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Convergence of some random functionals of
discretized semimartingales
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In this paper, we study the asymptotic behavior of sums of functions of the increments of a given semi-
martingale, taken along a regular grid whose mesh goes to 0. The function of the ith increment may depend
on the current time, and also on the past of the semimartingale before this time. We study the convergence
in probability of two types of such sums, and we also give associated central limit theorems. This extends
known results when the summands are a function depending only on the increments, and this is motivated
mainly by statistical applications.
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1. Introduction

In many practical situations, one observes a random process X at discrete times and one wants
to deduce from these observations, some properties on X. Take for example the specific case of
a 1-dimensional diffusion-type process X = X? depending on a real-valued parameter 6, that is:

dX; = o (0, 5)dW, +a(0, s)ds, (1.1)

where o and a are (known) predictable functions on 2 x R, and where W is a Brownian motion.
We observe the values of X attimesiA,i =0,1,2,...,nA, and the aim is to estimate 0. There
are two cases: in the first one the observation window is arbitrarily large. In the second case
(which is our concern here), the observation window is fixed, and so A = A, goes to 0 and
T =nA, is fixed.

Most known methods rely upon minimizing some contrast functions, like minus the log-
likelihood, and those are typically expressed as “functionals” of the form:

n
Zg,, (@O (= DA Xl _)a, - X0n, — X0 1a). (1.2)
i=1

with g, possibly depending on n, see, for example, [5]. In other words, the asymptotic behav-
ior (convergence, and if possible associated central limit theorems) of functionals like (1.2) is
very important. This is why, for a function f:Q x Ry x R x RY — R and a d-dimensional

1350-7265 © 2012 1SI/BS


http://www.bernoulli-society.org/index.php/publications/bernoulli-journal/bernoulli-journal
http://dx.doi.org/10.3150/11-BEJ373
mailto:assane.diop.math@gmail.com

Convergence of some random functionals of discretized semimartingales 1189

semimartingale X, we study the asymptotic behavior of the following two sequences of process

[1/An]

VX = Y fo.G = DAy Xa-1a,. Xia, = X-1a,);
i=1

[t/An]

V' (f, X)) = Ay Z f(w, I — DAL Xi-DaA,
i=1

(1.3)
Xin, — X(z‘—l)An>
VA, ’

when A, — 0. So, providing some basic tools for statistical problems is our main aim in this
paper, although we do not study any specific statistical problem.

Another motivation for studying functionals like (1.3) is that they appear naturally in numerical
approximations of stochastic differential equations like the Euler scheme or more sophisticated
discretization schemes.

Let us now make two comments on the third argument of f in the processes in (1.3), namely
Xi-1)a,:

1. The functionals (1.3) are not changed if we replace f by g(w, t,x) = f(w, t, X;—(®), x),
so apparently one could dispense with the dependency of f upon its third argument. How-
ever, we will need some Holder continuity of 7 — g(w, t, x) which is not satisfied by g
defined as just above: so it is more convenient to single out the third argument.

2. One could replace X ;—1ya, by Y(i—1)a, for another semimartingale Y, say d’-dimensional.
But those apparently more general functionals are like (1.3) with the (d + d’)-dimensional
pair Z = (Y, X) instead of X.

When f(w,s,z,x)= f(x) (f is “deterministic”), (1.3) becomes:

[1/An]
V'"(f.X) = Z f(Xia, = Xi-1a,):
i=

[[/A (1.4)

V(£ X) = An Zf(%)

If further f(x) = |x|", the processes V" (f, X) are known as the realized power variations, and
of course V"' (f, X) = AL r/ZV”(f X).

The convergence of power variations is not new, see, for example, [10] an old paper by Lépin-
gle. Recently, they have been the object of a large number of papers, due to their applications
in finance. Those applications are essentially the estimation of the volatility and tests for the
presence or absence of jumps.

An early paper is Barndorff-Nielsen and Shephard [2], when X is a continuous Itd’s semi-
martingale. Afterwards, many authors studied these type of processes: Mancini [11] studied the
case where X is discontinuous with Lévy type jumps, in [6] Jacod studied the general case of a
Lévy process, Corcuera, Nualart and Woerner in [3] studied the case of a fractional process, ...,
the list is far from exhaustive. The results appear in their most general form for a continuous
semimartingale in [1] and a discontinuous one in [7].
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To give an idea of the expected results, let us mention that when X is a 1-dimensional Itd’s
semimartingale with diffusion coefficient o and when f is continuous and “not too large near
infinity” (depending on whether X is continuous or not) we have

t
VL X)) /0 pos () ds

(see, e.g., [1]), where py is the law of the normal variable A/ (0, x%) and px (f) is the integral of
f with respect to py.

In [2], Barndorff-Nielsen and Shephard give a central limit theorem for V™ (f, X), using a
result of Jacod and Protter about a central limit theorem (or: CLT) for the Euler scheme for
stochastic differential equations, see [8]. This CLT has been generalized in many papers, like [1]
when X is continuous. If X is discontinuous, Jacod (in [7]) gives a CLT when the Blumenthal—
Getoor index p of X is smaller than 1, and no CLT is known when p > 1.

Concerning V" (f, X), in the uni-dimensional case, Jacod extends some old results of Lépingle
in [10]. In particular, if f(x) ~ |x|" near the origin and is continuous and X is an arbitrary
semimartingale, then

V'(f. X) > D(f. X), (1.5)
with
> faxy) ifr>2, or ifre(l,2)and (X%, X°) =0,

s<t

D F(AX) A+ (XX, ifr=2,

s<t

D(f, X): =

where AX; is the jump of X at time s, and X¢ denotes the continuous martingale part of X.
Moreover, Jacod gives a central limit theorem for V" (f, X), first for Lévy processes in [6],
second for semimartingales in [7].

The difficulty of the extended setting in the present paper is due to the fact that f is not any
more deterministic and depends on all the variables (w, s, z, x), as we have seen in the statistical
problem. We want to know to which extent the earlier results remain valid in this setting, and
especially the CLTs. Our concern is to exhibit reasonably general conditions on the test function
f which ensure that the previously known results extend. Note also that for the CLT concerning
V" (f, X), and contrary to the existing literature, we do not always assume that f(w, f, z, x) is
even in x, although most applications concern the even case. The reader will also observe that in
some cases there are additional terms due to the parameter z in f(w,t, z, x).

The paper is organized as follows: in Sections 2 and 3 we state the Laws of large numbers and
the CLT respectively, and in Sections 4 and 5 we give the proofs.
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2. Laws of large numbers

2.1. General notation

The basic process X is a d-dimensional semimartingale on a fixed filtered probability space
(2, F, (Ft)r=0, P). We denote by AX; = X; — X, the jump of X at time s, and by / the set

1= {r >0: ZHAXer < 00 as. forallt}.

s<t

Note that the set [ always contains the interval [2, 00).

The optional and predictable o-fields on 2 x Ry are denoted by O and P, and if g is a
function on © x Ry x R! we call it optional (resp., predictable) if it is @ ® R!-measurable
(resp., P ® ’Rl—measurable), where R/ is the Borel o -field on R’.

The function f (unless otherwise stated) denotes a function from €2 x Ry x R4 x R? into RY,
for some ¢ > 1. When f(w,t, z, x) admits partial derivatives in z or x, we denote by V_ f or
V, f the corresponding gradients.

If M is a matrix, its transpose is M’. The set of all p x ¢ matrices is M(p, q), and 7 (p, q,r)
is the set of all p x g x r-arrays.

For any o € M(d, m), we denote by p, the normal law A (0, 00"), and by p, (f(®, s, z, -))
the integral of the function x — f(w, s, z, x) with respect to o, .

We denote by B the set of all functions ¢ : R? — R, bounded on compact.

A sequence (Z}') of processes is said to converge u.c.p. (for: uniformly on compact sets and

in probability) to Z;, and written Z" P 7z or VA4 iy Zy, it P(sups, |1 Z§ — Zs|| > &) — O for
all e, t > 0.

. L— L— . .
We write Z" — ZorZ} — Z;,if the process Z" converge stably in law to Z, as processes
(see [9] for details on the stable convergence).
We gather some important properties of f in the following definition.

Definition 2.1. (a) We say that f is of (random) polynomial growth if there exist a locally
bounded process I' (meaning: sup;_y. I's < n for a sequence T, of stopping times increasing
a.s. to 00), a function ¢ € B, and a real p > 0 such that

I f(@,s,2,0)] <Ts(@)¢ @) + Ix]7). 2.1)

If we want to specify p, we say that f is at most of p-polynomial growth.

(b) we say that f is locally equicontinuous in x (resp., (z,x)) if for all w, all T > 0, and
all compacts K, K’ in RY, the family of functions (x — f(w, s, z, X))s<T zexc (resp., ((z,x) —
fw,s,z,x))s<T) is equicontinuous on K (resp., K x K').

2.2. Assumptions

Let us start with the assumptions on X. For V"(f, X) we only need X to be an arbitrary semi-
martingale. For V™ ( f) we need X to be an Itd semimartingale and a little more. Recall first that
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the property of X to be an Itd semimartingale is equivalent to the following: there are, possibly
on an extension of the original probability space, an m-dimensional Brownian motion W (we
may always take m = d) and a Poisson random measure ; on R} x R with intensity measure
v(ds, dy) = F(dy)ds with F is a o-finite measure on R, such that X can be written as

t t t
Xi =Xo +/ by ds +/ 05— dW; +/ / h(8(s, y)) (1 — v)(ds, dy)
0 0 0 JR -
, (2.2)
+ [ [ W mmuas.a
0 JR
for suitable “coefficients” b (predictable d-dimensional), o (optional d x m-dimensional), &
(predictable d-dimensional function on € x R, x R) and 4 is a truncation function from R?
into itself (continuous with compact support, equal to the identity on a neighborhood of 0), and

h(x):=x — h(x).
Then we set:

Hypothesis (Ny). The process X is an It0’s semimartingale, and its coefficients in (2.2) satisfy
the following: b and fR(l A8 (w, s, VI?) F(dy) are locally bounded, and o is cadlag.

For the test function f, we introduce the following, where A is an arbitrary subset of R?:

Hypothesis (K[A]). f(w,t,z,x) is continuous in (z, x) on RY x A and if (th, Zn, Xn) = (t, 2, %)
withx € Aandt, <t,then f(w,t,, Zn, Xn) converges to a limit denoted by f(w,t—, z, x).

2.3. Results
The first two theorems concern the processes V' ( f).

Theorem 2.2. Let X be an arbitrary semimartingale, and let f satisfies (K [R?]). Suppose there
exists a neighborhood V of 0 on R¢, a real p > 2, and for any K > 0, a locally bounded process
X such that:

lzZl<K.xeV = |f(@s 20l <Tf@Ilx|”. (2.3)

Then V" ( f) converges a.s. for the Skorokhod topology to the process

D(f)i =) f(s— Xs—, AXy). (2.4)

s<t

Remark 2.3. This is one of the rare situations where one has almost sure convergence; see Sec-
tion 3.1 of [4] for some other ones.

Theorem 2.4. Let X be an arbitrary semimartingale, and let f be optional, satisfying (K [R%])
and f(w,s,z,0) =0, and be C 2 in x on some neighborhood V of 0. Assume also that
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e Forany j, k€ {l,...,d}, the functions 3 S (a) S, X,2)and =—4—

Ry x R? x V satisfy (K[V]).
e There is ¢ € B and a locally bounded process I such that

5| ol e

ax 3)( (w, s, x, 7) defined on Q x

(s,z,X)

xeV

)) =9 ().

Then V" ( f) converges in probability, in the Skorokhod sense, to the process

D(f)r—Z/ —(s Xs—,0)dX; + = Z/ ax,axk s—, Xs_, 0)d(x /¢, xkey,
(2.5)

+ Z (f(s— X, ,AX)—ZAXf—f(s s_,O)),

O<s<t

where X€ is the continuous martingale part of X.

The two versions (2.4) and (2.5) of D(f) agree when f satisfies the hypotheses of Theo-
rem 2.2, so Theorem 2.4 extends Theorem 2.2 and gives the results in a more complete form.
This result was not known even in the case where f only depends on x.

Remark 2.5. Both theorems remain valid if the discretization grid is not regular, provided the
successive discretization times are stopping times and the mesh goes to 0 (see Sections 3.5 and
4.5 of [4] for results of this type).

Now we state the result about V™ ( f).
Theorem 2.6. Let f be optional, satisfying (K [R?1), be locally equicontinuous in x and with

p-polynomial growth. Assume further that one of the following two conditions is satisfied:

1. X satisfies (Ny) and p < 2.
2. X satisfies (Noy) and is continuous.

Then

t
V() R fo po (f (5=, Xy_, ) ds. 2.6)

Remark 2.7. Comparing with [1] or [7], we see that there is no additional term due to the third
argument z in f(w, s, z, X).

In the discontinuous case (1 of Theorem 2.6), the condition p < 2 simplifies the computations
but is not optimal. The result remains true valid if there exist ¢, ¢’ € B such that:

¢'(x) — 0, when [[x|| > o0, and | f(®,s,z, %) < Ts(@)$@)x]*¢ (x).
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2.4. Some examples

Statisticians recognize it, do not wait for this article to investigate in specific cases the con-
vergence of the types of function studied here. Let us give some examples (the list is far from
exhaustive).

1. Consider the following stochastic differential equation: dZ; = ¢ (Z;)dX;, where X is a
Levy process, and ¢ is such that this equation has a nonexploding solution. The associated
Euler scheme is written as follows:

Zy=1z; Zin, = Zinya, = 0(Zi_1ya,) AT X,

hence the last quantity is of the form f(Zf’l._l)An , A?X), where f(w, s, z,x) = ¢(z)x (even
if Z depends on n here).
If we take the more general case where:

flw,s,2,x) = ys(@)p(2)g(x), 2.7)

where y is an adapted, cadlag process, ¢ and g are continuous functions.
(a) We can then apply Theorem 2.2 as soon as g(x) = O(||x||?) where p > 2, in a neigh-
borhood of 0.
(b) We can apply Theorem 2.4 if g(0) = 0 and g is C? in a neighborhood of 0.
(c) At last, we can apply Theorem 2.6 if ||g(x)|| < C(1 + ||x||?), with p < 2 if X is dis-
continuous.
2. Let us take now the example of the following model, studied in [5]:

dX? =a(r, X,)dt + 00,1, X,)dW,, (2.8)

where a is a function: Ry x R - R? and 0:©® x R x RY - R? x R™, and where ©
is a compact set of R, and at last W is a m-dimensional Brownian motion.

The goal is to estimate the unknown parameter 6 from the observations: X;a,,i =
0,1,....[t/A]

We suppose the hypothesis (H1) of [5] satisfied, which in particular implies that (2.8)
has a unique weak solution (taken on the canonical space) that we denote by P?.

Define

c@,s,x):=0(0,s,2)0,s,2), (2.9)

and if S;' denote the set of all symmetric nonnegative d x d matrix, we set S := {G €
S;.detG # 0}. Clearly S = |J,cps S, Where S = {G € SJ, |G| <1, } < detG <1}.
Assume further that

lim P (c®', 1, X,) €S, V0, 1) =1
— 00
for all 6, then for each 6, the function

f9 (s, z,x) =log(detc(9,s,z)) + x'o(8,s,2)000,s,2)'x (2.10)



Convergence of some random functionals of discretized semimartingales 1195

(see [5] for details on the choice of this function), satisfies the hypothesis of Theorem 2.6.
In particular,
vy =2 v, 0
under Y, where
t

U(09 9/)1 :‘/O ,OO-(Q!S!XSQ)(fH/(S, X?s )) ds'

Moreover, the convergence takes place uniformly in 6" here (because of Hypothesis 1
in [5]).

If further we have an identifiability hypothesis of the model (see (H4) of [5]), then the
minimum contrast estimator 6" := argming, V"' (f ") (where argmin is the argument of
the minimum and which exists because the application 8’ — V' ( f 9" is continuous on the
compact ©) converges in probability under PY to 6. Hence, the consistency of the estimator.

3. Central limit theorems

In the framework of the CLT, one needs some additional assumptions both on X and on f, which
depend on the problem at hand.

3.1. Assumptions on X

Hypothesis (N1). (No) is satisfied, and there exist a sequence (Sy) of stopping times increasing
to 0o and deterministic Borel functions (yy) such that:

16w, s I =w(y)  ifs < Si(w) and /R(l A vi(y)?) F(dy) < oc.

The next assumption depends on a real s € [0, 2]:

Hypothesis (Ny(s)). (Ny) is satisfied, the mapping t — 8(w,t,y) is caglad, and fR(l A
e ()*)F (dy) < 00. Moreover, the process o in (2.2) satisfies:

t '
Ut=0'0+/ budu—i—/ auqu+M,—I—ZAO’L,I{”A%”Z]}, (3.1
0 0

u<t
where

o bis predictable and locally bounded.

e T is cadlag, adapted with values in T (d, m, m).

e M is an M(d, m)-valued local martingale, orthogonal to W and satisfying ||AM;| < 1
for all t. Its predictable quadratic covariation is (M, M); = fot ay du, where a is locally
bounded.
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e The predictable compensator of 3, _, 1{jac, |1} is fot ay du, where d is locally bounded.
Clearly, (N2(s)) = (Na(s')), if s <s'.

Remark 3.1. 1t is well known that the assumptions on ¢ in (N2(s)) may be replaced by the
following one (up to modifying the Poisson measure p):

t t t t
ot=ao+f buds+/ EMdWﬁ/ %‘udvs+/f kB, y)) * (i — v)(du, dy)
0 0 0 R JO - (32)

t ~
+f/ K (3G, y)) % u(du, dy),
RJO

where b and & are like in (N2(s)) and

e V is a /-dimensional Brownian motion independent of W.

e ¥ takes its values in 7 (d, m, [), is progressively measurable and locally bounded.

e k(x) is a truncation function on R x R™ and k' (x) := x — k(x).

0 3:Q x Ry x R — M(d, m) is predictable and is such that: fR(l A ||8(u W2 F(dy) is
locally bounded.

Of course, a,d,v and § are related, for example if k(x) = x1yjx|<1}, one has v2 +
Jutusnen 8@ F @) = ai and @ =[5, 5).1) F ).

3.2. Assumptions on the test function f

Hypothesis (M1). f is optional and there exists a neighborhood V of 0 such that f(w,s, z, x)
is Clin (z, x), the functions V. f, V. f are ClinxonV,and

f@,5,2,0) =V, f(w,s,2,00=0

Moreover, there are a locally bounded process T, a real o > %, and some functions ¢, & and 6
belonging to B, with £(x) — 0 as ||x|| = 0 and 6 (x) < ||x||? in the neighborhood of 0, such that:

- 92 f 92 f
Z ( (w,s,2,x)| + (,s,2,x) )st(w)qb(z)llxIIE(x),
— 0x; 0x Oxjdzj
JJ'=1
andforall T >0ands,t €[0,T],
I f(w.t,2,x) = f(w,s,2, )| <Tr(@)¢ ()|t — 576 (x). (3.3)

Hypothesis (M>). f(w,t,z,x) is optional, C" in (z,x), with V f and V. f of (random) poly-
nomial growth and locally equicontinuous in (z, x), and there are I, ¢, a as in (M) and some
p > 0 such that forall T > 0and s,t €[0,T],

I f(@,s,2,%) = fo,t,2, 0|l T (@)@ @]t —s[*(L+ [[x]I7). (3.4)
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Hypothesis (M}). (M) is satisfied and moreover
If(@,s, 2, ) + Ve f(@, 5,2, 0) | <) s(@).

Remark 3.2. The previous assumptions are fulfilled by most of the test functions used in statistic.
For illustration, let us come back to the examples of Section 2.4.

(a) If f is written as in (2.7) where, y is adapted and Holderian in s with index o > 1/2, where
2
the function ¢ is C!, while gis C? and satisfies 2(0) =V,g(0)=0and 37§(x) =o(|lxID
j

when x — O forany j =1, ...,d. Then (M) is satisfied.

(b) If now f satisfies the same conditions as in (a), except we just need here the function g to
be C! and V, g to be at polynomial growth. Then f satisfies (M>).

(c) Under the hypothesis of example (3) of Section 2.4, if further ¢ defined in (2.9) takes its
values in S’ for some real [ > 0, then for each 6, the function f ? defined in (2.10) satisfies
(M>).

3.3. The results

In order to define the limiting processes, we need to expand the original space (2, F, (F;):>0, P),
what we do as follows:

Consider an auxiliary space (', 7', '), which supports a g-dimensional Brownian motion
W and some sequences {(U’;)lfkfm; (U;,k)lfkfm; (kp)}p>1 of random variables, where the Ullj
and U ;,k are normal AV (0, 1) and the (k) are uniform on (0, 1). We suppose all these variables
and processes mutually independent.

Now set:

Q=QxQ, F=FQF, P=PoP.

We then extend the variables and processes defined on 2 or " on the space €, in the usual way.

Let (T),) be an arbitrary sequence of stopping times exhausting the jumps of X (meaning: they
are stopping times such that for all (w, s) w1th AX;(w) # 0, there exists a unique p such that
T,(w) = s). We define on < the filtration (.7-}) which is the smallest one satisfying the following
COl’ldlthl’lS

. @) is right continllous, and F; C j-:,,
e W is adapted on (F), _
e the variables U 5, U ;,k and k, are ]:T,, measurable.

Now we are ready to give the results. We start with V" (f):

Theorem 3.3. Suppose that X satisfies (N1) and f satisfies (M), then

1
= (V"(f) = D(Pir/anan) = F,
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where the process F is

d m ) af
> ZZ((Mo%;"U,’j+ T=xp0f: ‘us )—(T ,X1,-, AX1,)

p:Tp<t j=1k=1
(3.5)
3f
— VK T,, (Tp_,XTp—,AXTp) .

Remark 3.4. The last term in (3.5) is due to the third argument of f, and does not appear in [7].
One could show that the theorem remains valid if, in the formula (3.3), 6(x) < ||x||? near the
origin for some p € [0,2] N [].

It is useful to give some properties of the process F' above. For this, under (M) and (Ny), one
defines an M (q, q)-valued process C(f) as follows:

cn=ty © > foitoft +attol
pT <t j,j'=1k=1
af \/ af \'
o T,—, X7 _,AX
* (3xj><ax,-/) °Tp= X1, )

ik gk (LN (2N L (EN (21
JTP_GT”_<<3xj)<3Zj/) +<3Zj><3xj’) ) oo

o (Tp_’ XTpfv AXTP)

t
jik f af
+O-T,,70-TP <3Z]><3Zj/ O(Tp—,XTp_,AXTp) .

The following lemma is given without proof, since it is an immediate generalization of
Lemma 5.10 of [7].

Lemma 3.5. If (M) and (IX1 Lare satisfied, then C (f) is well defined and F is a semimartingale
on the extended space (SNZ, F,P). If further C(f) is locally integrable, then F is a locally square-
integrable martingale.

Conditionally on F, the process F is a square integrable centered martingale with independent
increments, its conditional variance is C(f), = E{F; 2|.7-" }, its law is completely characterized by
X and oo and does not depend on the choice of the sequence (T).

Now we turn to V(). Under (M>) or (M3(r)), one defines a process a taking its value in
M(q, q) and satisfying for any j,k € {l,...,q}:

Za/l PR = 0o, (P £ X0 )) = poy (F (1, Xas ) o (FF (2 X)), (3.7
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The process a, which may be chosen (F;)-adapted, is the square-root of the symmetric semi-
definite positive element of M (m, m) whose components are given by the right side of (3.7).

Theorem 3.6. Suppose f(w, s, z, x) even in x, and assume that one of the following hypotheses
is satisfied:

e X is continuous and satisfies (N2(2)) and f satisfies (M>).
e one has (N2(s)) for some s < 1 and (M}).

Then
1

Ay

m ! L—(s)
(V (P — /O pasf<s,xs,-)ds) O L(fy,

where

t
L(f) = / a; dW. (3.8)
0

Remark 3.7. Some times, one wants to apply the theorem for functions of the type f(w,s, z,
x) = g(w, s, z)|lx||", which are not any more C! in x on R¢ when r € (0, 1]. Specifically, con-
sider the following hypothesis.

Hypothesis (M3(r)). f(w,s,z,x) is optional and there is a closed subset B of RY with Lebesgue
measure 0 such that the application x — f(w,t,z,x) is Cl on B¢. Moreover, there are p=>0
and a, ¢ and T as in (M) such that for all T > 0 and s,t € [0, T],

If(w,s,z,x1+x2) = f@,s, 2, xD)[| <T@ @A + llxi [P Ix2ll”, }

3.9
I f(@,s,2,%) = fo, 1,2, 0| = Tr(@)¢ @) —s|*(1 + [|Ix[|). G2

Moreover,

o ifr=1then V, f defined on 2 x Ry x R? x B¢ is locally equicontinuous in (z, x) and is
at most with polynomial growth.

o if r # 1, then for any element C € M(d,d) which is positive definite and any N (0, C)-
random vector U, the distance from U to B has a density yc on R, satisfying
SUPycR, |Cl+ICc-1 <k YC(X) <00 forall K < oo. For any x; € B,

Iy (@) @)1+ llx117)

IV, f (@20l = 28 D0, (3.10)
and if || x| < @, we have
(@) () (1 4+ ||x1||1P)||x
Ve F (@, 5,2, x1 +22) = Vi fl@, 5,2, x1) | < 2@ @AH IlBlwl =gy

d(x1, B)>"

Then we can show that the results of Theorem 3.6 remain valid if f satisfies (M3(r)) for some
r € (0, 1] and X satisfies (N(2)) with oo’ everywhere invertible, if further one of the following
condition is satisfied:
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e f satisfies (M3(r)) and X is continuous,
e f satisfies (M3(r)) and the real p in (3.9), (3.10) and (3.11) is always equal 0, while X

satisfies (N2(s)) and either s € [0, 2) and r € (0, 1) or s € (2, 1) and r € (V3849 V3;_2;8A+5 D).

Our next objective is to generalize the CLT for V" (f) in the case where f is not even. For
this, we need some additional notation.

Let U be an N (0, Id,,) random vector, where Id,, is the identity matrix of order m (recall that
m is the dimension of the Brownian motion W in (N2 (s))). We then denote by o', the law of U
and by p’(g1(+)) the integral of any function g; : R™ — RY with respect to p’ if it exists. If now
g2 :R? > RY and x € M(d, m), we set: p'(g2(x-)) = E{g2(xU)}.

Forany j € {1, ..., m}, we define the projection P; on R™ by:

Pi(u) :=uj ifu=y,...,uy).

Under (M>), we define w(1) and w(2), two adapted processes taking their values respectively in
the spaces M(g, m) and M(q, ¢q), and such that for all j,k € {1,...,q}and j/ €{l,...,m} we
have

wDi = p'(f1(s, X, 03 ) Pyr (),

q
9 J.l 2 L,k — Jj rk ,Xs, .
;:w( )P w@) =0 ((f s, Xy, 05.) (3.12)

— (5. X0 )P (G X 000) = 3w w(D] .

I'=1

The process w(2) is the square-root of the matrix whose components are given by the right side
of the second equality in (3.12). Finally, under (N2(2)) set

b/zb—/ h((s,y))F(dy). (3.13)
R

Theorem 3.8. Assume either one of the following two assumptions:

o X satisfies (N2(2)) and is continuous and f satisfies (M>).
o We have (Na(s)) for some s < 1 and f satisfies (Mé).

If further b’ =0 and & =0, we have

1 ! (s
\/A—n<V/"(f)z —/(; o' f(s, Xs,O's.)dS> =0 L(f):,
where
t

t
L(f), = / w(l), dW, + / w(2), dW,. (3.14)
0 0
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Remark 3.9. Clearly, when f is even in x, the two versions of the process L(f) in Theorems 3.6
and 3.8, agree. If X satisfies (N2(s)) with s < 1, the hypotheses b’ = 0 and ¢ = 0 yield that X
has the form:

t
X, =X0+/ o dWs + ) AX,. (3.15)
0

s<t

4. Proof of the laws of large numbers

4.1. Theorems 2.2 and 2.4

We start by stating two important lemmas, without proof. The first one is a (trivial) extension
of what is done in Section 3.1 of [7], and the Hypothesis (K[R]) plays a crucial role. The sec-
ond one is a generalization of 1t6’s formula, and its proof can be found for example in [4] (see
Lemma 3.4.2).

Lemma 4.1. Let X be an arbitrary semimartingale, and f be a function satisfying (K [R]) and
such that f(s,z,x) =01if ||x|| <& for some ¢ > 0. Then

VI = D = Xem AXY)

s<[t/An]An

converges in variation to O when n — 00, for each w € Q.

Lemmad4.2. Let X be a semimartingale and f (w, u, z, x) be an optional function, C 2 in x. Then
for any u, for almost all w and for any t > u, one has:

Y
Pl X X0 = X X+ 2 [T X ax,

j=1 u-+ J
d
1[92 : y
+ 2 -f L, X Xooy (X5, X7€),
= 12 ut 0xj0xjr
Js] =

d
+ Z (f(usXme)_f(quu»Xs—)_ZAXs/Wj(ququs—)>-

u<s<t j=1
Now we are ready to prove the two theorems about V" (f).
Proof of Theorem 2.2. We have:

VIO =Z"He+ Y, fls— X, AX),

s<[t/An]Ap
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where
[1/An]
2= > fi—DA.Xina, AIX)— > fGs— X AX). @)
i=1 s<[t/An]Ap

It is well known that

Yo G X AX) — Y fls—, X, AXY)

s<[t/An]1A, s<t

for the Skorokhod Topology. Thus, in order to prove the theorem, it is sufficient to prove that the
processes Z" (f) converge for the Skorokhod Topology to 0. We go to show something stronger,
that is Z" (f) converge uniformly on compact sets to 0.

We suppose first that || X,|| < C identically for some constant C. According to Theorem 4 of
[10], one has:

[t/ 8]
DAAIXIP 4 |X] = X{ a0, )T — Do IAXIP as,

i=1 s<t

for any j € {1,...,d}, where X/ is the jth component of X and A?Xj, the increment XijA,, —

J
Xii-na,
Since the mappings ¢ +— ) _, |AX!| and t > il

that for almost all w and for any real ¢ > 0,

[t/A ; . .
/ ] |A?X/|P are increasing, we deduce

[t/An]

lim sup Z IAPX|1P <dP™ 1ZZ|AX’|" (4.2)

—1 s<t

Let now ¢ : R — R be a C* function such that 1{_; 17(y) < ¥ (y) < 1[—2,21(y). Forany y € R
and x = (xq,...,xq) € RY, we set:

y . d
=), f ,
Pe(y) = V’(e) PR v =] e, 43)
1, if e = 00, Jj=1
then
)1, if x| <e,
e (x) = {o, if x| > 2de.
Next
Z"(f)=Z"(fY,) + 27" (f(l -v,)), 4.4)
hence

fim supsup 12" (/)r]| < limsupsup | 2" (f ¥e )t||+hmsupsup||Z”( fa=wo), [ @5
n

n t<T n
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for any 7 > 0. By Lemma 4.1, one has

hm limsupsup || Z" (f(1— W e), | = (4.6)

n t<T
Otherwise by (2.3), (4.2) and since || X|| < C, one has if ¢ € (2, p) and ¢ small enough:

limsupsup || Z" (f We); ||
n s<t

[t/An]
< nmsup(zds)”F?C( PR EDY ||AXS||‘1>
" i=1

s<t

d
<2d”71(2de)? 9T Y "N |AX] |,
=1 st

Since ), |AX]]7 < o0, by letting € — 0 we conclude

limsupsup | Z" (f W, )5l =0,
s<t

n

which ends the proof in the case where X is bounded.
The general case is deduced by a classical method of “localization,” for which we refer to
Section 3 of [1] for details. O

Proof of Theorem 2.4. We use the previous notation, with Z"(f) as in (4.1) and D(f) as
in (2.5). Since (2.4) and (2.5) give the same process D(f(1 — W,)), we still have (4.6). This,
combined with the first part of the proof of Theorem 2.2 implies that it is enough here to prove
the following:

ZM(f¥,) =L 0. 4.7

Set f, := fW,. By the hypotheses on f, the function f; is C? in x as soon as & small enough.

We then apply Lemma 4.2 to each fo((i — 1)A,, X(i-1)a,, A7 X), which gives Z"(f:); =

Zle Z"(fe,1);, where with the notation Y]! = X; — X(;_1)a, and ¢"(s) := (i — )A,, for
se(@—1A,,iA,], we have

I/An n f

n &

z <f8,1>,—2/ (35 o

(s—, Xs—, 0)) dxy,

(s)> Yn)

/810 1 2 f,
Z"(fe.2)i = 5 Z/ < / (@" (), Xgn(s), Yy')

] pt axJ oxk

3 f
 9xd axk

(s—, Zs—, 0)) d(xeJ, Xk,
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Z"(f.3) :Z(fa(¢ (8), Xgn(s), ¥y') = fe(s—, Xs—, AXy) = fe(¢" (5), Xgr(s), Vi)

s<t

—ZAXJ<

(), Xgn(s), Y1) — af/ (s—,Xs_,O)>>.

Observe now that - af‘ (@ (5), Zgn(s), Yy Ty — g}{j (s—, Zs;_,0) when n — o0. Since afF is dom-
inated by a locally bounded processes, Lebesgue s theorem gives:

Z"(fe 1) 500,
The proof of Z"(f, j) "0 for j =2, 3 is similar, and we thus have (4.7). O

4.2. Proof of Theorem 2.6

Let us start by strengthening the hypothesis (Np):

Hypothesis (LNy). (Ny) is satisfied, and the processes by, oy, fR(l A8 (w, s, y)||2)F(dy) and
X are bounded by a constant.

We also suppose that the process I' which intervenes in (2.1) is uniformly bounded. Below,
we denote all constants by K. Set
AW

O(j— .
G I)An\/A_n

Lemma 4.3. Suppose (L Ny) satisfied and f optional, satisfying (K [R]) and at most with poly-
nomial growth. Then

pi =

(4.8)

[t/An]

t
Ay E{f(G = DA Xi—t)an B Fi-1a, } lﬂ;/o H_ ds, 4.9)
i=1

when n — oo, where Hy = ps, (f (s, X5, ).

Proof. The left side of (4.9) is almost surely equal to A, Zl[.l:/lA”] H¢_1)a,. This is a Riemann

sum which therefore converges to fot H;_ ds locally uniformly in ¢, because H is a cadlag pro-
cess. (|

Lemma 4.4. Let f be optional, locally equicontinuous in x and with at most p-polynomial
growth. Assume further that X satisfies (L No) and either is continuous or p < 2. Then

[t/An] n

A ZE(Hf((' DA, X Aﬁ) (G = DAL X ﬂ”)H) 0
n [ n Ai—DAy —F7—— | — L= ns A{i—1)A,» P — U
i=1 An
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Proof. We reproduce the proof of Lemma 4.4(2) of [4] with some relevant changes. For any
A, T, e > 0, we define the variables

GT(89A): sup ||f(S»Zax+)’)_f(SsZ»x)||s

s<T:|lx[I<A:lzll<K:llyll<e

n

"—H i — DAy, X ALX i — DA, X "H
&= f((l— YAg, (ll)An,E>—f((l— YAn, Xi—nyan B |-

Then
1S < Ge(e, A) + ||§,~"||(1{|\ﬂ;'\|>A} + 1{\|A;1X/\/A—n,,g;||>g})~ (4.10)

Let g be a real such that ¢ > p if X is continuous and g = 2 if not. Then (2.1) (with I" a
constant here) yields, for all B > 1:

If(@,s. 2.0 < K$p)(BP x| + BP).
Also under (L Ng) one knows that:
E{|a7X/V A =BT + 18717} < K.
Hence, by (4.10):

161l = Gie, A)+ K BP (Lygi )+ Lgaxy /va,—pr1-e)
+KBPI(IB N + | AT X/ A = B7|).

It follows that

[t/An]
K B? _
2P E{nz,»"n}f’<E{G’(8’A)}+T+”p q)
= 4.11
[I/An] 2 ( )

i=1
Next by Lemma 4-1 of [7]
[1/An] 5
An Y B{IA|ATX/VA, B} — 0.
i=1

Then coming back to (4.11) and letting successively n — oo, & — 0, A — oo and B — 00, we
obtain the result. (]
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Proof of Theorem 2.6. We first prove the theorem under the stronger assumptions (L Ny) and
I'; in (2.1) bounded. Set

[t/An]

n . A'X ‘
U= A ; f<(’—1)AmX<i—1)An’\/—A—n) —/O Po, (f (5=, Xy, ) ds.
Then U/" = 35_, U/"(j), where
U =4 [I/XAfl](f<(i—1)A X ﬂ) — £(G = DAL, X ,g.n))
' n 2 n (l*])Ana\/A—n w X1, BY) )
[t/ ]

U@ =20 3 (£(G=DAw X, B)
i=1

—E{f (G = DA Xi—1)a,: B Fi-1)a})-
[t/An] t
U"(3)= A, Z E{f(G — DAn Xi—1yan B Fi-1a,} —/(; Po, (f(s—, Xs, ) ds.
i=1

Observe first that U;”(2) is a martingale with respect to the filtration (Fj; /An1A)1>0, and its
predictable quadratic variation is given by:

[1/An]
W) =82 Y (B{F(G = DA Xa—nya, B) 1 Fi-na, )

i=1
— E{£(G = DA Xa-nya,- B Fi-na,})).

which satisfies (U™ (2)); < KtA,. It follows by Doob’s inequality, that U, (2) “5P70. We have
the same results for U;” (1) and U/" (3), respectively, by Lemmas 4.4 and 4.3.

At this stage, the theorem is proved under the stronger assumptions announced at the beginning
of the proof, and as said in Theorem 2.2, the general case ensues by a classical localization
method. O

S. Proof of the central limit theorems
5.1. Proof of Theorem 3.3
We start again by strengthening our hypotheses:

Hypothesis (LN1). (Ny) is satisfied, and the processes b, o and X are bounded. The functions
Yk = y do not depend on k and are bounded.
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Hypothesis (LM1). We have (M) and the process T is bounded.

Under (LNy), we have:

X, =Xo+ /tbg ds + /tas dW, + /1/ 8(s, y)(u —v)(ds, dy), (5.1
0 0 0 JR
where
bl := by +/Rh/(5(s,y))F(dy). (5.2)
For ¢ > 0, set:
E={yeR,y(y)>¢e} and NleE*Et’ 5.3)
andlet 77, ..., TI’,, .- be the successive jump times of N.

We state two important lemmas, the first of which is due to Jacod and Protter (Lemma 5.6 of
[81]), and the second one is Lemma 5.9 of [7].

Lemma 5.1. Suppose (LNy) satisfied, and for each T, denote by i » the integer such that (i}, —
DA, < T; < i;’,An. Then the sequence of random variables

1
—=(0g-va,(Wry = Wan—na, ), o1, (Wina, = Wr))

VA

converges stably in law to
(‘/KPO‘T’LU,,, l_KpUT;/:U;’)le’
where U, is such that UfU = (Ul,...,Ug) and U;,’ =1, ..., UZ").

Lemma 5.2. Under the assumptions of Lemma 5.1, one has:

1 P
m(xiZAn — X1, — o, (Wina, — Wry)) — 0,
and
1 P
JA—(XT;— = X(ip-na, = oi-na, (Wr; = Wag-na,)) — 0.
n

We are now ready to give the proof of the theorem.
The processes

1
W (f) = K(V”(f» - Y X AXX)) (5.4)
" s<[t/An]Ap
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satisfy W"(f) = W"(f, 1) + W"(f, 2), where with ¢" (s) as in the proof of Theorem 2.4:

1
W' (f, 1), = <V"(f>t - F(@"(s), X, Axo),
m v<[t/XA;]An
W' (f,2), = (F@"(5), Xs—, AXs) — f(s—, Xs—, AXy)).

Now (3.3) yields that W"( £, 2) 2 0 and for all & > 0, we have
WS, D =W (f(1— W), 1) + W' (f ¥, D), (5.5)

where W, is as in (4.3). Then the rest of the proof of Theorem 3.3 is divided in three steps.
Step 1: Here we study the convergence of the process W"(f (1 — W,), 1). By Section 3.1 of
[7], for n large enough one has:

W (f(1— W)

1 .
=5 > (S =) (i = DAw, Xin-1)a, AT X)
" pTy<lt/AnlA

— fA=W)((y = DA, X75—, AXT7))

d

1 , S Af(l—wy) , —n —

= X (Z(A?;X’ - axg LEZ2 (- 04, X X)
" Ty <[t/ AnlAn \j=1 J

d af (1
] j m —<n
+Z(X{i;;—1mn _Xfr,; )7az (G —I)An,Xp,Xp)>,
j=l1 J

where (Y;’;, Y’;) is between (X(i;—l)A,,y A X) and (XT/F’ AXTE)' Then by Lemma 5.2 and 5.1,
W"(f(1 — W,)) converge stably in law to the process

F'(f =),

d m
af (1
= Z ZZ(( KPGT’ Uk+ I —kpo %'kU/k)f(T(T — Xr,—, AXT))
j

p:T!’,ftj:lk:l

af )
— K ]k Uk%(]ﬁ XTI/,sAXT;))v
J

which has the same F-conditional law than the process F(f (1 — W,)) associated with the func-
tion f(1 — W) by (3.5).
Step 2: Here we show that

F(fa-9)) =2 F(f)  ase—0. (5.6)
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Recall the process C(f) defined in (3.6), and set f\W, = f,. Under (L N) there exists a process
A such that:

VT >0, C(fo)r <Ar, and E(A;) <oo.

Since C(fz)T — 0 when ¢ — 0, by Lebesgue’s convergence theorem we have E(C(f:)r) — 0.
Furthermore by Lemma 3.5, the process F'(f:); is a locally square integrable martingale and
Doob’s inequality yields that:

4 ,. 4
B(sup 1F (1 > n) = BFU] = BCUD)

t<T

hence, F(fW;) 2% 0 when & — 0. Since F(f)=F(f(1—-W,))+ F(fY,), this implies (5.6).
Step 3: In this last step, we show that

lim hmsup]P’{sup W (fW,, D] > n} 0 VnT=0. (5.7)

t<T

Using It6’s formula of Lemma 4.2, in a similar way than in the proof of Theorem 2.4 (and
keeping the same notation for Y{' and ¢" (s)), we have W"(f¢, 1) = 215=1 W"(fe, 1,1), where:

d [t/ An]An afg

Wh(fe,1,1) = b2 o (¢"(5), Xgr(s), YI1 ) ds,
— Xj
& b g 9 e
W (fer 1,20 = 5 Z Z/ ool Ty ox, e (#"(5). Xgro). Vi) s,
l : :
d mol/sns, fs .
W (fe, 2, == o) (¢"(S) Xgrs), Yis) AWy,
d [I/An n R fg
W' (fe, 1,4 = f 87 (s, y) (¢> (), X (s), Yo ) (1 — v)(ds, dy),
[t/An]An PR
n 1 n n
Wi (e 15 = —= | (0" @ Xy, Y 4865, )
n

- fs(¢"(s), Xgn (), Yio)

—ZSJ(S y)— (9" (5), Xgn (), YI")

— fe(@" (), X5, 8(s, y)))g(ds, dy).
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Under (LN;) and (L M), we have:

IE(HXf—Xsnf’)5K|t—s|"/2 Vp el0,2],
Z Ve (5,2, = ac(Ixll A de))?,
— || 3z
j=1
d d 2
5.8
SO EL s, 20| = el A ), 68
— — | dx; 0z
j=1j=1
d d ky+k
ar1T2 _
S | < ae (il 4 @de)) B,
j=1 =11 9% 0x

where @, — 0 when ¢ — 0, k| +kp € {0, 1,2}, and % = fr. We also have

J

dfe
dx,

(" (), Xgn(s), Y- ZY'” (¢ (5), Xpr(5), V)

- Bx]

where Y belongs to the segment joining ¥;' and 0, thus
[t/An]An Bl Yn,j’ 52
f E s ty— i(xq)”(s)y ) ds
0 A, 0xj0xj

o L[ ol

oxj ox;

29\ 1/2
}) ]ds 5.9

(6" (). Zgn(s). Yy)

82f8 —n 2 1/2
<K E (), Zon(s), Y ds.
< [ (#7505 - 20Tl ]) o
Since 0x d /(w s,7,0) =0, and a)?;{;j/ (w, s, z, x) satisfies (K[V]), one deduces by Lebesgue’s

theorem that (5.9) converge to 0, and thus

u.c.p.

W (f.,2, 1) =% 0.

Similarly, we show that

u.c.p.

W' (f.,2,2) =5 0.

Next, the processes

1 T A .
\/A_n/(; 3 (¢) (S) X¢n(s),Yn ) dWs
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are martingale with respect to the filtration (F;/a,1a,), hence by Doob’s inequality and (5.8)
one has:

P{ I/An]An afb‘( ) n ) d k
sup ¢) (S X n ,Y O, W >7’]}
t1<T J_ v ’
1 of. X KTao?
A {H (" (), X, Vi) }dss o

and

11m hmsupIP’{sup W (fe, 1,3l > 77] =0.

t<T

Similarly, we have:

hm hmsup]P’{sup [W*(fe, 1,4) ]l > 77} 0.

t<T

Now under (L M), separating the cases where ||x|| < |x’|| and ||x’|| < |lx||, one shows that:

d
of,
felw, 5,215 +3) = fels, 21,0 = 3 (@,5,20,2) = fel@, 5,22, )
j=1 /

< Kallx*(lz1 — z2ll + 11D

Then P(sup, <7 IW"(fe, 1,5)¢| > 1) is smaller than

1 [1/An]lAn
T
n 0 R

Fe(0" (), Xpns), YI +8(s,)))
— fe(@"(5), Xpn(5), 8(s, ¥)) — fe (" (5), Xgpn(s), Yil)

— 4G, Y)i(fi’ (), X (), ¥ )Hu(ds dy)}

! Y LZon(sy — ZLg—
SK%(/ ]E{” s+ 1 Zgn(s) — Zs |I}ds>§K%t
0 VAn

11m hmsup]P’{sup [W"(fe, 1,5) ]l > 77} 0.

t<T

and thus

This ends the proof under the reinforced assumptions (L N) and (L M). One finishes the proof
by a classical localization procedure.
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5.2. Proof of Theorems 3.6 and 3.8

As for the previous proofs, we first strengthen the hypotheses, and thanks to Remark 3.1, we
adopt the form (3.2) for o.

Hypothesis (LNy(s)). We have (Na(s)) and the processes X;, by, by, 5, T, Aoy, Jr( A
16, y) ||2)F(dy) are bounded. The functions yx =y do not depend on k and are also bounded.

We denote (L M>) (resp., (LMé)) the hypothesis (M>) (resp., (Mé)) with the additional condi-
tion that the process I' is bounded.
Under (LN, (s)) with s < 1, X can be write as:

t t t
Xz=X0+/ b;du+/ oudwu+// 5(u, y)(du, dy), (5.10)
0 0 RJO -

where b}, = b, — fR h(8(u, y))F(dy), and under (L N,(2)) the process o is written:

t t t t
0,=ao+/ b;ds+/ auqu—i—/ 5,,qu+/ /S(M,y)(du,dy), (5.11)
0 0 0 0 JR

with B, = by, + [ k' (3(u, y))F (dy).
Let us now give some useful lemmas.

Lemma 5.3. Suppose (L N2(2)) satisfied and assume that f is optional, locally equicontinuous
in x and at most with p-polynomial growth. If further, either X is continuous or p < 1, then:

[t/An] n

Ay Z E(Hf((i— 1)A,,,X(,»1)An,£> — (G = DA, Xi-)a,. B)) 2) —0. (5.12)
Py VA

Proof. The proof of this lemma is the same as for Lemma 4.4, the condition p < 1 come in
because of the the square in (5.12). O

Set

[t/ 5] Anx
Ul ==/ Ay Z E{ <f<(i — DA, Xi—1)A,» Jl—A_)
=l (5.13)

— f(G = DAy, Xg-na,, ﬂf)) | Fi-1)a, }

Lemma 5.4. Suppose (LN»(2)) and (M>) satisfied and X continuous. Assume further that one
of the following two conditions is satisfied:

A. The application x — f(w,s,z,Xx) is even in x.
B. We have b’ =0 and 5 = 0.
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Then U" ““ 0.
Proof. A. Set

ATX

L= f((i = DA, Xi-1a, JA,
n

) — (G =DA Xi—1ya, B)- (5.14)
Then L! = L" 4+ L!", where

d

of . oy O
L;n = ;(a(( — 1)An» X(i—l)Anﬂ yin) - E((l - 1)An’ X(i_l)A"’ 'Bln))

()

A, U)
J .

AT X N\ of
L =" — B ) (= DA Xi—1ya,. B
’ ;<¢An' g )8)@'((1 X )

ATX

for some random variable " between \/iAT and B;'. For any ¢, A > 0, set

d
A af
G (w,8) = sup —(,s,z2,x+y)— —(0,5,2,X)| (.
s=rillyllzeizekrl=a | ;21 110% ox
Then:
ATX P\ IBM IAYX /Ay =Bl
L <K GA 1 nyp i _pgn i i i
1Ll < (,(8)+<+|Iﬂ,|l+Hm B; ><A + . ))
X A X — BM.
VA,

Next, under the assumption (N2 (s)) (in particular the properties of o), one shows that for all
q=2:

E(BD <K:  E{|A'X/V/An— B} < KA. (5.15)
Thus, by a repeated use of Holder inequality:
[t/An] A4
VAL Y E(ILT Y < Kt[(E{(G;“(e))Z})W + =+ Z]' (5.16)

i=1
Letting successively n — oo, then ¢ — 0 and then A — o0, we obtain

[t/An]

VALY EILT ) — 0. (5.17)
i=1
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Let us now turn to L. Under (L N2(s)) we have: j% B =
~ 1 iAn iAy 5 -
£ = (/ b.—b._ ds—l—/ (/ b du
VA, (ifl)A,l( s ¢ ])A") i-a, \Ji-na, "
S
+/ (Gu —g(il)An)qu) dWs),
i—DAn
(5(1'—1)An (Ws = Wi-1a,)

+f /Ew,y)(g—y)(du,dy)
i-Ha, JR

s
+ f Vu dvu> dW;.
(i—=DA,

(1) Here we show that for any j € {1,...,d},

=~n,j 0 .
E{éi "’an_((l — DA, X(i—l)An,ﬁ?Hf(i—l)An} =0. (5.18)
j

S” +§ where

iAp

1
/A b -
(=Dan VAL Ji—hA,

Since the function x — %(a), s, z, x) is odd, one clearly has:
J

9
E{b/fz DA, af ((i—1)An,X(i_l)An,ﬁ?)lfa_l)A”}=0, (5.19)

and for any k, k' € {1,...,m}:

iA,
~j. kK kK K k
E{ Oi— 1)A,,</, (W _W(i—l)A,,)dWs>
(i=DA,

af (5.20)
oy —— (i — DA Xi—na, B)| Fi-1an } 0.
Xj
Next, consider the o-field:
Flicya, =Fi-na, Vo (Ws = Wina,: (i — DA, <5 <iA,).
Since W is independent of I and of V, for any j, k as above one has:
E{(/ (/ /afk<u ) — v)(du, dy)) de>
i—DAn \V(I-=DA,

(5.21)

of .
X %((l — DA, XA, /3{’)|f(i—1)An} =0,
J
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and for any j € {1,...,1}:

iA, K ki .
(L oo
(i—DA, \JG-DA,

o (5.22)
x 8—((1 — DAL Xi—1a, B} )|7:(z I)An} =0.
Xj
From (5.19), (5.20), (5.21) and (5.22) we deduce (5.18).
(2) In this step, we show that for all j € {1,...,d},
[1/An] f
VA, Z E{ (l — DA Xi—1)a,, BL') H\f(, DA, } — 0. (5.23)

By Holder and Doob inequalities, we have:

+ 5

iAp
E{||§,-"||2}5K<A2+/ (5, = b5 _yya P + 13 56 nz)ds>.
(i—DA,

Since E{|| %((z’ = DAy, Xi—pa, B I?} < K, it follows from a repeated use of Holdér inequal-
ity that

75 e i

i — DA, Xi-0aA,» B; Hlf(z l)A”}

. 5 1/2
+ 13 = is/anan | )dSD -

Since b’ and & have some continuity properties in s, we deduce by Lebesgue theorem that the
last quantity tends to O when n — oo, hence (5.23).

B. The proof is the same than for A, except that we have (5.19) and (5.20) because
b=5=0. ]

[t/ AnlAy
sKtAnJthl/z(]E{/ (||b§—bfs/An]An
0

We give now another version of Lemma 5.4, in the case where X is discontinuous.

Lemma 5.5. Suppose X satisfies (LN (s)) with s <1 and f satisfies (LM}). Assume further
that either f(w,t,z,x) isevenin x or b’ =6 =0. Then
un o, when n — 0.

Proof. Recall that under (LN (s)) with s < 1, X is written as in (5.10). Set

' '
X; :=Xo+/ b;du—i—/ o, dW,.
0 0
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Let (e,) be a sequence such that: ¢, €]0, 1] and &, — 0 when n — oo, and set E, = {x €
R, y(x) > &,}. Then

APX AIXT 1 [fiAe
1 1
= + f S(u, x)u(du, dx)
VA, VA, VAR 1A, c —

wl.
+ S(u, x)u(ds, dx).
Ay J(i-1A, JE, -

Set

1 iA,
Q) pp— 8, y)u(du, dy),
& (1) \/A_n/(i—l)A,, /En (u, y)p(du,dy

1 iA,
2) = S(u, du,dy).
Q) JA_H/U_M"/; () (du, dy)

Then using the notation (5.14), one has L} = Z?:l L?(j), where

n

n . AiX . Atr'lX n
Li(1) = f((l — DAy Xi—pa,» ﬁ) - f((l — DA XA, —F—= — ¢ (1)>,

VA,
n , APX . AP X!
L} (2) = f((l — DA, Xi—1)a,» Vvl ¢ (1)> - f<(l — DA Xi—1)a,» F)

ﬁ) — f(G=DAy, Xi=1)a, B).

The hypothesis (LM}) involves the existence of a sequence of reals (K™) such that

L!(3) = f((i - DA, Xi—na,,

Izl <m = |If(w,s,2,x1) = flw,s,2,x1 +x2)| < K" (1A [lx2]).

Hence,

[t/A] [t/An]

vV Ay Z E{IIL! (DI Fi-1ya,} < KV An Z E{(1 ANE DI Fi-1)a, }-
i=1 i=1
By the inequality (5.9) of Lemma 5.3 of [7], we deduce:
[t/An]

VAn YT E(ILI DI} < Kea, e, (5.24)
i=1

Next, set 6(y) = f{ly(x)|<y} |y (x)|F(dx), which goes to 0 as y — 0, then

[t/An] [t/An]

VALY EULIOI < KVAL Y EBUIE QI < Kt (en). (5.25)

i=1 i=1
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Otherwise, Lemma 5.5 implies:

[t/An]
VAn Y |E{LI ) Fi-1a, ) when 1 — 00. (5.26)
i=1
Combining (5.24), (5.25) and (5.26), we have:
[t/An] [t/An]

VALY B F et < Ke(A e +0E0) + VA Y [E{LI B F-na, ]
i=1 i=1

If we choose ¢, = (1 A A,11/4), we conclude:

[t/An]

Van Y |E{L1Fe—na, | =0,
i=1

what ends the proof. (]

Set now

[t/An
1 .
U = N (An ; E{f(G = DA, Xi=)a, B Fi-na, )

_‘/(; ,Oo-s(f(S,Xs,'))dS>.

Lemma 5.6. If X satisfies (LN2(2)) and f satisfies (LMa), we have U™ 20,

(5.27)

Proof. We can assume without loss of generality that f is 1-dimensional. We also write the proof
when the dimensions of X and o are 1, since the multidimensional case is more cumbersome but
similar to prove. We have U;" = U, (1) + U;"(2) + U;"(3), where

[t/An
Ut/n(l) - _pa IOO'(,;UA" (f((l - I)Am X(i*l)A,,’ ))
— o, (f (G = DA, X, -))) ds,
[t/An] iAn
Ut/n(z) oA /OaY (l — DA, Xs, )) — Po, (f (s, X5, ))) ds
1 t
U @3) = Po, (f (s, X5, ) ds.

N A Jit/a0A,
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Since f is at most with polynomial growth,

\/% [:/A,,m,, |po, (f (5. X5, ))|ds < K\/Ay,
hence U;"(3) 22%°0. Otherwise Hypothesis (M,), and in particular (3.4), implies
1 WXAf] ' | ) a—1/2
Va5 f(il)A,l Por (£ (G = D, X)) = o (f (5. Xy D[ ds < K1 A7,

u.c.p.
hence U™ (2) =% 0.
It remains to show that:

U1 =2 o. (5.28)

The function (z, x) — f(w,s, z, x) being C!, so is the apphcatlon (w, 2) > pw(f(s, Z,- 9)).

Set Fp.i(w, w,z) := py(f(w, (i — 1)Ap,z,-) and X} = X; — fob ds and 0/ =0, — fo b’ ds.
Then we have U;" (1) = — Z;:l U/"(1, j), where

1 [I/An] iAn ) Fn
U/n(l, 1) = f (/ (b’ O(i—1 An’X DA,
t VA ; (=D \Ji=DaA, ow (v (-0a)
0F,
+ b;%(%—lmn, X(i—])An)> du) ds
[t/An] i
1 18n oF. :
Uu"a,2) = f ( o/ — o mi (o oas X,
t /An = Jica, (0 o l)A”)—aw (0-1) (i—D)Ay)
d0F,
+(X{ = X, )—az (0i-1a, Xi— 1>An))d,
1 t/An] Lin,
U"1,3) = / F, (o5, X,)—F, (04— X
t ( ) ,—An po (1—1)A,,< n,z( K s) n,z( i—-DA, (i 1)An)
0F,
(X X(l I)An) 9z (G(l DA, X(z I)An)
0F,
_ (O’s - G(i_l)A”)a—S;l(U(i_l)An7 X(i—l)A,l)> ds.

Since &', b’ are bounded we have sup;, [U/" (1, 1| < KtA,lz/z, hence U;"(1, 1) 0.
Next, the process U™ (1,2) is a martingale with respect to the filtration (F;/a,]1a,) and the
expectation of its predictable bracket is smaller than KrA,. Hence, Doob’s inequality yields

Ur(,2) =% o.
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Finally, if ¢/ (s) denotes the integrand in the definition of U;" (1, 3), we have

aFn,i

oF,; _ —
n . s . .
¢l'(s) = (o5 — U(i—l)A,,)(W(U(l,”,S)v X(i,n,s)) — o™ (oi=-1)A,» X(i—l)A,,))
(5.29)
aFn,i . <, . 8Fn,i
+ (Xs — Xi-1a,) T(U(l,n,S), X(i,n,s)) — a—Z(U(ifl)An, Xi-na,) ).

where (& (i, n, s), X(i, n, s)) in between (oi-1)a,» Xi-1)a,) and (o5, X). For A, e > 0, set:

af af
Gl‘(st)ZSup _(Sazla-xl)_—(S7Z27-x2)
ox ox

a a
+ —f(sazlaxl)_—f(saZ25x2)
0z 0z

s <t lxal, el < A;lxr —x2| <&zl 122] £ K5 |z — 22] < 8},
then by the properties of f, we have G;(e, A) — 0 when ¢ — 0. Therefore, it follows from (5.29)
that

los —oi—na,| +1Xs — Xi—1a,l
£

15" ()| < K((l + A)G,(Ae, KA) +

+ ‘Xs = X@i-na,

),

+ (P(U| > A/K))1/2> x (Jog — oi—1)a,

where U is a (0, 1) Gaussian variable.
Since under (LN>(2)), E{|o; — o5|* + |Z; — Z,|*} < K|t — 5|, we deduce:
1 t/An] Lin,

VA, Z_ZI (i—DA,

E{|¢(s)]}ds < Kz((l + A)(E{G,(Ae, K A)*H/?

+P(U|> A/K)Y? + @)

Letting n — 0o, then ¢ — 0, and A — oo, we obtain U,;” (1, 3) iy 0, hence (5.28). U

The next lemmas are very important because they deal with the part of the processes having a
nontrivial limit. We use the notation of Section 3.3. The first one is about the “even case” for f.
Set

[t/An]
U =VAn Y (£(G= DA Xi-1ya,. B
i=1 (5.30)
—E{f(G = DA Xi-1)a, B)IFi-14,})-

Lemma 5.7. Suppose (LN2(2)) satisfied and f(w,s, z,x) even in x with at most polynomial
o L— _
growth. Then U;l —(i) L(f):, where L(f); = fot as; AWy, and a is given by (3.7).



1220 A. Diop
Proof. Set

gln = \/A_"(f((l = DA, Xi-1a,» Ian) - E{f((l — DAy, X(i—l)An,ﬁ?)|.7:(,‘_1)An}),
then
E{g!|Fi-1a,} =0. (5.31)

For any j, k€ {l,..., g}, we have:

E{&" & 1 Fi-nan} = An(0og_ra, (F7 LG = DA XA, 7))
~ Poi-na, (f‘i((i = DAy, Xi-na, ))
X Doy, (F (G = DA X-1a,:-)))-

Then as in Lemma 4.3, one shows that:

[t/An]
Z E{(Sf‘ji-‘f’k)|f(i,1m" } converges u.c.p. to the process
i=1 (5.32)

[ . .
/0 (IOGS ((fjfk)(s’ X5, ) — Po; (fj (s, X5, '))Pax (fk(s’ X, ))) ds.

Next for any ¢ > 0, we have:

[t/An] [1/An] Kt
> EUE P gsalFanad < 5 D EIE 1H1Fe-na,} = —5 An. (5.33)
i=1 i=1
Since f iseveninx:Vj €{l,..., m},
E{& A} W/ | F-na,} =0. (5.34)

If now N is a martingale orthogonal to W, by the proof of Proposition 4.1 (see (4.13)) of [1],
E{&'AIN|Fi-1)a,} =0. (5.35)

By (5.31), (5.32), (5.33), (5.34) and (5.35) we can apply Theorem IX-7-28 of [7] which gives
our lemma. O

Remark 5.8. In the previous lemma, the hypothesis on f is more than what we need, having
f(w, s, z,x) to be optional even in x, satisfying (K [R¢]) and with at most polynomial growth

would be enough.

Now we deal with the case where f(w, s, z, x) is not even in x.
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Lemma 5.9. Suppose that X and f satisfy, respectively, (LN2(2)) and (L M53), then

t t
UnE O L), where L(f),:/ w(l)dWs-l-f w(2)dWs,
0 0

w(l), w(2) given by (3.12).

Proof. The proof goes as for Lemma 5.7, except that (5.34) fails here since f(w, s, z, x) is not
even in x. However, we have

E{éfl’jﬁ? Wklf(i—l)An} =+ A,,IEI{fj (G = DA Xi—na,. B)A! WK Fina, 1,
and (as in the proof of Lemma 4.3) one has:

[t/ An] , ‘ _
> E{gi”*fAfW"|J-‘(,-_1)An}“—"’>'/0 w(D)l* ds. (5.36)

i=1

Then taking account (5.36), and using once more Theorem IX-7-28 of [7], we get this time
Lemma 5.9. [l

5.2.1. Proof of Theorems 3.6 and 3.8

We first prove the theorems under the strong hypotheses stated at the beginning of the Section 5.2.
Set

t
W= A, (V/" — f Po, (f (s, X5, ~))dS>.
0
Then, using the notation (5.13), (5.14), (5.27) and (5.30), we have:

[1/An]
W = A Z Ln L | Fi-1a, })-i—U:l-i-Utn-i-Utm.

The process /A, Z t/A”](L? — E{L"i|Fi-1)a,}) is a martingale with respect to the fil-
tration (Fi;/a,1A,), Whose predictable bracket is smaller than An]E{||Lf’||2|f(i_ 1A, ). Hence,
Lemma 5.3 and Doob’s inequality yield that

[t/An]

VA Z Ln L | Fi— I)An}) lﬂ)>O

Moreover, U”" B0 by Lemmas 5.4 or 5.5, depending on the case. Next, Lemma 5.6 yields

um . Finally Lemma 5.7 for Theorem 3.6 and Lemma 5.9 for Theorem 3.8 give that U"
converges stably in law to the process L( f) given respectively by (3.8) and (3.14).

At this stage, we have proved the theorems under the strong assumptions mentioned above.
The general case is deduced by a “localization” procedure.
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