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In this paper, we prove maximal inequalities and study the functional central limit theorem for the partial
sums of linear processes generated by dependent innovations. Due to the general weights, these processes
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dependent) time series.
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1. Introduction and notation

Without loss of generality, we assume that all the strictly stationary sequences (&;);cz considered
in this paper are given by & = &y o T, where T :Q > Q is a bijective bimeasurable transfor-
mation preserving the probability P on (€2, .A). We denote by Z the o -algebra of all T'-invariant
sets. For a subfield Fy satisfying Fo € T~ (Fp), let F; = T~ (Fp). Let F_oo = (>0 F—n and
Foo= \/keZ Fi. The sequence (F;);cz will be called a stationary filtration. We also assume that
& is regular, that is, E(&9| F_o0) = 0 and & is Foo-measurable. On L2, we define the projection
operator P; by

Pi(Y)= E(Y|.7:j) — E(Y|.7:j_1).

For any random variable Y, ||Y||, denotes the norm in L.

Recall that the linear process Xy = >,z ai&k—; is well defined in L? for any (a;);cz in €2
(ie., Zi <z al.2 < 00) if and only if the stationary sequence (&;);cz has a bounded spectral density.
Let S, =X1+---+X,and ¢, j =a1—j + -+ a,—;. In the case where & is Fo-measurable,
Peligrad and Utev [19] have proven that if the sequence (;);cz satisfies an appropriate weak
dependence condition, then
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converges in distribution to /7N, where 7 is a non-negative Z-measurable random variable and
N is a standard normal random variable independent of 5. Their result extends the classical result
of Ibragimov [12] from i.i.d. &;’s to the case of weakly dependent sequences. In particular, the
result applies if

D NIPoED 2 < oo (1)
ieZ
Note that if this condition is satisfied, then the series ) ;. [E(§0&k)| converges. Indeed, since
& =Yz Pi(&) and since E(P; (&) Pj(&)) =0 if i # j, it follows that for any k € Z,

[Eo&)| < | D _E(Pi(€0) Pi (&)

ieZ

< Y IPoED 2l PoErsi) 12

i€l

so that ZkeZ [E(&oér)| < (ZieZ | PO(E,-)||2)2. In addition, under condition (1), the non-negative
random variable 7 satisfies n = Y, .7 E(§0ék|7).

Condition (1) was introduced by Hannan [9], and by Heyde [10] in a slightly weaker form,
and is well adapted to the analysis of time series (see, in particular, the application to time series
regression given in the paper by Hannan [9]). As we shall see in our Remark 3.3, condition (1)
is also satisfied if

') 1 o0 1
; WHE@M?O)HZ <oo and 2:; ﬁnsfn —E(¢-nlFo)ll2 < o0, @

which is weaker than the condition introduced by Gordin [7]. If &y is Fp-measurable, then condi-
tion (2) leads to interesting new conditions for weakly dependent sequences and can be success-
fully applied to functions of dynamical systems (see [19], Section 3, and [4], Section 6, for more
details).

A natural question is now: what can we say about the weak convergence of the partial sum
process

-1/2
{(Zci]) Siury» € [0, 1]} 3)
J€EZL
in the space D([0, 1]) of cadlag functions equipped with the uniform topology? Due to the results
of Davydov [3] for i.i.d. &;’s, we know that the question is not as simple as for the central limit
question and that the limiting process (when it exists) depends on the behavior of the normalizing
sequence v,% => jez cz’ j- More precisely, if (1) holds and if there exists 8 € ]0, 2] such that

2
v

for any ¢ €10, 1] lim ["2” =P, 4)
n—-o00 v

n

then we show in Theorems 3.1 and 3.2 that the finite-dimensional marginals of the process (3)
converge in distribution to those of ,/nWpg, where Wy is a fractional Brownian motion, inde-
pendent of 5, with Hurst index H = /2. The question is now: under what conditions can we
obtain the tightness in D([0, 1])?
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In Theorem 3.1 of Section 3.1, we show that if 8 €]1, 2], then condition (1) is sufficient for
weak convergence in D([0, 1]). If 8 €]0, 1], we point out in Theorem 3.1 that the convergence
in D([0, 1]) holds if (1) is replaced by the stronger condition

D PNy <00 forg >2/B. )

i€l

As a matter of fact, for 8 = 1, it is known from counterexamples given in [29] and [16] that
if the sequence (&;);cz is i.i.d. with E(ég) < 00, then the weak invariance principle may not be
true for the partial sums of the linear process, so a reinforcement of (1) is necessary. The case
B =1, where Wy, is a standard Brownian motion, is of special interest and is known as the
weakly dependent case. In that case, we point out in Section 3.2 that if we impose some addi-
tional assumptions on (a;);cz, then condition (1) is sufficient for the weak invariance principle
(Comments 3.1 and 3.2) or may be reinforced in a weaker way than (5) (Theorem 3.3).

Note that, with the notation above, the sum S, may be written as

Sp = ch,iSi- (6)

ieZ

Consequently, to prove our main theorems, in Section 2, we give two preliminary results for linear
statistics of type (6): first, a moment inequality given in Proposition 2.1 and, next, a martingale
approximation result given in Proposition 2.2, which enables us to go back to the standard case
where the &;’s are martingale differences. Both results are given in terms of Orlicz norms.

Our results provide, besides the invariance principles, estimates of the maximums of partial
sums that make them appealing to the study of statistics involving linear processes. In Section 4,
we apply our results to the so-called isotonic regression problem

k
yk=¢<;>—|—Xk, k=1,2,...,n, @)

where ¢ is non-decreasing and the error X is a linear process. We follow the general scheme
given in [1], who showed that in the context of dependent errors, the main tools to obtain the
asymptotic distribution of the isotonic estimator  are the convergence in D([0, 1]) of the partial
sum process defined in (3) and a suitable maximal inequality for the rescaled stochastic term
(see their condition (14)). Zhao and Woodroofe [30] shed light on the fact that, in addition to the
weak invariance principle, it is, in fact, enough to prove a suitable maximal inequality directly on
the partial sums of the error process. As in [1], the rate of convergence of ¢3 is determined by the
asymptotic behavior of the normalizing sequence v,zl =Y jez Ci, j and the limiting distribution
depends on the limiting process Wy .

2. Moment inequalities and martingale approximation for

Orlicz norms

For W:R; — R, a Young function (convex, increasing, ¥ (0) = 0 and limy_, oo ¥ (x) = 00),
we denote by Ly the Orlicz space defined as the space of all random variables X such that
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EV¥(]X|/c) < oo for some ¢ > 0. It is a Banach space for the norm
I Xllw =inf{c > 0, EW(|X]|/c) < 1}.

Note that if W(x) =x7, 1 < g < o0, then Ly = L9.

Let us also introduce the following class of functions (see [5], page 60). For o > 0, the class
A, consists of functions ®:R; — R, where ®(0) =0, ® is non-decreasing continuous and
such that

D (cx) <c*P(x) forallc>2,x >0.

We also denote by C(A,) the class of functions W such that W is a Young function in .4, and
x — W(4/x) is a convex function.

Proposition 2.1. Let {Yi}rez be a sequence of random variables such that for all k, E(Y|
F—_s0) = 0 almost surely and Yy is Fo-measurable. Let ¥ be a function in C(Ay). Assume
that

o
1P j(Y)llw < pj and Dy:= Y p;<oc.
j=—o00

For any positive integer m, let {cyy,j} jez be a sequence in Iz Define S, = ZjeZ Cm,jY;j. Then,
for all m > 1, there exists a positive constant Cy, depending only on o, such that

1/2
[Smllw < Co Dy <Zci, j) : 8)
jeZ

Remark 2.1. Using the notation of the above proposition, we get, for the special function W (x) =
x4 with g € [2, oo[, the following moment inequality. Assume that

o0
1Pe—j(Y)llg <pj and Dyi= Y pj<oo.

j=—00
Then, for any m > 1,

1/2

ISnlly < Cq (Zcfn,,-) Dy,
jeZ

where C¢ = 18¢3/2/(q — 1)'/2.

Forall j€Z,letd; = > ccz, Pi(&e). Clearly, (d}) jez is a stationary sequence of martingale
differences with respect to the filtration (F;) jez.
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Proposition 2.2. For any positive integer n, let {c, ; }icz be a sequence in 2. Let W be a function
in C(Ay). IijeZ | Po(Ej)llw < oo, then we have the following martingale-difference approxi-
mation: for any positive integer m, there exists a positive constant Cy, depending only on «, such
that

D enilEi —di)

ieZ

1/2
szca<2c,%,,.) > IPED N
v

ieZ |k|=m

1/2
+3cam<2(cn,,~—cn,,_1)2> D PGl

jeZ JjezZ

Corollary 2.1. Let (a;)icz be a sequence of real numbers in 02, Let W be a function in C(Ay).
Assume that &y € Ly and Zj | Po(j)llw < oo. Let Xy = Zjezajék—j and Yy = ZjeZajdk—j'
Set Sy = y_1 X and T, = Y_y_, Yi. Then, for any positive m, there exist positive constants
Cy and C; such that

1Sy = Tullw < Crvw Y I1PoE)llw + Cam, ©)

[k|=m

2 _ 2 R . .
where v;; _Zjelcn,j andcpj=ai—j+ - +an_;j.

Proof. We apply Proposition 2.2 by noting that S, — T, =Y jez Cn,j(§j — dj) and that

Z(Cn,j - Cn,j—1)2 < 426!?-
jez. jez 0

Using the Orlicz norms, we give the following maximal inequality, which is a refinement of
inequality (6) in [27], Proposition 1.

Lemma 2.1. Let ¥ be a Young function. Let p > 1 and write W, (x) for W(x?). Let (Y;)1<; <o~
be a strictly stationary sequence of random variables such that ||Y1|lw, < 0o. Let S, = Y1 +
-« +Y,. Then

1<m<2N

N
| max |Sm|Hp§Z||52L||q,1,(w—1(2N—L))1/P.
L=0

Remark 2.2. Clearly, we can take W(x) = x in Lemma 2.1. Hence, in the stationary case, we
recover the inequality (6) in [27].
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3. Invariance principle for linear processes

In this section, we shall focus on the weak invariance principle for linear processes. Let (a;)icz
be a sequence of real numbers in £2. Let

[nt]

Xp=Y aif—i and Spn=)_ X (10)
ieZ k=1
and
v%:Zcﬁ’j, where ¢, j=aj_;+---+an_j. (11)
Jjez

The behavior of the process {Sp.1, ¢ € [0, 1]}, properly normalized, strongly depends on the be-
havior of the sequence (a;);cz.

In the next two sections, we treat separately the case where the limit process is a mixture of
fractional Brownian motions and the case where it is a mixture of standard Brownian motions.

3.1. Convergence to a mixture of fractional Brownian motions

Definition 3.1. We say that a positive sequence (v%)nz 1 is regularly varying with exponent 8 > 0
if, forany t €10, 1],
2
B L) asn — oQ. (12)

2
U

We shall separate the case 8 €]1, 2] from the case § €]0, 1].

Theorem 3.1. Let (a;);cz be in 2. Let B €11, 2] and assume that v,% defined by (11) is regularly
varying with exponent B. Let &y be a regular random variable such that ||&y||2 < oo and let §; =
&o T'. Assume that condition (1) is satisfied. The process {vn_1 Sine1. t €10, 1]} then converges in
D([0, 1]) to \/nWy, where Wy is a standard fractional Brownian motion independent of n with
Hurst index H = B/2,n =", .7 E(&0&k|Z) and there exists a positive constant C (not depending
on n) such that

E( max S,%) < CvZ. (13)

1<k=<n

Theorem 3.2. Let 8 €10, 1] and assume that v,% defined by (11) is regularly varying with expo-
nent B. Let & be a regular random variable such that ||&|> < oo and let & =&y o T'. Assume
that condition (1) is satisfied. The finite-dimensional distributions of {vn_lS[m],t € [0, 11} then
converge to the corresponding ones of \/nWn, where Wy is a standard fractional Brownian mo-
tion, independent of ), with Hurst index H = /2 and n =), .7 E(§0&k|Z). Assume, in addition,
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that for a q > 2/B, we have ||&|l; < oo and

D IPEN g < oo (14)

Jjez
Then the process {vn_lS[m],t € [0, 11} converges in D([0, 1]) to ./nWg and (13) holds.

Remark 3.1. According to Peligrad and Utev [19], Corollary 2, we have

Y P&

JEZ

Var(S,,) . Va4 + &)
lim = lim =y =

n— 00 v;; n—o00 n

2
2

Remark 3.2. In the context of Theorem 3.1, condition (12) is necessary for the conclusion of
this theorem (see [14]). This condition has also been imposed by Davydov [3] to study the weak
invariance principle of linear processes with i.i.d. innovations. To be more precise, Davydov
proved that if (12) holds and if &y € LY with ¢ > 4 and g > 4(1/8 — 1), then {vn_lS[m],t S

[0, 1]} converges in D([0, 1]) to /E(sg) Wg/2. Later, in the case 8 > 1, Konstantopoulos and
Sakhanenko [13] sharpened Davydov’s result, showing that the weak invariance principle holds
if the &;’s are i.i.d. and in L2

Example 1. For 0 <d < 1/2, let us consider the linear process Xy defined by

Xp=(1-B) &= aiii, (15)
i>0
where B is the lag operator, ag = 1, a¢; = % fori > 1 and (§;);cz is a strictly stationary
sequence satisfying the condition of Theorem 3.1. In this case, Theorem 3.1 applies with § =
2d + 1 since ax ~ (I'(d))~'k4=1.

Example 2. Now, consider the following choice of (ax)i>0:ap=1anda; = (i + 1) =i~ for
i > 1 with o €]0, 1/2[. Theorem 3.2 then applies. Indeed, for this choice, 1),2Z ~ /canl’z"‘, where

K 1S a positive constant depending on «.

Example 3. For the choice a; ~ i~“€(i), where ¢ is a slowly varying function at infinity and
1/2 <a < 1, we have v,zl ~ /can3_2°‘€2(n) (see, e.g., [26], relations (12)), where «, is a positive

constant depending on «.

Example 4. Finally, if a; ~ i ~'/?(logi)~® for some a > 1/2, then v2 ~ n*(logn)'=2%/(2a — 1)
(see [26], relations (12)). Hence, (12) is satisfied with § = 2.

For the sake of applications, we now give a sufficient condition for (14) to hold.
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Remark 3.3. For any g € [2, oo[, the condition (14) is satisfied if we assume that

e¢]

1 o 1
> 77 Bl Fo)llg < oo and ;M—/qnan—E@wWO)uq@a (16)

n=1

The fact that (16) implies (14) extends [19], Corollary 2, and also [4], Corollary 5, from the
case ¢ = 2 to more general situations.

For causal linear processes, Shao and Wu [23] also showed that the weak invariance princi-
ple holds under the condition (14), as long as the coefficients of the linear processes satisfy a
certain regularity condition. To be more precise, their condition on the coefficients of the linear
processes lead either to B > 1 or 8 < 1. For this last case, they specified the coefficients (a;);>0
as follows: for 1 <« <3/2, a; = j~%£(j) for j > 1 (where £(i) is a slowly varying function)
and Z?o:O aj =0 (see, e.g., their Lemma 4.1). For this choice, v,% is regularly varying with co-

efficient § =3 — 2« < 1. Our Theorem 3.2 does not require conditions on the coefficients, but
only the fact that the variance is regularly varying, which is a necessary condition.

3.2. Convergence to a mixture of Brownian motions

The case B = 1 deserves special attention. For this case, the limit is a mixture of Brownian
motions.

As an immediate consequence of Theorem 3.2, we formulate the following corollary for causal
linear processes, under a recent condition introduced by Wu and Woodroofe [29].

Corollary 3.1.' Let & be a regular random variable such that ||&|l; < oo for some q > 2 and
let & = &y o T'. Assume, in addition, that

> IPEN g < 0. (17)

JjeZ

Let (a;)icz be a sequence of real numbers in 02 such that a; = 0 fori < 0. Let bj=ag+---+aj.
Define (Xi)k>1 as above and assume that

n—1
Zb,%—>oo asn — oo, (18)
k=0
and that
00 n—1
> (buyj—b))? =o(Zb,§). (19)
j=0 k=0

Then v,2, ~ nh(n), where h(n) is a slowly varying function. Moreover, the process {vn_lS[m], te
[0, 11} converges in D([0,1]) to /W, where W is a standard Brownian motion, independent
of n,and n =7y, 7 E(60&I|Z). In addition, (13) holds.
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To prove this result, it suffices to apply Theorem 3.2 and to use the fact that under (18) and
(19), v% ~ nh(n) (see [29]). Under the same conditions (18) and (19), Wu and Min [28], in
their Theorem 1, also proved the weak invariance principle, but under the stronger condition
> >0 JIIPo(¢j)ll4 < oo (in their paper, the random variables &; are adapted to the filtration F ;).

Remark 3.4. The above result fails if, in (17), we take g = 2; see [29] and also [16], Example 1,
page 657.

Let us make some comments on the case where the condition (1) is sufficient for weak conver-
gence to the Brownian motion with the normalization /n. The first case is already known and
the second case deserves a short proof.

Comment 3.1. When ) ;_y la;| < oo (the short memory case) and condition (1) is satisfied,
one can use the result from [18] in the adapted case, showing that the invariance principle for
the linear process is inherited from the innovations at no extra cost. For this case, the process
{n’l/zS[m],t € [0, 11} converges in distribution in D([0, 1]) to /nW, where W is a standard
Brownian motion, independent of 1, and n = A? Y kez E(60&|T) with A =)"; _y a;. Moreover,
E(max<i<n S,%) < Cn. See [4], Corollaries 2 and 3, for the non-adapted case.

Comment 3.2. Let (a;)icz in €* and assume that the series Y icz ai converges (meaning that
the two series Zizo a; and Zi<0 a; converge) and Heyde’s [11] condition (H) holds:

(H) Z(Zak)2<oo and i(Z ak>2<oo.

n=1 “k>n n=1 “k<—n

Assume, also, that condition (1) is satisfied. The same conclusion as in Comment 3.1 then holds.

Example 5. Heyde’s condition allows the following possibility: ),z la;| = oo, but Y,z a;
converges. For instance, if, for n < 0, a, =0 and, for n > 1, a, = (—1)"u,, for some sequence
(un)n>1 of positive coefficients decreasing to zero such that Zn>1 u, = oo, then condition (H)
is satisfied as soon as }_,_,u2 < oo, which is a minimal condition. It is noteworthy to indicate
that Heyde’s condition implies (19).

Now, if Y jez |aj| = oo and (H) does not hold, then condition (17) may still be weakened in
some particular cases. The following result generalizes Corollary 4 in [4] to the case where the
innovations of the linear process are not necessarily martingale difference sequences. We write

n 2
s,3=n(za,-> ) (20)

i=—n
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Theorem 3.3. Let (a;)icz, be a sequence of real numbers in €2, but not in £', and let s,% be
defined by (20). Define (Xy)i>1 as above and assume that

n n
. a;
lim sup M <oo and E E a? = o(sp). 1)

n
nco | Xz —n il k=1\ li|=k

If one of the following two conditions holds,
(a) Z | PoEj)lIw,, < o0, where W3 o (x) = x2 log®(1 +xHand a > 2,
JjEZL
or
(b) Zlog(l +1jDIIPo(§))ll2 < o0,
JjEL

then {sn_l Sint)» t € [0, 11} converges weakly in D([0, 1]) to ./nW, where W is a standard Brown-
ian motion, independent of 1, and n =" ., E(0&|Z). In addition, there exists a positive con-
stant C (not depending on n) such that

E( max S,f) <Cs2, 22)

1<k<n
Remark 3.5. For two positive sequences of numbers, the notation u#, ~ v, means that
lim,,— o0 4, /v, = 1. According to [4], Remark 12, we have that

2 2
s, ~ v, ~nh(n),

where h(n) is a slowly varying function at infinity. In addition, if we assume the first part of

condition (21) and ZjeZ laj| = oo, then we get that s, //n — 00 as n — o0o.

Example 6. Consider the following choice of (ag)iez: ao = 1 and a; = 1/]i| for i % 0. Then
Theorem 3.3 applies. Indeed, for this choice, condition (21) holds and s, ~ 2./n(logn).

We now give a useful sufficient condition for the validity of condition (b) of Theorem 3.3.

Remark 3.6. Condition (b) of Theorem 3.3 is satisfied if we assume that

o0

S logn IIE(éiz/I;o)llz <o and Y logn - — E\(/Eﬁ—nlfo)llz - o, 23)

n=1 n=1

4. Application to isotonic regression

Let ¢ be a non-decreasing function on the unit interval and let

k
yk=¢(—>+Xk, k=1,2,....n, 24)
n
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where (Xy) is a strictly stationary sequence of random variables such that E(X;) = 0 and
E(X ,%) < 00. The problem is then to estimate ¢ in a nonparametric way. We write S, = ;_; Xi.

Taking advantage of the monotonicity of the regression function, isotonic estimates have been
suggested. Let uy = ¢ (k/n). It is well known that the least-squares estimator

n
= argmin{Z(yk — )t << un}
k=1

is such that

. Yty
Mk = max min —————.
i<k jzk j—i+1

In addition, setting

1 [nt]

Yn(t)Z—( yk) and Y, = GCM(Y,),

n
k=1

where GCM designates the greatest convex minorant, we have

~ a4 k
mie=1Y, ; )

where the derivative in taken on the left (see [21]). Now, let qASn(-) be the left-continuous step
function on [0, 1] such that qgn(k/n) = [1; at the knots k/n fork=1,...,n.

When the error process (Xj) in the model (24) is short-range dependent and satisfies suitable
weak dependence conditions, Zhao and Woodroofe [30] have obtained the asymptotic behav-
ior of ¢, (¢). In their paper, an application to global warming is given. Some other situations
are considered in [1]: in their Theorem 3(iii), they consider the case where (Xj) can exhibit
long-range dependence and they assume that Xy is a function of a Gaussian process such that its
Hermite polynomial expansion is of rank greater than one. When no shape assumption is imposed
on the regression function, nonparametric regression analysis when data can exhibit long-range
dependence has been also studied by other authors (see, e.g., [22] or, more recently, Gao and
Wang [6] wherein random designs are introduced in the nonparametric trend model). The moti-
vation for studying such models is that, in order to avoid misrepresenting the mean function or
the conditional mean function of long-range dependent data, one should let the data “speak for
themselves” in terms of specifying the true form of the mean function or the conditional mean
function. Situations where the error process (Xy) in the model (24) is long-range dependent
often occur when considering financial or climatological time series. For instance, the annual
series of winter means of the NAO index (North Atlantic Oscillation index) exhibits long-range
dependence (see [24]) and also an increasing trend for the last decade (which can possibly be
explained by global warming). Concerning financial time series, we refer to the paper by Pesee
[20], where daily exchange rate data are studied. For instance, the daily changes of the US dol-
lar against the Deutsche Mark constitute a financial series that exhibits long-range dependence
with a long period of monotonic trend. For other data examples of long-memory processes, we
refer to the book by Beran [2]. In particular, concerning the monthly temperature for the northern
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hemisphere, Beran suggests (page 29 of his book) that the series could be long-range dependent
(see his Figure 1.12a—c, page 31).

The aim of this section, then, is to derive the asymptotic behavior of 43,, (t) when Xj is a
linear process which can exhibit short or long memory. Recall that, by the well-known Wold
decomposition, a stationary process in L? that is purely non-deterministic and such that its one-
step mean squared error is positive can be represented by a linear process generated by orthogonal
random variables.

As is implicitly mentioned in [1] and elucidated in [30], the two main tools to obtain the
asymptotic behavior of $n(t) are a weak invariance principle for the partial sums process
{Sins, t € [0, 11}, properly normalized, and a suitable moment inequality for max;<x<, S,f.

Theorem 4.1. Let (a;);cz and (&;)icz be as in Comments 3.1 or 3.2. Let us consider the
model (24) with X}, defined by (10). For any t € (0, 1) such that ¢'(t) > 0,

P (o) — (1)) = (vu)* argmin{B(s) + 52 5 € R},

where B denotes a standard two-sided Brownian motion independent of n, n =) ;.7 E(§0&k|T)
and k =2(3A%¢'(1)'/3 with A = Y jezaj-

Let B €]0, 2] and let & be a slowly varying function at infinity. Now, let

1 1/2
o) = () =

and note that L(x) is also a slowly varying function at infinity. Denote by L* the asymptotic
conjugate of L, which means that L* satisfies

lim L*()L(eL*(x)) = 1. (26)

Then define

d, on), where £(n) = (L*(n))*/ 4P, 27

T LC—B)/G—B)

Theorem 4.2. Let (a;);icz and (&;)icz be as in Theorem 3.3. For 8 = 1 and h(n) = | Z?:—n a; |2,
let d,, be defined by (27). Let us consider the model (24) with Xy defined by (10). Foranyt € (0, 1)
such that ¢'(t) > 0,

d 'k () — (1) = (\/ﬁ)z/3 argmin{B(s) + s>, s € R},

where B denotes a standard two-sided Brownian motion independent of n, 1 =), .z E(§0&k|7)
and k =2(3¢' ()3,

Example 7. In the case of the linear process defined in Example 6, Theorem 4.2 applies with
d, =n"13@41n(n)/3)*3.
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Theorem 4.3. Let (a;)icz and (&)icz be as in Theorem 3.1 or 3.2 for some B €]0,2[. By
assumption, v,% defined by (11) is regularly varying with exponent B. For this B and for
h(n) = v,%n_ﬁ, let d,, be defined by (27). Let us consider the model (24) with X defined by
(10). Then, for any t € (0, 1) such that ¢'(t) > 0, we have

a7 (G — @) = (vi)'®" argmin{By () + 5%, 5 € R},

where By denotes a standard two-sided fractional Brownian motion, independent of 1, with
Hurst index H = B/2, n = Y 1.7 E&&k|Z) and where the constant kg is given by kg =
2 (1) )2) 2P/ E=P)

Example 8. In the case of the linear process defined in Example 1, Theorem 4.3 applies with
B=2d+ 1 and d, = tgn172D/B=2d) \where 1, is a positive constant depending only on d.

Proofs of Theorems 4.1-4.3. For any 7 € (0, 1) and any s € [—td7 Y, d-1(1 = 0)], let

Zu(s) = dy > (Ya(t + dus) = Yo (1) = §(1)dys).

Then d,; 1((]3,, ) —od@) = Z, (0), the left-hand derivative of the GCM of Z,, at s = 0. Hence,
the key for establishing the result is the study of the GCM of the process Z,,. This can be done
by following the arguments given in [1], Section 3, and also in [30]. More precisely, a careful
analysis of the proofs given in both of these papers shows that the following lemma is valid.

Lemma 4.1. Assume that there exists a positive sequence m, — oo satisfying, for any t > 0,
Mg/ 1y —> 19, where H €10, 1[, (28)

and such that:

(1) the process {m;lS[m], t € [0, 1]} converges in D([0, 1]) to ./nWu, where n is a positive
random variable and Wy is a standard fractional Brownian motion (with Hurst index H)
independent of n;

(2) E(maxj<g<, S7) < Cm32.

Then, for any positive sequence d, — 0 such that nd, — oo and dn_2”_1m[nd,,] — 1, and for any
t €(0, 1) such that ¢'(t) > 0,

a7k (G —0)) = (vi)"/® ™ argmin(By (s) + 5%, s €R},

where By () denotes a standard two-sided fractional Brownian motion, independent of 1, with
Hurst index H €10, 1[ and kyp = 2(¢/(¢) /2) 1)/ C@=H)

Proof. We proceed as in the proof of Anevski and Hossjer [1], Theorem 3. The main point
is then to verify their assumptions A1-A7 in order to apply their Corollary 1. Since nd, —
00, assumption A2 follows from the arguments given in the proof of Anevski and Hossjer [1],
Theorem 3(i). By the properties of our limiting process, /nWg, the assumptions A5 and A7
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are satisfied. Now, if assumption Al holds, then, by Anevski and Hossjer [1], Proposition 2,
and the properties of the fractional Brownian motion, assumption A6 also holds. Note that their
Proposition 2 allows the continuous mapping theorem to be applied to the functional ~ from
D[—c, c] (the space of cadlag functions on [—c, c]) to R, defined as the left-hand derivative of
GCM(x) at 0. To verify their assumptions A3 and A4, it suffices to apply their Proposition 1.
According to the proofs of their Lemmas B1 and B2, the condition (14) of their Proposition 1 is
satisfied as soon as their condition (87) and our condition (28) are. Now, their condition (87) is
clearly satisfied provided item 2 of Lemma 4.1 holds.
It remains to prove [1], assumption A1, namely, that the process

{nd, Spua,n. t € 10,11}

converges in D[0, 1] to ./nWg, where 7 is a positive random variable and Wy is a standard
fractional Brownian motion (with Hurst index H), independent of 5. This holds by item 1 of
Lemma 4.1 and the fact that d, >n~'m[,4,; — 1. This completes the proof of Lemma 4.1. g

We go back to the proofs of Theorems 4.1-4.3. Note that the conditions of items 1 and 2 are
clearly satisfied by using either Comment 3.1 or 3.2 (with m,, = 4/n), either Theorem 3.3 (with
my, = /1| Z:'l:—n a;|) or Theorem 3.1 or 3.2 (with m, = v,). In addition, in all these situations,
we have that m, = (n?h(n))!'/? and the selection of d,, leads to

dn_zn_lm[,,dn] ~ d,ﬁﬁ‘4)/2n<f’—2>/2 h(ndy,)
~ (L) (L ()Y 48

~ (L*(n)) N (LmL*(n)) ™,

which converges to 1 by (26). (]

5. Proofs

5.1. Proof of Proposition 2.1

Without loss of generality, we shall assume that Dy = 1 and ) jez crzn j= 1 since, otherwise,

we can divide each coefficient ¢, ; by o jez crzn, j)l/ 2 and each variable by Dy. Start with the
decomposition

Y, = Z P j(Yy) = Z PiPi—iY)/pj.

j=—o00 j=—00

Then

o
Sm = Z Dj Zcm,kPk—j(Yk)/pj-

j=—o00 keZ
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By using the facts that W is convex and non-decreasing, and p; > O with 3, ., pj = Dy =1,
we obtain that

Consider the martingale difference Uy = ¢k Px—j(Yx)/pj, k € Z. By Burkholder’s inequality
(see [5], Theorem 6.6.2), we obtain that

o

where K, is a constant depending only on «. Let ®(x) = W(,/x). Since ® is convex and
Y kez Ci’k =1, it follows that

B

> emukPiej(Yo)/pj

keZ

EU(S,)< > ij¢<

j=—00

Zcm,kpk—j(yk)/pj

keZ

1/2
) < KQEW<<Zc,%LkP,3 ,-(Y@/p?) )

kel

D emiPj(Yi)/pj

keZ

) < K E® (Z cfn,kP,f_,(Yk)/ﬁ)

kel

<KoY cp E®(PL;(Y0)/p3)
keZ

<Ko ) e E(W (1P (Y0/p)))-
kel

Therefore,
o
EV(SuD) <Ka ) ey D PiE(Y(IP—;(YDI/p))).
kel j=—00

Now, note that ||P—;(Yx)|ly < pj, so using the fact that Zkezcik =1 and Dy =
Z?’;_m pj =1, we get

EV(|Sn]) < K

and hence the desired result.

5.2. Proof of Proposition 2.2

Fix a positive integer m and define

2m—2 m—1

om= Y. Y. Pi&) and 0j,=6moT’.

k=0 i=k—m+1
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Observe that, by stationarity,

2m—2  m—1
lOomllw=| > Y PE| <2m) [IPE)lw <oo.
k=0 i=k—m+1 4 ieZ
Simple computations lead to the decomposition
m—1 2m—1
> PiE) = Y Pu(E) =60m —O1m.
i=—m+1 =1
implying that
f0 - <Z Po@k)) o T" =00 —O1m + Y Pi(E0) - ( > Po(ék)> oT".
k li|=m [k|=m

With our notation (do =), Po(&)), we obtain
gy —do=dooT" —do+00m—01m+ Y Pi(ko)— ( > Po(Ek)) oT™. (29
li|>m |k|=m

By stationarity, we obtain similar decompositions for each &; — d;. We shall treat the terms from
the error of approximation ZieZ cn,i (§ — d;) separately. First, note that

) )
Ry := Z Cp,j(djo T" —dj) = Z (Cn,j—m — cn, j)d;
j=—00 j=—00
m—1 oo
= Z Z (Cn,j—k—1—Cn,j-1)d;-
k=0 j=—00

According to Proposition 2.1,

00 1/2
IRl SCam||d0||w< > (en —cn,j_l)Z) .

j=—00
To treat the second difference in the error, note that

o0

00
Ry = Z Cn,i(ei,m - 9i+1,m) = Z (Cn,i - Cn,i—l)ei,m-

i=—00 i=—00
By the definition of 6y ,,, we have that

2m—-2 m—1

DTUPiGomlw < D> D0 D IPPED) -

jez k=0 i=k—m+1 jeZ
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Now, P;(P;(f)) =0 for j #1i. It follows that

2m—2 m—1 m—1
STUPGomlle = > Y IPEw<@m—1) > [PoE)lw
J€EZL k=0 ¢=k—m+1 l=—m+1

and, by Proposition 2.1, we conclude that
00 172
IR2llw < 2cam< > (enj— cn,,;_1>2) D IPoED -
j:—oo LeZ

For the term R3 := ) o

i=—00

C”J'(lelzm Pj(&p)) o T we apply Proposition 2.1 to get

00 1/2
||R3||\psca< > c,%,i) D IPiE)llw.

i=—00 lj1=m

To deal with the last term Ry := Z?i_oo Cn,i(Z\k\zm Py(&r)) o TmH  we again apply Proposi-
tion 2.1, which gives

00 1/2
||R4||wsca< > c,%,,) > 1P -

i=—00 [k|>m

Combining all the bounds, we obtain the desired approximation.

5.3. Proof of Lemma 2.1

For any m € [1, 2N, write m in base 2 as follows:
N .
m= Zb,- (m)2", where b; (m) = 0 or b;(m) = 1.
i=0

Setmp = 21N=L b; (m)2i. So, for any p > 1, we have

N p
|Sm? < (Z |Sm;, — Smm|> :
L=0

Hence, setting

oL

ap = Soellw, @' @YDV and A = 77—,
ZL:()“L
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we get, by convexity,
N
1—
|Sm|p =< ZAL p|SmL - SmL_H |p'
L=0

Now, mp # my41 only if by (m) =1 and, in that case, my = k2L with k,, odd. It follows that

N
1_
max [Sul? <Y A, F max Sior — So_or|”
L k2 (k—1)2
1<m<2N =0 1<k<2N-L k odd

Now, we apply [15], Lemma 11.3, to the variables

Skt = Sgyorl?

Zx r

, where A = [|S.[|w,,

and to the Young function W. Since

S
E(¥(Z1)) =E\1/,,<| j”) <1
and since W~ is concave, we get that, for any measurable set B,

L1
E(Zi1p) < P(B)¥ <—p(3))

so that the assumptions of Ledoux and Talagrand [15], Lemma 11.3, are satisfied. It follows that

E( max  |Spr — S(k,l)zLy”) < APYTIQN-Ly,
1<k<2N-L k odd

Finally, we conclude that
N p
E( max |S,|? ) < o ,
) =(3)

which is the desired result.

5.4. Proofs of Theorems 3.1 and 3.2

By the weak convergence theory of random functions, it suffices to establish the convergence
of the finite-dimensional distributions and the tightness of { vn_lS[m],t € [0, 1]}. For the finite-
dimensional distribution, we shall use the following proposition which was basically established
in [17,19].
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Proposition 5.1. Let {&;}rcz be a strictly stationary sequence of centered and regular random
variables in L? such that Zj | Po(€;)ll2 < oco. For any positive integer n, let {by, ;, —00 <1 < 00}
be a triangular array of numbers satisfying

Zb — 1 and Z(bn, buj-1)?> =0  asn— o0 (30)

and

sup by, j| — 0 asn — oo. 31D
j

Then {S, =) i bn,j&j} converges in distribution to /NN, where N is a standard Gaussian
random variable, independent of 1, and 1 =" .7 E(§0&k|1).

Proof. We give here the proof for completeness. By using Proposition 2.2, it suffices to prove
this proposition with d; = dy o T/ in place of &;, where dy = Zj Py(&;). Hence, we just have to
apply the central limit theorem for triangular arrays of martingales (see [8], Theorem 3.6). The
Lindeberg condition has been established by Peligrad and Utev [17], provided that condition (31)
and the first part of condition (30) are satisfied. Now, in the proof of Peligrad and Utev [19],
Proposition 4, it is established that (30) implies that

> by di— in probability as n — 0o,

which ends the proof of the proposition. |

We return to the proofs of Theorems 3.1 and 3.2. To prove the convergence of the finite-
dimensional distributions, we shall apply the Cramér—Wold device. For all integer 1 < ¢ < m, let

ne =|[nty], where 0 <t <trp <--- <ty <1.ForAy,..., A, € R, note that
m
A0S Aec
Zf—l ny =Z<Z ne, /)éj’ (32)
Un ; Up
jez \e=1
where ¢, j =aj—j+---+ap—; foralljeZandv%:Zjezcij.Let
Aec
= o @
Amp (o

where

m
AL, = Z i@l + 1 — 10— 1)P).
l,k:l
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We apply Proposition 5.1 to b, ; and the §;’s defined as A,, g&;. First, we have to calculate the
limit over n of the quantity

Z 2 1 Yjez Dl 2kt MAKCng, jCny

2
n

v

For any 1 < ¢ <k < m, by using the fact that for any two real numbers A and B, we have
A(A+ B)=1/2(A% + (A + B)?> — B?), we get that

1 1

_ 2 2 . N2
2 § Cng, jCny.j = 202 § :(Cnl,j T~ (Cng,j — Cn,j) )
njeZ njeZ

1
_ 2 )
T 02 Z(Cﬂe,j +Cﬂk,j Cﬂk—nz,j)'
-
JEZ

By now using condition (12), we derive that, forany 1 <{¢ <k <m,

ez bny. ibn, . 1
@ N E(tf +1f — (o —10)P). (34)
n
It follows from (34) that
lim > b =1 (35)
Jjez

As a consequence, the first part of condition (30) holds. On the other hand, by using Peligrad
and Utev [19], Lemma A.1, the second part of condition (30) is satisfied. Now, by the proof of
Corollary 2.1 in [17], we get that

max; |cy, ;|

— 0,
Un

which, together with (12), implies (31). Now, applying Proposition 5.1, we derive that

Z?:l AeSn,

converges in distribution to A, g/nN,
Un

ending the proof of the convergence of the finite-dimensional distribution.
We now turn to the proof of the tightness of {v, lS[n,], t € [0, 1]}. By using Proposition 2.1,
we get, for g > 2, that

1/2
ISkl < Cq (Zbi,j) D IPoED g =Cqvr Y I1PoGEm)llg (36)
jeZ meZ meZ

provided that ), <7 1Po(Em) |l < oc. Therefore, the conditions of Tagqu [25], Lemma 2.1, page
290, are satisfied with ¢ > 2/ and the tightness follows.
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Finally, to prove (13), we use (36), together with Lemma 2.1 applied with v (x) = x, by taking
into account the fact that v,zl is regularly varying with exponent f.

5.5. Proof of Remarks 3.3 and 3.6

To prove Remark 3.3, we apply Lemma A.1 from the Appendix with b; = 1 and u; = || P—; (50) ll4-
Hence, we get

00 00 00 1/q
1

> PGy <Cq Y :(; > ||P_k<so)||z> :

n=1 n=1 k=n

Applying the Rosenthal inequality given in [8], Theorem 2.12, we then derive that for any g €
[2, oc[, there exists a constant ¢ , depending only on g, such that

q
= ¢4 1Bl Fo)l1g-
q

> P

k=n

D IP GG <cq

k=n

The same argument works with P_;(&y) replaced by P;(&p), and the result follows by applying
the Rosenthal inequality and noting that |, — E(&_,|Fo)lly = |l Z,fin Prr160)llg-

To prove Remark 3.6, we apply Lemma A.1 from the Appendix with b, = log(n) and u, =
| Po(§,)1l2- We then get that

1/2
Zlogn||Po<sn>||z<cZ (ano(sk)nz) :

n=1 k=n

Now, note that

Y IPoEDI3 = IEE | F0) 13

k=n

and so
E&,|F
E logn||Po(&) 2 < CZI M < 0.

The same argument works with Py(&;) replaced by Po(&_;).
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5.6. Proof of Theorem 3.3

Forall j € Z,letd; = Zeez P;j(&¢). Note that if either condition (a) or condition (b) is satisfied,
(d}) jez is a sequence of martingale differences in L2, We set

n
Y =Zaidk,,' and T, =2Yk,
ieZ k=1

and apply [4], Corollary 4. By taking into account Remark 3.5, we derive that under (21),

{sn_lT[m],t € [0, 1]} converges in distribution in (D([0, 1]),d) to /E(d§|I)W,

where W is a standard Brownian motion independent of Z. It follows that in order to prove that

{sn’lS[m],t € [0, 1]} converges in distribution in (D([0, 1]), d) to ,/E(d§|I)W, it is sufficient to
show that

| max<k<u 1Sk — Tklll2
%

0 asn — oo. 37
Sn

Now, for any 7, let N be such that 2¥~! < n <2V By using Remark 3.5 and the properties of
the slowly varying function, we get that s, ~ s,~. So, the proof (37) is reduced to showing that

Il maXj<g<oN ISk — Tklll2

-0 as N — oo. (38)
SN

We first prove that (38) holds under condition (a). By using Corollary 2.1, together with
Lemma 2.1, we get that for any positive integer m,

N
| max 15c= | =€) IP0@0 e, Y v (g7 @Y
L=0

1<k<2N o
N
+Com Yy (g7 @V,
L=0

where g(x) = xlog®(1 + x). Noting that g~ (x) ~ m as x goes to infinity, and taking into
account Remark 3.5 and the first part of condition (21), we get that

| max 50—l < Cow Y2 IR0ED s, + CraeNsoy, (39)

N
1<k<2 k|=m

where €(N) — 0 as N — oo. By now using (39) and first letting N tend to infinity and then m
tend to infinity, we derive (38) under condition (a).
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‘We now turn to the proof of (38) under condition (b). Taking m = m,. = 2L/% in Corollary 2.1
and using Lemma 2.1 with p =2 and v (x) = x, we get that

l maXxj<g<oN ISk — Tklll2

SoN

oN/2 N Mot 2 N/2 vt
<C LZOZL/z Z 2 Y IREL.

SHN
2 Ik|>m,L

(40)

By Remark 3.5, we have that limy_, % = 00, which, together with the selection of m,z,
implies that the first term on the right-hand side of the above inequality tends to zero as n — oo.
Now, to treat the last term, we first fix a positive integer p and write

UrL oN/2 (159
5/2 I PoE0)ll> < p~— max 25/2 > 1IPE I
lk|=m o O=L<p k|=m
oL ZM, L
2N/2
L/2 lPo () ll2-
lel=m 1

Since limy — o0 ;ﬁ% = 00, the first term on the right-hand side of the above inequality tends to
zero as N — oo. To treat the second one, we note that if N and p are large enough,

UyL

2L
—y o ||Po<sk)||z_cz P20 S Rl
L=p

h(ZN

|k|>m,L, [k|=m,,

where h(n) =|Y_"__a;|. By the first part of condition (21),

I=—n

h(2L)
limsup max
N—soo P<L<N h(ZN)

Hence, for N and p large enough and taking into account the selection of m,r, we get that

U2L
L/2

IPoEN2 <C Y logkl Po(&n)ll2,

|k|=m,L, [k|>2pr/4

which converges to zero as p — oo, by using condition (b). Hence, starting from (40) and taking
into account the previous considerations, we get that (38) holds under condition (b). The proof
of (22) is straightforward, following the arguments used to derive (37).
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5.7. Proof of Comment 3.2

The justification of this result is due to the following coboundary decomposition. Define

00 00 oo —{—1
ZZ mEe—Yy Y ake (41)
=1 k=¢ £=0 k=—00

Since condition (1) implies that the sequence (;);<z has a bounded spectral density, the random
variable Z; is well defined in L2 under condition (H). Now,

o0 o0 o0 o0
Zo—ZooT=) atkr—&0y ax—E0y ar+y aié,
=1 k=1 k=1 =1
whence

Ao+ Zo— Zoo T = apéo + Z ajé_; = Xop.
JEZ\{0}

We derive that, for any k > 1,

k

Sk=AY &+ Z1— Ziq1, (42)
i=1

where Z; = Zj o T;. Since, under condition (1), the partial sums process {n_l/ 2 Z[”t ,t e

[0, 1]} converges in distribution in D ([0, 1]) to VAW with A = Z;ez E(&0&;1Z), we just have to
show that

11msupP< max |Zk+1| > 8\/_> =0

n—o0

which holds because Zg € L2 (see [8], inequality (5.30)).
Appendix

A.1l. A fact concerning series

LemmaA.l. Letq > landa =2(q—1)/q. Let (b;) jeN be a sequence of non-negative numbers
such that n®b, < Ko > j_1 k%~ Yo for some positive constant K, depending only on o. Then,
for any sequence of non-negative numbers (u ) jeN, the following inequality holds:

o0 00 1 & 1/q
anunfcqzbn<; Zuz> )
n=1 n=1 k=n

where Cy is a constant depending only on q.
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Proof. We write

o o n o0
anun <K, Zn_“un (Z bkk“_l) <K, Zbkk“_l (Zn_“un>.
n=1 k=1 k=1

n=1 n>k

Holder’s inequality then gives

00 00 a/2 1/q
S buun <€) 3 ke (zn—Z) <Zuz)
n=1 k=1

n>k n>k

and the result follows. O
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