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A NOTE ON THE ASYMPTOTIC BEHAVIOR OF CONFORMAL

METRICS WITH NEGATIVE CURVATURES NEAR ISOLATED

SINGULARITIES

Tanran Zhang

Abstract

The asymptotic behavior of conformal metrics with negative curvatures near an

isolated singularity was described up to the second order derivatives by Kraus and

Roth, 2008. We refine Kraus and Roth’s result for the second order mixed derivatives

and give estimates for higher order derivatives near an isolated singularity. We also

compute the Minda-type limits for SK-metrics near the singularity. Combining these

limits with Ahlfors’ lemma, we provide two observations for SK-metrics.

1. Introduction

Let D be the open unit disk in the complex plane C, D� :¼ Dnf0g, DR :¼
fz A C : jzj < Rg and D�

R :¼ DRnf0g for R > 0. If G � C is a domain, then
every positive, upper semi-continuous function l : G ! ð0;þyÞ on G induces a
conformal metric lðzÞjdzj (see [3, 4]), and lðzÞ is called the density of lðzÞjdzj. If
lðzÞjdzj is a regular conformal metric on G, i.e. lðzÞ is strictly positive and twice
continuously di¤erentiable on G, then the Gaussian curvature klðzÞ of the density
lðzÞ is defined by

klðzÞ ¼ �D log lðzÞ
lðzÞ2

;ð1:1Þ

where D denotes the Laplace operator (see [11]).
Let uðzÞ :¼ log lðzÞ. If klðzÞ1 0, then uðzÞ satisfies the Laplace equation

Du ¼ 0, which means uðzÞ is harmonic on G, so that the property of uðzÞ can
be studied by means of potential theory (see, e.g. [10]). If klðzÞ1�4, and if
lðzÞjdzj is complete, then lðzÞjdzj is the hyperbolic metric on G and (1.1) becomes
the Liouville equation

Du ¼ 4e2u:ð1:2Þ
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The asymptotic behavior of a solution uðzÞ to (1.2) near a singularity was
described by Nitsche [9]. If klðzÞ is not a constant but a strictly negative, locally
Hölder continuous function, (1.2) becomes the more general equation

Du ¼ �kðzÞe2u:ð1:3Þ

Kraus and Roth [5] studied the asymptotic behavior of uðzÞ near an isolated
singularity. Each solution to (1.3) belongs to a class of subharmonic functions
and it is corresponding to a special metric, called the SK-metric, according to
Heins [3].

The existence and the uniqueness of the solutions to (1.3) are subject to
suitable boundary conditions. In this article we are concerned with the asymp-
totic behavior of the solution to (1.3) near an isolated singularity, so it is
su‰cient to consider the behavior on D�, where the origin is an isolated
singularity of order aa 1.

We denote

qn ¼ qn

qzn
; qn ¼ qn

qzn

for nb 1. The following theorem was proved by Kraus and Roth [5].

Theorem A [5]. Let k : D ! R be a (locally) Hölder continuous function
with kð0Þ < 0. If u : D� ! R is a C 2-solution to Du ¼ �kðzÞe2u in D�, then u has
an order a A ð�y; 1� at the origin. Define the remainder functions vðzÞ and wðzÞ
by

uðzÞ ¼ �a logjzj þ vðzÞ; if a < 1;

uðzÞ ¼ �logjzj � log logð1=jzjÞ þ wðzÞ; if a ¼ 1;

according to the value of a. Then vðzÞ and wðzÞ are continuous in D. Moreover,
the first partial derivatives with respect to z and z,

qvðzÞ; qvðzÞ are continuous at z ¼ 0 if a < 1=2;

and

qvðzÞ; qvðzÞ ¼ Oð1Þ if a ¼ 1=2;

qvðzÞ; qvðzÞ ¼ Oðjzj1�2aÞ if 1=2 < a < 1;

qwðzÞ; qwðzÞ ¼ Oðjzj�1ðlogð1=jzjÞÞ�2Þ if a ¼ 1;

when z approaches 0, with O being the Landau symbols. In addition, the second
partial derivatives,

q2vðzÞ; qqvðzÞ and q2vðzÞ are continuous at z ¼ 0 if aa 0;
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and

q2vðzÞ; qqvðzÞ; q2vðzÞ ¼ Oðjzj�2aÞ if 0 < a < 1;ð1:4Þ

q2wðzÞ; qqwðzÞ; q2wðzÞ ¼ Oðjzj�2ðlogð1=jzjÞÞ�2Þ if a ¼ 1;ð1:5Þ

when z tends to 0.

Our first result gives estimates for higher order derivatives of vðzÞ, wðzÞ
near the singularity, and then improve the estimate of the mixed derivatives in
Theorem A when the order a ¼ 1. The Hölder space Cm; nðDRÞ consists of
functions whose m-th order partial derivatives are locally Hölder continuous in
DR with exponent n, 0 < na 1, which is defined as a subspace of CmðDRÞ.

Theorem 1.1. Let kðzÞ, uðzÞ, vðzÞ, wðzÞ and a be the same as in Theorem A.
If, in addition, k A Cn�2; nðDÞ for an integer nb 2, and a real number 0 < na 1,
then for n1; n2 b 1, n1 þ n2 ¼ n, near the origin, vðzÞ and wðzÞ satisfy

qnvðzÞ; qnvðzÞ; qn1qn2vðzÞ ¼ Oðjzj2�2a�nÞ if 0 < a < 1;ð1:6Þ

qnwðzÞ; qnwðzÞ ¼ Oðjzj�nðlogð1=jzjÞÞ�2Þ if a ¼ 1;ð1:7Þ

qn1qn2wðzÞ ¼ Oðjzj�nðlogð1=jzjÞÞ�3Þ if a ¼ 1:ð1:8Þ

The higher order estimates in Theorem 1.1 are best. It can be verified by
the generalized hyperbolic metric on the thrice-punctured sphere, see [12]. This
article is a continuation of [12].

The hyperbolic metric is a complete metric with the negative constant
Gaussian curvature, here we take the constant to be �4. Minda [8] investigated
the behavior of the density of the hyperbolic metric in a neighborhood of a
puncture of a plane domain using the uniformization theorem in 1997. Kraus
and Roth extended Minda’s limit for the case of variable curvature and obtained
the following theorem for a conformal metric in 2008, where the limit for cusps is
related to Minda’s work.

Theorem B [5, 8]. Let lðzÞjdzj be a regular conformal metric on D� with an
isolated singularity at z ¼ 0. Suppose that its curvature k : D� ! R has a Hölder
continuous extension to D such that kð0Þ < 0. Then log l has an order aa 1 at
z ¼ 0 and

lim
z!0

jzj logð1=jzjÞlðzÞ ¼
0 if a < 1

1ffiffiffiffiffiffiffiffiffiffiffiffiffi
�kð0Þ

p if a ¼ 1:

8><
>:

Our second result extends Theorem B and gives limits of Minda type.
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Theorem 1.2. Let k : D ! R be of class Cn�2; nðDÞ for an integer nb 2,
0 < na 1 with kð0Þ < 0. If u : D� ! R is a Cn; n-solution to Du ¼ �kðzÞe2u in
D�, then u has an order a A ð�y; 1�. If the order of u is a ¼ 1, then for
n1; n2 b 0, n1 þ n2 a n, the limit

ln1;n2 :¼
1

n1!n2!
lim
z!0

jzj logð1=jzjÞzn1zn2qn1qn2lðzÞð1:9Þ

exists. Moreover, the numbers ln1;n2 are given by

ln1;n2 ¼
� 1

2

n1

� �
� 1

2

n2

� �
1ffiffiffiffiffiffiffiffiffiffiffiffiffi

�kð0Þ
p ;

where

t

j

� �
¼ tðt� 1Þ � � � ðt� j þ 1Þ

j!

is the binomial coe‰cient.

In Section 2 we give a short survey of the hyperbolic metrics and the SK-
metrics, and introduce some notations and definitions. The proof of Theorem
1.1 for corners and cusps is given in Section 3 by the use of potential theory. In
Section 4 we first give a lemma for uðzÞ, then prove Theorem 1.2, and list several
results of Minda-type for special metrics.

2. Preliminaries

Let X be a Riemann surface and W be a subdomain of X . For a point
p A W, let z be local coordinates such that zðpÞ ¼ 0. We say a conformal metric
lðzÞjdzj on the punctured domain W� :¼ Wnfpg has a singularity of order aa 1
at the point p, if, in local coordinates z,

log lðzÞ ¼ �a logjzj þOð1Þ if a < 1

�logjzj � log logð1=jzjÞ þOð1Þ if a ¼ 1;

�
ð2:1Þ

as zðpÞ ! 0. We call the point p a conical singularity (or corner) of order a
if a < 1 and a cusp if a ¼ 1. The generalized Gaussian curvature klðzÞ of the
density function lðzÞ is defined by

klðzÞ ¼ � 1

lðzÞ2
lim inf

r!0

4

r2
1

2p

ð 2p
0

log lðzþ reitÞ dt� log lðzÞ
� �

:ð2:2Þ

When lðzÞ is a regular function, the Gaussian curvature klðzÞ is equivalent to
definition (1.1) (see [12]). The Gaussian curvature defined by (2.2) is a con-
formal invariant. Suppose that lðzÞjdzj is a conformal metric on a domain
G A C and f : W ! G is a holomorphic mapping of a Riemann surface W into
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G. Then we can define the pullback f �lðwÞjdwj of lðzÞjdzj by

f �lðwÞjdwj :¼ lð f ðwÞÞj f 0ðwÞj jdwj:
It is easy to see that f �lðwÞjdwj is a conformal metric on Wnfcritical points
of f g with Gaussian curvature kf �lðwÞ ¼ klð f ðwÞÞ. Using this conformal
invariance, we can easily establish the relation between Riemann surfaces with
conformal metrics. Here we can see that, on the punctured domain Wnfcritical
points of f g, the critical points of f are the source of the singularities of
negative integer orders.

We call an upper semi-continuous metric lðzÞjdzj on a Riemann surface W
an SK-metric if its Gaussian curvature is bounded above by �4 at every z A W.
The hyperbolic metric on the unit disk D is given by

lDðzÞjdzj ¼
jdzj

1� jzj2
:ð2:3Þ

The following result is a fundamental theorem about SK-metrics by Ahlfors [1],
also discussed by Heins [3], which claims that the hyperbolic metric lDðzÞjdzj on
the unit disk D is the unique maximal SK-metric on D.

Theorem C [1]. Let lDðzÞjdzj be the hyperbolic metric on D given in (2.3)
and lðzÞjdzj be an SK-metric on D. Then the inequality lðzÞa lDðzÞ holds
throughout the disk.

On the punctured unit disk D�, the hyperbolic metric is expressed by

lD � ðzÞjdzj ¼ jdzj
2jzj logð1=jzjÞ

with the constant curvature �4. On the punctured disk D�
R, the hyperbolic

metric with a conical singularity at the origin is given as follows, which is the
conical version of Theorem C.

Theorem D [6, 11]. For R > 0, let

la;RðzÞ :¼

ð1� aÞR1�ajzj�a

R2ð1�aÞ � jzj2ð1�aÞ ¼
1� a

2jzj sinhðð1� aÞ logðR=jzjÞÞ if a < 1;

1

2jzj logðR=jzjÞ if a ¼ 1

8>>><
>>>:

for z A D�
R. Then given an arbitrary SK-metric sðzÞ on D�

R with a singularity at
z ¼ 0 of order a, we have sðzÞa la;RðzÞ.

3. Proof of Theorem 1.1

We shall use potential theory as employed by Kraus and Roth [5]. Here we
recall elementary facts without proof (see [2, 10] for details).
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If equation (1.3) has a C2-solution uðzÞ, then higher di¤erentiability of uðzÞ
may follow from smoothness of kðzÞ according to the regularity of elliptic
di¤erential equations, see [2, p. 109]. For a bounded, integrable function f ðzÞ
on a domain W � C, the integral

1

2p

ð
W

Lðz� zÞ f ðzÞ dsz

is called the logarithmic potential of f , where

LðzÞ ¼ logjzj;

dsz is the area element on the domain W. Write z ¼ x1 þ ix2, z ¼ y1 þ iy2 and
let 0 < ra 1. The following lemma was mentioned in [5]. It is a consequence
of the Riesz decomposition theorem, and can be obtained from Theorem 4.5.1
and Exercise 3.7.3 in [10].

Lemma E [5]. Let u be a subharmonic function on D. Suppose that
u A C2ðD�Þ and Du is integrable in D� and

lim
r!0

supjzj¼r uðzÞ
logð1=rÞ ¼ 0:

Then u ¼ hþ o on D, where h is a harmonic function on D and o is the
logarithmic potential of Du.

To describe the higher order derivatives of the logarithmic potential, we
use a multi-index j ¼ ð j1; j2Þ, j jj ¼ j1 þ j2, j1; j2 ¼ 0; 1; 2; . . . , so ðz� zÞ j ¼
ðy1 � x1Þ j1ðy2 � x2Þ j2 , j! ¼ j1! j2!. For z ¼ x1 þ ix2, denote

q

qx1
¼ q1;

q

qx2
¼ q2; q j ¼ q

j1
1 q

j2
2 :

For a given multi-index j ¼ ð j1; j2Þ, we can choose et ¼ ð0; 1Þ or ð1; 0Þ for
t ¼ 1; 2; . . . such that j ¼ e1 þ e2 þ � � � þ en with n ¼ j jj. For a function f A C j jj,
write z ¼ y1 þ iy2, and define Pn½ f � by

Pn½ f �ðz; zÞ :¼

X
jajan

ðz� zÞa

a!
qaf ðzÞ if nb 1

f ðzÞ if n ¼ 0;

8><
>:

where a is a multi-index. For m ¼ 1; 2, we obtain that

q

qym
Pn½ f �ðz; zÞ ¼ Pn�1½qm f �ðz; zÞ;

see [11] for more details.
Now we introduce a function class H

n; n
l ðMÞ. For an integer n, two

numbers n, l with 0 < na 1 and a given M,
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H
n; n
l ðMÞ :¼

(
f A CnðD�Þ : jqaf ðzþ wÞ � qaf ðzÞjaM

jwjn

jzjlþn

whenever 2jwj < jzj < 1 for all a with jaj ¼ n

)
:

We can estimate the error term in the Taylor expansion for f A H
n; n
l ðMÞ.

Lemma 3.1. Suppose that f A H
n; n
l ðMÞ. Then for a fixed point z,

0 < jzj < 1,

j f ðzÞ � Pn½ f �ðz; zÞjaC
jz� zjnþn

jzjlþn
; for jz� zj < jzj

2
;ð3:1Þ

where C is a positive constant depending only on M and n.

Proof. Let gðtÞ ¼ f ðzþ tðz� zÞÞ, 0a ta1. Then gð1Þ ¼ f ðzÞ, gð0Þ ¼ f ðzÞ,
and

gðkÞðtÞ ¼
X
jaj¼k

k!

a!
ðz� zÞaqaf ðzþ tðz� zÞÞð3:2Þ

for ka n. By Taylor’s theorem, there exists x A ½0; 1� such that

f ðzÞ ¼ gð1Þ ¼
Xn�1

k¼0

gðkÞð0Þ
k!

þ gðnÞðxÞ
n!

:

Substitute (3.2) and obtain that

f ðzÞ ¼
Xn�1

k¼1

X
jaj¼k

ðz� zÞaqaf ðzÞ
a!

þ gðnÞðxÞ � gðnÞð0Þ þ gðnÞð0Þ
n!

¼
X
jajan

ðz� zÞaqaf ðzÞ
a!

þ gðnÞðxÞ � gðnÞð0Þ
n!

¼ Pn½ f �ðz; zÞ þ
X
jaj¼n

ðz� zÞa

a!
ðqaf ðzþ xðz� zÞÞ � qaf ðzÞÞ:

Since f A H
n; n
l ðMÞ,

jqaf ðzþ xðz� zÞÞ � qaf ðzÞjaM
jz� zjn

jzjlþn
:

Thus X
jaj¼n

ðz� zÞa

a!
ðqaf ðzþ xðz� zÞÞ � qaf ðzÞÞ

������
������aC

jz� zjnþn

jzjlþn

and (3.1) holds when jz� zj < jzj=2. r
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Using the multi-index, we can present the following result (see [2, p. 54] for
the case m ¼ 0 and [11] for others).

Lemma F [2, 11]. Let 0 < r < R, f A Cn�2; nðDrÞ with 0 < na 1, and let
nb 2, o be the logarithmic potential of f . Then o A CnðDrÞ and for a multi-
index j, j jj ¼ n,

q joðzÞ ¼ 1

2p

ð
DR

q jLðz� zÞ � ð f ðzÞ � Pn�2½ f �ðz; zÞÞ dszð3:3Þ

� 1

2p

Xn�1

t¼1

ð
qDR

qytLðz� zÞ � Pt�1½qft f �ðz; zÞ � hNðzÞ; etþ1ijdzj;

where yt :¼ e1 þ � � � þ et, ft :¼ etþ2 þ � � � þ en for t ¼ 1; . . . ; n� 1 and fn�1 :¼
ð0; 0Þ. Further, NðzÞ ¼ ðN1ðzÞ;N2ðzÞÞ is the unit outward normal at the point
z A qDR with R > r, h ; i is the inner product and the function f is extended to
vanish outside of Dr.

Now Theorem 1.1 can be divided into two parts, the case 0 < a < 1 and the
case a ¼ 1. We prove it separately. First we consider vðzÞ.

Proof of Theorem 1.1 when 0 < a < 1. Let

qðzÞ ¼ �kðzÞe2vðzÞ; f ðzÞ ¼ qðzÞjzj�2a:

We use induction on n to prove (1.6) and that q A Hn�2; n
b ðMnÞ, where b ¼

maxf0; 2a� 2þ ng, Mn is a positive constant depending on n. When n ¼ 2, (1.6)
follows from Theorem A. For z and s with 0 < 2jsj < jzj < 1=2, by Theorem A
we have

jqðzþ sÞ � qðzÞja jkðzþ sÞ � kðzÞj je2vðzþsÞj þ je2vðzþsÞ � e2vðzÞj jkðzÞjð3:4Þ

aC1jsjn þ C2
jsj
jzjb

0 a
M2 � jsjn

jzjb
;

where b 0 ¼ maxf0; 2a� 1g, M2, C1 and C2 are positive constants. Thus
q A H

0; n
b ðM2Þ.
For naK � 1, Kb 3, we assume that (1.6) holds, and q A Hn�2; n

b ðMÞ. We
consider jqaqðzþ sÞ � qaqðzÞj for a, jaj ¼ K � 2, and (1.6) for n ¼ K . Since (1.6)
is true for K � 1, the same technique as in (3.4) leads to

jqaqðzþ sÞ � qaqðzÞja MK � jsjn

jzjjajþb
; jaj ¼ K � 2:ð3:5Þ

We denote maxfM2; . . . ;MKg by MK without loss of generality. Then (3.5)

shows that q A H
K�2; n
b ðMKÞ. It is easy to verify that, by induction,

qaf ðzÞ ¼
X

ja1jþja2j¼jaj
Ca1;a2

za1 � qa2qðzÞ
jzj2aþ2ja1j
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where Ca1;a2 is a constant. Let

gaðzÞ ¼
za

jzj2aþ2jaj ; 0a jajaK � 2:

Thus for z and s, 0 < jzj < 1=2, jsj < jzj=2,

jgaðzþ sÞ � gaðzÞja
Cajsj

jzj2aþjajþ1
:

We know the function qb1qðzÞ is a linear combination of the terms
�qa1kðzÞqa2ðe2vðzÞÞ, a1 þ a2 ¼ a and ja1j; ja2jb 0. Since k A CK�2; nðDÞ, then
jqa1kðzÞj is bounded above on D. By Theorem A and the assumption of the
induction, as z ! 0, qa2ðe2vðzÞÞ is continuous if ja2j ¼ 0 or ja2j ¼ 1, 0 < a < 1=2,
and

qa2ðe2vðzÞÞ ¼
Oð1Þ if ja2j ¼ 1; a ¼ 1=2;

Oðjzj�2a�ja2jþ2Þ otherwise.

�

Since �2aþ 2b 0, qaqðzÞ ¼ Oðjzj�jajÞ as z ! 0, with 0a jajaK � 2. Then

jqaf ðzþ sÞ � qaf ðzÞjð3:6Þ

¼
X

ja1jþja2j¼jaj
Ca1;a2ðga1ðzþ sÞqa2qðzþ sÞ � ga1ðzÞqa2qðzÞÞ

������
������

a
X

ja1jþja2j¼jaj
jCa1;a2 j � fga1ðzþ sÞjqa2qðzþ sÞ � qa2qðzÞj

þ jqa2qðzÞj jga1ðzþ sÞ � ga1ðzÞjg

a
M 0

K � jsjn

jzj2aþnþjaj ;

for some positive constant M 0
K . Therefore f A H

K�2; n
2aþn ðM 0

KÞ.
For any multi-index b, jbjaK � 2, we know that qbf ðzÞ is a linear com-

bination of the terms qb1qðzÞqb2ðjzj�2aÞ, b1 þ b2 ¼ b, jb1j; jb2jb 0, and qb1qðzÞ ¼
Oðjzj�jb1jÞ as z ! 0. Note that qb2ðjzj�2aÞ ¼ Oðjzj�2a�jb2jÞ as z ! 0, then we
have

jqbf ðzÞj ¼ Oðjzj�2a�jbjÞð3:7Þ

as z ! 0.
We choose R, 0aRa 1 and consider the case 0 < a < 1 on DR. Let

0 < z < R=2, r A ðjzj=3; jzj=2Þ and Wr :¼ fz : jz� zj < rg. We need to showð
DRnWr

1

jz� zj2
dsz

jzj2a
a

C

jzj2a
ð3:8Þ
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for a positive constant C. Let z ¼ oz. Denote D :¼ fo : joj < R=jzj; jo� 1j >
r=jzjg, D1 :¼ fo : joj < 2; jo� 1j > 1=3g and D2 :¼ fo : 2a joj < R=jzjg.
Obviously D � D1 [D2. Note that jo� 1jb joj � 1b joj=2 is valid when
o A D2. Thenð
DRnWr

1

jz� zj2
dsz

jzj2a
a

ð
D

1

joz� zj2
jzj2 dso
jozj2a

a
1

jzj2a
ð
D1

þ
ð
D2

� �
1

jo� 1j2
dso

joj2a
a

C1

jzj2a
þ
ð
D2

4dso

joj2aþ2

a
C1

jzj2a
þ 4

jzj2a
ð2p
0

dy

ðR=jzj
2

dt

t2aþ1
a

C1

jzj2a
þ C2

jzj2a
2� R

jzj

� �
a

C

jzj2a
:

Thus (3.8) is true.
Since k A CK�2; nðDRÞ, we have u A CK ; nðD�

RÞ, 0 < na 1†. Due to Riesz’
decomposition theorem (see, e.g. [5]), we have

vðzÞ ¼ hðzÞ þ 1

2p

ð
DR

Lðz� zÞ f ðzÞ dszð3:9Þ

for a harmonic function h on DR and 0 < z < R=2. Now let r A ðjzj=3; jzj=2Þ and
Wr :¼ fz : jz� zj < rg. Then for a multi-index j, j jj ¼ K b 3, (3.9) and (3.3)
lead to

q jvðzÞ ¼ q jhðzÞ þ 1

2p

ð
Wr

þ
ð
DRnWr

 !
q jLðz� zÞð f ðzÞ � PK�2½ f �ðz; zÞÞ dszð3:10Þ

� 1

2p

XK�1

t¼1

ð
qDR

qytLðz� zÞ � Pt�1½qft f �ðz; zÞ � hNðzÞ; etþ1ijdzj:

for z ¼ x1 þ ix2 and a harmonic function h on DR, with the same symbols yt, ft
as in (3.3). We apply Green’s identity as in [12] and obtainð

DRnWr

q jLðz� zÞPK�2½ f �ðz; zÞ dszð3:11Þ

¼ � 1

2p

XK�1

t¼1

ð
qðDRnWrÞ

qytLðz� zÞ � Pt�1½qft f �ðz; zÞ � hNðzÞ; etþ1ijdzj

† If K ¼ 2, from Theorem A we have u A C 2; nðD�
RÞ. If K ¼ 3, k A C 1; nðDRÞ and �kðzÞe2u A

C 1; nðD�
RÞ. We consider the equation DU ¼ �kðzÞe2u. By the standard regularity theorem (see, e.g.

[2, Theorem 6.17]), U A C 3; nðD�
RÞ. In our case, uðzÞ is the solution of Du ¼ �kðzÞe2u. Thus

u A C 3; nðD�
RÞ. By repeating this process, we have u A CK ; nðD�

RÞ if CK ; nðD�
RÞ if k A CK�2; nðDRÞ

for Kb 2.
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Then (3.10) becomes

q jvðzÞ ¼ q jhðzÞ þ 1

2p

ð
Wr

q jLðz� zÞð f ðzÞ � PK�2½ f �ðz; zÞÞ dszð3:12Þ

þ 1

2p

ð
DRnWr

q jLðz� zÞ f ðzÞ dsz

� 1

2p

XK�1

t¼1

ð
qWr

qytLðz� zÞ � Pt�1½qft f �ðz; zÞ � hNðzÞ; etþ1ijdzj

It is known that [2, p. 17]

jq jLðz� zÞja j jj!
jz� zjj jj

:ð3:13Þ

Since f A HK�2; n
2aþn ðM 0

KÞ, by Lemma 3.1, for z A D� and z A Wr,ð
Wr

q jLðz� zÞð f ðzÞ � PK�2½ f �ðz; zÞÞ dsz
����

����
a

ð
Wr

K !

jz� zjK
M 0

kjz� zjK�2þn

jzj2aþnþK�2
dsz

aC

ð
Wr

dsz

jz� zj2�n

1

jzj2aþnþK�2
a

C1

jzj2aþK�2
:

When z A DRnWr, we have jzj=3a jz� zja 2þ jzja 3. Then by (3.7) for
z A DRnWr, jðz� zÞbqbf ðzÞj ¼ Oðjzj�2aÞ as z ! 0. That means jPK�2½ f �ðz; zÞj
¼ Oðjzj�2aÞ for z A DRnWr, as z ! 0. Thus for z, 0 < z < R=2, from (3.8),ð

DRnWr

q jLðz� zÞ f ðzÞ dsz

�����
����� ¼

ð
DRnWr

K !

jz� zjK
qðzÞ
jzj2a

dsz

�����
�����

a
C

jzjK�2

ð
DRnWr

1

jz� zj2
dsz

jzj2a
a

C3

jzj2aþK�2
:

To estimate qn1qn2vðzÞ, we note that Lðz� zÞ is a harmonic function with
respect to z when z0 z, so in the expression of qn1qn2vðzÞ, n1; n2 b 1, n1 þ n2 ¼ n,
the first two integrals in (3.12) cancel, we have only the last term in (3.12).
Writing z ¼ zþ reiy and taking etþ1 ¼ ð0; 1Þ without loss of generality, we
have ð

qDR

qytLðz� zÞ � hNðzÞ; etþ1ijdzj
����

����a
ð
qDR

jytj!
jz� zjjytj

� jsin yj jdzjð3:14Þ

¼
ð2p
0

jytj!
rjytj

jsin yjr dya C

jzjjytj�1
:
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Since

Pt�1½qft f �ðz; zÞ ¼
X

jajat�1

ðz� zÞa

a!
qaþft f ðzÞ;ð3:15Þ

then for z ¼ zþ reiy, by using (3.7), it yields

jPt�1½qft f �ðz; zÞja
X

jajat�1

jz� zjjaj

a!
jqaþft f ðzÞj

a
X

jajat�1

jz� zjjaj

a!jzj2aþjajþjftj
a

C

jzj2aþjftj
:

Combining the above formula with (3.14), we obtainð
qDR

qytLðz� zÞ � Pt�1½qft f �ðz; zÞ � hNðzÞ; etþ1ijdzj
����

����¼ O
1

jzj2aþK�2

 !
ð3:16Þ

as z ! 0, because jytj þ jftj ¼ K � 1 for t ¼ 1; 2; . . . ;K � 1. Therefore (1.6)
holds for n ¼ K . By induction, q A Hn�2; n

b ðMnÞ, and (1.6) holds for all n, nb 2.
r

The proof for wðzÞ in Theorem 1.1 is based on the following lemma.

Lemma G [5]. Let k : D ! R be a continuous function with kð0Þ < 0 and

kðzÞ ¼ kð0Þ þO
1

ðlogð1=jzjÞÞ2

 !

as z ! 0. If u : D� ! R is a solution to Du ¼ �kðzÞe2u with uðzÞ ¼ �logjzj �
log logð1=jzjÞ þ wðzÞ where wðzÞ ¼ Oð1Þ for z ! 0, then there exists 0 < r < 1
such that

j�kðzÞe2wðzÞ � 1ja C

logð1=jzjÞ ; z A D�
r ;ð3:17Þ

for a constant C > 0.

Proof of Theorem 1.1 when a ¼ 1. Let

qðzÞ ¼ �kðzÞe2wðzÞ � 1; f ðzÞ ¼ qðzÞ
jzj2ðlogð1=jzjÞÞ2

:ð3:18Þ

We use induction to prove (1.7), (1.8) and that

jqaqðzþ sÞ � qaqðzÞja C � jsj
jzjjajþ1 logð1=jzjÞ

; 1a jaja n� 2ð3:19Þ
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holds for a positive constant C, when z A D�
~rr , jsj < jzj=2, where ~rr is selected such

that Lemma G holds in D�
~rr .

When n ¼ 2, (1.5) includes (1.7). Now let R < 1=e2 and r :¼ minfR=2; ~rrg,
let r A ðjzj=3; jzj=2Þ and Wr ¼ fz : jz� zj < rg. Kraus and Roth gave the follow-
ing expression for qlqjwðzÞ in [5], l; j ¼ 1; 2 and z A D�

r ,

qlqjwðzÞ ¼ qlqjhðzÞ þ
1

2p

ð
DrnWr

qlqjLðz� zÞ f ðzÞ dsz

þ 1

2p

ð
Wr

qlqjLðz� zÞð f ðzÞ � f ðzÞÞ dsz

� 1

2p
f ðzÞ

ð
qWr

qjLðz� zÞNlðzÞjdzj;

where NðzÞ ¼ ðN1ðzÞ;N2ðzÞÞ is the unit outward normal at the point z A qWr. As
for qqwðzÞ, the first two integrals are canceled. From (3.14) we haveð

qWr

qjLðz� zÞNlðzÞjdzj
����

����aC;

then by Lemma G,

f ðzÞ
ð
qWr

qjLðz� zÞNlðzÞjdzj
����

����a j f ðzÞjC1 a
C1

jzj2ðlogð1=jzjÞÞ3
:

Therefore qqwðzÞ ¼ Oðjzj�2ðlogð1=jzjÞÞ�3Þ as z ! 0. Thus (1.7), (1.8) hold when
n ¼ 2. Since Du ¼ �kðzÞ � expf�2 logjzj � 2 log logð1=jzjÞ þ 2wðzÞg, by calcula-
tion we know that there exists 0 < r < 1 such that

j�kðzÞe2wðzÞ � 1jb C

logð1=jzjÞ ; z A D�
r ;

for a constant C > 0. Combined with Lemma G, we have

�A

LðzÞ ¼
A

logð1=jzjÞ a jqðzÞja B

logð1=jzjÞ ¼
�B

LðzÞ ; z A D�
r ;ð3:20Þ

where A, B are positive constants. For z and s, z A D�
r , jsj < jzj=2,

jqðzþ sÞ � qðzÞjaC
1

Lðzþ sÞ �
1

LðzÞ

����
����ð3:21Þ

¼
ð 1
0

d

dt

1

Lðzþ tsÞ dt
����

����¼
ð1
0

‘
1

Lðzþ tsÞ

� �
� s dt

����
����

a jsj �
ð1
0

‘
1

Lðzþ tsÞ

� �
dta jsj sup

0ata1
‘

1

Lðzþ tsÞ

� �����
����

a
M 0

2 � jsj
jzjðlogð1=jzjÞÞ2

:
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Thus (3.19) is true when n ¼ 2. Now suppose that (1.7), (1.8) and (3.19) hold
for naK � 1, Kb 3, and consider them for n ¼ K . It can be verified by
induction that,

jqbf ðzÞja CðrÞ
jzjjbjþ2ðlogð1=jzjÞÞ3

; z A D�
rð3:22Þ

and the same technique as in (3.21) leads to

jqaqðzþ sÞ � qaqðzÞja M 0
K � jsj

jzjjajþ1 logð1=jzjÞ
; when jaj ¼ K � 2:

Thus (3.19) is true, and, similar to (3.6),

jqaf ðzþ sÞ � qaf ðzÞja C � jsj
jzjjajþ1ðlogð1=jzjÞÞ3

;

then,

j f ðzÞ � PK�2½ f �ðz; zÞja
C � jz� zjK�1

jzjKþ1ðlogð1=jzjÞÞ3
;ð3:23Þ

when jz� zj < jzj=2, z A D�
r .

Since k A CK�2; nðDÞ, u A CK ; nðD�Þ. We will show that

wðzÞ ¼ hðzÞ þ 1

2p

ð
DR

Lðz� zÞ f ðzÞ dszð3:24Þ

for z A D�
r , where h is harmonic on Dr. Let

tðzÞ :¼ �log logð1=jzjÞ; pðzÞ :¼ wðzÞ þ tðzÞ ¼ uðzÞ þ logjzj

for z A D�
r . Since on D�

r ,

DpðzÞ ¼ �kðzÞe2u ¼ �kðzÞe2wðzÞ

jzj2ðlogð1=jzjÞÞ2
> 0;

pðzÞ is subharmonic on D�
r and limz!0 pðzÞ ¼ �y, pðzÞ is subharmonic on Dr.

As DpðzÞ is integrable over Dr, by Lemma E,

pðzÞ ¼ hpðzÞ þ
1

2p

ð
DR

Lðz� zÞ �kðzÞe2wðzÞ

jzj2ðlogð1=jzjÞÞ2
dsz; z A D�

r ;

where hpðzÞ is harmonic on D�
r . For tðzÞ, we also have

tðzÞ ¼ htðzÞ þ
1

2p

ð
DR

Lðz� zÞ 1

jzj2ðlogð1=jzjÞÞ2
dsz; z A D�

r ;

where htðzÞ is harmonic on D�
r . Letting wðzÞ ¼ pðzÞ � tðzÞ gives (3.24) with

hðzÞ ¼ hpðzÞ � htðzÞ.
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From (3.3) and (3.11), for a multi-index j, j jj ¼ Kb 3, we have

q jwðzÞ ¼ q jhðzÞ þ 1

2p

ð
Wr

q jLðz� zÞð f ðzÞ � PK�2½ f �ðz; zÞÞ dszð3:25Þ

þ 1

2p

ð
DRnWr

q jLðz� zÞ f ðzÞ dsz

� 1

2p

XK�1

t¼1

ð
qWr

qytLðz� zÞ � Pt�1½qft f �ðz; zÞ � hNðzÞ; etþ1ijdzj

for a harmonic function h on Dr. From (3.23), for z A D�
r and z A Wr,ð

Wr

q jLðz� zÞð f ðzÞ � PK�2½ f �ðz; zÞÞ dsz
����

����ð3:26Þ

a

ð
Wr

K!

jz� zjK
Cjz� zjK�1

jzjKþ1ðlogð1=jzjÞÞ3
dsz a

C

jzjKðlogð1=jzjÞÞ3
:

When z A DRnWr, we have jzj=3a jz� zjaRþ jzja ð3RÞ=2. By (3.22), for
z A D�

r , z A DRnWr,

jðz� zÞbqbf ðzÞja C5

jzj2ðlogð1=jzjÞÞ3
;

and then

jPK�2½ f �ðz; zÞja
C6

jzj2ðlogð1=jzjÞÞ3
:

Similar to (3.8), we haveð
DRnWr

1

jz� zj2
1

jzj2ðlogð1=jzjÞÞ2
dsz a

C

jzjKðlogð1=jzjÞÞ2
ð3:27Þ

for a positive constant C. Thus for z A DRnWr, from (3.27),

ð
DRnWr

q jLðz� zÞ f ðzÞ dsz

�����
����� ¼

ð
DRnWr

K !

jz� zjK
qðzÞ

jzj2ðlogð1=jzjÞÞ2
dsz

�����
�����

a

ð
DRnWr

K !

jz� zjK
C6

jzj2ðlogð1=jzjÞÞ2
dsz

a
C7

jzjK�2

ð
DRnWr

1

jz� zj2
1

jzj2ðlogð1=jzjÞÞ2
dsz

a
C8

jzjKðlogð1=jzjÞÞ2
:
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Note that 0a jftjaK � 2, for z A qWr, from (3.15) and (3.22) we have

jPt�1½qft f �ðz; zÞja
X

jajat�1

jz� zjjaj

a!
jqaþft f ðzÞjð3:28Þ

a
X

jajat�1

rjaj

a!

CðrÞ
jzjjajþjftjþ2ðlogð1=jzjÞÞ3

a
C9

jzjjftjþ2ðlogð1=jzjÞÞ3
:

Then for z ¼ zþ reiy,ð
qDR

qytLðz� zÞ � Pt�1½qft f �ðz; zÞ � hNðzÞ; etþ1ijdzj
����

����
a
XK�1

t¼1

ð2p
0

C

jz� zjjytj
r dy

jzjjftjþ2ðlogð1=jzjÞÞ3
¼ O

1

jzjKðlogð1=jzjÞÞ3

 !

as z ! 0. So (1.7), (1.8) hold for n ¼ K . Thus we obtain (1.7) for n ¼ K .
Since the first three terms in (3.25) vanish for mixed partial derivatives, (3.28)
yields (1.8) for n ¼ K . By induction (1.7) and (1.8) hold for all n, nb 2. r

The second order derivative of wðzÞ in Theorem A is contained in Theorem
1.1. However, for the mixed partial derivative, the estimate (1.8) is more
accurate than (1.5).

Corollary 3.2. Let k : D ! R be a locally Hölder continuous function with
kð0Þ < 0. If u : D� ! R is a C 2-solution to Du ¼ �kðzÞe2u in D� with the order
a ¼ 1 at the point z ¼ 0, then for the remainder function wðzÞ as in Theorem A, the
second partial derivatives satisfy

qqwðzÞ ¼ Oðjzj�2ðlogð1=jzjÞÞ�3Þ:

Remark 3.2. The sharpness of Theorem 1.1 can be verified by the hyper-
bolic metric given by Theorem D when 0 < a < 1. However, the remainder
function wðzÞ ¼ 0 when a ¼ 1, that means it is trivial for our estimate. So we
use the generalized hyperbolic metric la;b; gðzÞjdzj on the thrice-punctured sphere
Pnfz1; z2; z3g with singularities of order a; b; ga 1 at z1, z2, z3 to show that
our result is sharp (see [12]), where aþ b þ g > 2 (see [6] for the formula of
la;b; gðzÞjdzj). Theorems 3.3 and 4.2 in [12] verify that Theorems A and 1.1 are
sharp (see [12]).

4. Proof of Theorem 1.2 and related results

At first we need the following result for the function u. Considering
Theorems A and 1.1, if we add the assumption that k is ðn� 2Þ-th order
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(locally) Hölder continuous, we can obtain the limits for higher order derivatives
of uðzÞ.

Theorem 4.1. Let k : D ! R be of class Cn�2; nðDÞ for an integer nb 2,
0 < na 1 with kð0Þ < 0. If u : D� ! R is a Cn; n-solution to Du ¼ �kðzÞe2u in
D�, then u has an order a A ð�y; 1� and for n1; n2 b 1, n1 þ n2 a n,

(i) limz!0 z
nqnuðzÞ ¼ a

2
ð�1Þnðn� 1Þ! ¼ limz!0 z

nqnuðzÞ,

(ii) limz!0 z
n1zn2qn1qn2uðzÞ ¼ 0:

Proof. When 0 < a < 1, uðzÞ ¼ �a logjzj þ vðzÞ. Theorems 1.1 implies
that

lim
z!0

znqnvðzÞ ¼ 0; lim
z!0

zn1zn2qn1qn2vðzÞ ¼ 0

for n1; n2; nb 1. Since

qn logjzj ¼ ð�1Þn�1ðn� 1Þ!
2zn

; qn1qn2 logjzj ¼ 0;ð4:1Þ

so

lim
z!0

znqnuðzÞ ¼ �a lim
z!0

znqn logjzj þ lim
z!0

znqnvðzÞ ¼ a

2
ð�1Þnðn� 1Þ!;

lim
z!0

zn1zn2qn1qn2uðzÞ ¼ 0:

When a ¼ 1, uðzÞ ¼ �logjzj � log logð1=jzjÞ þ wðzÞ. We have

lim
z!0

znqnwðzÞ ¼ 0; lim
z!0

zn1zn2qn1qn2wðzÞ ¼ 0

for n1; n2; nb 1, from Theorems 1.1. By induction,

qn log logð1=jzjÞ ¼
Xn
j¼1

C
ðnÞ
j

znðlogð1=jzjÞÞ j

with constant C
ðnÞ
j for 1a ja n. If we fix n2, then

qn1qn2 log logð1=jzjÞ ¼
Xn2
j¼1

C
ðn1;n2Þ
j

zn1zn2ðlogð1=jzjÞÞ jþ1

with constant C
ðn1;n2Þ
j for 1a ja n2. So

lim
z!0

znqn log logð1=jzjÞ ¼ 0; lim
z!0

zn1zn2qn1qn2 log logð1=jzjÞ ¼ 0

for n1; n2; nb 1. Combining with (4.1) leads to
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lim
z!0

znqnuðzÞ ¼ �a lim
z!0

znqn logjzj þ lim
z!0

znqnvðzÞ ¼ a
ð�1Þnðn� 1Þ!

2
;

lim
z!0

zn1zn2qn1qn2uðzÞ ¼ 0: r

From the proof above, we can obtain a stronger limit for the mixed
derivative of uðzÞ when the order a ¼ 1,

lim
z!0

zn1zn2ðlogð1=jzjÞÞ2qn1qn2uðzÞ ¼ C
ðn1;n2Þ
1 ¼ ð�1Þn1þn2�1

4
ðn1 � 1Þ!ðn2 � 1Þ!;

which is given in [12].
On the basis of Theorem 4.1, we can provide Theorem 1.2 as a higher order

estimate for a conformal metric with the negative curvature near the origin when
a ¼ 1.

Proof of Theorem 1.2. We write lðzÞ ¼ euðzÞ, then qlðzÞ ¼ lðzÞquðzÞ, and

qnlðzÞ ¼
Xn�1

j¼0

n� 1

j

� �
qn�juðzÞq jlðzÞ

by induction, where q0lðzÞ ¼ q0lðzÞ ¼ lðzÞ, so

ln1;0 ¼
1

n1!
lim
z!0

Xn1�1

j¼0

n1 � 1

j

� �
zn1�jqn1�juðzÞ � jzj logð1=jzjÞz jq jlðzÞ:

Theorem B gives that l0;0 ¼ 1=
ffiffiffiffiffiffiffiffiffiffiffiffiffi
�kð0Þ

p
. From the existence of

limz!0 z
n1�jqn1�juðzÞ and l0;0, we know that ln1;0 exists. The limit (ii) in

Theorem 4.1 enables us further to write ln1;n2 as a sum of the terms only
containing pure derivatives of uðzÞ,

ln1;n2 ¼
1

n1!n2!
lim
z!0

Xn1�1

j¼0

n1 � 1

j

� �
zn1�jqn1�juðzÞjzj logð1=jzjÞzn2z jqn2q jlðzÞ;ð4:2Þ

thus the existence of ln1;0 guarantees ln1;n2 exists.
Now we consider l1;0. By Theorem 4.1, limz!0 zquðzÞ ¼ �1=2. In com-

bination with Theorem B, we have

lim
z!0

zjzj logð1=jzjÞqlðzÞ ¼ lim
z!0

zjzj logð1=jzjÞquðzÞlðzÞ

¼ lim
z!0

jzj logð1=jzjÞlðzÞ � zquðzÞ ¼ � 1

2
ffiffiffiffiffiffiffiffiffiffiffiffiffi
�kð0Þ

p :

That means l1;0 is a real number, so l1;0 ¼ l0;1 ¼ l0;1. Since

qn1lðzÞ ¼
Xn1�1

j¼0

n1 � 1

j

� �
qn1�juðzÞq jlðzÞ;ð4:3Þ
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then ln1;0 ¼ l0;n1 by induction. From (4.2), (4.3), and (i) of Theorem 4.1, we
have

ln1;n2 ¼
Xn1�1

j¼0

lim
z!0

1

n1!n2!

ðn1 � 1Þ!
j!ðn1 � 1� jÞ! z

n1�jqn1�juðzÞ � jzj logð1=jzjÞzn2z jqn2q jlðzÞ

¼ 1

n1

Xn1�1

j¼0

1

n2!

1

j!ðn1 � 1� jÞ! limz!0
zn1�jqn1�juðzÞ � lim

z!0
jzj logð1=jzjÞzn2z jqn2q jlðzÞ

¼ 1

n1

Xn1�1

j¼0

ð�1Þn1�j

2

1

n2! j!
lim
z!0

jzj logð1=jzjÞzn2z jqn2q jlðzÞ ¼ 1

2n1

Xn1�1

j¼0

ð�1Þn1�j
lj;n2 :

Then

n1 � ln1;n2 ¼
1

2

Xn1�2

j¼0

ð�1Þn1�j
lj;n2 �

1

2
ln1�1;n2 ¼ �ðn1 � 1Þln1�1;n2 �

1

2
ln1�1;n2 :

Since l0;n1 ¼ ln1;0,

ln1;n2 ¼
� 1

2 � n1 þ 1

n1
ln1�1;n2 ¼ � � � ¼ � 1

2

n1

� �
l0;n2

¼ � 1
2

n1

� �
ln2;0 ¼

� 1
2

n1

� �
� 1

2

n2

� �
l0;0:

Thus (i) is valid and (ii) follows form (i). r

For any regular conformal metric with negative curvature function kðzÞ near
the singularity, we have the following corollary of Theorem 1.2.

Corollary 4.2. Let lðzÞjdzj be a regular conformal metric on D�. Suppose
that the curvature k : D� ! R has a Hölder continuous extension to D such that
kð0Þ < 0 and the order of log l is a ¼ 1 at z ¼ 0. Then

(i) limz!0 zjzj logð1=jzjÞqlðzÞ ¼ � 1

2
ffiffiffiffiffiffiffiffiffiffiffiffiffi
�kð0Þ

p ;

(ii) limz!0 z
2jzj logð1=jzjÞq2lðzÞ ¼ 3

4
ffiffiffiffiffiffiffiffiffiffiffiffiffi
�kð0Þ

p ;

(iii) limz!0jzj3 logð1=jzjÞqqlðzÞ ¼
1

4
ffiffiffiffiffiffiffiffiffiffiffiffiffi
�kð0Þ

p :

Theorem 1.2 implies that, in the case a ¼ 1, the limit (1.9) can be described
by the use of the curvature k. On the other hand, when a < 1, the analogous
limit

l :¼ lim
z!0

jzjalðzÞð4:4Þ
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also exists under the assumption of Theorem A. However, it cannot be described
only in terms of the curvature of lðzÞ. The following two examples show that,
l defined by (4.4) depends on the global shape of the domain.

Example 1. If lðzÞjdzj :¼ la;RðzÞjdzj is the hyperbolic metric given in
Theorem D on D�

R with the order a A ð0; 1Þ at the origin, then l ¼ ð1� aÞ=R1�a.

Example 2. Let 0 < a; b < 1 and 0 < ga 1 such that aþ b þ g > 2 and
lðzÞjdzj be the generalized hyperbolic metric on the thrice-punctured Riemann
sphere ĈCnf0; 1;yg with conical singularities of orders a, b, g at 0, 1, y,
respectively. Then

l ¼ d

1� d2
ð1� aÞ;ð4:5Þ

where

d ¼ GðcÞ
Gð2� cÞ

Gð1� aÞGð1� bÞGðaþ 1� cÞGðbþ 1� cÞ
GðaÞGðbÞGðc� aÞGðc� bÞ

� �1=2
with

a ¼ aþ b � g

2
; b ¼ aþ b þ g� 2

2
; c ¼ a:

The constant
d

1� d2
ð1� aÞ in the right hand side of (4.5) is due to Kraus, Roth

and Sugawa. They did not give it explicitly, but it is easy to obtain it from
[6, Corollary 4.4].

From Theorem A and the maximum principle Theorem D, the limit l in
(4.4) exists at the origin for an SK-metric. Moreover, if kðzÞ and uðzÞ satisfy the
assumption of Theorem 4.1, then uðzÞ is of class C 2 in a punctured neighborhood
of z ¼ 0. If we define

ln1;n2 :¼
1

n1!n2!
lim
z!0

jzjazn1zn2qn1qn2la;RðzÞ;ð4:6Þ

then the following result gives ln1;n2 in terms of the recurrence relation similar to
Theorem 1.2.

Theorem 4.3. Let k : D ! R be of class Cn�2; nðDÞ for an integer nb 2,
0 < na 1 and kð0Þ < 0. If u : D� ! R is a Cn; n-solution to Du ¼ �kðzÞe2u in D�,
then u has order a A ð�y; 1� and for n1; n2 b 0, n1 þ n2 a n, the limit ln1;n2 defined
by (4.6) exists and satisfies

ln1;n2 ¼
� a

2

n1

0
@

1
A � a

2

n2

0
@

1
Al;

where l is defined by (4.4).
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