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Adaptivity and optimality of the monotone
least-squares estimator
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In this paper, we will consider the estimation of a monotone regression (or density) function in a fixed point
by the least-squares (Grenander) estimator. We will show that this estimator is locally asymptotic minimax,
in the sense that, for each f{, the attained rate of the probabilistic error is uniform over a shrinking L2
neighborhood of f{; and there is no estimator that attains a significantly better uniform rate over these
shrinking neighborhoods. Therefore, it adapts to the individual underlying function, not to a smoothness
class of functions. We also give general conditions for which we can calculate a (non-standard) limiting
distribution for the estimator.
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1. Introduction

There exists an extensive literature on the problem of estimating a monotone increasing regres-
sion function or monotone decreasing density. Our results will concern the NPMLE or Grenan-
der estimator for a monotone density, see [7], and the least-squares estimator for a monotone
regression function. Prakasa Rao obtained the rate and the limiting distribution for the Grenan-
der estimator in a fixed point in [13], and in [1] a similar result was obtained for the least-squares
estimator, both under differentiability conditions on the underlying function. Results for global
measures of convergence were obtained in [8] and [11] for the density case and in [4] for the
regression case. A unified approach that incorporates some other well-known monotone estima-
tors is given in [5]. A common problem with the global results is that they can only be proved
under quite strong conditions, in which case there exist other non-isotonic estimators with faster
rates.

We will focus on the pointwise convergence of the least-squares (or Grenander) estimator for
general underlying monotone functions (or densities) and show a specific type of adaptivity and
optimality of this estimator. We will start by giving our result, and then compare it to other results
available in the literature. In this paper, we will consider the white noise model:

! 1
Y () :/0 fo(s)ds + EW(I),

for t € [—1, 1] and W(¢) standard two-sided Brownian motion. Here, f will be a monotone
non-decreasing function. However, our results can be generalized to three other models, namely
monotone regression with measurements on a grid (not necessarily with normal errors), mea-
surements on random design points and a sample from a decreasing density. Since the general
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arguments are very similar for all these models, the exact statements and proofs for the other
three models can be found in the technical report [3]. The proofs in the white noise model show
the important ideas most clearly.

Denote the least-squares estimator at 0 by f (0). Let F,, be the space of monotone increasing
functions on [—1, 1], and define B( fo, ) as the L2-ball around fo with radius €.

Theorem 1.1. Let fo € F,, be continuous at 0. Choose two significance levels, o« € (0, 1) and
B €(0,1/2). There exist § > 0 and n > 0, such that for all n large enough, we can find a rate v,
with

lim sup sup Pr(1£(0) = £O)| = ) <a
n—00 fEfmmB(fO;Bn_l/z)
and
liminfinf sup Pr(10(Y) = FO=n-ya) > B.
n— o0

0 feFnNB(fo;6n=1/2)

where 0 (Y) is any estimator of f(0) based on the data Y .

There are several aspects of this result that deserve our attention. In words, our result could be
formulated as: The rate of the estimator at fo is uniform for Lz-neighborhoods of size O(n~Y/ 2),
and on these shrinking neighborhoods, no estimator can attain a significantly better uniform
rate (the rate y, depends explicitly on fy (and o), and will be specified in Section 3). The idea
of using the minimax concept for shrinking neighborhoods was used by Hdjek in [9] when he
introduced local asymptotic minimax risk bounds. His result, when restricted to estimating a
one-dimensional parameter 8y, was formulated as follows: Under suitable regularity conditions
(LAN) and a symmetric loss function /, there exists a Fisher information 7 (6y), such that for any
sequence of estimators 7},

lim liminf sup Eg(I(v/n(T, — 60))) = E((2)), (1.1)

§—~0 n—>o0 NP

where Z ~ N (0, I(6p)~"). An important difference with our approach is the fact that the rate,
/1, is fixed here (it does not depend on 6p). This approach has also been extended to semi-
parametric models with non-smooth rates (see [6]), but there the rate is fixed through a restriction
of the parameter space over which the supremum is taken. The strength of the local asymptotic
mimimax result of Hijek is not the rate; it’s the fact that the constant is optimal. This might be the
reason for the limited number of papers we found applying this concept in semi-parametric setups
with non-smooth parameters. In those cases, it is usually not feasible to control the constants.
We prove optimality with respect to the rate, in which case the concept might be more widely
applicable.

Another difference between (1.1) and Theorem 1.1 is that our neighborhoods shrink with #n,
which leads to a stronger result. However, this has also been done for the classical smooth para-
metric setup in [14], page 118. He extends Héjek’s result, under similar conditions, such that if
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7 denotes all finite subsets of R, then for any bowl-shaped loss function /,
liminfsupE l<\/_<T 0 h )) >El(2) (1.2)
sup liminf sup n —60)— — . .
1€ "7 hel Go+h/ " Jn

Here we see the shrinking neighborhoods of order 1/./n. However, the supremum inside the
liminf is not over a full neighborhood, but merely over a finite subset. In Section 3 we will prove
a slightly stronger version of Theorem 1.1, where the full neighborhood is replaced by only two
functions (depending on n). Also note that in our result, the infimum over all estimators is taken
inside the liminf over n, which is stronger than the result in (1.2). We expect that we are able to
get this stronger result because we concentrate only on the rate and not on optimal constants.

An important difference from previous applications is also that Theorem 1.1 gives a lower
bound for all estimators of the probabilistic error, instead of the expected risk of some loss
function. Note that a lower bound on the probabilistic error implies a lower bound for (the rate
of) the risk of all increasing loss functions; for example, the L?-loss

Pr(10(Y) = fFON=n-v)>B = Efl0¥)— fO)>nlyp.

The drawback is that Theorem 1.1 does not show that the least-squares estimator f (0) attains the
rate y, for the L?-loss. However, we can show, under mild conditions, that f (0) does attain the
same rate in L9-loss; see the technical report [3].

Considering the rate in terms of the probabilistic error is essential if we wish to get the full
generality of our results, as was also observed in [2]. In that paper, they consider the white noise
model where fj (now not necessarily monotone) is an element of a union of k convex parameter
classes F;. Then they consider the classes G; = UiS j Fi, which are now not necessarily convex.
They construct an estimator for a linear functional T fy (e.g., fo(0)) that attains an optimal rate
(which they describe in terms of the modulus of continuity of 7') for the probabilistic error for
each of the classes G; simultaneously. It is known that this type of adaptivity is not possible
in general for the L9 error rate. Although their result is very general, it considers only a finite
number of classes, and they consider the supremum of the probabilistic error over the entire class
G;. Our results give more detailed information about the rate at any specific fp, and about the
local optimality of that rate.

Another approach that addresses the adaptive estimation of a monotone function at a fixed
point can be found in [12]. Here the authors define an estimation procedure f,, for f(0), where
fo is a monotone regression function in the white noise model. This estimation procedure is
rate-adaptive in a minimax sense with respect to a Lipschitz parameter «. This means that if we
define

Fm(a, M) ={f € F: ¥x,y € [—1,1]: | f(x) — f(W)| < M|x — y|*},

then they show that there exist constants C > 0 and 0 < 9 < 1 such that

sup Ef|fn _ f(0)|2 < CMZ/(2a+l)n_2a/(2a+l),
feFmn(a,M)
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forall g <« <1 and M > 1. It was already known that there exists a constant D > 0 such that
for any estimator §,,, we have

sup  Eyl8, — f(0)]> > DM CatDy=2e/Cat])
S EFm (e, M)

A serious drawback of this procedure compared to the estimator we consider, is that it does not,
in general, give a monotone function as an estimate when the procedure is applied to an interval
of fixed points. Furthermore, the rate is described in terms of a global Lipschitz parameter, and
the adaptivity is only shown for « € [, 1], whereas we will show in Section 3 that the rate of
the LSE f (0) depends on the local behavior of fy around 0. This will result in, for example, fast
rates when the function fj has derivative 0 in 0. Also, we will allow (locally optimal) rates that
cannot be described by the Lipschitz parameter alone (think of logarithmic corrections), or even
functions that are not Lipschitz at all. Finally, we show adaptivity in the sense of local asymptotic
minimax without any restriction on f{ other than monotonicity and continuity at 0.

An attractive feature of our results is that the rate is described explicitly for each fy, so that we
do not need smoothness classes to specify the rate. This is natural for our setup, since no matter
how smooth fj is, in the L? sense (which is equivalent in this case to the Hellinger distance
between the different models) there are a lot of very non-smooth increasing functions close to
Jo. In fact, we believe that when we replace the parameter space F,, by a different convex and
compact subset K of L2[—1, 1], and we consider a linear functional that is continuous on C, it
might be possible to prove the analogue of Theorem 1.1 for the least-squares plug-in estimator
under some regularity conditions on K. However, this is future work.

We feel that Theorem 1.1 is the most important result of the paper. However, in proving this
theorem, we will also give an explicit expression for the rate y,, of the least-squares estimator
in terms of the local behavior of the underlying fo. This result can be found in Theorem 3.1
of Section 3, just before the proof of Theorem 1.1. Furthermore, in Section 4, we give weak
regularity conditions on fy near 0, under which we can determine the non-standard limiting
distribution of the least-squares estimator. These conditions imply that fy behaves similarly on
each scale in a neighborhood of 0, and they are weaker than differentiability conditions. The
limiting distributions found for the least-squares estimator in [1] and [15] are special cases of our
result. Section 2 is preliminary, and describes properties of certain left- and right-scale functions
of fy that play an important role in our proofs.

2. The scale functions ¥, and v,
Without loss of generality, we will assume in the rest of the paper that f(0) = 0. Define
t
Fo(t) = f fo(s)ds.
0

Note that this function is convex, and due to the continuity of fy in O (without which, we cannot
estimate fo(0) consistently), we have that Fj(0) = 0. We are interested in how Fy behaves close
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to 0, and, therefore, we define the functions ¥; and ¥, by

i Fo(st) iy Fo(st)
Y (s) _hrflﬂ)uP Fo) and WI(S)—hHllT%UP Fo )

(s €10, 1]). (2.1)

If Fo(t) =0 for some ¢t > 0, we define v, (s) =0 for s € [0, 1) and ¥, (1) = 1, and likewise for
Y. In this section, we will take a closer look at the functions ¥, and v; defined in (2.1). We will
concentrate on V,, since completely analogous statements will hold for ;. Since the function
s+ Fo(st) is convex and increasing for all ¢ > 0, we get that v, (s) is also an increasing and
convex function on [0, 1] (this is true for the lim sup of convex functions, not necessarily for the
lim inf). Furthermore, we clearly have that 1,-(0) = 0 and v, (1) = 1. Finally, since Fy is convex,
we know that for s € [0, 1],

Fo(st) < sFo(1) + (1 —s)Fo(0) = s Fo(2).
This shows that for any Fp we have that ¥, (s) <.

Lemma 2.1. For each t € [0, 1), there exists a positive continuous non-decreasing function n
with

Fot))=0 = 5 =0 (vt €[0,1]),
such that for all t € (0, 1] and for all s € [0, T]

Fo(st) < (Y, (s) + n()) Fo(t).

Proof. Suppose Fy(¢) > 0 for all # > 0. Define the auxiliary functions

_ Fo(su)
Grls)=sup

These functions are all convex and they decrease pointwise to ¥, on [0, 1]. Since G;(0) = 0 for
all r > 0, we conclude that G, converges uniformly to ¥, on [0, 7]. Define

n0)=0 and n@)= S[L(l)p]II/fr(S)—Gz(S)I (t€(0,1])
sel0,t

and note that

F
;0(2’)) < Gi(s) < Y () + 1),

to conclude the statement of the lemma (note that i, is continuous on [0, t], so 7 is indeed a
continuous increasing function). Now suppose that Fp(¢) = 0 for some ¢ > 0. We defined v, (s) =
0 for s € [0, 1) in this case. Define

ro =sup{t € [0, 1]: Fyp(¢) =0}.
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If ro = 1, then the statement of the lemma holds with n = 0. Suppose r9 < 1. Since s < 7, we
have for each t <ro/t, Fo(st) = 0. Define n(¢) =0 fort € [0, o], n(¢) = 1 fort € [ro/7, 1], and

continuous in between, and the statement of the lemma holds trivially. O

Let {Ws: s € R} be a two-sided Brownian motion. We will encounter the probabilities in the
next lemma throughout the rest of the paper.

Lemma 2.2. For any Fy we have that

. . 1
B(inf W, — Cs < inf W= C(s = () < Tl

If there exists s € (0, 1) such that V. (s) < s, then there exist T € (0, 1) and p € (0, 1] such that

21
P(inf Wy — Cs < inf Wy=Cls =) = |/ oo C7 12,
5<0 0<s<l nt Cp(2 — p)

Proof. First note that the left-hand side and the right-hand side of two-sided Brownian motion
are independent. It is, therefore, enough to consider the two sides within the probability sepa-
rately. It is well known that

P(ing W, —Cs < —v) =IP’(sup W, —Cs > v) =e 20,
s<

s>0

This follows from the hitting time of a linear boundary. Since, for all Fj, we have that ¥, (s) <,
we also need that

P( inf Wy =—w)=P( sup Wy zw)=2(1-dw),

0=s=1 0<s<I1

where @ is the distribution function of the standard normal distribution. We get

P(inf Wy —Cs < inf W, —C(s — w,(s))) < IP’(inf W, —Cs < inf WS)
s<0 s<0

0<s<lI 0<s<l

_ 2 * acw —w?/2
= \/T_TE\/(; € € dw
=27 (1 - @ (20))

1
V2nc’

Now suppose that for some s € (0, 1), ¥, (s) < s. Since ¥, is convex, ¥, (0) =0 and - (1) =1,
this implies that for any 7 € (0, 1) and any s € (0, 7], ¥, (s) < sy (7)/Tt < 5. Choose T € (0, 1)
and define p =1 — ¥ (7)/t > 0. Then

=

Vs €0, t]: s — ¥, (s) > ps.
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Now use that

P(inf W, —Cs < inf Wy —C(s—yy(s)) <P(inf Wy —Cs < _inf W, —Cps)
s< §=

0<s<l 0<s<t
< P(inf W, —Cs < W, — cpr).
s<0
This last probability we can calculate exactly:
P(inf W, —Cs <W, — Cpr)
s<0

—ZCUe—(U—CT,O)Z/(Z‘[) dv

(Cfp V27T
—(CVrp) + (1~ <I>(Cﬁ<2 — p)))eC TP 2emCrrrt2

< J2_ 1 cwn
7t Cp(2—p) 0

We will now consider the case where Fy(st)/ Fy(t) actually has a limit. This is comparable to
saying that Fy is a regularly varying function in 0, but we have the extra information that Fy is
convex.

(2.2)

Lemma 2.3. Suppose for each s € (0, 1] we have Fy(s) > 0 and

Fo(st)
1m
110 Fo(t)

Then either Y, (s) =0 on [0, 1), or ¥, (s) = s%, for some o > 1. In the latter case, we have that

for each T > 0 (also for t > 1)
Fo(st
s (M ) 190
0.1\ Fo@®)

Proof. Suppose 0 <u <s < 1. Then

=Y (s).

. Folust) . Fo(ust) Fo(st)
1ﬁr(us)—ltlir{)l o) _111&)1 FoGst) Fol) =Yr @)Y (s).

Since ¥, is continuous and convex on [0, 1) and v, (0) = 0, we conclude that either v, (s) =0
on [0, 1) or ¥, (s) = s* with « > 1. In this last case, choose s > 1. Then

Fo(st) _ (1 Fo(®) RGN\,
lim lim =[lim ——— =s“.
110 Fo(t)  \110 Fo(st) 110 Fo(t)
The family of convex functions {s — Fy(st)/Fo(t)} converges pointwise to the convex function

s — s%, and all functions are O in 0, so the convergence is actually uniform on compact subsets
of [0, 00). O




Adaptivity and optimality of monotone LSE 721
3. Local asymptotic minimax optimality

Our data Y (¢) satisfies
dY (t) = fo()dt +n~2dw (1),

where fj is a monotone L?-function on [—1, 1] and W (¢) is standard two-sided Brownian mo-
tion. We wish to study the least-squares estimator, but we will define for a realization of W (¢),

t
Y1) = / fo)ydr +n~ 12w (@),
0

and the convex function
ﬁ(t) =sup{¢(r): ¢ affine and Vs € [—1, 1]: ¢ (s) <Y (s)}.

So F is the greatest convex minorant of Y. Now we define the estimator f as the left-derivative
of the convex function F, so for ¢t € (—1, 1)

f(t) =lim Fo - Fa—h h).
nl0 h
This is a monotone function and can be seen as a limit of least-squares estimators over the class
of monotone functions absolutely bounded by M, as M — oo.
As stated before, we will assume without loss of generality that fy(0) = 0. Furthermore, to
ensure that our estimator f (0) is consistent as n — 00, we assume that fp is continuous at 0. We
are interested in the probability of the event { f (0) > a}, for a > 0. Remember that

t
Fo(r) :/o fo(s)ds.

Fix C > 0 not depending on n, and choose a, b > 0 and r,, r;, > 0 such that

Fo(re)=ary,  Fo(—rp)=bry and ry’a=r)*b=Cn""2. 3.1)
Since Fj is convex and continuous, and fj is continuous at 0, this can always be done if Fp(1) > 0
and Fp(—1) > 0, simply by choosing n large enough. We will consider the special (and simpler)
case fo(¢) =0 for all + > O (or for all r < 0) separately.

The sequence max(a, b) = max(a(n), b(n)) will constitute the rate of the least-squares esti-
mator f (0); see Theorem 3.1 below. We would, therefore, like to give some feel for equations
(3.1). Suppose fy is Lipschitz continuous at 0 with parameter & > 0, so for x in a neighbourhood
of 0, we have (remember that f(0) =0)

| foCOl < Ix|*.

Here, g(x) < h(x) denotes that there exists a constant M > 0 such that g(x) < Mh(x) for all
relevant x. Then Fy(x) < |x|°‘+1, so (3.1) gives us

arg Sroth

~"a
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This means that ;! < a~!/®_ Together with the second equality for a in (3.1),

—1/2 —
a<r, 2 172,

this leads to

a< n—a/(2a+l)'

For b we can derive the same bound. This corresponds to the rate found in [12]. Another inter-
esting case is when lim,_, o r, = r¢ > 0. This means that fj is flat to the right of 0 on the interval

[0, rg). Then
a< ro_l/zn_l/2,

so this corresponds to a parametric rate.

Theorem 3.1. With the notations as above, we have that

hmsup]P’(f(O) > a) < ]P’(lnf Wy —Cs < inf W, — (s — lﬂr(s)))

n—00 O<s<I C/2m
and
1
hﬂS{gpP(f(O) < b) < IP’(lan —Cs < oggl Wy — C(s — wl(s))) Norh

Since both probabilities tend to zero when C — 00, it follows that equations (3.1) determine an
upper bound for the rate of convergence of f(0).

Proof. We will only show the result for a; the proof for b is similar. Note that we have the
following “switch relation” for the greatest convex minorant:

{f(O)za}z{_ligtf<0(n—1/2wt+Fo(t)—m) inf (n 1/2Wt+Fo(t)—at)}. 3.2)

0<t<l1

We can rewrite (3.2) as follows:

(f©za)= [ inf (rrl_l/2Wrax +n2r 2 Fy(ras) — nl/zral/zas)

—rg <s<0
(3.3)
< inf (r;”zW,as +n1/2ra_1/2Fo(ras) — nl/zré/zas)}.
O<s<rg
Define
= —1 2
Wv = / Wrav

Clearly, Wx is also a two-sided Brownian motion. Now we can use Lemma 2.1: For any 7 € (0, 1)
there exists a positive continuous function n with Fy(t) =0 = n(¢) = 0, such that

inf (ra 12 W, s+n 12 Fo(rgs) — 1/2r,1/2as) §0<i151£r WS—C(S—Wr(s))+Cn(ra).

O<s<ry,
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Now remark that for s < 0, Fp(s) > 0, so that

inf (ra_l/zWras +n1/2ra_1/2Fo(ras) — Cs) > ing(Ws — Cs).
s<

—r;l <s<0

In view of (3.3), we have shown that

P(f(0) > a) < P(ig(f)(ﬁ/s —Cs)< inf Wy—C(s — ¥ () + Cn(ra)) (3.4)

O<s<t

Define ry = lim, o 7,4. Since we always have that Fy(r9) = 0, we conclude that lim, o n(ry) =0,
SO

hmsup]P’(f(O) > a) < IP(mf(Ws Cs) < Oinf W, — C(s - wr(s))).

n— o0
Since this is true for all 7 € (0, 1), and since ¥, is increasing on [0, 1], we conclude that

hmsupIE”(f(O)>a)<]P’<mf(W Cs)< inf W, — c(s—w,(s)))

n— 00 O<s<l1
The final inequality of the theorem is given in Lemma 2.2.
When fo(1) =0 for all # > 0, we choose a = Cn~1/2, and (3.2) implies that

P(£(0) > a) < ]P’(_ligtffo(Wt ~Cn < inf (W, - cn).

This shows that in this case, the upper confidence limit for f (0) is of order n~1/? (parametric
rate). This also happens when ry > 0, which is the case when fj is flat to the right of 0. (]

We wish to show that the rate for the least-squares estimator is local asymptotic minimax; see
the Introduction for a discussion of this concept. Remember that F;, denotes the space of all
monotone increasing L2-functions on [—1, 1], and that B( fo; €) denotes the L2-ball around fo
of radius ¢.

Proof of Theorem 1.1. We will show the following stronger version of Theorem 1.1: Let fy €
JFn be continuous at 0. Choose two significance levels o € (0, 1) and 8 € (0, 1/2). There exist
8 > 0 and n > 0, such that for all n large enough, we can find a rate y,, with

lim sup sup Pr(1£(0) = F(O)| = yn) <a (3.5)
n—>00  feF, NB(fo;6n=1/2)

and a sequence of functions f, € F,, N B(fo; $n~ /%) such that

11m1nf1nfmax Py (|9(Y) fiO)|=n- yn) > B, 3.6)

n—0o j j=

where 6 (Y) is any estimator of f(0) based on the data Y.
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Remark 1. For a general concept of local optimality, it might be more natural to replace the last
statement by

liminfinf sup Pﬁ.(|é(Y) — fi(®]=n- y,,) > B,
"0 feFunB(fo;on=1/2)

as was done in Theorem 1.1. Clearly, (3.6) is stronger, since the sequence f;, is the same for all
possible estimators 6.

Remark 2. Choose anevent A C C([—1, 1]) suchthatP s (Y € A) > 1/2and Py (Y ¢ A) > 1/2.
Define the estimator

0(Y) = fo(0)14(Y) + f1(0)14c(Y).
Then for any choice of  and y, we would have
N 1
max P, (10(Y) — fi(0)| =z n-y) < 5.
i=0,1 2
which is why we choose 8 € (0, 1/2).

Without loss of generalization, we can assume f(0) = 0. Choose n large enough such that the
equations

Fo(ry) = ary, Fo(—=rp) =brp and r,i/za = r;/zb =Cn~!/?
have solutions for some fixed C > 0 with

1
<«

24/2nC

Define
Vn =4max(a, b).
Fix & € (0, C] and suppose fi € Fy, N B(fo; sn~1/?). Define

t
Fi(t) = /0 fi(s)ds.

Note that

1 Ta
< \/ L f (i) — fo))*dt
Fa JO

_ —1/2
1/2ra /

1 Ta
— / (1) = fo(n))dr
T 0

a
<én

=8a/C.
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This means that
Fi(rg) <2ar,. 3.7)
Analogously, we conclude that
Fi(—rp) < 2bry.
Since
Fi(ra) = fiOra and  Fi(=rp) = —rp f1(0),
we conclude that
f1(0) <2a and  f1(0) = —20.
Now define

t
Fi(r) = /O (fi(s) — £1(0)) ds.
Since Fi(t) = Fi (1) — f1(0)¢t, we get
Fi(ry) < Ynla and Fi(—rp) < Ynlb-

Now use equation (3.3) for the situation where the underlying function is fi:

FO-fOzm=] inf ("Wt n™ P2 P F Gus) =m0 Pys)

~fa =820 172 12 12
< inf (ra_ / Wrus+n_1/2ra_ / Fl(ras)—n_l/zra/ yns)}.

0<s§r;1

Again we have that F)(s) > 0 for s < 0. Also, since Fj is convex, F1(rys) < y,r,s for all s €
[0, 1]. Now we can follow the exact same steps as in the proof of Theorem 3.1, starting at equation
(3.3) and realizing that n !/ 2r$/ 2J/n > 4C, to conclude that

~ 1
P 0) — 0 ) < ——.
A (O fl()zy)<4mc

Analogously, we can prove that

1

P F(0) — 0 —Vn _
A(fO) = f1(0) < V)§4mc

This clearly shows that

Pr (1£(0) = £1(0)] > ) <a.

So we have shown that our rate y,, satisfies (3.5).
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Now we choose our sequence f;. For fixed n, suppose a > b; the case b > a can be handled
analogously by perturbing fy to the left of 0. Define

o [sa/c.ifr=0and fow) < da/cC,
fn() = fo(@), otherwise.

Then f,, is a monotone L2-function. Note that £, will be discontinuous at 0 and that y,, = 4a. To
show that f, € B(fo, 8n~'/2), define s, = inf{t > 0: fo(t) > a}. Clearly,

Fo(ssayc) < 8aC Vssasc.
Since Fy(r,) = ar, and Fy is convex, we would get for s > r,:
Fo(s) > as > saC™ls.

This proves that s5,/c < r,. Therefore,

1
/ (fa) = fo0)* dr < 8°C2a%ssq)c < 82C 2a%ry <6°n7 .
-1

Define p as the probability measure on C([—1, 1]) that corresponds to standard two-sided
Brownian motion, and denote with Py and P, the measures corresponding to the model with fj
and f;, respectively. It is well known that

dPl' 1/2 1 2
(W):exp<n/ /ﬁ(t)dW(t)——n/ﬁ(t) dt).
du 2

Therefore,

dp, 12 1 5 1 5
(W)=exp(n / / (/o) = fo®) AW (D) — 2n / Fo)2dt + 2n / o) dz).
dPy 2 2

This means that
P, — Pyl> <E dﬁ(W)—l 2—1[3 %(W) 2—1
" Ol = Fho dPy —~h dPy
=E, <exp<nl/2/(2fn(t) — fo(®))dW (1)

2 1 2
—n/fn(z) dt+§n/f0(t) dt))—l

n [ 10 — fo) dr —n / Fu0)2dr + %n / folt)? dz) 1

N =

= exp(

= eXP(n/(fn(t) - fo(t))zdt> — 1.
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Since
/ (1) — fo(t)) dt < 82",

we conclude that

| Pt — Poll </exp(s?) — 1.

Choose 6 € (0, C] small enough, such that || P} — Py|| <2 — 4. Choose n = §/8C. Denote with
pi the density of P; with respect to u (i =0, 1). We have that for any estimator 6

A 1 N
max Py (100Y) = i) = 4na) = 5 3 | P (10(Y) = fi(0)| = 4na)

i=0,n
1
= 3B (g izana POV + Ligir) sa/cizanay PLW))

1
> EE,L(miH(Po(W), P1(W))

—11 1||P Poll
=3 S1P1=Po

> f.

This proves (3.6). U

4. Limiting distribution of the least-squares estimator

Our methods also allow us to derive non-standard limiting distributions for the least-squares
estimator. These limiting distributions only exist when fy is somehow “regular” near 0. The
precise conditions are described in the following theorem and will use Lemma 2.3. We start with
the rate equations: For n > 0 and C > 0, we define a, r,, b and rj, by

Fora)=ara,  Fo(—=rp)=bry and ry/*a=r)"b=cCn""2
Theorem 4.1. Suppose that

lim 2=y, 4.1

n—0oo rp

with y € [0, 00). Furthermore, suppose that for s > 0,

Fo(st)
m =
110 Fy(t)

5% 4.2)
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for o > 1 (see also Lemma 2.3). Then, if Ws (s € R) denotes two-sided standard Brownian
motion,

lim P(£(0) > a) = P(inf (W, + Cy*~"[s|" = Cs) < inf (W, + Cs|” = Cs)).
n—00 5<0 5s>0

Iflimy,_ oo 74 /1y = +00, then

lim P(f(0) > 0) =0.

Remark. Condition (4.1) says that the rates to the left and the right of 0 are well behaved with
respect to each other, which is a natural condition for a limiting distribution to exist. Furthermore,
Condition (4.2) says that Fy scales properly near 0, which is another natural condition. We do
not want different behavior of Fy for different scales.

Proof of Theorem 4.1. We start with assuming that y > 0. Since r,/r, — y and ar;/2 = brbl/2,
we see thata/b — y‘l/z and Fy(ry)/ Fo(—rp) — )/1/2 (since Fy(rq) = ar, and Fo(—rp) = bryp).
For each n > 0, we have that (y — n)rp <r, < (y + n)rp, for n large enough. Therefore,

i Fo(ra) . Fo(ly +mrp) ()/ + U)a
imsup ———— < lim = .
n—soo Fo(yrp) —n—oo  Fo(yrp) 14

We used that, since ¥, (s) > 0 for s € (0, 1], we have that r, — 0 and r, — 0. The inequality
holds for all n > 0, and we can show a similar inequality for the liminf, which means that

. Fo(ra)
lim =1.
n—>00 Fo(yrp)

Since r, and rp, are decreasing continuous functions of n, we have shown that

Fo(yt
im o(yt) =)/1/2.
110 Fo(—1)

This implies that
Fo(—st) . Fo(+yst) o
im =lim =5
10 Fo(=1) 110 Fo(+y1)

So the rescaled behavior of Fy to the left of zero is equal to the behavior of Fj to the right of
zero.
The rest of the proof is based on equation (3.3):

P(£(0) > a) = IP( inf (W +n"2rg /2 Fo(ras) — Cs)

—ral<s=<0

< inf (WS +n1/2ra_1/2F0(ras) — Cs)).

O<s<r,
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Here, W; is two-sided Brownian motion. Note that we can rewrite this equation as

P(f(O)za)zlP arg min (WS—I—nl/zr;l/zFo(ras)—Cs)50).

-1 -1
s€l—rq yrq ]

Using Lemma 2.3, we conclude that there exists a family of functions 7;(s) on [0, c0), such that
n; — 0 uniformly on compacta as t — 0, with

Fo(st) = s Fo(t) + n: (s) Fo(t)(t € R).
This shows that for s € [0, 00), we have
W, +n' 27 2 Foy(ras) — Cs = Wy + Cs® + Cre(s) — Cs
— W, +Cs* —Cs,

uniformly on compacta. For s € (—o0, 0], we have to be a bit more careful:

o
—-1/2 —12( T —-1/2
n 2 P Fo(ras) = n'ry Y (E) 151 Fo(=rp) +n'2ry 0, (IsIra/rp) Fo(=rs)

ra \* 12 1/2 ra\ V2 12 1/2
= <—> |s|%n / y b—l—(;) ne(|slra/rp)n / r,' b

Ty

— Cy* 1 2spe,

uniformly on compacta. We have shown that uniformly on compacta

W; + Cs* — Cs, for s >0,

1/2,—1/2 _
Ws+n''“r, ""Fy(rgs) — Cs — { W, + Cy“_1/2|s|°‘ _cs. for s < 0.

Now we wish to use Theorem 2.7 from [10], page 198. This theorem implies that the location

of the minimum of the process Wy + n'2r; 1/ 2Fo(ras) — Cs converges in distribution to the
location of the minimum of its limiting process, provided that this location is O, (1). To show
this last condition, we consider for M > 1

P( argmin (WS +n1/2r;1/2F0(ras) — Cs) > M)

sel—rg a1

< IP( inf (Wy +n1/2ra_1/2Fo(ras) - Cs) < ()).
s>M

Now we use that for n large enough, Fo(Mr,) > M®Fy(r,) — Fo(rg). So for s > M, using
convexity of Fp, we get

Fo(sra) > sFo(Mrg)/M > M* 'arys — arqs /M.
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Using this, we get
P( inf (W +n'2r 2 Fo(ras) = C5) <0) < P((inf (W + CM*~'s = Cs/M — Cs) <0).
s>M s>M

Clearly, this last probability goes to zero exponentially fast as M — 400, since o > 1. Now we
have to check the lower bound for the location of the minimum:

IP’( arg min (Ws +n1/2r;1/2F0(ras) — Cs) < —M)
sel—rg ' ra "l

< IP( inf (WS —}—nl/zra_lﬂFo(rus) - Cs) < O)
s<—M

< ]P)(Sillf;w(ws —Cs) < 0).

This last probability again goes to zero exponentially fast as M — 4-oc. This proves the theo-
rem for y > 0. When y =0, so r,/rp, — 0, the above reasoning goes through, except for the

convergence of the process Wy + nl/zra_l/2 Fo(rys) — Cs for s € (—o0, 0]. We need to show that
nl/zra_l/zFo(ras) — 0,

uniformly on compact subsets of (—oo, 0]. Fix a compact set [—M, 0] and choose n so large that
Mr, <rp. Then, for all s € [-M, 0],

—1/2 —1/2 r
n'2r 2 Fy(ras)) < n'/r, /Fo(—rb)|s|i

— 0.

Finally we need to prove the last statement. For this, we directly use equation (3.2):
P(f©) z0)=P(_inf (n7'2W,+ Fon) = inf (n™'W; + Fo@)).
—1<t<0 0<r<l

Now we take the usual rescaling, replacing ¢ with r,s and multiplying with r, /2,

P(A@=z0)=P( inf (Wy+n'rg PRotran) = inf (W 40" Fotras)) ).

—1 —
—rg <s<0 O<s<rq

Choose n large such that r, > r,. Then if s < —rp/r,, we have Fo(rgs) > |s|Fo(—rp)ra/Tp,
whereas if —rp/r, <s <0, we still have that Fy(r,s) > 0, so

R 12
P(f(0) > 0) < IP( inf (WS n (r—> C|s|> < inf W, + Cs>
—ra' <s<—rp/rq b O<s=l

—HP’( inf W, < inf WS+Cs>.
0<s<l

—1p/1a<s=<0
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Since r,/rp, — 400, these two probabilities clearly go to zero, since info<s<1 W5 + Cs < 0 with
probability 1. Note that for this last result, we do not need any other assumptions on Fy. U

We introduce the auxiliary function Go and Hy on a full neighborhood of 0: fix § > 0 and for

te(=4,9)
Go() = Fo()/t and  Ho(@) =1,/1G5" (1)].

We have that both G and Hj are strictly increasing functions on (—§, §). We also know that the
rate equations (3.1) imply that

Ho(@)=Cn~Y? and Hy(—b)=—Cn~ /2.

Corollary 4.2. Suppose Conditions (4.1) and (4.2). If Wy (s € R) denotes two-sided standard
Brownian motion, define the process

w459, fors >0,
X(s)_{Ws+)/a]/2|S|a, forst,

and the process X(s) as the greatest convex minorant of X. Then

120 0 2 d d_X @ Qa—1)/Qa—2)
n'“Hy(f(0)) —> sgn 5 (0) - 0)

Here, sgn(x) denotes the sign of x € R.
Proof. We start by considering P(n'/2Hy(f(0)) > C), for C > 0. We get
P(n'/?Ho(f(0)) = C) = P(f(0) = a)
— B(inf(W, + Cy*~2Isl* = Co) < inf (W +Cls|* = C)).

according to Theorem 4.1. Now replace s by C* (=20 multiply left and right by ¢ ~1/(1~20)

and use Brownian scaling to get
P(n'/>Ho(f(0) = C)

N IP’(inf(Ws + ya—1/2|s|a _ C(Za—2)/(2a—1)s) < inf(Ws +lsle — C(Za—Z)/(Za—])s))‘
s<0 s>0

Using the switch relation for the greatest convex minorant, we see that

P(n'/?Ho(f(0) = C) — P(i—X(O) > c<2“>/<2“1>>
S

dx ax Qu—1)/(2e—2)
= P| sgn{ —(0) )|—(0) >C).
ds ds
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When y = 0, the proof is finished, since in that case

dX
P(a(0)20> =1.

Now suppose y > 0. We have seen in the proof of Theorem 4.1 that the scaling of Fy to the left
of 0 is the same as the scaling to the right, so for all s >0

Fo(st)
m =
t—0 Fp(t)

o

Consider for C > 0
P(n'/?Ho(f(0) < —C) = P(f(0) < —b)

= ]P’(inf(Ws + Cy 12159 _ Cy) < inf(W, + Cls|* — Cs)),
s<0 s>0

using Theorem 4.1 for the left-hand side of the origin (that is, interchange a and b and replace y
with 1/y). Now replace s with —y C%/(1=2® g multiply left and right by y ~1/2C~1/(0-20) and
use Brownian scaling to get

P(n'/?Ho(f(0)) < —C)

N ]P’(inf(WS +s|* +C(2a72)/(2a71)s) < inf(Ws 4y 12)gp +C(2a72)/(2a71)s)>'
s>0 s<0

Note that the two infima have switched sides because of the scaling with a negative constant.
Again, using the switch relation, we get

P(n'/*Ho(f (0)) = =C) — P(Z—Xm) < —c@“—”/@“—“)
N

ax ax QRa—1)/(2a—2)
= P{sgn{ —(0) || —(0) <-C).
ds ds

This proves the corollary. O

The condition that Fj is regularly varying around 0 with parameter « > 1 implies that the
function Hy is regularly varying around O with parameter § = Qo — 1)/(2a — 2); so for all
s>0

Hy(st) B
m =s5".
t—0 Hy(t)

It is well known from the theory of regularly varying functions that this limit is uniform for
s €[1/M, M], for any M > 1. This will help us prove the next corollary.
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Corollary 4.3. With the conditions and notations from Corollary 4.2, we can show that

70 dX F(0)_ dX
77’:( )_+1/2 N 2 O+ and —f:( ) e LN 70—
Ho (n ) S _H() (=n ) §
Proof. We wish to show that
Ho(£(0)) |H! FO)n—1/2y |8 .
0 O) |\ Hy Gent/ODn D A0y 1 inprobability.  (4.3)

nif2 £
Suppose 1 > 0. Using Corollary 4.2, there exists M > 1 such that for all n large enough
P(Ho(f(0)) € [-n~"*M, —n=" 2/ M1U[n =2 /M 0= 2 M]) = 1 — .
If Ho(f(0)) € [n="/2/M,n="/2 M, we know that

Hy ') o) Hy ')
Hy'(n='2) ~ Hy'a12) T Hy'(12)

Since H, Uis regularly varying around O with parameter 1/8, we then know that for n large
enough,

Ly o SO s

20 T H e T

A similar reasoning shows that if Ho(f(O)) e[-n~12/M, —n=1/2M], then for n large enough,
1

Yy SO e
20 T Hg (T

Now consider

12 Ho (£ (0)) = sgn( £ (0)) H <H1 F(0)n~ /2 f(AO) )
n 0(f(0)) = sgn(f () Ho| Hy " (sgn(f (O)n )Hofl(sgn(f(o))nfl/z)

/ Ho(Hy ! sgn(f@)n~"/2).

Since Hy(st)/Hoy(t) — s? uniform for s in compact subsets of (0, c0), we can conclude with
probability higher than 1 — 7, that for n large enough,

02 Ho( £ (0)) sgn<f<0>)( /O )ﬁ‘ <n/M
Hy ' (sgn(f(0)n=1/2)

and

In'2Ho (£ (0))| > 1/M.
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This proves (4.3). Corollary 4.2 then immediately shows that

sen(/O)F© 4 dX
Hy '(sgn(f (0))n=1/2 ds =7
o (sen(fO)n1/2)

This can be written in a nicer way when we look at f (0)4+ and f 0)_:

fO+  a dX

—Ho_l 172 a(O)JF

and

f)- —d>§(0)
—H()_l(—n—l/z) ds 77 O

Suppose fp is differentiable in 0 with f;j(0) > 0. Then

Fo(st) S22 f3(0)/2+0(®)
Fot) — 12f5(0)/2+o(t?)

(t—0).

Furthermore, G (1) = Fy(t)/t = %f(; (0)t + o(r), which implies that Gal nH=2f )"t +o(r),
)

Ho(t) = V2£50) 72632 1 o(s3/?).

This means that
1 1 1/3
Hy'(n™1%) = <§f6(0)> n~ B om™13.

Define X (s) = W, +52, with W, two-sided Brownian motion, and define X as the greatest convex
minorant of X. Then Corollary 4.3 tells us that

1, NP . a4 dX
<5fo(0>) n' f(0) — O

in accordance with the classical result by Brunk in [1], when translated to the white noise model,
except that we do not need a continuous derivative of fj in a neighborhood of 0, we just need
the existence of the derivative in 0. Also the limit distributions derived in [15], where fo(x) =
Alx]*(1 4 o(x)), follow from our general approach. Note that even when Fy is regularly varying
near 0, it is still possible to have rates that contain slowly varying functions, like logarithmic
corrections; apparently, these corrections do not change the limiting distribution itself, only the
rate.
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