariance,

1
c= Xgm /(|hA —1|+|hy — hk|)®"|EpD”f(CD)|dp"
n=

<Z /2|hx—1|+|h —1|)®"|E D" f(®)|dp".
n= ()

The Cauchy—Schwarz inequality yields,

c< i */“_”(/((mm — 1] +1hy — 1|)®")2dp")1/2

0 7 5 n/2
=> n‘n</(2|hx—1|+|hu—1|) dp) :

where
an == /(EPan((D))Z dp", n € Np.
Applying Cauchy—Schwarz again, yields
ad a ad 1 5 n
2 n
€= (;:;) 2};(/(2% — 1|+ |hy — 1)) dp) :
n=! n=l

The first series in the above product converges by (2.4) (we have E, f (®)? < 00). The second
series converges, since the integral there is finite by (4.2) and the Minkowski inequality.
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We now extend the result to general f satisfying E, f (®)? < 0o. We take a sequence of
bounded functions fj, / € N, such that E,(f(®) — f1(P))% — 0 as [ — co. We know already
that

> 1
E, fi(®) = Z - /(EAD”ﬁ(Q)) div — )" (4.6)
n=0""

holds for all / € N. By Cauchy—Schwarz,
Ey|f(®) — fi(®)| =E,L, | f(®) — fi(D)]
< (BoL2 ) P (B, (£ (@) — fi(@))?)

as [ — oo. Hence, the left-hand side of (4.6) tends to E,, f(®) as [ — co. To deal with the right-
hand side, we consider sequences g = (g,)n>0, Where go € R and g,, n > 1, is a measurable
function on X”. Introduce the space V of all such sequences satisfying

4.7)
250

o
1
lell=2_— f |gnllhy — ha|®" dp" < 0.
n=0 "

Then V is a direct sum of Banach spaces and hence a Banach space as well. For / € N define
g =E, D" fi(®), n=>0, g = (81,n)n=0 € V.

Our next aim is to show that (g;) is a Cauchy-sequence. We have for [, m € N that

o0
1
e gl =Y f!EAD"ﬁ@) CELD fo ()|l — [ dp"
n=0

o
1
=3 o [ oL @)D" (@), — 121" "
—n!
where f; , := fi — fm. From the calculation in the first part of the proof, we obtain that
1
= gl =3 o [ B0 i (@) (2l = 11+ 1, = 1) 0"
n=0
Applying the Cauchy—Schwarz inequality twice, as in the second part of the proof yields
oo 1 5
lgi —gnl><a) /(EPD"fz,m(oD)) dp”,
—n!

where

a :=i%</(2|h,\ 1+ |y — 1|)2dp)n.

n=0
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By (2.4),

g — g l® < aByp fim ()2 = aBy (fi(®) — frn(P))7.

By the choice of f; the sequence (g;) has the Cauchy property. Because V is complete, there is a
g = (gn) € V such that ||g; — g|| — 0 as [ — o0. Since,

21 1
> / gnd(v =" = — / grnd(v — )"
n=0 " :

n=0

o
1
= EOH/kgn_gl,n||hv_hk|®ndpnv
n=|

we obtain from (4.6) and (4.7) that

1
E,f(®) =) ;/gndo) - 0"
n=0 "

It remains to show that, for any fixed n > 0,

\hy — hy|®" g, = |hy — hy |®"E; D" f (), pt-ae. 4.8)
We claim that
llim E,|D" f(®) — D" fi(®)|dp" =0 4.9)
— 00 Bn

for all B € X with A(B) < 0o and p(B) < 0o. As in the proof of [13], Lemma 2.3, it suffices to
demonstrate that

lim | E,
[—>o0 Bm

P (A1, ym)) =0 (4.10)

f(cl) +28)'i) - ﬁ(q’+25yi>
i=1 i=1

for all m € {1, ..., n}. By the (multivariate) Mecke equation (see, e.g., [17] or [13], (2.10)) the
integral in (4.10) equals

Ep/B Ly p(® =8y, — =8, )| (@) — fi(®)|2"™ (d(y1, ..., ym)), 4.11)

where, for ¢ € N, ¢ is the measure on X" defined by

m—1
(p(n’I)(C) =//1C(y1,,ym)((p—28yj)(dym)
j=1
m—2
x <<p— Zay,.><dym_1) X (4.12)

j=1

X (¢ — 8y,)(dy2)e(dy1), Cex®m
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By Lemma 4.3 below and the Cauchy—Schwarz inequality, (4.11) tends to 0 as [ — co. Now
(4.9) implies that g; , = E, D" fi(®) tends to E, D" f(P) p"-a.e. on B" as [ — oo along a
subsequence. Since

lim / \gn — ginllhy — h3|®" dp" =0,
[—o00

there is a further subsequence N’ C N such that |h, — h; |®" g , tends to |k, — h;|®" g, p"-a.e.
on B" as | — oo along N'. It follows that (4.8) holds for p" restricted to B". Since p and A are
o -finite we obtain (4.8). This completes the proof of the theorem. ]

In the final part of the above proof, we have used the following lemma. Recall the definition
(4.12).

Lemma 4.3. Assume that (4.2) holds and let B € X satisfy A(B) < 0o and p(B) < 00. Then we
have for all m > 1 that

2
Ep(/ LM)(@—SX]—-~-—(Sxm)cb(”’)(d(xl,...,xm))> < 0.
Bm

Proof. Writing the square of the inner integral as a double integral and using a combinatorial
argument, we see that it suffices to prove that

Ep /I;m—k/m L)hp(q> _(Sx] —'~'_8xm)L)»,P((b_8x| —_.. —(SXk _6y1 _..._5ym_k)

X (@ — 8y, — - — 8y, )™ (A1, o X)) @ (A1, - Ym—k)) < 00

for all k € {0, ..., m} (with the obvious convention for k = m). Applying the Mecke equation
twice, we obtain that this expression equals

E, me_k/m Ly p(®+ 8y, + -+ 38y,  ILn p(P+ 8y +---+dx,)

x "™ (d(x1, .y X)) "R (A1 - Ymei)-
Since
Lk,p(cp + (Syl +- 4 8ym_k) = Lk,p(qD)hA(yl) X o Xy (Ym—k),

we obtain that the above expectation equals p(B)m_k)\(B)’"EpL;\, p(©)2 which is finite by
Proposition 2.1. ]

Remark 4.4. In the case p = A (this requires v < XA) the proof of Theorem 4.1 becomes
considerably simpler. Another simplification is possible if E, f (®)?** < oo for some & > 0.
Then E, (Dy, xnf(CD))z < oo for all n > 1 and p"-a.e. (xy,...,x,). Indeed, by the proof of
Lemma 2.3 in [13] it is enough to show that ]Epf(d>)2d>(B)k <ooforallkeNandany Be X
with p(B) < oo. Since ®(B) has finite moments of any order, this is a direct consequence of
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Holder’s inequality. We can then apply (2.4) to the expectations in (4.5) and proceed exactly
as in the proof of Theorem 4.1. This makes the final (and somewhat tricky) part of this proof
superfluous.

We continue with providing special cases of Theorem 4.1. We let v = v; + vy (resp., A =
A1 + Ap) be the Lebesgue decomposition of v (resp., A) with respect to A (resp., v). Hence
v < A and vy L A, where the latter means that vy and A are singular, that is concentrated on

disjoint measurable subsets of X.

Theorem 4.5. Let f:N — R be measurable. Assume that either

dv1 2
l—— ) dA4+1nX) <o (4.13)
dx
and E,\+V2f(¢>)2 < 00, or that

Al

d 2
/(1 - —) dv 4+ 1 (X) <0 4.14)
dv

and B, 1, f (®)? < 0o. Then (1.1) holds.

Proof. We prove only the first assertion. There are disjoint measurable subsets By and By of X
such that

AX\ By) = 12(X\ By) =0. (4.15)

In particular, vi (X\ By) =0. Let p := X + vy. It is easy to check that
h) =1p,, hy=1ph1 +1p,,
where i1 :=dvj/di. We have

/(hv —1)?dp = f(lglhl —1Ix\p,) dp= /aslhl —1Ix\p,) dr = f(hl —?da

and f (hy, — 1)2 dp = p(X'\ By) = va(X). Therefore, (4.2) holds and the result follows from
Theorem 4.1. O

The next corollary deals with a monotone perturbation of A.

Corollary 4.6. Let u be a o -finite measure on X and assume that h .= dA/d(\ + ) satisfies

/(1 —h)?d(h+ ) < o0. (4.16)
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Then we have for all measurable f with ]EM_Mf(dD)2 < 00 that

.....

— 1
B f@ =B f @+ Y [(BD L F@)@cx). @17)
n=1

Proof. Apply the second part of Theorem 4.5 with v =X 4 . Then A, =0and dA/dv=h. O

Remark 4.7. 1In the situation of Corollary 4.6, we may assume that 7 < 1. Then 1 — / is a density
of 11 with respect to A + u, so that [(1 —h)2d(x + p) = [(1 — h)dp. In particular, ;£(X) < 0o
implies (4.16), cf. Theorem 3.1.

The results of this section can be extended so as to cover additional randomization.

Remark 4.8. Let (Y, )) be a measurable space and 7: 2 — Y be a measurable mapping such
that Py ((n, ®) € -) =V ® II, for all o-finite measures A, where V is a probability mea-
sure on (Y, )), not depending on A. The definition of the difference operator can be ex-
tended to measurable functions f:Y x N — R in the following natural way. If n € N and
Xi,.... %, € X'then DY f:Y x N— Ris defined by DY, . f(v,9) =Dy . fr(®),
where fy := f(y,-), y € Y. Assume now that A, v, o satisfy the assumptions of Theorem 4.1
and that E, f (7, ®)? < 0o. We claim that (4.3) and (1.1) hold when replacing ® by (5, ). This
implies that all results of this section (as well as those of Section 6) remain valid with the obvious
changes.

To verify the above claim we define, for any ¢ € N, f (@) .= [ f(y,9)V(dy) and conclude
from Jensen’s inequality that E,, f(®)? < E,f(, ®)? < 0o. Hence, Theorem 4.1 applies and we
need to show for all n € N that

]EAD)’C’1 x, [ (@) =EAD§1 x, S (1, @), pl-ae. (x1,...,x).

..........

In view of (1.2) and Fubini’s theorem it is sufficient to show for all m > 0 that
Exf!f(y, D+ 8y 4+ 480, [V(AY) = Er [ f (1, @ + 8y, + - +8y,)| <00
for p™-a.e. (x1,...,x;) (with the obvious convention for m = 0). To this end, we take

By, ..., By, € X with finite measure with respect to both A and p, let B := By x -+ X B,
and obtain from the Mecke equation that

/Ex|f(n,d>+8xl+-~-+axm>p’"(d(xl,...,xm))
B
=EP/BLA,p(<D>|f(n, ® 4 8y -+ 80" (A1)

=E,|f(n. ®)| /B Ly p(® =8y — =8, )™ (d(x1, ..., Xm)),

which is finite by Cauchy—Schwarz, Lemma 4.3 and our assumption E,, f (7, )2 < 0.
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5. Necessary conditions for the variational formulas

Again we consider two o -finite measures A, v on X. The squared Hellinger distance between
these two measures is defined as

1
H(,v) :=5f(\/K—JR>2dp, (5.1)

where (as before) p is a o-finite measure dominating A and v and h,, respectively, k, are the
corresponding densities.

Theorem 5.1. Assume that (1.1) holds for all bounded measurable f:N — R. Then I, and I1,
are not singular and

H(\,v) < oo. (5.2)
Proof. Assume on the contrary that IT; and IT,, are singular. Then we find disjoint sets F, G € N
such that IT, (F) = I1,(G) = 1. We now proceed as in the proof of Theorem 9.1.13 in [16].

Let C,, € X, n € N, be such that A(C,,) + v(C,) < 00, and C, 1 X as n — o0o. Recall that the
restriction of ¢ € Nto B € X is denoted by ¢p. We have for any n € N that

exp[—A(C) | =Pr(P(Cy) =0, € F) =P (P(Cy) =0, Px\(, € F)
=P (P(Cy) =0)Pi(Px\c, € F) =exp[—A(Co) |Pr(Px\c, € F).

A similar calculation applies to P,. It follows that the sets

o0 [o,0]
Fy:=({¢ eN:gxc, € F). Gui=[)lpeN:igx\c, €G}.  neN, (5.3)

m=n m=n
have the properties
P(®eFy)=P,(PeGy =1, neN.
This implies
Pr(®eF)=P,(PeG’)=1, 54

where F' :=J, oy Frn and G' :={J,,c5 G- Since F NG = & we have F, N G, = @ for any
n € N. Since F,, and G, are increasing, we obtain that F' N G’ = @. Since C,, 1 X we have for
any (¢, x) € Nx X that ¢ € F’ if and only if ¢ + 8, € F’. Therefore, for f := 15/, D},
foralln € Nandall xq, ..., x, € X. Using this fact as well as (5.4) (together with F' N G’ = @),
we see that (1.1) fails.

A classical result by Liese [14] (see also [15], Theorem (3.30)) says that

H(II,,,)=1—e H&W (5.5)

so that singularity of I, and IT, is equivalent to H (X, v) = oo (see [14], (3.2)). O
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Recall the Lebesgue decompositions v = v + v, of v with respectto A and A = X1 + Az of A
with respect to v.

Corollary 5.2. Assume that (1.1) holds for all bounded measurable f :N — R. Then

dyg 2 diy 2
/(1_ _> dk—i—vz(X)—k/(l— —) dv + 22(X) < o0. (5.6)
da dv

Moreover, we have that T1,,, < I1;, and Iy, < I, and in particular I1, < II;, (resp., I, < I1,)
provided that & K v (resp., v K A). If, in addition, the density dvy/dA (resp., dA1/dv) may be
chosen bounded, then (4.13) (resp., (4.14)) holds.

Proof. Since the definition (5.1) of H(A,v) is independent of the dominating measure p, we
have (see also the proof of Theorem 4.5)

dv; 2 drg 2
H()»,v):/(] — —) d)»—i—uz(X):/(l — —) dv + 1 (X). 5.7
da dv

Hence, (5.6) follows from (5.2) while the asserted absolute continuity relations follow from (5.6)
and [14], Satz (3.3) (see [16], Theorem 1.5.12). If dv; /dA may be chosen bounded, then (4.14)
follows from (5.6) and the identity (1 — x) = (1 — /X)(1 + /%), x > 0. O

For monotone perturbations, Corollary 5.2 yields the following characterization of the varia-
tional formula.

Corollary 5.3. Let i be a o -finite measure on X.

(i) The variational formula (4.17) holds for all bounded and measurable f:N — R if and
only if h :==dAr/d(A + ) satisfies (4.16).

(i1) Assume that u < A and let v := A — . Then (1.1) holds for all bounded and measurable
f:N—=Rifandonlyif h, :=du/dA satisfies fhi dAr < oo.

Remark 5.4. In general, inequality (5.6) is weaker than both (4.13) and (4.14). We do not know
whether (5.6) is sufficient for (1.1) to hold for all bounded measurable f.

Example 5.5. Assume that X is Lebesgue measure on X := R? for some d > 1. Let u := cA for

some ¢ > 0. Then di/d(A 4+ ) = (1 +¢)~!, so that (4.16) fails. Let B, be a ball with centre at
the origin and radius n € N and let f be the measurable function on N defined by

fo) =1 lim 2B 0B =1].

Then E, f(®) = 1 while E; 4, f(®) = 0. On the other hand we have Dy
and all xq,...,x, € RY. Hence (4.17) fails.

xnfEOforallnzl

.....
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Remark 5.6. Theorem 5.1 and (5.7) show that (1.1) can only hold for all bounded functions f if
the non-absolutely continuous part of the perturbation of A has finite mass while the absolutely
continuous part of the perturbation leads to a distribution IT,, that is absolutely continuous with
respect to the original distribution IT,. Example 5.5 shows what can go wrong with (1.1) if
this second condition fails. If one condition is violated, then this does not mean that (1.1) does
not hold for some bounded measurable f. In fact, Theorem 4.1 shows that the formula holds
whenever f depends on the restriction of ® to a set B € X with A(B) < oo and v(B) < oo.

6. Derivatives and Russo-type formulas

In this section, we consider o -finite measures A, p on X and assume that A is absolutely contin-
uous with respect to p with density &, . We also consider a measurable function 2 :X — R and
assume that

[(l—hk)zdp+/h2dp<oo. 6.1)

Theorem 6.1. Assume that (6.1) holds. Let 6y € R and assume that I C R is an interval with
non-empty interior such that 6y € I and hg :== h) + (0 —6g)h >0 p-a.e. for 6 € I. For 6 € I let
Ao denote the measure with density hg with respect to p. Let f :N — R be a measurable function
such that ]Epf(QD)2 < 00. Then,

o0
@ — 6p)"
E;, f(®) =E; f(®) + Z TO f(Em”f(@))h@” dp", fel, (6.2)
n=1 ’
where E) D" (®) denotes the function (x1, ..., Xp) — EADJ?I,...,xn f (D) and the series converges
absolutely. Moreover,
d
E]Eng(cb) =[(]EA9Dxf(¢))h(X)p(dX), oel (6.3)

Proof. Let 6 € I. By our assumptions 1 — ig = (1 — h)) — (6 — 6p)h is square-integrable with
respect to p. Hence we can apply Theorem 4.1 with v = A4 to obtain (6.2). In particular we get
(6.3) for 6 = 6.

To derive (6.3) for general 6 € I we apply the above with (Ag, hg) instead of (A, h;) and with
0 instead of 6y. Since

hg=hy+ (O —600)h + (@ —0)h =hg + (6 — O)h, 6el,

we obtain the desired result from (6.3) using the same function 4 as before. O

Corollary 6.2. Let v be another o -finite measure with density h, with respect to p. Assume that
(4.2) holds. Then

e’} on
Esrow—n) f(P) =E, f(P) + Z pl /(]EAD"f(CD)) dow —n)", 0 €0, 11, (6.4)
n=1
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provided that Il:ipf(d))2 < 00.

Proof. We take in Theorem 6.1 h := h, — h;, I := [0, 1] and 6y := 0. The result follows upon
noting that square-integrability of & is implied by the Minkowski inequality. ]

Remark 6.3. Fix a measurable function f:N — R such that E, f (P)? < 0. Let h, satisfy
f (1 = hy)? dp < oo and let H, be the set of all measurable functions % :X — R such that
f h?dp < oo and hy + 6h > 0 p-a.e. for all & in some (possibly one-sided) neighborhood I,
of 0. For h € H) and 6 € I;, we let 1y denote the measure with density hy := h; + 6h with
respect to p. Then Theorem 6.1 states that

lim 67! (B, /(®) ~Eof(®) = Go (). heHy, (6.5)
where

Gy () = f (B2 Dy £ (®))h(x)p(dx). 6.6)

Hence Gy, s (h) is the Gdteaux derivative of the mapping v — E, f(®) at A in the direction h.

If the perturbation is absolutely continuous with respect to the original measure A, then we
can strengthen (6.5) to Fréchet differentiability as follows. Let H," be the set of all measurable
functions % : X — R such that th dir<oocand 1+ 4 >0 r-ae.

Proposition 6.4. Let f :N — R be measurable and such that IE“‘(CIJ)2 <o0. Forh e Hf let Ay,
denote the measure with density 1 + h with respect to A. Then

Ex, f(®) =Ej, f(®) + Gy s (h) +o(l|All), h e H;, (6.7)

where G r(h) is defined by (6.6), |h| := /[ h?d\r and lim;_.ot~1o(t) = 0.
Proof. We apply Theorem 4.1 with p = A (so that ) = 1) and v = A, to obtain that
By, (@) =Es f(®) + G, r(h) +cp,

where
1
ch = Z —'fEAD"f(Q)h®" da”.
n=2n'

Applying the triangle inequality and then the Cauchy—Schwarz inequality to each summand gives

o0

1/2 n/2
|Ch|52%(/(EAD"f(CD))2dA") </h2dk> :

n=2
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Applying the Cauchy—Schwarz inequality again yields

00 172 /0o a\ 1/2
len| < (;%f(lEAD”f(@))ZdA"> (g%(/ hzdk) ) .

2
The first factor is finite by (2.4) and the second equals 0(||%||), where 0(¢) := v/ e’ —1—12. O
Next, we generalize (6.3) to possibly non-linear perturbations of A.

Theorem 6.5. Assume that (6.1) holds. Let 6y € R and assume that I C R is an interval with
non-empty interior such that 6y € I. For any 0 € I let Ry : X — R be a measurable function such
that the following assumptions are satisfied:

(i) Forall@ el, hy+ (6 —6p)(h+ Rg) >0 p-a.e.
(i1) limg_. 9, Ry =0 p-a.e.
(iii) There is a measurable function R:X — [0, 0o0) such that |Rg| < R p-a.e. for all 0 € I
and [ R*dp < .

For 0 € 1, let g denote the measure with density h) + (0 — 6p)(h + Ry) with respect to p. Let
f :N — R be a measurable function such that Epf(d>)2 < 00. Then

d
@Ekg f(P)

_ / (Es Dy £ (@))h(x) p(dx). (6.8)
6=0y

Proof. In view of [ h?dp < oo and assumption (iii), it is possible to apply Theorem 4.1 to the
measure v = Ag. This gives for 6 € I \ {6y}

© —60)" (B, f(®) —E; £ ()

=/(1EADf(q>))(h+R9)dp (6.9)
o (6 — 60)" ! n n g
+§+/(EAD F(®)(h + Re)®" dp".

Applying Theorem 4.1 to the measure v with density &, + |h| + R with respect to p yields
1
2 /lEAD”f(d>)|(|h| +R)®" dp" < oo.
n=0 "

Hence the result follows from assumption (ii) and bounded convergence. (]

The case where the perturbed measure Ay is absolutely continuous with respect to A is of
special interest. Then the assumptions (ii) and (iii) in Theorem 6.5 can be simplified.
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Theorem 6.6. Assume that f h2dx < 0o. Let 6y € R and assume that I C R is an interval with
non-empty interior such that 6y € 1. For any 0 € I let Ry : X — R be a measurable function such
that the following assumptions are satisfied:

() Forall® eI,1+ (0 —6p)(h+ Rg) >0 A-a.e.
(i) limg—g, [ R3dA=0.

For 6 € 1, let Ly denote the measure with density 1 4+ (0 — 0y)(h + Rg) with respect to A. Let
f:N — R be a measurable function such that E; f(®)? < 0o. Then

d
d_eE“ f(®)

:/(EADXf(cm)h(x),\(dx). (6.10)
0=6

Proof. This time we apply Theorem 4.1 with p = A (so that 4, = 1) and v = Ay. To treat the
right-hand side of (6.9), we first note that

172 172
/|EADf(d>)||R9|dA§ (/(JEADf(cb))zdx) (/ Rﬁd}\) .

By assumption (ii), this tends to zero as & — 6. It remains to show that
1
co = Z — /|]EAD”f(<I>)||h + Ry|®" dA"
n!
n=2
is bounded in 6. As in the proof of Proposition 6.4, it follows that

¢ = (Z % / (EAD”ﬂcb))zdk”) (Z % ( / (h+ Ry)? dk) )
n=2 n=2

Here the first factor is finite by Theorem 4.1 while the second remains bounded by assump-
tion (ii). |

Corollary 6.7. Let the assumptions of Theorem 6.6 be satisfied. Then

d
d_eEke f(P) =E, /(f(cp) — f(® —8,))h(x)P(dx). (6.11)
0=6
Proof. The result follows from (6.10) and the Mecke equation from [17]. O

Remark 6.8. The results of this section generalize the Poisson cases of the derivative formulas
in [2] and [9], where one can also find some earlier predecessors. We note that [2] and [9] study
more general point processes.

Finally in this section, we deal with the case, where Ay is a multiple of a finite measure.
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Corollary 6.9. Assume that X is a finite measure and let f:N — R be a measurable function
such that EQO)\f(CD)Z < 00 for some 6y > 0. Then 6 — Ey,, f (®) is analytic on [0, 00). Moreover,

%Eexf(q’)= / Egp Do f(®)1(dx),  6>0, 6.12)
d
B (@) =67'Eq, / (f(®) — f(®—8))Px),  6>0. (6.13)

Proof. Apply Theorem 6.1 with p :=6gA, A :=0, h := g ,00 :=0and I :=[0, co). This yields
the first two assertions. As before, formula (6.13) is a consequence of (6.12) and the Mecke
formula. ([

Remark 6.10. Consider in Corollary 6.9 a general o -finite measure A but assume that the func-
tion f does only depend on the restriction of ® to some set B € X with A(B) < oo. Applying
the corollary to A(B N -) gives (6.12). This is extended in [6] to functions that depend measurably
on the o-field associated with a stopping set satisfying suitable integrability assumptions.

Remark 6.11. Let f :=1,4, where A € N is increasing, that is, whenever ¢ € A then ¢ + 68, € A
for all x € X. Then

/(f(cb) — f(® —8,))D(dx) :/1{c1> €A, -8 ¢ A)d(dx)

is the number of points of @ that are pivotal for A. Hence (6.13) expresses the derivative of
Pgy (P € A) in terms of the expected number of pivotal elements. This Poisson counterpart of
the Margulis—Russo formula for Bernoulli fields was first proved in [19]. In the more general
setting of Corollary 6.7, the pivotal elements have to be counted in a weighted way.

7. Perturbation analysis of Lévy processes

In this section, we apply our results to R?-valued Lévy processes, that is, to processes X =
(X:)r>0 with homogeneous and independent increments and Xo = 0. We assume that X is con-
tinuous in probability. By Proposition 11.3.36 in [11] and Theorem 15.4 in [12], we can then
assume that a.s.

t t
X; =bt+W,+/ / x(@(ds,dx)—dsv(dx))—l—/ / x®(ds, dx), t>0, (7.1
[x|<1J0 |x|>1J0

where b e R4, W = (W);>0 is a d-dimensional Wiener process with covariance matrix ¥ and
® is an independent Poisson process on [0, 00) x R? with intensity measure A; ® v. Here A1 is
Lebesgue measure on [0, c0) and v is a Lévy measure on R4, that is, a measure on R4 having
v({0}) =0, and f(|3c|2 A 1)v(dx) < oco. The integrals in (7.1) have to be interpreted as limits
in probability. Let D denote the space of all R?-valued right-continuous functions on R with
left-hand limits on (0, 0o). By [12], Theorem 15.1, we can and will interpret X as a random
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element in D equipped with the Kolmogorov product o -field. The characteristic triplet (£, b, v)
determines the distribution of X. In this section, we fix ¥ and let P, , denote a probability
measure on (€2, F) such that P, , (X € ) is the distribution of a Lévy process with characteristic
triplet (X, b, v). The expectation with respect to this measure is denoted by E, ,. As before,
we let Py, g, denote a probability measure such that Py, g, (P € -) = I1,,g,. Similarly as in
Remark 4.8, we assume that under [Py, o, the (fixed) process W = (W);>¢ is a Wiener process as
above, independent of ®.

Let F denote the space of all R%-valued functions on R, equipped with the Kolmogorov
product o-field. For w € F and (11, x1) € [0, 00) x R? we define w1 € F by w/"* := w; +
1{t > t1}x;. Clearly the mapping (w, t1, x1) = w'**! is measurable. Moreover, if w € D then
also wt*1 € D. For any measurable f:F — R, the measurable function A, x, f:F — R is
defined by

Ay f(w) = f(w"*) = f(w), weF. (7.2)

Similarly as at (2.2), we can iterate this definition to obtain, for (#1, x1, ..., #;, x,) € ([0, 00) X
RY)" a function A" tnx, S F — R. Further, we define AVf = f. Fors>0and weF

11,X1,.
let w® e F be defined by w®(r) :== w(t A s) and let A, denote the o-field generated by the
mapping w — w®). An As-measurable function f:F — R has the property that A; , f =0
whenever ¢ > 5. Define A, := A, ND.

In the next theorem, we consider three Lévy measures v, v/, v*. We assume that v and v’ are
absolutely continuous with respect to v* with densities g, and g,/, respectively, that satisfy

/(1 —g)’dv + f(l —gy)?dv* < o0, (7.3)
/ lxl|1 = gv(x)|v*(dx) +/ X1 — gu (x)]v*(dx) < oc. (7.4)
lxl<1 lxl<1
We also consider b, b, b* € R such that
b:b*+/ x(gv(x) — 1)v*(dx), b’:b*~|—/ x (g (x) — 1)v*(dx). (7.5)
Ix|<1 xl<1

In the following theorem and also later, we abuse our notation by interpreting for a function
g:R? > Randn e N, g®" as a function on ([0, c0) x R%)".

Theorem 7.1. Assume that (7.3), (7.4) and (7.5) hold. Let f:D — R be A, -measurable for
some ty > 0 and assume that IE;,*,V*]"(X)2 < 00. Then

=1
> o [Enus £COlley 81" 40 @ 1) < o0, (7.6)
n=0 "
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where Ep , A" f (X) denotes the function (t1, X1, ..., ty, Xp) — Eb,vA;ll,xl ,,,,, o X f(X). Further-
more,
1
Ep v f(X) =Ep o f(X) + Z - /(]Eb,vAnf(X))(gv’ — &)@ d(h @ v*)". (7.7
—n!

Proof. Let X := [0, co) x R? and define N as before. Let Ny be the measurable set of all ¢ € N
such that ([0, s] x {x:1/n <|x| <n}) < oo forall s >0 and n € N. Since v is a Lévy measure
we have P, g,(P € Ng) = 1. For ¢ € Ng and n € N, we define 7"(p) € F by the pathwise
integrals

T"(¢); := bt +f

1/n<|x|<1

t t
/ x(tp(ds, dx) — dsv(dx)) +/ / x@(ds, dx).
0 n>|x|>1J0

Define Tj , (¢) € F by
Tp,v(9); :=liminf T" (p), t>0,
) n—oQ

whenever this is finite, and by 7}, ,(¢); := 0, otherwise. For ¢ ¢ Ng we let T}, (¢) = 0. Then
Tp,, is a measurable mapping from N to F. It is a basic property of Poisson and Lévy processes
([12], Chapter 15) that 7" (®), converges in Py, g, -probability and that

P}»]@U(W + Tb,v((b) € ) = ]P)b,v(X €-) onF, (7.8)

where here and later we interpret X also as a random element in F. Assumptions (7.4) and (7.5)
imply that 7}, ,, = T}y, ,y = Tp» v+ =: T, so that the following holds on F:

Poow(WAT@) €) =Py y(X€),  Prgw(W+T(®)€)=Pp w(Xe). (79)

Let )flo be the restriction of A to the interval [0, 7g]. Let f :F — Rbean fl,o-measurable function
satisfying Ep+ ,+ f (X)? < 0o. We apply Theorem 4.1 and Remark 4.8 with (%, v, p) replaced
with (Allo v, ktlo RV, Atlo ® v*), with n = W and with the function (w, ¢) = f(w + T (¢)).
Assumption (4.2) is implied by (7.3), while ]Ekt()@v*(W + f(T(dD)))2 < oo follows from (7.9)
1

and assumption on f. (By Ay, -measurability of f we have f(T (¢)) = f(T (¢y,)) for any ¢ € No,
where ¢y, is the restriction of ¢ to [0, o] x ]Rd.) Using that for ¢ € No,
D:ltlaxl) 77777 (tnsxn)(fOT)((p) = (A?lvxl ----- tn,xnf)(T((p))’ (tl’xl’ ""tn’x”) < ([0’ OO)XRd)n’
we obtain (7.6) and (7.7) with f instegd of f. 5 5

To conclude the proof, we need a A;,-measurable function f:F — R such that f = f on D.
Such a function trivially exists if f(w) = g(wy,,...,wy,), where 0 <t <--- <t, <1 and
g:R" — R is Borel-measurable. Therefore, the existence follows by a monotone class argu-
ment. O
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Remark 7.2. In the above proof, we cannot apply Theorem 4.1 with (A, v, p) replaced with
(M1 ®v, A1 ®V', A1 ®v*). For instance, the first integral in (4.2) would diverge as soon as v # v*.
Therefore, we have assumed the function f to depend only on the restriction of X to a finite time
interval.

Remark 7.3. If
/(|x| A 1)v(dx) < oo, (7.10)

it is common, to rewrite (7.1) as
t
that+W,+/ / x®(ds, dx), t>0, (7.11)
R4 JO

wherea :=b — le|<1 xv(dx). If all three measures v, V', v* satisfy (7.10), then we might replace
(b, V', b*) by (a,d’,a*) (with a’ and a* defined similarly as @) and simplify (7.5) to a = a’ = a*.

Remark 7.4. By [11], Theorem 1V.4.39, the finiteness of the first integrals in (7.3) and (7.4)
together with the first identity in (7.5) imply that PP, (X ® ¢ ) is, for every t > 0, absolutely
continuous with respect to Py« (X ® ¢ .). (Recall that X§’) := X;s.) In fact, this conclusion
remains true under the weaker assumption f (I—-/gv )2 dv* < 0o. We do not know whether the
assumption (7.3) in Theorem 7.1 can be weakend to f(l — \/g_v)z dv* + f(l — @)2 dv* < o0,
see also Remark 5.4.

Our next theorem is the Lévy version of Theorem 6.1. We consider a Lévy measure v with
density g, with respect to some other Lévy measure v* and a measurable function g:R? — R
such that

f(l — gu)?dv* < oo, /g2 dv* < oo, /(||x|| A1)[g()|v*(dx) <oco.  (7.12)

Theorem 7.5. Assume that (7.12) holds and the first integral in (7.4) is finite. Let b and b* satisfy
the first identity in (7.5). Let 6y € R and assume that I C R is an interval with non-empty interior
such that 6g € I and gg := g, + (6 — 6p)g >0 v*-a.e. for0 € 1. For 6 € I let

bg :=b+ (60 —6p) xg(x)v*(dx) (7.13)
lx|<1

and let vy denote the measure with density gg with respect to v*. Let f:D — R be A;-
measurable for some ty > 0 and assume that Ep« « f (X )2 < 00. Then

Epg,vp [ (X) =Ep, f(X)
(7.14)

>\ (6 — 6p)" n
T Ppamia f (Ep A" F(X))g® d(h @), Bel.

n=1
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where the series converges absolutely. In particular,

d
d_eEbg,vg f(X)

- / / (Epv A £(X)) g (x) div*(dx). (7.15)

0=6y

Proof. Noting that
by = b* +/ x(gg(x) - l)v*(dx), (7.16)
lx|=<1

and using the mapping 7 defined in the proof of Theorem 7.1, the result follows from Theo-
rem 6.1 and Remark 4.8. (]

Remark 7.6. Consider v and v* such that the first integrals in (7.3), respectively, in (7.4) are
finite. Let b and b* satisfy the first identity in (7.5). Let f:D — R be a measurable function
such that Ep+ f(X)2 < 00. By Theorem 7.5

Gp,f(8) = /f(]Eh,vAt,xf(X))g(x)dtv*(dx) (1.17)

can be interpreted as the Géteaux derivative of the mapping v’ - E,/ jy f(X) at v in the direc-
tion g, where b’ is determined by b, and V' and the function g satisfies the second and third
equality in (7.12) as well as gy + 0g > 0 v*-a.e. for all # in some open neighborhood of 0.
Proposition 6.4 on Fréchet derivatives can be adapted in a similar way. Details are left to the
reader.

The next result deals with non-linear perturbations and is a consequence of Theorem 6.5.

Theorem 7.7. Assume that (7.12) holds. Let 6y € R and assume that I C R is an interval with
non-empty interior such that 6y € 1. For any 0 € I let Rg : R? — [0, 00) be a measurable function
such that the following assumptions are satisfied:

(i) Forall6 €1, g, + (6 —0p)(g + Rg) =0 v*-a.e.
(ii) [(lx] A DIRg(x)|v*(dx) < oo.
(iii) limg_.q, Rp =0 v*-a.e.
(iv) There is a measurable function R:R? — [0,00) such that |Rg| < R v*-a.e. and
[ R(x)?v*(dx) < oo.

For 6 € I, let vy denote the measure with density g, + (6 — 6p)(g + Rg) with respect to v*. Let
b, b* € R satisfy the first identity in (7.5) and define

bo :=b+ (6 — 6p) x(g(x) + Ry (x))v*(dx). (7.18)

lx|<1

Let f:D — R be Ay,-measurable for some ty > 0 and such that ]’Eb*’v*f(X)2 < 00. Then (7.15)
holds.
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Remark 7.8. Assume that we can take v* = v in Theorem 7.7 (yielding that vy < v). By Theo-
rem 6.6, assumptions (iii) and (iv) can then be replaced with limg_, ¢, f Rg dv =0.

We finish this section with some examples.

Example 7.9. Let « € (0,2) and let Q be a finite measure on the unit sphere S~! := {x €
R?:|x| < 1}. Then

v ::/ /OO 1ru € yr ' drQ(du)
Sd-1Jo

is the Lévy measure of an a-stable Lévy process, see, for example, [3]. Consider the Lévy mea-
sure

1
7 :=/ / ru e - r~ 1 drQ (du),
sa-1 Jo

where 0 < o’ < «/2 and Q' is a finite measure on S?~!. Assume that Q' « Q with a density
that is square-integrable with respect to Q. It is not difficult to check that the density g :=du/dv
satisfies the assumptions of Theorem 7.5 with v* = v, I = [0, oo) and 6y = 0.

Example 7.10. Letd =1, a € (0,2) and v(dx) := 1{x # 0}x~*~! dx be the Lévy measure of a
(symmetric) a-stable process. It is again easy to check that, for 8 > 0, the density g of the mea-
sure pg(dx) :=1{x > 0}x e A* dx with respect to v satisfies the assumptions of Theorem 7.5
with v* = v, I =0, co) and 6y = 0. For 6 > 0, the measure 6 1 is the Lévy measure of a Gamma
process with shape parameter 6 and scale parameter 8, see, for example, [3]. (Under Po ¢, and
for W = 0, the random variable X; has a Gamma distribution with shape parameter 8¢ and scale
parameter f.)

Example 7.11. We let v and 11g be as in Example 7.10. This time we are interested in derivatives
with respect to the scale parameter 8. We fix Sy > 0 and 6 > 0. Our aim is to apply Theorem 7.7
with I = (Bo/2,30/2), 0o = Bo, vg := v + O ug, and v* := v. The measure v in Theorem 7.7 is
being replaced with vg,. We have noted in Example 7.10 that [ (1 — gﬁo)2 dv < oo, where gg, is
the Radon—Nikodym derivative of vg, with respect to v. Next, we note that

vg(dx) = vg, (dx) + 1{x > 0}0 (e~ P~F¥ — 1)x*e~Fo¥y(dx)

(7.19)
= 240 (0) + (B — Bo) (g (x) + Ry (x)) Jv(dx),
where
o0 _ pyn—1
g(0) = —1{x > 0)0x“He M, Rg(x) = —1{x > 0}ox"e X_; %x

Clearly, g(x)? and (|x| A 1)|g(x)| are integrable with respect to v. We need to check the assump-
tions (i)—(iv) of Theorem 7.7. Assumption (i) follows from (7.19) while (iii) is obvious. Further,
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we have for 8 € I that |[Rg| < R, where

o
R(x) :=1{x > 0})0x%eFo¥ Z
n=0

(Bo/2)" !
n!

" =1{x > 0}0c 'x%e ™,

where ¢ := By/2. Since f(x A1 R(x)v(dx) < oo and f R(x)?v(dx) < oo we obtain (ii) and (iv).
Let b € R. In view of (7.16), we define

1 1
bp :=b+/ x(g,g(x)—1)v(dx)=b+9/ e*ﬁde=b+%(1—e*ﬂ).
0 0

Under the assumption E; , f (X )2 < 00, we then obtain that

d
@Ebﬂ,weﬂﬁf(x)‘ =—0 / / (]Ebﬂo,uwﬂﬁoA,,x F(X))e P* drdx. (7.20)
B=Po

Remark 7.12. Tt is a common feature of Examples 7.9 and 7.10 that the perturbation v/ — v
is infinite. Theorem 3.1 would not be enough to treat these cases. In Example 7.11 however,
Vg, — Vg is finite so that one might use Theorem 3.1 in the case 8 < fo.

Finally in this section we assume d = 1 and apply our results to the running supremum
Sy i=sup{X;:0<s <t}, t>0,
of X. We fix ty > 0 and define
Zy i =sup{Xs:t <s <ty}, Y, =S8 -7, 0<t=<r.

Proposition 7.13. Let v,v*, g, g, b, b*, 1,00 be as in Theorem 7.5 and define by, g9 as in that
theorem. Assume moreover that

/ x2v*(dx) < 00. (7.21)
x>1
Then 0 +— Ep, v, Sty is analytic on 1. Moreover,
d E = + - dy)v*(dx 22
35 Ebo.v0 St = ((x =" = y7)g)Qdy)v*(dx), (7.22)
=v0
where, for x € R, x* := max{x, 0}, x~ := —min{x, 0}, and
0]
Q::/ Py, (Y; € -)dt. (7.23)
0

Proof. We define a measurable function f:D — R by

f(w) :=sup{w;:0 <s <19}, w eD.
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It follows from the Lévy—Khintchine representation (7.1), Doob’s inequality and moment
properties of Poisson integrals that (7.21) is sufficient (and actually also necessary) for
Ep+ v+ f (X)? < 0o. (This argument is quite standard.) Hence, we can apply Theorem 7.5.

It remains to compute the right-hand side of (7.15). Let t € (0, #9]. For x > 0 we have

Szo +x, if §;— < Z;,
F(x)={ Zi +x, itZ; <S8 <Zi+x,
Sio. ifZ, +x < S,

so that
FX) = fOO=1Y <Ox+1{0 <Y, sx}(x = Y) = (x = Y)" = (X)),

provided that S;_ = S;. Note that the latter equality holds for A;-a.e. # > 0. Similarly we obtain
for x < 0 that

FXP) = fXO=1x <Y, <0}, + 1{Y, <xhx=(x—Y)*" = (¥,

whenever S;_ = §;. Hence, (7.22) follows from (7.15). Note that the integrability required
for (7.22) is part of the assertion of Theorem 7.5. But it does also follow more directly from
| f(X"*) — f(X)| < 2|x| and the fact that f |g(x)||x|v*(dx) is finite by assumption (7.12) on g,
(7.21), and the Cauchy—Schwarz inequality. (|

Remark 7.14. We consider the situation of Proposition 7.13 but do not assume (7.21). For u € R
wen can then apply Theorem 7.5 to the real and the imaginary part of the complex-valued and
bounded function f(X) := e/“50  This shows that 6 > Epy vy f (X) is analytic. The derivative at
6o can be expressed in terms of the measure

fo
Q= /0 Py ((Si. Zy) € ) dr (7.24)

that contains more information than the measure (7.23). The same remark applies to the bounded
function f(X) :=1{S;, > u}. The details are left to the reader.

For a general Lévy process the distribution of S; is not known. The measures (7.23) and (7.24)
are not known either. This hints at the fact that perturbation analysis cannot help in finding
explicit distributions. What equation (7.22) does, however, is to identify the Gateaux derivative of
Ep,» Sy, in the direction g, see Remark 7.6. The measure (7.23), controlling all these derivatives,
is completely determined by the distribution of the process (X;);<;, under P, ,. We do not make
any attempt to review the vast literature on the running supremum of Lévy processes but just
refer to [8] for some recent progress.
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