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We establish Talagrand’s 7 and 7, inequalities for the law of the solution of a stochastic differential
equation driven by a fractional Brownian motion with Hurst parameter H > 1/2. We use the L? metric and
the uniform metric on the path space of continuous functions on [0, T']. These results are applied to study
small-time and large-time asymptotics for the solutions of such equations by means of a Hoeffding-type
inequality.
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1. Introduction

Suppose that BH = (BtH )refo,7] 1 an m-dimensional fractional Brownian motion (fBm) with
Hurst parameter H defined on a complete filtered probability space (2, F, (F;)ief0,7]. P). By
this, we mean that the components BH.J, j=1,...,m, are independent centered Gaussian pro-
cesses with the covariance function

Re(s, 1) = L@ 4+ 521 — |t — 5?1,

If H=1/2, then B is clearly a Brownian motion. Since for any p > 1, IElB,H’j — Bf’j|1’ =
cplt —s|PH | the processes B/ have a-Holder continuous paths for all o € (0, H) (see [24] for
further information about fBm).

In this article we fix 1/2 < H < 1 and are interested in the solution (X;);¢[o,7] of the stochastic
differential equation

m t . t
Xi=x 43" [otioco s + [ Bgas,  reior M
io10 0
i=1,...,d, where x € R? is the initial value of the process X.

Under suitable assumptions on o, the processes o (X) and B have trajectories which are
Holder continuous of order strictly larger than 1/2, so we can use the integral introduced by
Young in [34]. The stochastic integral in (1) is then a pathwise Riemann—Stieltjes integral. A first

1350-7265 © 2012 ISI/BS


http://www.bernoulli-society.org/index.php/publications/bernoulli-journal/bernoulli-journal
http://dx.doi.org/10.3150/10-BEJ324
mailto:bruno.saussereau@univ-fcomte.fr

2 B. Saussereau

result on the existence and uniqueness of a solution of such an equation was obtained in [21] us-
ing the notion of p-variation. The theory of rough paths introduced by Lyons in [21] was used by
Coutin and Qian in order to prove an existence and uniqueness result for the equation 1 (see [6]).
The Riemann-Stieltjes integral appearing in equation (1) can be expressed as a Lebesgue integral
using a fractional integration by parts formula (see Zihle [35]). Using this formula, Nualart and
Réscanu have established in [25] the existence of a unique solution for a class of general differ-
ential equations that includes (1). Regularity (in the sense of Malliavin calculus) and absolute
continuity of the law of the random variables X, have since been investigated in [2,19,23,26].

This work is strongly motivated by the study of the small-time and large-time behaviors of the
solution of (1). To the best of our knowledge, little seems to be known on this subject. In [18] the
author investigates the ergodicity of the solution when o is constant, as well as the convergence
rate toward the stationary solution; see also [22] for infinite-dimensional evolution equations
driven by an fBm in an additive way. We will be able to state small-time and large-time asymp-
totic properties as consequences of stronger properties: the concentration inequalities on the path
space of continuous functions.

For several years, the transportation cost-information inequalities and their applications to
diffusion processes have been widely studied. In this paper we apply recent results on fractional
differential equations in order to obtain Talagrand’s inequalities. Let us now consider the kinds
of inequalities we will deal with. To measure distances between probability measures, we use
transportation distances, also called Wasserstein distances. Let (E, d) be a metric space equipped
with a o-field B such that the distance d is B ® B-measurable. Given p € [1, +00] and two
probability measures n and v on E, the Wasserstein distance is defined by

1/p
Wi =int( [ [ acpranen )

where the infimum is taken over all the probability measures w on E x E with marginal distri-
butions u and v. The relative entropy of v with respect to u is defined as

dv .
H(U/M)Z{/log@dv, ifv<pu,
+o00, otherwise.

The probability measure p satisfies the L transportation inequality on (E, d) if there exists
a constant C > 0 such that for any probability measure v,

Wy (1, v) < V2CHO/p).

As usual, we write € T, (C) for this relation. The properties T1(C) and T (C) are of particular
interest. The phenomenon of measure concentration is related to 77(C) (see the monograph of
Ledoux [20]).

The property 7>(C) is stronger than 77(C) but is not so well characterized. It was first estab-
lished by Talagrand [30] for the Gaussian measure and generalized in [11] to the framework of
an abstract Wiener space; see [3,27] for the relationship between 7> (C) and other properties such
as the Poincaré inequality and Hamilton—Jacobi equations. The logarithmic Sobolev inequality
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introduced by Gross [17] plays a particular role in this theory since it implies 7>(C) (see [3,27,
32)).

With regard to the paths of diffusion processes, the 7, transportation inequality with respect
to the Cameron—Martin metric was proven in [8] by means of the Girsanov transform. The au-
thors also provided a direct proof of the T; transportation inequality with respect to the uniform
metric using the Gaussian tail criterion (see Section 6 for more details). Later, in [33], 7T2(C)
was established with respect to the uniform metric. Finally, Gourcy and Wu [15] established the
log-Sobolev inequality for the Brownian motion with drift in the L> metric instead of the usual
Cameron—Martin metric. As a consequence, they derived the 75 (C) property with respect to this
metric and a concentration inequality (of correct order for large time) for some functionals of
the process. In [31], the T>(C) property with respect to the L? metric was established for elliptic
diffusions on a Riemannian manifold.

In this paper, we investigate the properties 71(C) and 7>(C) for the law P, of the solution
(Xt)o<i<r of the equation (1) in various situations. We work on the space of continuous func-
tions endowed with the uniform metric or the L2 metric. T>(C) will hold for a multidimensional
equation when o = I; and d = m, and for a one-dimensional equation when the diffusion coef-
ficient o is non-constant. It will also be established with respect to the uniform distance rather
than the L? metric. The use of this second metric will be of particular interest when dealing
with large-time asymptotics. The T (C) property will be proven for a multidimensional equation
with a diffusion matrix o that is only a time-dependent function. In the one-dimensional case, the
function o may depend on the space variable. This property is proved with respect to the uniform
metric for small-time horizon T'. This restriction to small time is discussed after Theorem 2 and
this result is of great interest when we apply it to small-time asymptotics.

The paper is organized as follows. Section 2 is devoted to the statement of our results. In Sec-
tion 3, we review the usual consequences of transportation inequalities for large- and small-time
behavior. Section 4 contains the estimation of the difference of the solutions of two determinis-
tic differential equations driven by Holder continuous functions of order greater than 1/2. The
method we develop to prove our main results in Section 5 is the counterpart of the usual case:
the Gaussian integrability condition for 77(C), Girsanov’s formula and an explicit control for
a specific coupling of two paths of the solution of the stochastic differential equation. In the
framework of fractional Brownian motion, this control is new, to the best of our knowledge. In
Section 6 we make a quite surprising remark about the link between the constant C in a property
T1(C) and a Gaussian tail. A priori this remark is independent of the rest of this work, but it
can be helpful when trying to prove 77 (C) via an exponential moment. Finally, a Fernique-type
lemma is proved in the Appendix.

2. Main results

We consider a complete probability space (€2, F, P) on which an m-dimensional Brownian mo-
tion (W;)cq0,7] s defined. We denote by F; = o(Ws, s < t) the o-field generated by W and
completed with respect to P. Finally, B = (B,H )tefo,7] is the m-dimensional fBm defined on
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(2, F, P) transferred from W. This means that B can be expressed as
. t .
B,””:/ Kp@t,s)dW!,  i=1,...,m, )
0
where the square-integrable deterministic kernel K g is defined by

t
KH(t,s)chsl/z_H/ (u—s)H_3/2uH_1/2du 3)
)

with cgyg = (%)”2 for s <t (B denotes the beta function). We set Ky (¢,s) =0 if

s >t. The process B! is F;-adapted.
We will also need some notation. For0 < A <l and 0 <a < b < T, we denote by Ck(a, b; ]Rd)
the space of A-Hélder continuous functions f :[a,b] — R¢, equipped with the norm

1A lx =1 llap.oo + 11 f laps

where

1 fllaboo = sup 1FG)] and [ flaps= sup LE=IOL

a<r<b a<r<s<b |S _r|A

We simply write C*(a, b) when d = 1.
We consider various forms of the stochastic differential equation (1). We begin with the equa-
tion on R?

t m t .
X;=x1+/ b (Xs)ds + ) :/ ot i()dB, e[0Tl i=1,....d 4
0 : 0
j=1

and make the following assumptions on the coefficients:

Hl(a) there exists some L, such that forany i =1,...,d andany z,7' € RY,
|b(z) —b(z)| < Lplz —2'l;

H1(b) there exists some B > 1 — H such that o € C#(0, T; R4*™).

It has been proven in [25] that under the above assumptions, there exists a unique adapted
stochastic process solution to equation (1) whose trajectories are Holder continuous of order
H — e forany € > 0.

For this kind of equation, we have the following result.

Theorem 1. Assume that the assumptions (H1) are satisfied. Then, for each 0 < T <
(2L;,)_1 A 1, there exists a universal constant K , independent of the initial point x, such that the
law Py of the solution of equation (4) satisfies the property T1 (K ||o ||,3T2H) on C(0, T; RY), the
space of R4 -valued continuous functions on [0, T equipped with the metric ds, defined by

deo(y1,v2) = sup |y1(t) —y2()|.

0<t<T
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Of course, this result will be useful for small-time asymptotics of the process X. In the one-
dimensional case, we will be able, via a Lamperti transform, to deduce a result for the nonlinear
equation

t t
X, =x+/ b(Xs)ds+f o(X,)dBH, )
0 0
where the coefficients satisfy:

H2(a) the function b is bounded by B := sup, . |6(x)| and there exists some L, such that for
any z,7 €R,

1b(z) — b(Z)| < Lplz —Z'];

H2(b) there exist some o, > o1 > 0 such that for any x € R,
o1 <0(x) <023
H2(c) there exists a constant L, such that for any z,z’ € R,
lo(z) =) < Lolz—=7/I.

Theorem 2. Assume that the hypotheses (H2) are satisfied. There exists a universal constant K ,

independent of the initial point x, such that the law Py of the solution of equation (5) satisfies
2

the property T (Ko'22T2H) on C(0,T;R), provided that T <1 A m.

Before stating the 75 inequalities, we will explain why the restriction to small time in the
statements of the above theorems is in fact quite natural. Imagine the case where b = 0 and
d =m = 1. The processes X and B are then equals. It is known (see ([8], Theorem 2.3) or
Section 6) that 77 (C) is then equivalent to the fact that there exists some § > 0 such that

C(8) =E(exp{8l| B — BY|[§ 1.5}) < 00,

where B{’ and BH are two independent fractional Brownian motions. For f, f e P, T) with
f(©0) = f(0), wehave || f = fllo.r.c0 < TPIlf = fllo.7.p- Then,

C(8) <E(exp{sT*#| B — BH )3 1 4})

and with (22) from Lemma 8 in the Appendix, the above exponential moment will be finite as
soon as 8T2F x 128(2T)*H—P) < 1, which implies that 7 must be small.

We now return to the statements concerning 75 transportation inequalities. We consider the
solution of the stochastic differential equation (4) and make the following additional stability
assumption on the coefficient b:

(H3) There exists some B € R such that for any x, y € RY,

(x — y,b(x) —b())pe < Blx — y|*.



6 B. Saussereau

Theorem 3. We consider Py, the law of the solution of the stochastic differential equation (4).
We assume that (H1) and (H3) are fulfilled. The probability measure Py satisfies T>o(C) on the
metric space C(0, T, ]Rd) with:

() C=Q/|BNHT =1(1 v eCBHEDXT) |5 |13 with the metric dw;

(b) C=Q/BYHT* Vo[ 1 socB.1 With

e33T_1 . 0
cpri= 3 if B>0,
1 —eBT, if B<O,

when using the metric

1/2

T
dr(y1,y2) = ( /0 Iy () — yz(r)|2dr>

A result for one-dimensional equations with non-constant diffusion coefficients can be de-
duced from Theorem 3. We assume that d =m = 1 and consider the solution of the stochastic
differential equation (5). We make the following assumptions on the coefficients:

H4(a) there exists some L such that for any z, 7’ € R,
Ib(z) = b(2)| < Lplz = 2';
H4(b) there exist some 02 > o > 0 such that for any x’ € R,
o] <0(x) <02;
H4(c) b and o are differentiable, and there exists some B € R such that for any x € R,
b (x)o(x) — o' (x)b(x) < B.

Theorem 4. Let d = m = 1 and assume that the assumptions (H4) hold. The law Py of the
solution of the stochastic differential equation (5) then satisfies the property T>(C) on the metric
space C(0, T; R) where:

(@) C = (20107/|B)HT*1=1(1 v @BHBDXT/ov) yith the metric dso;

(b) C=Q0%03/B>YHT* !~ cp 1 with

e3BT/O’1 _1
cri=y 3 78>0,
1 —eBT/on, if B <0,

when one uses the metric d.

We note that (H4) implies (H3) when d =m = 1 and o is identically equal to 1.
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The constants C in the above theorems are sharp, in the sense that when H = 1/2, we get
exactly the same constant as in the inequality (5.5) of [8] with the metric d>. For the 77 inequality,
the sharpness will be discussed in the next section, where we will apply the above results to
study small-time and large-time asymptotics of the solution of a fractional stochastic differential
equation (SDE).

3. Small-time and large-time asymptotics of the solution of a
fractional SDE

The concentration inequalities on the path space of continuous functions are very well adapted to
investigate small- and large-time asymptotics of processes. The link between the concentration
inequalities and the L! transportation inequality is proved in [4]. We recall that a measure
on the metric space (E, d) satisfies the property 7 (C) if and only if for any Lipschitzian func-
tion F:(E,d) — R, F is p-integrable and for all » € R, we have the Gaussian concentration

inequality
22
/ exp(A(F _ / qu)) du < exp(anuup—),
E E 2
where
|F(x) = F(y)l
I FllLip = sup ————~——.
® xF£y d(x, y)

By Chebyshev’s inequality and an optimization argument, we obtain the following Hoeffding-
type inequality:

2
’
M(F—/ qu>r) fexp<—7> Vr > 0. 6)
E 20| F I,

We present Hoeffding-type inequalities for the solution X of (1) on the metric space of continu-
ous functions associated with the metrics ds and d5.

Let V:R? — R be a function such that IVILip < a. We consider F and Fo, defined on
C(0, T; R?) by

T

Foo(y) = sup |y(@) —y(0)].
tel0,T]

1 T
F(y) =~ /0 V@) dr,

The function F is a-Lipschitzian with respect to doo and o/~/T-Lipschitzian with respect to the
metric d». As for Fo, it is 1-Lipschitzian with respect to the metric d. The following properties
are consequences of (6).
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Small-time asymptotics

There exists a constant C (depending only on H and o) such that if we assume (H1) (resp.,
(H2)), then the solution of (4) (resp., (5)) satisfies, for all » > 0 and small T,

1T 2
]PX(T\/(\) [V(X,)—EV(Xt)]dt>r)§exp<—w>, @)

and using (6) with the functional F, yields that there exists some C such that
2

]P’x([ sup | X; — x| —IE( sup | X; —xl)] >r> §exp<— d ) ®)

1€[0,7] +e[0,7] 2CT?H

Large-time asymptotics

In the framework of Theorem 3 (resp., Theorem 4), we assume that (H3) (resp., H4(c)) is satisfied
for B < 0. The solution of equation (4) (resp., equation (5)) satisfies the following: for any r > 0,

1 (7T F2B2T22H
Px(?/ [V(X;) —EV(X,)]dt > r> < exp(— ) )
0

4a?H||o 1§ 7. oo (1 — €BT)

(resp.,

- ( rZBZTZ—ZH )) (10)
exp| — .
=P 40[2H012022(1 — eBT/on)

Remark.

(i) When H = 1/2, the inequality (8) gives the correct order when 7' — 0+ (see [8], Remark
5.12(b)). This justifies that the constants C in the 771 (C) properties established in our work
are of correct order and are sharp in some sense.

(i) The estimates (9) and (10) are well adapted to the study of large-time asymptotics of
the solutions of (4) and (5). These estimates are sharp, in the sense that when we put
H = 1/2 into the formula, we obtain the same Hoeffding-type estimate as given in [8]
(see Corollary 5.11).

4. Deterministic differential equations driven by rough
functions

This section deals with deterministic differential equations driven by Hoélder continuous func-
tions. These equations are the ones satisfied by the trajectories of the solution of equation (4).
Our aim is to prove an estimate with respect to the metric do, for the difference of two solutions
of deterministic differential equations driven by two different Holder continuous functions. This
is clearly the first step if we want to use a Gaussian tail criterion.
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Suppose that f € C*(a, b) and g € C*(a, b) with A+ > 1. From [34], the Riemann—Stieltjes
integral [ ab f dg exists. In [35], the author provides an explicit expression for the integral | ab fdg
in terms of fractional derivatives. Let o be such that A > o and 8 > 1 — «. Supposing that the
following limit exists and is finite, we define g, (¢) = g(¢) — lim, 9 g(b — €). The Riemann—
Stieltjes integral can then be expressed as

b b
/ fidg, = (—1)° / (D%, f)()(DI =g, ) () dr, (11)
where
e o1 £@) fO =16
“*f(t)_r(l—m((t—a)a”/a (1 — s)oH] )
and

o (=™ [(g@)—gb) bet)—g()
Db—g”‘(’)_m—a)( b 1) “‘/, (s — et ds)'

We refer to [28] for further details on fractional operators. We first state the following useful
lemma concerning the estimation of integrals like (11). The proof is identical to the one proposed
in [19] and so we only highlight some constants.

Lemma . ForO< B <land f, g in ch o, T, Rd), there exists a constant k such that for any
0<a<b<T,

b
[dl_
/afg<ﬂ

Proof. We choose « suchthat 1 — 8 <« < 1/2 and use (11) to write that forall 0 <s,7r < T,

lgllo. 7,811 f la,b.00(b — @)F + 1| fllap,p (b — a)?P1. (12)

K
—1/2

t t
£ der| < / D%, £,D} % g,_ () dr.
We have
ID/=%g—(r)] < $nguow|r—r|"‘+ﬂ“ and
“(@+p—-Dl(@ "
1f oo all flls.r.p e
Pt = T g mara - T

It follows that

fr

2l < Bl flls,1,00llgllo, 7,8 /( O gy
( +A-Dl'(@)I'd —a)

Bl fls.pllgllo.rp / T
(B—a)a+p - DL@I(1—a)
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We use the change of variables r = (f — s)& + s and, recalling that the beta function is defined
by Ba,b) = [y (1 — §)* 1gb=1dg = LOTB) e oo

Tath) °
!
/ frdgr
N

<kaplglorplll flist,o0t — )P + 1 flls.ep(t — )%

with
. BB+ B, 1 —a) n afBla+B, 14+ —a)
T @B D@l —a)  (@+B- DB -l @1 -a)
__k
= cg.
127
The fact that ky g < /(8 — 1/2), where « is a universal constant independent of o and B, is
proved in [29]. O

Setl/2<B<landletg,geC B (0, T; R™). We shall work with two deterministic differen-
tial equations on R¢:

. . t . m t o . :
x| = x +/0 b' (x5)ds + Z/O o' (s)dgl, te[0,T],
j=1

f,’=x5+/0 b’(fs>ds+2/0 ohi(s)dgl,  relo,T],
j=1

i=1,...,d, xoeRY.

It is proved in [25], Theorem 5.1 thatif 1 — 8 < « < 1/2, then each of the above equations has
a unique (1 — «)-Holder continuous solution. The estimates on the solution (x;);¢[0,7] obtained
in [25] were improved in [19], Theorem 3.3. Unfortunately, these estimates are unusable in our
context. Nevertheless, since the matrix o does not depend on the solution, our framework is more
simple, and we quickly prove the estimate we need in the following proposition.

Proposition 6. Let g and g be Holder continuous of order 1/2 < 8 < 1. Under the assump-
tions (H1), we define A = QLY YA 1. Forall T < A, there exists a universal constant K such
that

Ix — %llo,7.00 < Kllollgllg — &llo.r.sT".

Proof. We restrict ourselves to the case d =m = 1 for simplicity. We write

t

'
5= = [ W) = biEtar+ [ a)als, 5.
Using (12), we may write

Ix; — %| < tLpllx — Fllo.r.00 +cplle — Elloupllollglt? +12£1,
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where cg =« /(B — 1/2), and consequently

Ilx — Fllo,r,00 < tLpllx — Fllo,r.00 + cpllg — &llos pllo I[P +12P1.

Therefore the result is proved when # < A. O

5. Proofs of the main results

5.1. T1(C) for paths of SDE’s driven by an fBm

To prove Theorem 1, we use a sufficient condition that is present in the proof of [8], Theorem 2.3.
This is recalled in the following lemma whose proof is entirely contained in the aforementioned
proof.

Lemma 7. Let u a probability measure on a metric space (E,d). Let & and &' be two inde-
pendent random variables valued in E with law u defined on some probability space (2, F,P).

If

Y2k N 1/k
C:ZSup(klE(d(E,S)) )
k=1 (2k)!

is finite, then | satisfies the transportation inequality T1(C) on (E, d).
We now turn to the proof of Theorem 1 itself.

Proof of Theorem 1. Let (B,H )tef0,7] and (étH )ie[0,7] be two independent fractional Brownian
motions defined on the filtered probability space (2, F, (F;):cf0,7]. P). We denote by (X;)se[0,7]
and (X )tefo0,7] the strong solutions of (4) driven by B and B, respectively. The T7(C) property
will be implied by the finiteness of

KIE@d2(x, X))\ /¥
C = 2SHP(M> .
k=1 (2k)!
Let1/2< B8 < H <1and T < A. Proposition 6 implies that

X, %) = KXo 3 1B — By 72

In the following, the constant K is universal, but may vary from line to line. Taking expectation
and using (23) from Lemma 8, we obtain

<k1K2k||a||§k T2kﬁT2’<<H—ﬂ)(2k)!>l/k

€ =2sup K1(2K)!

k>1

<KlollgT?,

and the result is proved. (]
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Proof of Theorem 2. If we set
Y odz
For= [ S5
0o 0(2)
then we can use the change-of-variables formula [35], Theorem 4.3.1 to obtain that (X;);c[0,7]

is the unique solution of

t

1
Xt=x+/ b(Xs)ds+/ o(X,)dBHE,  0<r<T,
0 0

if and only if the process (¥;);¢[0,7] defined by Y; = F(X;) is the unique solution of

" h(F(Yy))
Y,:F(x)+f0 mds+B,H, 0<t<T. (13)

Our result will follow from the stability of the transportation inequalities under a Lipschitzian
map (see [8], Lemma 2.1). We consider the map W from the metric space (C(0, T), d) into
itself defined by W(y) = F~! o y. We have, for y;, y» € C(0, T),

doo (¥ (Y1) = W (12)) < W' llcodoo (11, ¥2)

and, clearly, W' = (F_l)/ = 0. Thus, the map W is a-Lipschitzian with ¢ = o03. If IP’)}C( (resp.,
IP;(X)) denotes the law of the process X (resp., Y), then

X Y Y —1
P ZPF(x) oF=]P’F(x)o‘~I’ .

We denote by L the Lipschitz constant of the function b=boF~'/o o F~' 1tis easy to check
that

02
L; < —(Lpoz + Lo B).
o

1

By Theorem 1, ]Pg(x) eTi(KT*) for T < (21‘5)_1 A 1, so we have that ]Pf eTh (Ko22T2H) for
T <t with
of
A .
202(Lpoy + Ly B)

t=1

5.2. T>(C) for paths of SDE’s driven by an fBm

In this subsection, we prove Theorems 3 and 4. First, we briefly recall some basic facts about
stochastic integration with respect to fBm. We refer to [24] for a more detailed treatment.
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Preliminaries

Let ‘H be the Hilbert space defined as the closure of £ (the set of step functions on [0,7"] with
values in R™) with respect to the scalar product

(Lo.47s- - L0,01) s Q0,575 - - - 1[0,501)) ZRH(tzvst

The mapping (10,7, - -+ 1[0,5,1) F> D oiey B,'?’i is extended to an isometry between H and the
Gaussian space H;(B*) associated with B¥ . We denote this isometry by ¢ — B(¢). Using the
kernel K defined in (3), we introduce the operator K7, : H — L2(0, T;R™):

T 0K
(K ) (s) = f o(r) af(m)dr. (14)

We have K:*H((I[O,Il]? o Los)) =(Ka L), ..., Kg(t,, ) and, for o, ¢ € £,

(@, V)1 = (Ko, Kiy¥) 20.7.mm = EB" (@) B ().

K%, then provides an isometry between the Hilbert space H and a closed subspace of
L2(0, T;R™).

We have already mentioned the transfer principle (see (2)) when BY is written as an integral
of the underlying Brownian motion W. More precisely, the transfer principle means that for any
g €M, B (9) = W(K}9).

We define Ky : LZ(O, T:R™) — Hy = Ky (L*(0, T; R™)), the operator defined by Kyh =
(Kuh',...,Kyh™) with

Kghh) (@) ::/ Ky(t,s)h' (s)ds, i=1,...,m.
0
We will use of the following property [7], Lemma 3.2: for i € L2(0, T;R™),

|ICrh) (1) = KCrh)(9)] < clt — s 1Al 20,7 Rm)- s)

Using Fubini’s theorem and the fact that 3K” (u,s)= cH( YH=1/2(y — 5)H=3/2 we obtain that
if f e C*0,T) with A+ H > 1 and pE LZ(O, T), then it holds that

T T " oK
/ fr)d(Khp)r 2/ fr) </ 8—H(r, 1p(t) dt) dr. (16)
0 0 0 r

The integral on the left-hand side of (16) is a Riemann—Stieltjes integral for Holder functions
(see Section 4).
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Finally, if ¢, ¥ € L2(O, T; R™), then the scalar product on H has the integral form

(.¥) = HQH — 1) / / {2H2 (g (5) 9 (1)) ds di

and, consequently, for ¢ € L2(0, T; R™), we have

lpll3, <2HT* |2, (17)

0.7;R™)"
Proof of Theorem 3. We recall that a classical m-dimensional Brownian motion (W;);¢[0,7]
is defined on (2, F,P) and B = (B )iefo0,7] 1s an m-dimensional fBm defined on (€2, F, IP)
transferred from W. Let Q be a probability measure on C (0, T'; Rd) such that Q « P,. We can
assume that H(Q|P, ) < oo, otherwise there is nothing to prove.

The first part of the proof follows the arguments of [8]. The idea is to express the finiteness
of the entropy by means of the energy of the drift arising from the Girsanov transform of a well-
chosen probability measure. This method also appears in [10] and was well known for a long
time. The relationship between the finite entropy condition and the finite energy condition on
the Girsanov drift appeared in [12,13] for the first time (to the best of our knowledge) in the
particular case of Brownian motion with drift.

We consider

Q_Q

Clearly, Qisa probability measure on (€2, F) and
— dQ\ -
H(Q|P) _/an<@> dQ

B dQ _\ dQ

= (@)

dQ ) dQ
_ 1 _HOP.,
/C(O,T;Rd) n(dIP’x dP, (QIPy)

Following [8], there exists a predictable process p = (,ol(t), .oy pP™(t))o<<T such that

- 1 T
HQIP,) =HQIP) = JEg f lo@)*dr
0
and, by Girsanov’s theorem, the process (ZN?,),E[O,T] defined by

t
B, =W, —/ p(s)ds
0
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is a Brownian motion under @ and is associated (thanks to the transfer principle) with the @-
fractional Brownian motion (B*) re[0,7] defined by

t t
Bl = fo Ky(t,s)dBs = fo Ky(t,s)dW; — (Kup)(t) =Bl — (Kup)(@).

Consequently, under @, X verifies

{ dX, =b(X;)dt + o () dBH + o (1) d(Kp p) (1), (18)
Xo=x.

We now consider the solution ¥ (under Q) of the following equation:

{dy, =b(Y,)dt +o(t)dBH (19)
Yo =x.

Under Q, the law of the process (Y;);c[o,7] is exactly P,. Then, (X, ¥) under Q is a coupling of
(Q, P,) and it follows that

T
[W3(@Q PP < Eg(lda(X, )P =Eg ( fo |X; — Yt|2dz>,

W5 (@ PP < Eqld(X. 1)) =Eg sup 1X, = ViF).

We now estimate the distance on C (0, T'; R™) between X and Y with respect to the distances d»
and d.. We note that equations (18) and (19) can be considered as pathwise integral equations
driven by B-Holder functions with 8 < H. Indeed, the Holder regularity is straightforward for
the driving function B since it is a fractional Brownian motion under @ (and so it has almost

surely B-Holder trajectories for any 8 < H). Moreover, since fOT |p(s)]?ds < +oc almost surely,
Kup e CH(, T) almost surely by (15).
We write

t t
Xi =Y Z/o (b(Xs)—b(Ys))dS-i-/O o (s)d(Knp)(s).

We use the change of variables formula for a 8-Holder continuous function (see [35], Theo-
rem 4.3.1) and the stability assumption (H2) to obtain

d mn t . . . . .
X, — Y, = 222/0 (X = Yo () AU ) (5)

i=1 j=1

t
+2 / (Xy — Yy, b(Xy) — b(Yy))ga ds (20)
0

d m t )
SQZZ/O (Xé_Ysi)ai’j(s)d(ICHpj)(s)+2B/0 |Xs_Ys|2dS.

i=1 j=1
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Since X — Y € C#(0, T; R?) and p € L?(0, T; R™), we use (14) and (16) to obtain

4 . . P .
/0 (X5 — Yo" () d(Kp p?)(s)

t N
:/ (Xi, — Yj)ai’j(s) (/ 0K (s,r)pl (r) dr) ds
0 0o O0s

t t
:/ </ (X{ = Y)o"I (s) KH(s,r>dS)pf<r>dr
0 r

d
as
'
=/0 IC}‘_I((X’ — Y’)o”fl[o),])(r),of (r)dr.

We denote by o* the transpose matrix of o and we use the inequality (17) to obtain

23y /O (XE = YHo"I (s)d(Ku p)! ()

i=1 j=1
t
=2 fo (Ko (0™ (X = Y)1j0,1) (1), p(r) ) dr

=< 2H’C*H (0*(X - Y)IIOJI) ” L2(0,T) ||/0||L2(0,t)
<2[lo*(X = Y)1jo. Illollz2(0,0
<22H)' T2 o* (X = VLo | 2.1 101 20,0

<2CH)' 2T 20 )l0.1.00 11X = Yl 200.0) 1011 12(0.0)-

We report this estimate in (20), and using the inequality 4eab < 4€%a*> + b> with € =
(HT* o |5 1 oo/ 2IB])!/2, we obtain

X, — Y, 1> <2CH)' 2T 20 )l0,1.0011X = Y2000 101 220019
t
—i-ZB/ |Xs — Y|*ds
0
2H—1 2 ! 2
< (2/|BHHT~ ||a||o,T,oo/ lp(s)|* ds
0
t
QB+ |B|)/ X, — V2 ds.
0
Gronwall’s lemma implies that for any ¢ > 0,

t
X, =Y > < Q/IBDHT* o ll§ 7.0 /O e@BHBDX(=9) 5 (5)|2 ds.



Transportation inequalities for SDEs driven by a fBm 17

Hence, we may write that
T
d2(X,Y) < QH/IBNT* 7o |If 7 oo (1 v e@BHBD=T) / lp(s)[*ds
Y 0

and
[Wi>(Q, P> < 2Cr, yH(QIP,)

with Cr, g =2HT?H=1(1 v e@BHBIXTy 152 /|B.
Analogously for the metric d>, we have

T
W@ PP <Bg [ 1%, —viPar

< Q/IBDVHT* o113 7 o

T T
XE@/ |P(S)|2</ e@BHB)x (=) dt) ds.
0 K
Since
e3BT -1 )
T _ if B> 0,
@B+ B)x(1=5) 4, < 3B
P 1— eBT
——5 if B <0,
we define
3BT
e’?! —1
), if B >0,
CB,T = 3
1 —eB7, ifB<0

and it follows that

1 T
[W32(Q, PP < 4(H/Bz>T2H—1||o||%,T,oocB,r<5E@ /0 |p(s>|2ds>

<2Cr,gH(Q|Py)
with Cr gy = 2/BHHT* V0|5 1 cB.T. O

Proof of Theorem 4. We use the same change-of-variables as in the proof of Theorem 2 and
consider the map ¥ from the metric space (C(0, T), d>) into itself defined by W(y) = F 1o y.
We have, for y1, 2 € C(0,T),

1/2

T
(¥ (y1) — V() = </O W (yi(s)) — lIf(J/z(S))|2dS>

< W' looda(y1, 12),
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thus the map W is o,-Lipschitzian. If P¥ (resp., IP’I’;(X)) denotes the law of the process X
(resp., Y), then

X Y Y -1
P :]P’F(X)OF:]P’F(X)O\IJ .
Since IP’{-(X) € T»(C), we have that IP’ff € TQ(O'ZZC). It remains to prove that the stability assump-

tion (H3) is true for the function b = b o F /oo F~1. Writing b=®oF lsoF1—bo
F~l6’ 0 F71) /o o F~1, it easy to see that under the assumptions (H4), we have

(bo F~H(x) (boFH)(y) B 2
xX—=Yy, 1 - 1 §_|x_)’|
(0o F7)(x) (oo F~)() o

We can then apply Theorem 3 to equation (13) and thus the result (b) is proved. A similar rea-
soning is true for the metric d. ]

6. A remark on the link between the exponential moment
and T7(C)

It has been proven in [4,5,8] that u € T1(C) if and only if we have, for some § > 0, the Gaussian
tail

//egdZ(x'y)“(dx)/L(dy) < +o0.
EJE

The link between the constant C and the exponential moment is described in the following re-
mark.

Remark. Let p a probability measure on a metric space (E, d). Assume that there exists some
8 > 0 such that the following Gaussian tail holds:

() ;=/ / ) 1 (dx) (dy) < +o0.
EJE

Then, w satisfies the transportation inequality 77(C) on (E, d). In [8], the authors have linked C
with the above exponential moment in the following way:

) 1/k
=yl [, [+ mwonan) e

By an optimization argument, the supremum in the formula (21) is achieved for k = 1 and con-
sequently C < C(8)/$6.

In [5] (see also [16], page 69), the authors have proven that the constant C is in fact controlled
by a better constant, but it is not tractable to study short-time and long-time asymptotic behavior.

In our context, if we use the above remark and the exponential estimate (22) from Lemma 8§,
then we can easily prove that the law P, of the solution of equation (4) satisfies the property
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T1(C) with C =Ko |ig T2H—=¢ for small time T and a small ¢ > 0. Nevertheless, the power of
T is not the correct order when one applies this result to small-time asymptotics.

We believe that it remains an interesting open problem to give a simple link between the
exponential moment and the constant C in 77 (C).

Proof of the estimate C < C(5)/5. We use an optimization argument involving the gamma
function I". We denote, for x > 1,

_ 1 2(x+1)

We remark that the right-hand side of (21) is equal to (2/8)® (k). Our result will then be a
consequence of sup,.; ®(x) = (1) = C(8)/2. We denote by ¥ the function (In[') =T'/T
(usually called the digamma function). We write @' (x) = h(x)®(x) /xz, where the function £ is
defined for x > 1 by

Mx+1)

h(x) = —1H<C(5)F(2x T 1)) +2x(W(x+1) —W(@2x + D).

Obviously, ®' and & have the same sign. Since W'(x) =Y o, (x+;k)2 (see [1], page 13), we
deduce that

W (x+1) =20 Q2x + 1)

> 1 1
:$u+1+mz_ﬂx+&+Dﬂﬂ

1
4+ -

1
— (x+1 Jrk)2 (x + (k+1)/2)?

Z:(x+1+k)2

=0

'Mg ”Mg

1
0u+m+ww}

k= J

o o 1
=1y

{g (x+1+k)2 2:(:) (x+k+1/2)2}
- E{\11’(x 1) — W (x+1/2)).
Since W (x) = =23 72 o (x + k)~3, W’ is a decreasing function and then
Wx+1)—2¢'@2x+1)<0.

This yields 2’ (x) = 2x(¥'(x + 1) — 2¥'(2x + 1)) < 0. So, for any x > 1,

h(x) <h(1) = —In(CG)*(2)/T(3)) +2(¥(2) — ¥(3)).
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In [1], the following identity is stated for n > 1:

n—1
1
v = — + ¥ (x),
(xFm=) —+ W)
k=0
so W(2) —W¥(3) =—1/2. Finally, k(1) = —In(C(§)/2) — 1 <0because C(6) > 1. Thus, h(x) <
0 for any x > 1, and @ is decreasing. Its maximum is achieved for x = 1. O

Appendix: Fernique-type lemma

Lemma$8. Let T >0,1/2 < B < H < 1. Then, for any a < 1/(128(2T)>H=P)),

Elexp(e|| B |3 7.5)1 < (1 — 1282 (2T)2H=P) "2, 22)
Moreover, we have the following moment estimate for any k > 1:
H 2k k wn(H-p) (2K)!
E(|B7 |34 ») <32¢T) o (23)
Proof. First, we prove that
1B — BHi | <gglt —s1f,  i=1,....m, (24)
where &4 is a positive random variable such that
2p)!
£@") <320 @nrit-» 0 (25)
p!

Although the proofs of (24) and (25) are classical, we include them for the convenience of the
reader. With ¥ (1) = u* =P and p(u) = u’ in Lemma 1.1 of [14], the Garsia—Rodemich—
Rumsey inequality reads as follows:

. . lt=sl s 4 A\ (H=B)/2
|BH — B 58/ <—2) Hu'~'du,
0 u

where the random variable A is

T B — BRI P
A:/O /(; s PP drds.

We have

. . |t—
B/ — B < 8(4A)<H—/3>/2f

N
H
Huf~'du < 8(4a)H-P)/2 v s|
0

<84N)H=PI2) g
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We let £g = 8(4A)H=P)/2 and for p > 1/(H — B), we have

T T pHi _ pHi2/(H-P) p(H—P)
20 _ o2p 4p(H—B) | B, By
Egﬁ < 8P4 IE(/O /(; 7 — s RAIH=P) dtds

T pT H,i H,i 2
o Jo |t — s|2PH T2

< 2P (2T)2PH=P) @p)! <300 (T)2PH—P) (217)!'
27 p! p!

Thus, (24) and (25) are proved. What remains to be shown can be tediously deduced from [9],
Theorem 1.3.2. We can also make the following direct computations. Using (24) and (25), we
have

H 2 2 - “péép
E(expel|B"[3)) < E(exp(aép)) <E| Y o
p=0

@p)!

(pH?

—1/2

oo
<Y 32)? 1) H=P
p=0

< (1 —128a(27)*H=F))

where we have used the identity Z;o:o a? % = (1 —4a)~'/? for a < 1/4. Thus, the lemma is
proved. ([
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