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APPARENT CONTOURS OF STABLE MAPS BETWEEN

CLOSED SURFACES
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Abstract

Let M and N be connected and orientable, closed surfaces. For a stable map

j : M ! N, denote by cðjÞ and nðjÞ the numbers of cusps and nodes of j respectively.

In this paper, we determine the minimal number cðjÞ þ nðjÞ among the apparent

contours of degree d stable maps M ! N whose singular points set consists of one

component.

1. Introduction

Let M be a closed and connected surface, N a connected surface, and
j : M ! N be a Cy map. Define the set of singular points of j as

SðjÞ ¼ fp A M j rank djp < 2g:
We call jðSðjÞÞ the apparent contour (or contour for short) of j and denote it
by gðjÞ.

A Cy map j : M ! N is said to be stable if it satisfies the following two
properties.

(1) For each p A M, the map germ of j at p A M is Cy right-left equivalent
to one of the map germs at 0 A R2 below:
� ða; xÞ 7! ða; xÞ: a regular point,
� ða; xÞ 7! ða; x2Þ: a fold point,
� ða; xÞ 7! ða; x3 þ axÞ: a cusp point.
Hence, SðjÞ is a finite disjoint union of circles.

(2) For each q A gðjÞ, the map germ ðjjSðjÞ; j�1ðqÞ \ SðjÞÞ is right-left
equivalent to one of the three multi-germs as depicted in Figure 1.

According to a classical result of Whitney [12], stable maps form an open
dense subset in the space of all Cy maps M ! N with respect to the Whitney
Cy topology.

For a stable map j : M ! N, the numbers of connected components of
SðjÞ, cusps and nodes on gðjÞ are denoted by iðjÞ, cðjÞ and nðjÞ respectively.
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In this paper, we study a stable map with singular points.
An oriented and closed surface of genus g is denoted by Sg. The

2-dimensional sphere and the plane are denoted by S2 and R2 respectively.
Pignoni [8] introduced the notion of a minimal contour of a Cy map

between surfaces and studied that of a Cy map M ! R2 of a closed surface into
the plane: Let j0 : M ! N be a Cy map and j : M ! N a stable map which
is homotopic to j0 and whose singular points set consists of one component.
The contour gðjÞ is called a minimal contour of j0 if cðjÞ þ nðjÞ is the smallest
among the contours of stable maps which are homotopic to j0 and whose
singular points set consists of one component. Then, Demoto [1], Kamenosono
and the author [4] studied minimal contours of Cy maps M ! S2 of closed
surfaces into the sphere. Furthermore, for each integer ib 1, the apparent
contours of stable maps of connected and closed, orientable surfaces into the
plane or the sphere whose singular points set consists i components were studied
by Fukuda and the author [3, 14]. The author [15] also studied a 5-tuple of
integers ðg; d; i; c; nÞ such that there exists a degree d stable map Sg ! N, N ¼ R2

or S2, whose singular points set consists of i components and whose contour has
c cusps and n nodes.

In this paper, we study the apparent contour of a stable map Sg ! Sh,
hb 1, whose singular points set consists of one component. To study apparent
contours, we generalize the formula obtained by Pignoni [8], Kamenosono and
the author [4]. By using the generalized formula, Proposition 2.6, we study a
minimal contour of degree d: Let j : Sg ! Sh be a degree d stable map whose
singular points set consists of one component. Then, the contour gðjÞ is called
a minimal contour of degree d if the number cðjÞ þ nðjÞ is the smallest among the
contours of degree d stable maps Sg ! Sh whose singular points set consists of
one component.

The purpose of this paper is to determine the number cþ n of minimal
contour of degree d for each db 0. Note that the contour of a minimal contour
of degree d is not unique.

Recall that two Cy maps Sg ! Sh are homotopic, then their degrees
coincide. Recall also that two Cy maps Sg ! S2 are homotopic if and only
if their degrees coincide, see [7] for example. Thus, for any degree d Cy map
j0 : Sg ! Sh, the notion of minimal contour of degree d and that of minimal
contour of j0 coincide if h ¼ 0.

Note that the following proposition was obtained by Kneser–Edmonds’s
theorem ([5, 6, 2]), see [13] for example.

Figure 1. The multi-germs of jjSðjÞ.
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Proposition 1.1 ([5, 6, 2, 13]). For integers gb 0 and hb 1, we define

rðg; hÞ ¼

0 if g ¼ 0; hb 1;

y if gb 1; h ¼ 1;

g� 1

h� 1

� �
otherwise;

8>>><
>>>:

where
g� 1

h� 1

� �
is the maximal integer which dose not exceed ðg� 1Þ=ðh� 1Þ.

If hb 1 and jdj > rðg; hÞ, then there is no Cy map j : Sg ! Sh of degree d.

The main theorem of this paper is the following.

Theorem 1.2. Let g and h be non-negative integers with hb 1, and d a non-
negative integer satisfying da rðg; hÞ, j : Sg ! Sh a stable map whose singular
points set consists of one component. Then, the contour gðjÞ is a minimal contour
of degree d if and only if the pair ðcðjÞÞ; nðjÞÞ is one of the items below;

h ¼ 1:

ðc; nÞ ¼

ð1Þ ð0; 0Þ if d ¼ 0 and g ¼ 0;

ð2Þ ð2; 2Þ if d ¼ 0 and g ¼ 1;

ð3Þ ð2; 0Þ if d0 0 and g ¼ 1;

ð4Þ ð0; g� 2Þ if gb 2 is an even number and for any d;

ð5Þ ð2; g� 3Þ if gb 3 is an odd number and for any d;

8>>>>><
>>>>>:

hb 2:

ðc; nÞ ¼

ð6Þ ð2; 2Þ if d ¼ 0 and g is an odd number satisfying 1a ga 2h� 1;

ð7Þ ð2; 0Þ if d ¼ 0 and g is an odd number satisfying gb 2hþ 1 or;

if db 1 and g > dðh� 1Þ; g2 dðh� 1Þ ðmod 2Þ;
ð8Þ ð0; 0Þ otherwise:

8>>><
>>>:

Figures 2 (1), (2), (3), (4) and (5) show examples of minimal contours of the
cases (1), (2), (3), (4) and (5) respectively.

Theorem 1.2 shows the following corollary.

Corollary 1.3. Let j : Sg ! Sh be a degree d stable map whose contour is
a minimal contour of degree d. Then, the number of nodes on gðjÞ is an even
number.

Remark that for a stable map j : M ! Sh, the number of cusps cðjÞ and the
Euler characteristic wðMÞ have the same parity by a classical result of Thom [10].

Remark that for a Cy map j0 : Sg ! R2 or j0 : Sg ! S2, the number of nodes
on a minimal contour of j0 is an even number for each g, see [8] and [4] for
the details. Note that there is a stable map Sg ! Sh whose singular points set
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consists of one component and whose contour has odd number of nodes for each
gb 0 and hb 0.

Remark 1.4. Theorem 1:2 makes the very first step toward classifying
generic Cy maps between closed surfaces up to right-left equivalence.

This paper is organized as follows. In §2, we prepare some notions con-
cerning to stable maps j : M ! Sh, (hb 0), and generalize the formula obtained
by Pignoni [8], and Kamenosono and the author [4]. In §3, we construct stable
maps Sg ! Sh, (gb 0, hb 1), which are in the list of Theorem 1.2. In §4, we
show the contours of stable maps constructed in §3 are minimal contours of
degree d. In §5, we study the case of the apparent contours of fold maps
j : Sg ! Sh, (gb 0, hb 1). In §6, we pose five problems which concern the
apparent contours of stable maps j : M ! Sh, ðhb 1Þ.

Throughout this paper, all surfaces are connected and smooth of class Cy,
and all maps are smooth of class Cy unless stated otherwise. The symbols
d; gb 0, hb 0 denote integers. For a topological space X , idX denotes the
identity map of X . For a closed surface M, ðMÞl denotes the surface obtained
by removing l open disks from M. The symbol D2 denotes the closed disk
in R2.

2. Preliminaries

In the following, for a closed surface M, we prepare some notions con-
cerning the apparent contour of a stable map j : M ! Sh, ðhb 0Þ.

Figure 2. Minimal contours of degree d for Cy maps Sg ! S1.
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Let M be a closed surface and j : M ! Sh a stable map with singular
points. Let SðjÞ ¼ S1 [ � � � [ Sl be the decomposition of SðjÞ into the con-
nected components and set gi ¼ jðSiÞ, (i ¼ 1; . . . ; l). Note that gðjÞ ¼ g1 [ � � � [
gl. Let mðjÞ be the smallest number of elements in the set j�1ðyÞ, where y A Sh

runs over all regular values of j. Fix a regular value y such that j�1ðyÞ
consists of mðjÞ points. For each gi, denote by Ui the component of Shngi which
contains y. Note that qUi � gi.

Orient gi so that at each fold point image, the surface is ‘‘folded to the left
hand side’’. More precisely, for a point y A gi which is not a cusp or a node,
choose a normal vector v of gi at y such that j�1ðy 0Þ contains more elements
than j�1ðyÞ, where y 0 is a regular value of j close to y in the direction of v.
Let t be a tangent vector of gi at y. It is easy to see that t gives a well-defined
orientation for gi.

Definition 2.1. A point y A qUinfcusps; nodesg is said to be positive if
the normal orientation v at y points toward Ui. Otherwise, it is said to be
negative.

A component gi is said to be positive if all points of qUinfcusps; nodesg
are positive; otherwise, gi is said to be negative. The number of positive and
negative components is denoted by iþ and i� respectively.

Note that if h ¼ 0, then there is at least one negative component. Note also
that if hb 1 and SðjÞ consists of one component, then gðjÞ is the negative
component.

Definition 2.2. A point y A qUinfcusps; nodesg is called an admissible
starting point if y is a positive (or negative) point of a positive (resp. negative)
component gi. Note that for each i, there always exists an admissible starting
point on gi.

Definition 2.3. Let y A gi be an admissible starting point and Q A gi is a
node. Let a : ½0; 1� ! gi be a parameterization consistent with the orientation
which is singular only when the image is a cusp such that a�1ðyÞ ¼ f0; 1g.
Then, there are two numbers 0 < t1 < t2 < 1 satisfying aðt1Þ ¼ aðt2Þ ¼ Q.

We say that Q is positive if the orientation of Sh at Q defined by the ordered
pair ða 0ðt1Þ; a 0ðt2ÞÞ coincides with that of Sh at Q; negative, otherwise, see Figure
3 for the details.

The number of positive and negative nodes on gi is denoted by Nþ
i ðjÞ and

N�
i ðjÞ respectively. The definition of a positive (or negative) node on gi depends

on the choice of an admissible starting point y. However, it is known that the
algebraic number Nþ

i ðjÞ �N�
i ðjÞ does not depend on the choice of y, see [11]

for the details. Thus, the algebraic number NþðjÞ �N�ðjÞ ¼
Pl

i¼1ðNþ
i ðjÞ �

N�
i ðjÞÞ is well defined. Note that nodes arising from gi \ gj (i0 j) play no role

in the computation.
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Then, the following formula was obtained by Pignoni [8], Kamenosono and
the author [4]

Proposition 2.4 ([8, 4]). For a stable map j : M ! S2 of a closed surface of
genus g, we have

g ¼ eðMÞ ðNþðjÞ �N�ðjÞÞ þ cðjÞ
2

þ ð1þ iþ � i�Þ �mðjÞ
� �

ð2:1Þ

where eðMÞ is equal to one if M is orientable, two otherwise.

In the following, we generalize formula (2.1) for a stable map j : M ! Sh,
ðhb 1Þ, such that iðjÞ ¼ 1.

Lemma 2.5. Let j : M ! Sh, ðhb 1Þ be a stable map such that iðjÞ ¼ 1.
Then, there is a degree one stable map p : Sh ! S2 such that it satisfies the
following conditions:

(1) pðyÞ A S2 is a regular value of p, and p�1ðpðyÞÞ ¼ fyg,
(2) SðpÞ consists of h components S p

1 ; . . . ;S
p
h , and gðpÞ has 4h cusps and no

nodes, and
(3) gðjÞ \ SðpÞ ¼ j.

Proof. Let us consider Sh is the sphere S with h 1-handles H1; . . . ;Hh.
By modifying j by a Cy homotopy if necessry, we assume that S contains y.
Define a stable map p0 : Sh ! S2 by the projection of the 1-handles Hi

(i ¼ 1; . . . ; h) into S. Note that Sðp0Þ consists of h components and gðp0Þ
has 4h cusps and no nodes. Let Sðp0Þ ¼ Sp0

1 [ � � �S p0
h be the decomposition

of Sðp0Þ into the connected components. Note that each Sp0
i , (i ¼ 1; . . . ; h),

bounds a disk. Then, by shrinking S p0
i , (i ¼ 1; . . . ; h), there exists a di¤eo-

morphism C : Sh ! Sh such that CðSðpÞÞ \ gðjÞ ¼ j. Then, define p ¼ p0 �C�1.
The map p : Sh ! S2 satisfies the conditions (1), (2) and (3). r

Figure 3. A positive node and a negative node.
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For a stable map j : M ! Sh, ðhb 1Þ, such that iðjÞ ¼ 1 and a stable map
p : Sh ! S2 as in Lemma 2.5, denote by xiðj; pÞ, (i ¼ . . . ; h), the number of
inverse image of Sp

i � SðpÞ, ði ¼ 1; . . . ; hÞ, by j. Then, the following formula is
obtained as an application of Proposition 2.4.

Proposition 2.6. Let j : M ! Sh, ðhb 1Þ, be a stable map such that
iðjÞ ¼ 1 and p : Sh ! S2 be a stable map as in Lemma 2:5. Then, we have

g ¼ eðMÞ ðNþðjÞ �N�ðjÞÞ þ cðjÞ
2

þ
Xh
i¼1

xiðj; pÞ �mðjÞ
 !

ð2:2Þ

where g is the genus of M, eðMÞ is equal to one if M is orientable, or two
otherwise.

Proof. Let us consider the Cy map p � j : M ! S2, see Figure 4. The
right bottom of Figure 4 shows the contour gðp � jÞ. Note that in the right
bottom of Figure 4, the square gðpÞ overlaps xiðj; pÞ-fold. Then, by perturbing
p � j as the xiðj; pÞ-fold square does not intersect each other, see the left bottom
of Figure 4, we obtain a stable map F : M ! S2. Then, for a fixed regular
value pðyÞ A S2, we obtain the folloiwng.

cðFÞ ¼ cðjÞ þ
Xh
i¼1

4xiðj; pÞ; iþðFÞ ¼ 0; i�ðFÞ ¼ 1þ
Xh
i¼1

xiðj; pÞ:

Let us consider the number of nodes nðFÞ.

Figure 4
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Lemma 2.7. Let us go along the contour gðjÞ following the canonical
orientation. If the contour gðjÞ intersects transversely a longitude (or meridian)
circle, then gðjÞ intersects again the longitude (resp. meridian) circle in the opposite
direction.

Proof. For any point q A gðjÞ, the di¤erence between the number of
inverse-image of a regular value in the left-hand side of q and that of a regular
value in the right-hand side of q is two. It yeilds the conclusion. r

Lemma 2.7 yields that nðFÞ is of the form nðFÞ ¼ nðjÞ þ 4k, ðkb 0Þ.
Futhermore, we obtain the following lemma.

Lemma 2.8. (1) If a node q A gðjÞ is positive (or negative), then the corre-
sponding node q 0 A gðFÞ is also positive (resp. negative).

(2) The algebraic number Nþ �N� of new nodes which are born by
composing with p and perturbing p � j is zero.

Proof. (1) It is trivial.
(2) New nodes appear as a pair of two positive nodes and two negative

nodes, see the left bottom of Figure 4. r

Thus, we have

NþðjÞ �N�ðjÞ ¼ NþðFÞ �N�ðFÞ:

By applying formula (2:1) to F, we obtain formula (2:2). r

Let j : M ! Sh, ðhb 1Þ be a stable map such that iðjÞ ¼ 1

Lemma 2.9. If gðjÞ has a node, then it has at least one negative
node.

Proof. Let us go along gðjÞ starting from an admissible starting point y,
following the canonical orientation of gðjÞ. When we pass through a positive
node on gðjÞ for the first time, the number of points in the inverse-image
decreases by two. This is a contradiction. r

In general, if the negative component gðjÞ passes a positive (or negative)
node, then the number of points in the inverse-image decrease (resp. increase) by
two. Thus, we obtain the followin lemma.

Lemma 2.10. If there exists a point q A Sh such that j�1ðqÞ consists at least
mðjÞ þ 4 points, then gðjÞ has at least ðaj�1ðqÞ �mðjÞ � 2Þ=2 negative nodes,
where aj�1ðqÞ denote the number of inverse image of q by j.
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3. Stable maps Sg ! Sh in Theorem 1.2

In this section, we construct stable maps which are in the list of Theorem
1.2. Note that to construct such stable maps is a part of a proof of Theorem
1.2.

For any nonnegative integers d, g and h, we construct a degree d stable map
Sg ! Sh whose singular points set consists of one component. This map will be
denoted by jh

d;g. In Figures, the numbers in the components of Shng denote the
numbers of inverse-images of a point in the components respectively.

3.1. Stable maps into S1. For each odd number g and each even number
gb 2, degree one stable maps j0

1;g : Sg ! S2 whose contours are in Figure 5 (1)

with u ¼ 1, l1 ¼ gþ 3 if g is odd and Figure 5 (2) with u ¼ 1, l2 ¼ gþ 2 if
gb 2 is even were obtained in [4] respectively. Then, by attaching five 1-handles
and one 1-handle to the source surface and the target surface of j0

1;g respec-
tively, we obtain j1

1;gþ5 : Sgþ5 ! S1 whose contour is in Figure 2 (4) if g is odd,

that is in Figure 2 (5) if gb 2 is even respectively. Figure 6 shows the procedure
of j1

1;6.

Figure 5. Apparent contours of stable maps Sg ! S2.

Figure 6. Procedure of j1
1; 6 : S6 ! S1.
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By making a pleat to idS1
: S1 ! S1 and idS 2 : S2 ! S2, we obtain

j1
1;1 : S1 ! S1 and j0

1;0 : S
2 ! S2 whose pairs ðc; nÞ are equal to ð2; 0Þ respec-

tively. See Figure 7. By attaching three 1-handles and one 1-handle to the
source source and the target surface of j0

1;0 respectively, we obtain j1
1;3 : S3 ! S1

whose contour is in Figure 2 (5).
A degree zero stable map S1 ! S2 whose contour is in Figure 5 (2) with

u ¼ 0, l2 ¼ 2 was obtained in [4]. Then, by attaching four 1-handles and one
1-handle to the source surface and the target surface of the degree zero stable
map S1 ! S2 respectively, we obtain j1

0;5 : S5 ! S1 whose contour is in Figure 2
(5).

By combining the projection S2 ! D2 and the inclusion D2 ,! S1, we obtain
j1
0;0 : S

2 ! S1 whose contour is in Figure 2 (1). Similarly, by combining
S1 ! D2 whose contour is minimal in [4] and the inclusion D2 ,! S1, we obtain
j1
0;1 : S1 ! S1 whose contour is in Figure 2 (2).

Figures 8 and 9 define degree zero stable maps j1
0;2 and j1

0;4 respec-
tively.

Thus, we obtained the following maps:

Proposition 3.1. There are degree zero stable maps j0
0;0, j

1
0;1, j

1
0;2, j

1
0;4 and

j1
0;5 and degree one stable maps j1

1;g : Sg ! S1 with g ¼ 1; 3 and gb 6 whose
singular points set consist of one component and whose pairs ðc; nÞ are one of the
items below:

Figure 7. Making a pleat.

Figure 8. Stable map j1
0; 2.
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ðc; nÞ ¼

ð0; 0Þ for j1
0;0 and j1

0;2;

ð2; 0Þ for j1
1;1 and j1

1;3;

ð2; 2Þ for j1
0;1 and j1

0;5;

ð0; 2Þ for j1
0;4;

ð0; g� 2Þ for j1
1;g; gb 6 is an even number;

ð2; g� 3Þ for j1
1;g; gb 7 is an odd number:

8>>>>>>>>><
>>>>>>>>>:

Furthermore, by applying the following modification to j1
1;1, j1

0;2, j1
1;3,

j1
0;4, j

1
0;5 and j1

1;g (gb 6), we obtain degree d stable maps j1
d;g : Sg ! S1 whose

contours are the same as gðj1
1;1Þ, gðj1

0;2Þ, gðj1
1;3Þ, gðj1

0;4Þ, gðj1
0;5Þ and gðj1

1;gÞ
respectively for each db 1 and gb 1: For a stable map j : Sg ! S1, gb 1, as
the above, let m be a meridian circle in jððSgÞþÞ � S1, and C � ðSgÞþ a connected
component of j�1ðmÞ, where ðSgÞþ denotes the closure of the set of regular points
whose neighborhoods are orientation preserved by the map. Then, by cutting
Sg along C, we obtain two meridian kerfs A and B in ðSgÞþ. Denote by NB a
su‰ciently small neighborhood of B � ðSgÞþ. Then, define j 0jNB

and j 0jSgnNB
by

coiling NB d � 1 times along S1 and j 0jSgnNB
¼ jjSgnNB

respectively. Finally stick

the meridian kerfs A and B. Thus, we obtain a degree d stable map j 0 : Sg ! S1

whose contour is the same as gðjÞ. See Figure 10.
Similarly, for degree one stable maps j1

1;3 and j1
1;g (gb 6) in Proposition 3.1,

we obtain degree zero stable map j1
0;3 and j1

0;g whose contours gðj1
0;3Þ and gðj1

0;gÞ
are the same as gðj1

1;3Þ and gðj1
1;gÞ respectively. Thus, we obtain the following

maps.

Proposition 3.2. For each db 0, there is a degree d stable map
j1
d;g : Sg ! S1 whose singular points set consists of one component and whose

pair ðc; nÞ is in the list of Theorem 1:2, namely ðc; nÞ is one of the
following:

Figure 9. Procedure of j1
0; 4.
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ðc; nÞ ¼

ð1Þ ð0; 0Þ if d ¼ 0 and g ¼ 0;

ð2Þ ð2; 2Þ if d ¼ 0 and g ¼ 1;

ð3Þ ð2; 0Þ if d0 0 and g ¼ 1;

ð4Þ ð0; g� 2Þ if gb 2 is an even number and for any d;

ð5Þ ð2; g� 3Þ if gb 3 is an odd number and for any d:

8>>>>><
>>>>>:

3.2. Stable maps into Sh, ðhb 2Þ. In the following, assume that triples
ðd; g; hÞ satisfy the condition da rðg; hÞ.

Denote by j
g
1;g the degree one stable map Sg ! Sg which is obtained by

making a pleat to idSg
.

Figure 11 defines a degree one stable map Shþ1 ! Sh whose singular points
set consists of one component and whose contour has no cusps and no nodes.
Denote by jh

1;hþ1 this degree one stable map. Note that, in Figure 11, Shþ1 is
divided into three parts A, B and C such that A [ B ¼ ðShÞ1 and C ¼ ðS1Þ1.
Similarly, we define a stable map jh

1;g : Sg ! Sh for each integers g and h
satisfying gb hþ 1 and g1 hþ 1 (mod 2). More precisely, for an integer g
satisfying gb hþ 1 and g1 hþ 1 (mod 2), put gþ ¼ ðgþ h� 1Þ=2, g� ¼
ðg� hþ 1Þ=2. Then, note that there are integers l and m satisfying gþ ¼
hþ lðh� 1Þ þ m and g� ¼ 1þ lðh� 1Þ þ m where lb 0 and 0a ma h� 2.
Then, define the map from ðSgþÞ1 (or ðSg�Þ1) into Sh as the similar way as

Figure 11

Figure 10
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jh
1;hþ1jA[B (resp. jh

1;hþ1jC). Note that Sðjh
1;gÞ consists of one component and

gðjh
1;gÞ has no cusps and no nodes.

Then, by attaching a 1-handle horizontally to the source surface, see Figure
12 for the details, of jh

1;g with gb hþ 1 and g1 hþ 1 (mod 2), we obtain a

degree one stable map Sgþ1 ! Sh whose singular points set consists of one
component and whose contour has two cusps, no nodes. Denote by jh

1;gþ1 this
degree one stable map. Thus, we obtain the following:

Proposition 3.3. For each hb 2 and each gb hþ 1, there is a degree one
stable map jh

1;g : Sg ! Sh whose singular points set consists of one component and
the pair ðc; nÞ is one of the following items:

ðc; nÞ ¼ ð2; 0Þ if g1 h mod 2;

ð0; 0Þ otherwise:

�

Lemma 3.4. Let j : Sg ! Sh be a degree d stable map whose singular points
set consists of one component such that the genus of ðSgÞþ is greater than or equal
to one. Then, there is a degree d þ 1 stable map j 0 : Sgþh�1 ! Sh whose contour
is di¤eomorphic1 to gðjÞ.

Proof. For such Cy map j : Sg ! Sh, divide Sg into ðS1Þ1 [ ðSg�1Þ1 such
that ðS1Þ1 � ðSgÞþ. Then, insert ðSh�1Þ2 between ðS1Þ1 and ðSg�1Þ1, and define
j 0 : Sgþh�1 ! Sh by j 0 ¼ j on ðS1Þ1, j 0jðSh�1Þ2 is defined by Figure 13 and
j 0jðSg�1Þ1 ¼ r � jjðSg�1Þ1 , where r : Sh ! Sh denotes the di¤eomorphism which is

defined by the half-turn of Sh. See Figures 13 and 14. Thus, we obtain the
desired degree d þ 1 stable map Sgþh�1 ! Sh. r

1Let Mi be smooth manifolds and Ai � Mi be subsets, i ¼ 0; 1. A continuous map g : A0 ! A1

is said to be smooth if for every q A A0, there exists a smooth map ~gg : V ! M1 defined on a

neighborhood V of q A M0 such that ~ggjV\A0
¼ gjV\A0

. Furthermore, a smooth map g : A0 ! A1 is

called a di¤eomorphism if it is a homeomorphism and its inverse is also smooth. When there exists a

di¤eomorphism between A0 and A1, we say that they are di¤eomorphic.

Figure 12. Attaching of a handle horizontally. The map is obtained when one projects these

surfaces to the horizontal plane.
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By applying Lemma 3.4 inductively to jh
1;g in Proposition 3.3, we obtain a

degree db 2 stable maps jh
d;gþðd�1Þðh�1Þ whose contour is di¤eomorphic to gðjh

1;gÞ.
For a stable map jh

1;g in Proposition 3.3 with g2 h (mod 2), by connecting
Sh and Sg by a horizontal 1-handle, we define jh

0;gþh : Sgþh ! Sh by jh
0;gþhjSh

¼
�idSh

and jh
0;gþhjSg

¼ j. Note that Sðjh
0;gþhÞ consists of one component and

gðjh
0;gþhÞ has two cusps, no nodes. See Figure 15.

Figure 13. Construction j 0 : Sgþh�1 ! Sh.

Figure 14. A di¤eomorphism r : Sh ! Sh.
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Figure 16 explains a construction of a degree zero stable map Sg ! Sh whose
singular points set consists of one component and the contour has no cusps,
no nodes for each even number g satisfying 2ha ga 4h� 4. Denote by jh

0;g the

degree zero stable map. Similarly, for an even number g with 0a g < 2h, we
have a degree zero stable map jh

0;g : Sg ! Sh whose singular points set consists of
one component and gðjh

0;gÞ has no cusps and no nodes. Furthermore, we define
jh
1;g : Sg ! Sh for an even number g with g > 4h� 4. More precisely, for an

even number g which satisfies g > 4h� 4, there are integers l and m which satisfy
g=2 ¼ hþ lðh� 1Þ þ m where lb 0 and 0a ma h� 2. Then, define the map
from ðSg=2Þ1 into Sh as jh

0;gjA[B in Figure 16. Note that Sðjh
0;gÞ consists of one

component and gðjh
0;gÞ has no cusps and no nodes.

For each integer hb 2 and each odd number g in 1a ga 2h� 1, put
ðl1; l2; l3Þ ¼ sð1;�2; 1Þ þ 1=2ð2h� gþ 1; g� 1; 0Þ, where s is an integer in 0a sa
ðg� 1Þ=4. Note that g ¼ 2l1 þ 4l3 þ 1 and h ¼ l1 þ l2 þ l3. Then, we have a

Figure 16

Figure 15. Attaching Sh horizontally.
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degree zero stable map jh
0;g : Sg ! Sh as in Figure 17. This construction shows

that stable maps whose singular points set consists of one component and whose
pairs ðc; nÞ are in the list of Theorem 1.2 are not unique.

Thus we obtain the following maps.

Proposition 3.5. For each db 0 and hb 2 which satisfies da rðg; hÞ, there
is a degree d stable map jh

d;g : Sg ! Sh whose singular points set consists of one
component and whose pair ðc; nÞ is in the list of Theorem 1:2, namely ðc; nÞ is one
of the following:

ðc; nÞ ¼

ð6Þ ð2; 2Þ if d ¼ 0 and g is an odd number satisfying 1a ga 2h� 1;

ð7Þ ð2; 0Þ if d ¼ 0 and g is an odd number satisfying gb 2hþ 1 or;

if db 1 and g > dðh� 1Þ; g2 dðh� 1Þ ðmod 2Þ;
ð8Þ ð0; 0Þ otherwise:

8>>><
>>>:

4. Proof of minimum of cþ n in Theorem 1.2

In this section, we prove that the contours gðjh
d;gÞ constructed in §3 are

minimal contours of degree d, for each integers db 0 and gb 0, hb 1.
The contours gðj1

d;gÞ in Proposition 3.2 (1), (4) with g ¼ 2, and the contour

gðjh
d;gÞ in Proposition 3.5 (8) are trivially minimal contours of degree d respec-

tively. Thus, the cases Theorem 1:2 (1), (4) with g ¼ 2 and (8) are proved.

Lemma 4.1. Let j : Sg ! Sh be a degree d stable map such that iðjÞ ¼ 1.
If the number d � dhþ g is odd, then gðjÞ has at least two cusps.

Proof. To prove this lemma, apply a result of Quine [9]: for a stable map
j : M ! N between oriented surfaces, we have

wðMÞ � 2wðM�Þ þ
X

qk :cusp

signðqkÞ ¼ ðdeg jÞwðNÞ;

Figure 17
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where M� denotes the closure of the set of regular points at which j reverses
orientation, and signðqkÞ ¼G1 the sign of a cusp qk, see [9] for details.

Apply our situation to the Quine’s formula:X
qk :cusp

signðqkÞ ¼ 2ðd � dhþ g� 2mÞ;

where ðSgÞ� is homeomorphic to ðSmÞ1, (m ¼ 0; 1; . . . ; g). Then, this follows
immediately. r

Lemma 4.1 shows the contours of stable maps j1
d;1 (d0 0) and j1

d;3 (d0 0)

in Proposition 3.2 and the contours of stable maps jh
d;g in Proposition 3.5 (7) are

minimal contours of degree d respectively. Thus, the cases Theorem 1.2 (3), (5)
with g ¼ 3 and (7) are proved.

The rest cases of Theorem 1.2 (2) and (4) with gb 4, (5) with gb 5, (6) are
proved by each case h ¼ 1 and hb 2.

4.1. The case of h ¼ 1. Let us consider the case (4) with gb 4 and (5)
with gb 5. Let j : Sg ! S1 be a stable map such that iðjÞ ¼ 1. Then, formula
(2.2) implies that

g ¼ ðNþ �N�Þ þ cðjÞ
2

þ x1ðj; pÞ �mðjÞ:ð4:1Þ

Note that x1ðj; pÞ �mðjÞb 0 is an even number. Let us divide the cases
for the value x1ðj; pÞ �mðjÞ.

(i1) x1ðj; pÞ �mðjÞa 2: In this case, formula (4.1) implies that if gðjÞ has
no node, then

cðjÞb 2ðg� 2Þ:ð4:2Þ
If gðjÞ has a node, then formula (4.1) and Lemma 2.9 imply that cðjÞ þ nðjÞb
cðjÞ=2þ g. This inequality and Lemma 4.1 show that if gb 4 is even, then

cðjÞ þ nðjÞb gð4:3Þ
otherwise,

cðjÞ þ nðjÞb gþ 1:ð4:4Þ

(i2) x1ðj; pÞ �mðjÞb 4: In this case, formula (4.1) implies that cðjÞ þ nðjÞ
¼ cðjÞ=2þ gþ 2N� � ðx1ðj; pÞ �mðjÞÞ. Then, Lemma 2.10 implies that N� b

ðx1ðj; pÞ �mðjÞ � 2Þ=2. It yields that cðjÞ þ nðjÞb cðjÞ=2þ g� 2. This in-
equality and Lemma 4.1 shows that if gb 4 is even, then

cðjÞ þ nðjÞb g� 2ð4:5Þ
otherwise

cðjÞ þ nðjÞb g� 1:ð4:6Þ
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Thus, from the inequalities (4.2), (4.3) and (4.5), Theorem 1.2 (4) with gb 4
is proved. Similarly, from the inequalities (4.2), (4.4), and (4.6), Theorem 1.2 (5)
with gb 5 are proved.

Finally, let us consider the case (2). We will show that the contour gðj1
0;1Þ

in Proposition 3:2 is a minimal contour of degree zero. Recall that the pair
ðc; nÞ of gðj1

0;1Þ is equal to ð2; 2Þ. Let j : S1 ! S1 be a degree zero stable map
such that iðjÞ ¼ 1.

Lemma 4.2. Assume hb 1 and 0a ga 2h� 1. Then, there is no degree
zero Cy map j : Sg ! Sh whose singular points set consists of one component such
that mðjÞ > 0.

Proof. If there is a such Cy map j : Sg ! Sh, then ðSgÞþ and ðSgÞ� contain
ðShÞ1. It is a contradiction. r

Lemma 4.1 implies that the contour gðjÞ has at least two cusps. Then,
Lemma 4.2 and the geometrical condition for cusps, the contour gðjÞ has at
least one negative node, see Figure 18 for details. Thus, we have cðjÞ þ nðjÞ
b 3.

Lemma 4.3. There is no degree zero stable map j : S1 ! S1 whose singular
points set consists of one component and has two cusps and one node.

Proof. Assume that there exists such stable map j : S1 ! S1. Then, for-
mula (4.1) implies that

1 ¼ ð0� 1Þ þ 2

2
þ x1ðj; pÞ �mðjÞ:

Note that x1ðj; pÞ �mðjÞ is an even number. It is a contradiction. r

Thus, we have cðjÞ þ nðjÞb 4. It implies that the contour gðj1
0;1Þ is a

minimal contour of degree zero.
Therefore, we have completed the proof of Theorem 1.2 with h ¼ 1.

Figure 18. Geometrical condition of cusps.
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4.2. The case of hb 2. Let us prove the case (6).
By Lemma 4.2, for each hb 2 and each odd number g with 0a ga 2h� 1,

a degree zero Cy map j : Sg ! Sh satisfies mðjÞ ¼ 0. Then, we can prove the
contours gðjh

0;gÞ in Proposition 3.5 (6) are minimal contour of degree zero by the
similarly way as the case of Theorem 1.2 (2). We omit the proof here.

Therefore, we have completed the proof of Theorem 1.2 with hb 2.
It completes a proof of Theorem 1.2.

5. Fold map case

Let M be a connected and closed surface, and N be a connected surface.
A stable map j : M ! N which has no cusp is called a fold map.

Let j : M ! N be a degree d fold map such that iðjÞ ¼ 1. Then, call the
contour gðjÞ an F-minimal contour of degree d if the number nðjÞ is the smallest
among the contours of degree d fold maps whose singular points set consists of
one component.

Note that by Lemma 4.1, if d � dhþ g is odd, then there is no degree d fold
map Sg ! Sh whose singular points set consists of one component.

Then, as a corollary of Theorem 1.2, we obtain the following.

Theorem 5.1. Assume d � dhþ g be an even number and hb 1. Let
j : Sg ! Sh be a degree d fold map such that iðjÞ ¼ 1. Then, gðjÞ is an
F-minimal contour of degree d if and only if the number of nodes nðjÞ is one
of the items below:

h ¼ 1:

nðjÞ ¼ 0 if d ¼ 0 and g ¼ 0;

g� 2 if g is an even number and for any d;

�

hb 2:
nðjÞ ¼ 0:

Corollary 5.2. Assume d � dhþ g be an even number. Let j : Sg ! Sh

be a degree d fold map such that iðjÞ ¼ 1. If the contour gðjÞ is an F-minimal
contour of degree d, then it is a minimal contour of degree d.

6. Problems

In this section, we pose some problems with respect to the apparent contour
of a stable map M ! N between closed surfaces.

Problem 6.1. For a degree d Cy map j0 : Sg ! Sh, study the relation
between a minimal contour of j0 and a minimal contour of degree d.

Pignoni [8], Kamenosono and the author [4] studied a minimal contour of a
Cy map F ! S2 of a non-orientable surface.
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Problem 6.2. Let d2 ¼ 0 or 1, and F a non-orientable closed surface.
Study a minimal contour of modulo two degree d2 for a Cy map F ! Sh.
Furthermore, for a non-orientable closed surface F with even genus, study an
F-minimal contour of modulo two degree d2 for a Cy map F ! Sh.

Let j : M ! N be a degree d stable map whose singular points set consists
of one component. Then, the contour gðjÞ is an essential contour of degree d if
the pair ðc; nÞ is the smallest with respect to the lexicographic order among the
stable maps M ! N whose degrees are d and whose singular points set consists
of one component. Then, Theorem 1.2 yields the following theorem.

Theorem 6.3. Let j : Sg ! Sh, ðhb 1Þ be a degree d stable map whose
singular points set consists of one component. Then, gðjÞ is a minimal contour of
degree d if and only if it is an essential contour of degree d.

Note that for Cy map h0 : RP
2 ! R2 or h0 : RP

2 ! S2 of modulo two
degree one, a minimal (or an essential) contour of h0 is not essential (resp.
minimal), see [8, 4] for the details. Thus, we pose the following problem.

Problem 6.4. Study essential contours of Cy maps h0 : F ! Sh, ðhb 1Þ, of
non-orientable surfaces F . Then, compare minimal contours of h0 and essential
contours of h0.

The author [15] determined 5-tuples of integers ðg; d; i; c; nÞ such that there
exists a degree d stable map Sg ! N, N ¼ R2 or S2, whose singular points set
consists of i components and whose contour has c cusps and n nodes.

Problem 6.5. Determine a 6-tuples of integers ðg; h; d; i; c; nÞ such that there
exists a degree d stable map Sg ! Sh whose singular points set consists of i
components and whose contour has c cusps and n nodes.
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