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CYCLIC COVERINGS OF THE PROJECTIVE LINE BY MUMFORD
CURVES IN POSITIVE CHARACTERISTIC

Ryora MikaMI

Abstract

We study the rigid analytic geometry of cyclic coverings of the projective line. We
determine the defining equation of cyclic coverings of degree p of the projective line
by Mumford curves over complete discrete valuation fields of positive characteristic p.
Previously, Bradley studied that of any degree over non-archimedean local fields of
characteristic zero.

1. Introduction

A geometrically connected smooth projective curve of genus > 2 over a com-
plete discrete valuation field (K, |- |) is called a Mumford curve if it is analytically
isomorphic to a rigid analytic space of the form (P'\£)/T", where I' C PGL,(K)
is a Schottky group and £ c P! is the set of limit points. Recall that a finitely
generated torsion-free discontinuous subgroup of PGL,(K) is called a Schottky
group if it has infinitely many limit points in P!. Mumford curves are algebrai-
cally characterized by the property that they have split degenerate reduction [7,
Theorem 3.3, Theorem 4.20]. Cyclic coverings of P! by Mumford curves were
studied by Bradley and van Steen; see [2], [9]. When K is a non-archimedean
local field of characteristic zero, Bradley studied the defining equation of cyclic
coverings of any degree of P' by Mumford curves [2, Theorem 4.3].

In this paper, we focus on cyclic coverings of degree p of P! by Mumford
curves in characteristic p > 0. Let

9p: X —P!
be a cyclic covering of degree p over K. Assume that K is of characteristic

p>0. In [9, Proposition 3.1], van Steen showed that if X is a Mumford curve,
by replacing K by its finite extension, it is defined by an equation of the form

r il‘
(1.1) ESEDD
i=1

X —d;
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for some 4;€ K* and a;€ K (1 <i<r) satisfying a; #a; for i# j. In the
following, we assume that X is defined by the equation (1.1). The cyclic
covering X has genus (p — 1)(r — 1) [9, Proposition 1.3]. Thus, we also assume
(p—1)(r—=1)=2,1e, r=>3, or r=2 and p>3. The main theorem of this
paper is the following:

THEOREM 1.1. Let (K,|-|) be a complete discrete valuation field of positive
characteristic p > 0. Let ¢:X — P! be a cyclic covering of degree p over K
defined by the equation (1.1) for r >3, or r=2 and p > 3. Then the following
conditions are equivalent:

* X is a Mumford curve over a finite extension of K.

ik < a; —aj|2 Sfor any i# j.

Previously, van Steen studied the defining equation of hyperelliptic curves
which are Mumford curves [10]. When p =r =2, the cyclic covering X has
genus 1 and van Steen obtained results similar to Theorem 1.1; see [10, Section
4].  Tsushima told the author that for any p, Theorem 1.1 for r = 2 can also be
proved by computing reductions explicitly.

Note that for any cyclic covering ¢ : X — P! by a Mumford curve X over
K, there exists a surjective homomorphism from a discrete subgroup of PGL,(K)
generated by finitely many elements of finite order to the Galois group of ¢; see
[5, Chapter 8]. Since the order of any element of finite order of PGL,(K) is not
divisible by p?, the degree deg ¢ is not divisible by p>. When p does not divide
deg ¢, we can use Bradley’s method in [2] to study the defining equation of X.

The organization of this paper is as follows. In Section 2, we review some
basic properties of Mumford curves. In Section 3, we summarize some facts
about cyclic coverings of P! by Mumford curves proved by van Steen [9]. The
proof of Theorem 1.1 is given in Section 4 and Section 5.

2. Basic properties of Mumford curves

In this paper, we use the language of rigid analytic geometry. We refer to
[6] for basic notations on rigid analytic geometry and [5] for those on Mumford
curves used in this paper.

Let (K,|-|) be a complete discrete valuation field of characteristic p > 0
and K° (resp. k) its valuation ring (resp. residue field). We fix a uniformizer
ne K°. We fix an algebraic closure K of K. We also denote the extension of
the valuation |-| on K to K by the same symbol. We denote by valg(-) the
normalized additive valuation on K, i.e., we have valg(n) = 1.

Let A4 be an affinoid algebra over K. For an element f € A4, let

[/ lsp := sup{[/(x)[ | x € Sp 4}

be the spectral seminorm of f. (It is called the supremum norm in [6, Section
1.4].) We put
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A :={fed|lfly <1}
A% = {feAl|f]y <1}

We denote the residue ring of an affinoid algebra 4 by A := 4°/A°°. The affine
scheme Spec 4 over k is called the canonical reduction of the affinoid space Sp A.
We put Sp 4 := Spec 4. (For details, see [6, Section 1.4].)

For an affinoid algebra 4 over K, an algebra B of topologically finite type
over K° is called a K°-model of A if B is flat over K° and B ®g. K = A; see
[6, Definition 3.3.1].

A subgroup N of PGL,(K) is called discontinuous if the set of limit points
of the canonical action of N on P!(K) does not equal to P!(K) and the closure
of Na is compact for any a e P!(K). Obviously, a discontinuous subgroup is
discrete. A finitely generated torsion-free discontinuous subgroup of PGL,(K) is
called a Schottky group if it has infinitely many limit points in P'. A Schottky
group T is a free group; see [5, Chapter 1]. We put

Q := P!\ {the limit points of T},

which is a one-dimensional rigid analytic space over K. The quotient Q/T" is
isomorphic to the analytification of a geometrically connected smooth projective
curve Xt of genus > 2 over K. A smooth projective curve of genus > 2 over K
which is isomorphic to Xt for some Schottky group I' C PGL,(K) is called a
Mumford curve. We identify projective curves over K and their analytifications
by the “GAGA”-correspondence. Concerning the automorphism group, we have
a natural isomorphism

Aut(Xr) = Npgr, ) (I')/T,

where Npgr,k)(I) is the normalizer of I' in PGLy(K); see [5, Chapter 7].
Mumford proved the following theorem:

THEOREM 2.1 (Mumford [7, Theorem 3.3, Theorem 4.20]). A geometrically
connected smooth projective curve X of genus > 2 over K is a Mumford curve if
and only if it has split degenerate reduction, i.e., there exists a proper flat scheme
Y over Spec K° such that

* Y Xspec ko Spec K = X,

* the normalizations of all the irreducible components of Y Xgpec ko Spec k are

rational curves (where k is an algebraic closure of k), and

* all the singular points of the closed fiber Y Xspec ko Spec k are k-rational

ordinary double points with two k-rational branches.

We collect some properties of the Bruhat-Tits tree 7 of PGL,(K) used in
Section 5 of this paper; see [3, Section 2], [8, Chapter II] for details. The Bruhat-
Tits tree J is a combinatorial graph defined as follows:

+ The set of vertices vert(7) is the set of equivalence classes of K°-lattices

in K® K. Here, two K°-lattices M, M, are equivalent if M; = aM, for
some a e K*.
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« Two vertices wy,w, € vert(7 ) are adjacent if and only if zM| C M, C M,
for some K°-lattices M| and M, in the equivalence classes w; and wy,
respectively.

The graph 7 is actually a tree [8, Chapter 1I, Theorem 1]. The set of edges
of 7 is denoted by edge(7). A sequence wy,w,,ws... of distinct vertices of
g gives a half-line on 7 if w;, w;;; are adjacent for any i > 1. Two half-lines
given by wi,wo, w3 ... and wi,w), w} ... are equivalent if there exist 7, j > 1 such
that w;,, = w; .. for any r > 0. An equivalence class of half-lines on .7 is called
an end of 7. There is a natural bijection between P!(K) and the set of ends
of 7 as follows. For an element a € P!(K), let ¥, C K ® K be a 1-dimensional
K-subspace corresponding to a. Let w; e vert(7) be the equivalence class of
K°-lattices containing

n'(KC@®K)+ V,N(K°®K®).

Then the sequence wy, wp,ws3... gives the end of 7 corresponding to @. This
bijection is equivariant with respect to the action of PGL,(K). See [8, Chapter
II, p. 72] for details.

For v,w e vert(7) and a,b € P!(K), let [v,w] (resp. [v,a[, ]a,b[) be the path
from v to w without backtracking (resp. the half-line from v to a, the line from a
to b), where we regard a, b as ends of . For v,w e vert(7), the length of the
path [v,w] is called the distance from v to w, and is denoted by dist(v, w); see
[8, Section 1.2]. For subtrees %, C 7, we put

dist(#, %) := min dist(v, w).
vevert(Z)
wevert()

We denote by v; € vert(7) the vertex corresponding to the equivalence class
of K°-lattices containing K°e; @ K°ey, where {ej,e2} is the standard basis of
K®K. For ae K* (resp. wevert(J)), the intersection of |0, o[, ]0,a[, and
la, oo (resp. ]0, oo[, [w,0[, and [w, co[) consists of one vertex only, and we denote
it by v(0, 00,a) (resp. v(0, c0;w)).

« If valg(a) > 0, we have v(0, 00,a) € [v1,0[ and dist(v, v(0, 00,a)) = valg(a).

« If valg(a) <0, we have v(0,00,a)e€ [v;,o0] and dist(v;,v(0,00,a)) =

—valg(a).
Since v(0, 00, a) = v(0, 0co;w) for any w e ]0,a[N]a, co], we can compute valg(a)
by using v(0, co;w).

For any discrete subgroup N C PGL»(K) and any v € vert(.7), the stabilizer

Ny :={yeN|y(v) =0}

is a finite group. For an element y € PGL,(K) of finite order, let M(y) C 7
be the smallest subtree generated by the vertices fixed by y. The subtree M(y)
is called the mirror of y; see [3, Section 2]. An element y € PGL,(K) of order p
is called a parabolic element. A parabolic element y € PGL,(K) has a unique
fixed point in P!. For a parabolic element y € PGL,(K) and v e vert(M(y)),
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the subset
{eeedge(M(y))|v is an extremity of e}
consists of one element only or coincides with
{eecedge(7)|v is an extremity of e}.

For any parabolic element y € PGL,(K) and any v € vert(M(y)), the element y
acts freely on the following set:

{e e edge(7)\edge(M(y))|v is an extremity of e}.

FIGURE. M (y) for a parabolic element y € PGL,(K) when k = F,

3. Some facts about cyclic coverings of degree p of the projective line by
Mumford curves

In this section, we review some facts about cyclic coverings of degree p of P!
proved by van Steen [9]. Let

p: X —P!

be a cyclic covering of degree p over K. Let ai,a,...,a, € P' be the branch
points of ¢. We assume that a; # oo for every i. By replacing K by its finite
extension, we may assume that a,as,...,a, are K-rational points on P!.

We denote the function field of P! (resp. X) by K(x) (resp. F). Since
F/K(x) is an Artin-Schreier extension, by replacing K by its finite extension,
there exists y € F such that F = K(x, y) and

for some 4; € K*. Using this equation, we embed X into P! xP'. If X is
a Mumford curve, we have n; =1 for every i [9, Proposition 3.1]. We assume
that n; =1 for every i and put 7;:=/;. The cyclic covering X has genus
(p—1)(r—1)[9, Proposition 1.3]. Thus, we also assume (p — 1)(r — 1) = 2, i.e.,
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r>3, or r=2and p>3. Hence X is defined by

Y
P, — i
-y ;x_ai

If X is a Mumford curve, there exist si,5,...,s, € PGL,(K) satisfying the
followrng conditions [9, Proposition 2.2, Section 3]
s; (1 <i<r)is an element of order D,

. the subgroup N C PGL,(K) generated by s; (1
and isomorphic to the free product of {(s;> (1
subgroup I' € PGLy(K) generated by /s, (1
is a Schottky group satisfying N C NPGLZ( (M),

- X =Q/T, P'2Q/N, and the covering ¢: X — P' coincides with the
natural projection Q/I" — Q/N, where

Q := P!\ {the limit points of T},

« the fixed point P, e P! of s; is an element of Q,
« the image of P; under the natural projection Q — Q/N =~ P! is the branch
point a; € P!,
si(y)=y+1 (1 <i<r), where we consider s; as an element of Aut(X) =~

NegLx)(I)/T.
In partlcular we have

N/T =~ Gal(F/K(x)) = Z/pZ.

We note that M(s;)) " M (s,) 0 for any i # j. In fact, if there exists a vertex
vevert(M(s;) N M(s;)), it is fixed by infinitely many elements s;"---s" for
m>0, I e{i, ]} and l<m <p—1 (1 <k<m) with I # Iy, (1 <k<m—l),
but, since N is discrete, the stabilizer N, is a finite group. The contradiction

shows M (s;) N M(s;) = (Z).

<i<r) is discontinuous
<i<r), (this implies the
<i<r-1,1<n<p-1)

4. Proof of Theorem 1.1 (part 1)
In this section, we shall show that if the inequality

(4.1) Aidi| < |ai — a)]?

is satisfied for any i # j, then X is a Mumford curve over a finite extension of K.
By replacing K by its finite extension, for each i, there exists & € |K*|

satisfying

|a; —

I/I

for any j #i. By replacing K by its finite extension, for i, j, and k satisfying
lai — aj| < |a; — ai|, there exists (; ; ; € |K*| satisfying

& < |a,~—a_,| and u | < —

la;i — aj] < Cijox < lai — akl.



246 RYOTA MIKAMI

For each 1 <i<vr, let o1 <00 <--- <oy -1 be the following elements
2 2
lai — )| |ai —

Al

Cijke (U, k satisfying |a; — a;| < |a; — ay|)

& |l lai — ajl, —& (j#1),

J

of |K*| arranged in ascending order. We put a;9 =0 and o; », = co for each
I<i<r.
We define sets I and J by

I={n=m,...,n)eZ"|0<m<M—-1(1<i<r}
J={n=(m,...,n;) ellla; — aj| # o n11 or |a; —aj| # & 1 for any i # j}.

For each n = (ny,...,n,) € I, we define an affinoid open subvariety U, C P!
by

Uyi={xeP' oy, <|x—al| <oy, forany 1 <i<r}.
Lemma 4.1. {U,},., is an affinoid covering of P'.

Proof. Since {U,},.; is an affinoid covering of P', it suffices to show that,
for any ne I\J and any c € U,, there exists n’ € J satisfying ¢ € U,.
For nel, we put

M, = #{1 <i<r|la; — aj| = @ y41 for some j # i}.

We prove Lemma 4.1 by induction on M,,.

We fix neI\J and ce U,. Since n e I\J, there exist distinct elements i, j
satisfying |a; — a;| = o; 5,11 and |a; — ;| = % 1. In particular, we have M, > 2.
We have

U, C {xeP1 |1x —ai| <|a; —a;| and |x —aj| < |a; — a;|}.

Hence we have |c —a;| = |a; — a;] or |c — aj| = |a; — aj|.
We may assume |c —a;| = |a; —a;|. We put n; :=mn; for k #i and n]:=
n; + ', where we put

, .
I":=min{l > 1] 541 < Wi py141}-
We put n' :=(n],...,n))el. Then we have ce U,. We have
Ui mrt41 < g < lai — agl

for k satisfying |a; —a;| < |a; —ai|. Hence we have o, 4141 # |a; — ax| for
k #i. We have M,, < M,. By induction on M,, there exists n’ € J satisfying
ce U,. |

We put J':={neJ|U, #0}. ForeachnelJ’, weput f, :=minj<;<, o n-1.
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For any neJ’, we have

N”
U, = {x e P! | |x — Cll(n.’o)| < ﬁn}\ U me
v=0

where
Dn,v = {X S Pl ‘ |x — a1<n,‘,)| < O(l(n,v).n,(”_..)}

for some N, >0 and 1 </(n,v) <r (0 <v < N,) with |y, 0) — @, )| < B, (1 <
v<N,). We may assume D,,ND,, =0 for v#1'. We take /(n,0) so that
% (1,0), 1m0 = MU0y <N, Fi(,0),

LemmA 4.2, For each neJ', we have oy, Vot = |in,0) — @i, v)|  for
1 <v <N, Moreover, for 1 <v < N,, we have |ajy o) — djn,v)| = %(,0), 1m0 OF
|a1(n,0) - a/(n,v)\ =By

Proof. We fix 1<v<N, Since a,,) ¢ Dno, we have o0

3 1i(n, 0) =
|cin,0) — @i, v)|-  We have

|a1(0,0) = Q1) | < By < (0, 0), 00 41-

Hence we have |a0) — @jnv| = %(n,0).ny0)  OF |cin,0) — @i, v)| =
OC](H,O),I’!/(,,\())'F]' Slmllarly, we have ‘al(n,O) - al(n,v)| = %y(n, V) B, v) or |al(n,0) - al(n,v)|
= %, v),my, +1+

We assume that |ap,0) — @iin,v)| # in,v) Then we have |a;(,,0) — @j(n, )|

RN
= W)+ 1 A0 0 ) s < L) g +1e SICE 0,0 o) < (). s WE
have |a;(u,0) — @jn, )| = %1(n,0),ny,.0+1> Which contradicts the definition of J. Hence
we have |a1(n,0) - al(n,v)' = %y(n, V), vy *

If @m0y = @ign | = %m,0).np0 1> SIOCE  |a1n.0) — din,n)| < By, we  have
Oi(n,0), mygy,0+1 = p,. Hence we have L (n,0), my oy +1 = B, Consequently, we have

|a1(n,0) = @i, )| = %(1,0), 0 O |@1(n,0) = @in, )| = By- U

One can easily show that the admissible affinoid covering {U,},., of P! is a
Jformal analytic covering in the sense of [6, Definition 3.1.6]; see [4, Proposition
2.2.6]. We see that O(U,) is reduced and |O(U,)l|y, = |K][; see [4, Proposition
2.2.6]. Then O(U,)° is a K°-model of O(U,) by [1, Theorem 1 of Section 6.4.3].
Hence the formal analytic covering {U,},., of P! defines a proper admissible
formal scheme covered by {Spf(O(U,)°)},., by [6, Theorem 3.3.12]. Hence it
is algebraic by Grothendieck’s existence theorem. Consequently, the canonical
reductions {U,},., define an algebraic reduction of P'. The canonical reduc-
tions {¢p~'(U,)},., define an algebraic reduction of X over a finite extension
of K.

In order to show that X is a Mumford curve over a finite extension of K,
it is enough to prove that, for each n € J', the affinoid open subvariety p~!'(U,) C
X satisfies the following conditions over a finite extension of K:
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CONDITION 4.3.

« All the irreducible components of the canonical reduction ¢~'(U,) are
rational curves, and

« all the singular points of the canonical reduction p='(U,) are ordinary double
points.

We shall show that ¢~!(U,) satisfies Condition 4.3 by calculating the canon-
ical reductions ¢—1(U,) explicitly. We fix an element neJ’. We put N := N,
and /:=1(n,0). We also put D, := D, ,, d,:= ay,,) for each 0 <v<N. We
take by € K and b, e K* U {0} satisfying |b)| =0y, and |by|=p,. Then we
have

Ny
Up={xeP'||x—do| < b2\ | Dy,
v=0

Dy ={xeP!||x—dy| < b},
D, ={xeP||x—d| <|d—d|} (1<v<N,).

For each 1 <v < N,, we have |dy — d,| = |b1| or |dy — d,| = |bs|.
We put z; := J;(x —a;)"' for each 1 <i<r. From the equation (1.1), we
have

yw—y= Zzi.
i=1
We put
A= {il|x —a;| < |4] for some x e Uy,} = {i||zi|g, = 1 on Uy}

Lemma 4.4.  If A = 0, the affinoid open subvariety ¢p~'(U,) satisfies Condition
4.3.

Proof. Since A =0, we have [y|, <1 on ¢ '(U,). We embed X into
P' x P! by x and y. We have

9 ' (Uy) C{(x,y)eP' xP'|xe U, [y <1}.

Hence we have

O(p™ " (Un)) = O(Un)[y]/<y” -y iz,).

Since O(U,)° is a K°-model of O(U,), the K°-algebra

o)Ll / (w - Z)
i=1
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is a K°-model of O(p~!(U,)). Since |z;/ <1 on U, for each 1<i<r, the
residue ring O(p~1(U,)) is isomorphic to

o)/ (" = y),
and ¢~!(U,) satisfies Condition 4.3. O

In the rest of this section, we assume A # 0.

Lemma 4.5. If a; e U, for some 1 <i<r, we have
U ={xeP'||x—a] < o1}

and a; ¢ U, for j #i.

Proof. Since a; € U,, we have n; = 0. For j # i, since U, is non-empty, we
have

{xeP'||x—a| <o }n{xeP |, <|x—a| <y} #0.
Since ¢ < |a; — aj|, we have o; < |a; —a;|. Hence we have
{xeP'||x—a| <o} n{xeP o, <|x—a| <oy}
={xeP'||x—a]| <}

We have
r
Up=[{xeP' g, <x—a| <o pn}={xeP|x—a]| <o}
j=1

For j # i, since a; ¢ {x e P'||x — a;| < 0;}, we have a; ¢ U,. O

By Lemma 4.5, if a; € U, for some i, we have by =0 and |by| = o; ;.
For each a e P!, we put

dist(a, U,) := inf |a — u].
ue U,
LeMMA 4.6. For 1 <i <, we have dist(a;, U,) = |b1| or dist(a;, U,) = |ba].
Proof. For 1 <i<r, by Lemma 4.2, we have dist(a;, U,) = 0, dist(a;, U,)
= |by|, or dist(a;, U,) = |b2|. Moreover, if dist(a;, U,) =0 for some i, we have

a; € U,, hence b; = 0. |

Lemma 4.7. If dist(a;, U,) > |b1| for some i, we have |x — a;| = |dy — a;| for
every x € U,. In particular, |x — a;| = dist(a;, U,) for every x € U,.

Proof. By Lemma 4.6, we have dist(a;, U,) > |by|. First, we assume
dist(a;, U,) = |b2|. Then, by Lemma 4.2, we have a; € D,(;) for some v(i) with
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|do — dy;)| = |b2].  Since |a; — dy;)| < |ba|, we have |dy —a;| = |b2]. We have
U, C {xeP!||x—dy| < |by| and |x — dyi| = |ba}
= {xeP!||[x—al = |bf}
={xeP!'||x—a|=|d —aj}.
Next, we assume dist(a;, U,) > |bp|. Then, for any x e U,, we have
|x — do| < |ba| < dist(a;, Up) < |x — ail.
Hence we have |x — ;| = |dy — a;| for any x € U,. O

LemMma 4.8. We have dist(a;, U,) # dist(a;, U,) for any i,jeA with
i # ]

Proof. Assume that we have dist(a;, U,) = dist(a;, U,) for some i,jeA
with i # j. We put d := dist(a;, U,) = dist(a;, U,). Then we have d < |4;| and
d < 4. By Lemma 4.6, we have d = |bi| or d = |b,|. By Lemma 4.5, we have
d>0.

First, we assume d = |b;|. By Lemma 4.2, we have a; € D,(; for some v(i)

with |dy — d‘,(,-)‘ = |b1‘ Since ‘a,‘ — dv(i)| < ‘b1|, we have |a; — d()| = |b1| Simi-
larly, we have |a; — dy| = |b1|. Hence we have

|a; — aj| < max{|do — ai|, |do — e[} = |b1| = d < min{|Z|, ]},

which contradicts the inequality (4.1).
Next, we assume d > |b;|. By Lemma 4.7, we have |x —a;| =d = |x — aj]
for any x e U,. Hence we have

lai — aj| < max{|x —ail,|x — ¢} = d < min{[4], 4]}
for any x e U,, which contradicts the inequality (4.1). O
By Lemma 4.8, there exists a unique element m € A satisfying

dist(ay,, U,) = mi/{l dist(a;, Uy,).
S

LEmMMA 4.9. For any i€ A\{m}, we have

Ai Ai
d L <1

X —da; a; — am

for every x e U,.

Proof. Since dist(a,,, U,) < dist(a;, U,), by Lemma 4.6, we have dist(a;, U,)
> |b1|. By Lemma 4.7, we have |x — a;| = dist(a;, U,) for every x € U,. For
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x € U, satisfying |x — a,,| = dist(ay,, U,), we have |x —a,,| < |x —a;|. Hence we
have |x — a;| = |am — a;| for every x € U,.

Since m e A, we have o, ,, < |4n|. Since |A,| < |am —a,-|2 . |/1,»|71 — &, We
have oy p+1 < |am — a,<|2 !
|/1,-|71 —¢& for every x e U,.

Consequently, for every x € U,, we have

Ai i
+
X —d; ai — ay

—¢. Hence we have |x—ay| <|an— a,-|2 .

Al —al
|x —ai| - |a; — an|

_ le |am _ai|2 — g
|, — a,-|2 |4i] l

<1. O

We put

AIA
f= > (Zi+ ’ >+Zzi,
ie A\{m) 4i—am/  igx

i

C.=-

ieA\my i T dm

Then we have

ypfy:ZZi:Zn1+C+f~
i=1
By Lemma 4.9, we have |f|, <1 on U,.

LEMMA 4.10. There exist by e K*, b, e K* U{w}, and C' e K satisfying
1 2 J
|bﬂ < |b§| <lorl< \b{| < |b§|, and

N
Uy = {xeP'||b]] < |z + C'| < B3N\ |J D},
v=1

where

D) ={xeP!||zy+ C" —dj| <|d]},
Sor some d] € K* with |d]| = |bj| or |d]| = |b}|.

Proof. 1f dist(a,, U,) = |b1], we put b] := L,b5 !, b} := Jyb7!, and C':= 0.
(We put b} := oo if by = 0.) If dist(a,, Uy) # |by1|, we put b} := iubi (am — do) 2,
by = Ambo(ay — do)fz, and C' := Jp(am — do)fl. In both cases, we can check
b, b, and C' satisfy the conditions of Lemma 4.10. Since the computations are
straightforward, we omit them. O
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We put z:=z, +C’. We regard it as a coordinate function on P!. By
replacing K by its finite extension, there exists C” € K satisfying C"? — C" =
C—-C'. We put y:=y—C". Then we have y? — y' =z + f.

If b} # co, since

O{ze P! | |b]] < |2 < |b3]}) = K<bs 25727,

the residue ring O(U,) is isomorphic to a localization of kls, 7]/ (st — bjb5™!).
If b} = oo, since

O({z e P'[[bf] < [2[}) = K¢bj=",

the residue ring O(U,) is isomorphic to a localization of k[¢].
We consider the following two cases separately:
- [pil < |hy < 1.
+ 1 < || < |BY).

LemMa 4.11.  If |b]| < |by| < 1, the affinoid open subvariety ¢~ (U,) satisfies
Condition 4.3 over a finite extension of K.

Proof.  Since |by| <1, we have |z|, <1 on U,. Similarly to the proof of
Lemma 4.4, the residue ring O(p~'(U,)) is isomorphic to a localization of

Kls, 1,5}/ (st = biB5 T, 7 — ' — Bs)

If |b5| < 1, we have b, =0, and ¢~'(U,) satisfies Condition 4.3.
If |b}| =1, we have

kls, 1, y')/ (st = biby~t, 7 — ' = bis) = k1, ¥')/ (1(y" = ') = b}),
and ¢~!(U,) satisfies Condition 4.3. O

LemMA 4.12. If 1 < |b}| < |b}|, the affinoid open subvariety ¢~ (U,) satisfies
Condition 4.3 over a finite extension of K.

Proof. Since 1 < |b]|, we have 1 <|z| on U,. By replacing K by its finite
extension, there exists ¢,¢&" € K such that ¢” = b5! and 7 = b|!. (Here, we
put b5 1:=0if by =00.) We put f":=b}'f and f":=z"!f. Since 1 <|b}],
we have |f'|, <1 on U,. Since 1 <|z| on U,, we have |f"|,, <1 on U,. We
also put y”:=¢y’ and w:=¢"'y~!. Then we have

y//p _ é”_]y” _ bé—lz_,'_f/
bz (1 = &Pty = wP(1 4 f7).

First, we assume b} # oco. Similarly to the proof of Lemma 4.4, the residue
ring O(p~1(U,)) is isomorphic to a localization of

kls, 1, ", w]/(st = bjb5~t, y"w — gLy BTy g g(1 — EP’IWP’I) —wh),

|sp
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which is a localization of k[y”, w]/(y"w — £&'~1), and ¢~'(U,) satisfies Condition
4.3.

Next, we assume b} = oo. Similarly to the proof of Lemma 4.4, the residue
ring O(p~1(U,)) is isomorphic to a localization of

k[t w]/(1(1 = EP~ 1P~ 1y — P,
which is a localization of k[w], and ¢~'(U,) satisfies Condition 4.3. O

Consequently, X is a Mumford curve over a finite extension of K.

5. Proof of Theorem 1.1 (part 2)

In this sectlon we shall show that if X is a Mumford curve, the inequality
|k < |a; — aj| is satisfied for any i # j. Since the assertion is symmetric, we
need only to prove the inequality

2
—az‘ .

We use van Steen’s method in [10, Section 3] and the Bruhat-Tits tree 7 of
PGL,(K).

Take s1,52,...,s € PGLy(K) as in Section 3 of this paper. By replacing K
by its finite extension, we may assume that all the fixed points of N on Q are
K-rational points.

Let M C 7 be the subtree generated by M(s;) (1 <i<r). For each i # j,
since M (s;) N M (s;) = @, there exist unique vertices &;(/) € vert(M(s;)) and &;(i) €
vert(M(s;)) satisfying

dist(M (s;), M(s;)) = dist(&:(f), & (7))

For each i # j, let e;(j) € edge([¢;(/),¢;(i)]) be the edge such that &(j) is an
extremity of e¢;(J).

LemMA 5.1, There exist s, € N (1 <i <r) satisfying the following conditions:

* For each i, the element s is N-comjugate to s. (This implies s is an
element of order p with s/(y) =y+1.)

* N is the free product of {s!> (1 <i<r). (This implies T is generated by
sisi (I<i<r—1,1<n<p-1))

* We have e #s/"(e') for any 1 <i<r, 0<n<p—1, and distinct edges
e,e' eedge(M’), where M' C T is the subtree generated by M(s])
(I<i<r).

Proof. We prove Lemma 5.1 by induction on

> dist(M(s)), M(s)).

1<i,j<r
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Since M (s;) N M(s;) =0 for i # j, we have
ST dist(M(s), M(s;)) = r(r — 1).
1<i,j<r

We assume e = s (¢') for some distinct elements e, e’ e edge(M), 1 <m <,
and 1l <n<p-—1. We fix v, e vert(M(s,)). There exists an extremity v’ of e’
with v’ ¢ vert(M(s,,)). The vertex s (v’) is an extremity of e. There exist k,/ €
{1,...,r}\{m} satisfying e,,(k) € edge([vym, s"(v")]) and e, (/) € edge([v, v']). We
have e, (k) = s"(e,(1)). In particular, we have &, (k) =&, (]).

For i,je{l,...,r}\{m} with e,(i) # e,(j), we have

edge([&i(m), &, (D)] N [En(]), &(m)]) = 0,
hence we have
[Ei(m), &;(m)] = [&i(m), & (D)] U (€0 (D), ()] U [En (), & (m)].

In particular, we have [&;(m),&;(m)] N M(s) ;é(Z) Hence, for i,je{l,...,r}\
{m} with e,,(i) # en(j), we have &i(j) = &i(m), &;(i) = &;(m), and
10)

)
dist(M (s;), M(s)) = dist(&(j), &(0)
= dist(&;(m), (i) + dist(Su(0), &; (m)).-
For i # m, we put
L={l1<j<r|j#m and e,(j) = en(i)}.
Then, for each iel; and jeI;, we have
em(i) = en(k) = s,,(em(1)) = s,,(em(/)) € edge([En (1), 5,,(S;(m))])
and &, (i) =¢,(j). Hence we have
em(i) € edge([Ei(m), € (1)]) Nedge([En(7), 5, (E;(m))]).-

For each i € I}, we put s/ :=s]s;s,”. For each i ¢ I, we put 5] :=s;. Then
the discrete subgroup N C PGL(K) is the free product of (s> (1 <i<r). We
have M(s!) = s M(s;) for ie 1.

We shall show

> dist(M(s]), M(s})) < > dist(M(s;), M(s))).
1<ij<r ' 1<ij<r
To prove the above inequality, we estimate dist(M (s}), M (s!)) for each i, j.

s
* For iel; and je I, we have e,(i) # en(j). We have ’
dist(M (s)), M (s;)) = dist(M (s;), 5, M (s7))

Sdi“(éi( )’ mél( ))
< dist(&;(m), & (D)) + dist(E, (i), 572 (m))
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= dist(Ei(m), & (1)) + dist( (1), & (m)
= dist(M(s;), M (s7)).
« For i,jel;, we have
dist(M(s)), M(s})) = dist(sf, M (s,), s, M (s;)) = dist(M(s1), M(s,)).
* For i=m and jel;,, we have
dist(M(s),), M(s))) = dist(M (s,), sp, M(s;)) = dist(M(s,,), M(s))).

« For i¢ UL U{m} and jel, since e,(i) # en(j) and e, (i) # en(k) =
shen(j), we have

* For i,j ¢ 1), since 5; =s; and s/ =s;, we have
dist(M (s;), M(s/f)) = dist(M (s;), M (s7)).

Consequently, we have

> dist(M(s), M(s})) < Y dist(M(si), M(sy)).

1<ij<r 1<i,j<r

By induction, there exist s e N (1 <i <r) satisfying the conditions of Lemma

5.1 0

We replace s; by s/ for every 1 <i<r. Then we have e # s"(¢’) for any
1<i<r, 0<n<p-1, and any distinct elements e,e’ € M.

Recall that we put v :=v(0,00,1), and P, € Q is the fixed point of s; for
1 <i<r. By replacing K by its finite extension and changing the coordinate of
Q c P!, we may assume that the following conditions are satisfied:

* P1:0 and PQ#OO.

* || < |P2] for any i # 2.

+ The element s; € PGL,(K) is written as

/10
Sl—ll.

Then we have M(s;)N]0, o[ = [v1,0].
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Since s, € PGLy(K) is an element of order p fixing P, e P'(K)\{0, 0} =
K*, it is written as

s2<P2(P2’7) nP3 >
-1 Py(Py +1)
for some n e K*.
LEMMA 5.2. We have
valg () = —dist(M(s1), M (s2)) < 0.

In particular, we have |n| > 1.

Proof. Let

(P 0
y = 1 p)

(1o
ys1y = 1 1)
VSzV”:l”

0 1

in PGLy(K). We have M(ys;y~')N]0,c0[ = [v1,0[ and M(ps;y~')N]0, 0] =
[v(0,00,7),00[. Since M(s;)N M(sy) = 0 and M(psiy™") = yM(s;) (i=1,2),
we have M(ysly_l)ﬁM(yszy 1Y =¢. Hence we have || > 1 and

valg (7) = —dist(M (ps1y~"), M (psay~")) = —dist(M(s;), M (s2)) < 0. O

Then we have

Since  valg(y) = —dist(M(s1), M(s2)) is invariant under PGL,(K)-
conjugation, we may also assume |#| < |P|. Since M(s;)N]0, oo = [v1,0[, we
have ¢&(2) = v1, &(1) = (0, 0,7), and

[0(0, 00, tP;), v(0, 00, Py)] C M(s7).

LemMmaA 5.3. For any i # j, we have

(0, 00; &;( ) € vert([v(0, co, P3),0[).

Proof. For i=2 and j # 2, since |Pj| < |P,| and
[U(Oa OO,HPQ), U(Oa OovPZ)] c M(Sz),
we have

(0, 00; &, (f)) € vert([v(0, oo, P,), 0]).
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For i # 2, since |P| < |P2| and v(0, 00, P2) € vert(M(s2)), we have
v(0, o5 w) € vert([v(0, o, nP3),0[)
for wevert(M(s;)). In particular, for i #2 and j # i, we have
(0, 005 &;()) € vert([v(0, co, P,),0]). O

By replacing K by its finite extension, there exists a K-rational point u € Q
such that |u| = |u — P2| = |Pa|.

LemMa 5.4. The following are satisfied:

(1) For 1 <n < p—1, we have |s§(P1)| = |n|-

(2) For 1 <n<p—1, we have |s}(u)| = |Pa|.

(3) For 1 <n < p—1, we have |s{(u)| = 1.

(4) For any ye N and i # 2, we have |y(P;)| < |Pa|.
(5) For any ye N, we have |p(u) — P3| = |Pa|.

(6) For any ye N, we have |y(P1)| < |y())-

Proof. Since the path [v(0, 00, 7P,),v(0, 00, P;)] is contained in M(s,), every
edge e € edge(7") such that v(0, oo, Py) is an extremity of e is an edge of M (s3).
For any Qe K* with |Q] = |P,| (i.e., v(0, 00, Q) = v(0, 00, P;)), we have

edge([v(0, 00, 0), Q[N M (s2)) # 0.

Hence, for 1 <n < p — 1, we have v(0, 00,55(Q)) = v(0, 0, 0), i.e., [s5(Q)| = | P2
In particular, we have

|s3(u)] = [P2| and |sy(u) = Paf = |Pa.

The equality (2) is satisfied.
For any Qe K\{Py,...,P,}, the intersection

MN ﬂ [w, Q]

weM
consists of one vertex only, and we denote it by &(Q). Since the half-line
[0(0, c0, P5),0[ is contained in M, if
0(0, 00;£(Q)) € vert([v(0, o0, 2P2), 0]),
we have
v(0, 00; £(Q)) = v(0, 0, Q) € vert([v(0, co, nP>), 0]),

hence |Q| < |nP;| < |P2|. In particular, by Lemma 5.3, for Q € K\{Py,..., P}
with &(Q) = &;(j) for some distinct elements i, j, we have |Q] < |Pa].
For each i, we put

A= {0 e K\{P1,..., P} | £(Q) e vert(M(s))} U{P}.

We have s (u) € A, since |s)(u)| = |P2| (0<n<p—1), |P|<|Py| fori#2, and
v(0, 00, Py) € vert(M(s2))
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For i#j, Qe d;, and 1 <n < p—1, we have ¢;(j) € edge([&;(/), O[) and
s'(ei(f)) ¢ edge(M) by Lemma 5.1. Hence M N [&(f),s(Q)] consists of &(j)
only. Hence we have &(s7(Q)) = &;(j) e vert(M(i)). In particular, we have
s"(0) € 4;.

Since wue A, and &(2) =v;, we have [s{(u)|=1 (1<n<p-—1). The
equality (3) is satisfied.

Since P; € A; and &(1) = v(0, c0,#), we have |s)(P1)| = |n| (1 <n<p—1).
The equality (1) is satisfied.

For an element

y=s;'smeN mz2,1<m<p-1(1<l<m),i#in (1<I<m-1)),

by the above computations, we have &(p(P)) =&, (i) and &E(y(u)) = &, (ia).
Hence we have |y(P)| < |P2| for i #2, |p(P1)| = |y(u)|, and [|p(u)| < |P2|. In
particular, we have |y(u) — P,| = |P,|. Hence (4), (5), and (6) are satisfied for
this 7.

For i#2, j#i, and 1 <n<p—1, we have {(s/(F;)) = ¢;(i). Hence we
have [s/(P;)| < [P2|. For i#2, we also have [s]'(P;)| = |P| <|Py| for 0 <n <
p — 1. Consequently, the inequality (4) is satisfied for any y e N.

For j#2 and 1 <n<p-—1, we have {(s/(u)) = ¢;(2). Hence we have
|s}'(u)] < |P»|. We also showed that |sj(u) — P»| = |P;| for0<n < p—1. Con-
sequently, the equality (5) is satisfied for any y e N.

For i # 1,2, since |P;| < |P2|, we have

0(0, 00; (1)) € vert([v(0, 20;&;(2)), 0]
Hence we have |s7(P)| < |s]'(u)|. Since s1(P;) =Py =0, we have |s](P1)| <
sta)l (0<n<p—1). By (1) and (2), we have |s2(P)] = |l < |P2] = |st (u)
(1<n<p-—1). Consequently, the inequality (6) is satisfied for any ye N.
U

M(s+) v

FIGURE. The subtree M C .7 generated by M(s;)) (1<i<r)
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+ Edges of M(s;) are denoted by solid line segments.

+ Edges of M\ J;, M(s;) are denoted by dashed line segments.

+ Half-lines are denoted by dots.

Recall that the function field of P! (resp. X) is denoted by K(x) (resp.
F =K(x,y)). We treat x as not only a function on X and P' but also an
N-invariant function on Q via the natural projection Q@ — Q/N =~ P!, Similarly,
we treat y as not only a function on X but also a I'-invariant function on Q via
the natural projection Q — Q/T ~ P!

We also recall that for 1 <i <r, the image of the fixed point P, € Q of s;
under the natural projection Q — Q/N =~ P! is the branch point a; € P!

For any ye N and i #2, by Lemma 5.4 (4), we have |p(P;)| < |P2| = |u].
Hence we have y(P;) #u. We have x(u) # a; for i #2. By Lemma 5.4 (5), we
have y(P,) # u for any ye N. Hence we have x(u) # a,.

There exists y € PGL,(K) such that y(a;) =0, y(a2) =1, and y(x(u)) = oo.
The inverse p~! is written as

yl = (b Z) € PGL,(K)

d
for some b,c,d,e e K satistying b —a;d #0 (1 <i<r). For each i, we have
A Ai
x—a; (%) — a
Jd Ji(be — cd) (b — a;d) 2

= + .
b—aid * y(x)+ (c - ae)(b— aid) !
By replacing K by its finite extension, there exists C € K satisfying

\id
CLC:;b_aid.

We have

p N ilbe—cd)(b —aid)”?
y-CF--0= ; p(x) + (c — ae) (b — ad) "

We also have
c—aje  c—me _ (ay—ar)(be — cd)
b—ald b—azd_ (b—ald)(b—azd)'

Therefore, the inequality |4;4s] < |a) — a»|* is satisfied if and only if
A1(be — cd) Aa(be — cd) (a2 — ay)(be — cd)
(b—ard)* (b—ad)*| |(b—ad)(b— ard)

2

2
c—ae c — e
b—ald b—azd
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is satisfied. In the rest of this section, by replacing x (resp. y) by y(x) (resp.
y—C), we may assume a; =0, a, = 1, and x(u) = oo.
We put

o P — y(u)
n va —(P)’

which converges to an element of K; see [5, Section 8.1]. We have |¢| =1 by
Lemma 5.4 (4), (5). Let z be a coordinate function on Q C P'. We have

x(z):anw

yeN = y(u)

since the both hand sides are N-invariant functions on Q (i.e., functions on
P' ~ Q/N) having same zeros and poles and being 1 at z = P,; see [5, Section
8.1].

We put

Vie={zeQ||z—P| <¢}

for i=1,2 and ¢€ |[K*|. Since P;€Q is not a limit point of N, by replacing
K by its finite extension and taking ¢ sufficiently small, we may assume & <
|Pi — y(u)| for any y e N.

We denote the power series expansion of x on V;, by

0
x(z) = ocz cin(z—P)".
n=0
Since x(P;) = a;, we have

»
x(z) —a; = och,;’n(z - P)".
n=1

LEMMA 5.5. We have Ay = acy,, and jo = (=P~ ocs .
Proof. We put

1
1 (Z) = 27
Pip!
z— P2 ’
Then we have y;(s;(z)) = yi(z) + 1 for i = 1,2. We put f; := y; — y, which is an
s;-invariant function on V;,. Since y; and y have poles of order 1 at P; and we
have P; = s;(P;), the function f; is holomorphic at P, We have

ya(z) ==~

Ai

(5.1) W=yi=yl=y+f - fi= + b,

X — d;
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where we put

which is holomorphic at P;.
For i =1, by multiplying the both hand sides of (5.1) by z’(x —a;), we
have

(x—a)) =z Yx —ay) = Lzl + 2P (x —ar)hy.

By comparing the degree 1 terms and the degree p terms with respect to z, we
have

ocy,p =0,
ocy,p — 011 = Al

Hence we have Ay = acy .
For i = 2, by multiplying the both hand sides of (5.1) by (z — P»)”(x — a»),
we have

(=P3n ) (x —a2) = (=P3n ")z = P2)! " (x — a2)
= /12(2 — Pz)p + (Z — Pz)p(x — Clz)hz.

By comparing the degree 1 terms and the degree p terms with respect to z — P,
we have

(=P ")locy 1 =0,
(=P3n " acs, — (—=P3n Nacs 1 = 1o

Since P, #0, ne K*, and a#0, we have ¢ =0. Hence we have 4, =
(_Pgﬂil)powlp- O

LEMMA 5.6, We have |J1| < |[y|P~" - |P2|™ and |Ja| < 5| ™" - |Pa|".

Proof. For each ye N, n>1, and i =1,2, we put

40— B v(P)
i0 " J
R ()

S0 1
(B (W)

Since ¢ < |P; — y(u)| for any y € N, we have
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on V;,. (For this calculation, see [10, Section 3].) Hence we have

z) = aZc,}n(z -P)'=u H ZZ__yy((Pul)) = ocH Zu}j’“z - P)".

yeN
We shall estimate |c;,| by calculating |u |

For i = 1, since s](P)) = Pl,wehaveufo)—Ofor0<]<p—1 Hence we
have

p—1 .
y (s))
Clp= H “5)0 (Hul,ll )
VEN\{‘Y]}O<j<]1—l j=0

Recall that Py =0. By Lemma 5.4 (6), we have |u10| <1 for any yeN.
By Lemma 5.4 (1), (2), we have |u§ 0>| = |y |P,|”" for l<] <p-1. Since

0 '~ 0 for l<j<p-1, by Lemma 54 (3), we have |u11|—\3( ) =1
We denote the identity element of PGL,(K) by id. Since ugl%) =0, we have
|u1 = |P,|”". Consequently, we have

lerpl < "™ |Pof .
By Lemma 5.5, since |«| =1, we have
il = led - ferp| < [n”™" - [P .
For i = 2, by Lemma 5.4 (4), (5), we have [u{}| =1 for any y € N. By this
equality and Lemma 5.4 (5), we have '
|1+ usy| :
)yl = o < 1Pl
[P = y(u)]"
for any ye N and n > 1. Therefore, we have
leal < Po|7.
By Lemma 5.5, since |z| =1, we have
ol = [Pof - || ™ - il - leap| < [n| ™" - |Paf”. O
By Lemma 5.2 and Lemma 5.6, we have
ol <7t < 1 =ar — o).

Recall that we have assumed ¢; =0 and a, = 1.
Theorem 1.1 follows from this result and the result of Section 4.
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