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UNIVERSAL INEQUALITIES FOR EIGENVALUES OF A CLASS
OF OPERATORS ON RIEMANNIAN MANIFOLD
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Abstract
In this paper, we investigate the boundary value problem of the following operator

A*u—adiv AVu+ Vu=piu in Q,
ul

Ulgo = 7 =
‘(,Q ov 0

where Q is a bounded domain in an n-dimensional complete Riemannian manifold
M", A is a positive semidefinite symmetric (1,1)-tensor on M”, V is a non-negative
continuous function on Q, v denotes the outwards unit normal vector field of dQ and
p is a weight function which is positive and continuous on Q. By the Rayleigh-Ritz
inequality, we obtain universal inequalities for the eigenvalues of these operators on
bounded domain of complete manifolds isometrically immersed in a Euclidean space,
and of complete manifolds admitting special functions which include the Hadamard
manifolds with Ricci curvature bounded below, a class of warped product manifolds,
the product of Euclidean spaces with any complete manifold and manifolds admitting
eigenmaps to a sphere.

1. Introduction

Let Q be a bounded domain in an n-dimensional complete Riemannian
manifold M. The Dirichlet eigenvalue problem of the biharmonic operator:

A’u=)u in Q,
(L.1) ou
=—| =0

where v denotes the outwards unit normal vector field of dQ, and A? is the
biharmonic operator on M. It is also called a clamped plate problem, which
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describes the characteristic vibrations of a clamped plate. An open question in
estimates for eigenvalues of problem (1.1) is to give universal upper bounds of the
(k + 1)-th eigenvalue in terms of the first k eigenvalues.

To begin with, people were concerned about the case that Q is a bounded
domain in RY. In 1956, Payne, Polya and Weinberger [13] obtained the follow-
ing universal inequality:

k
(1.2) PP Uil o F )

By using an improved method, Hile and Protter [10] generalized the above
results. In 1990, Hook [11] and Chen and Qian [2] independently proved

1/2
1.3 a2
( ) n + 2 Z )Lk+1 — A Z
In 2006, Cheng and Yang [5] obtained the following sharper inequality
I, [8n+2)]71¢
(1.4) st < EZAHL[ (n2 )} > il = 4"

It is natural to consider the estimates for eigenvalues of problem (1.1) on the
other Riemannian manifolds. In 2007, Wang and Xia [18] gave

k

+2 k
(1.5) > st — 4)? B(n Zakﬂ—

i=1 i=1

on an n-dimensional complete minimal submanifold in a Euclidean space, and

k k
(16) > (st —4)’ < %Z Jiert — 202+ 2n 4 4)24) P + 427
i=1 i=1

on an n-dimensional unit sphere.

In 2010, Cheng, Ichikawa and Mametsuka [6] proved that, for any complete
Riemannian manifold M, there exists a universal bound of the (k + 1)-th eigen-
value in terms of the first k eigenvalues of (1.1). They obtained the following
remarkable inequality of eigenvalues

k k
1
) D (e =) ——2§:?k+1— VW2 HE + (2n -+ 4)21 2 (2 HY + 4317%),
i=1 i=

where HZ is a constant which only depends on the mean curvature of M. It is
easy to find that (1.7) contains the inequalities (1.5) and (1.6).

In recent years, there are some researches on eigenvalue estimates for quad-
ratic polynomial operator of laplacian:
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Au—pAu+qu=Ju in Q,

(1.8) _ Ou B
Ulpg = ER =0,

where Q is a bounded domain in an n-dimensional complete Riemannian mani-
fold M, v denotes the outwards unit normal vector field of 0Q, the constants
p,q =0, A= (div V) is the laplacian and A? is the biharmonic operator on M.
In 2011, Sun and Qi [16] obtained universal eigenvalue inequalities of problem

(1.8)
k

(19 > (i —4)

i=1
1 & 2
< 72 (Mesr — 2)(nHo)?* + (2n + 4)E; + np)((nHo)* + 4E;),

where Hj is a constant which only depends on the mean curvature of M and

(=P +\/P* +4(4i — q)).

For other related results, one can see [4, 15, 17].

Based on the recent studies on the Dirichlet eigenvalues of elliptic operators
in divergence form on Riemannian manifold, see [7, 8]. We find it necessary and
also interesting to study the eigenvalues of the following problem:

Let (M",{,)) be an n-dimensional complete Riemannian manifold isomet-
rically immersed in the Euclidean space RY by ¥, Q is a bounded domain in M".
In this paper, we are interested in extrinsic upper bounds for the eigenvalues of
following operator defined on Q:

E:

N —

A*u—adiv AVu+ Vu=plu in Q,

(1.10) ou
u|ﬁQ - av = 07

where A4 is a positive _semldeﬁmze symmetric (1,1)-tensor on M”, a is a non-
negative constant, b < A q < ¢ (Ayq is the eigenvalues of 4 on Q, b and ¢ are
constants, b > 0), tr(4)|, < constant d (i.e. 4 can also be viewed as a smooth
symmetric and positive semidefine section of the bundle of all endomorphisms
of T(M")), A= (divV) is the laplacian, V is the gradient operator on M", V is
non-negative continuous function on Q, v denotes the outwards unit normal
vector field of dQ and p is a weight function which is positive and continuous
on Q.

One will find easily both problem (1.1) and (1.8) are special cases of problem
(1.10). However, it is well known that problem (1.10) has a real and discrete
spectrum 0 < A4} < Ay <13 <---— 400, where each eigenvalue is repeated
according to its multiplicity. Our results are stated as follows.
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THEOREM 1.1.  Let (M",{, ) be an n-dimensional complete Riemannian mani-
fold isometrically immersed in the Euclidean space RY by W, Q is a bounded
domain in M". A is a positive semidefinite symmetric (1,1)-tensor on M" and a
is a non-negative constant. Assume that b < ZA‘Q <c (ZA‘Q is the eigenvalues of
A on Q, b and ¢ are constants, b > 0) and that tr(A)|o < constant d. Let p be
a continuous function on Q satisfying p; < p(x) < p,, Yx € Q, for some positive
constants p, and p,. v denotes the outwards unit normal vector field of 0Q. Let
V' be non-negative continuous function on Q and denote by {1;}/2, the eigenvalues
of problem

A*u—adiv AVu+ Vu=plu in Q,

ul —% =
Q= 5 0 =
Then we have
k 2 k

(1.11) Z()VkJrl - /1,‘)2 < ng—jﬁz:(i]prl - l,‘) (4/)1Ei +n2 Slg,lsz|2>

i=1 1 =1

X <n2 sup |H|> + (2n + 4)p, E; + ad),
Q

1
where E; :g(—b—i— \/b2 —4(s— A)p;), H is the mean curvature vector of the
1

. . . |4
immersion ¥ and s = infq —.

THEOREM 1.2.  Under the same assumptions as Theorem 1.1, we obtain

(1.12) Akl < Ap + \/A/%—Blﬁ

where

1 - Pg : 2 2
Ak:%{z&wh »Z<4p1E,~+n sgp|H|>

2,3
i=1 2n°pi i

X <n2 sup |H|* + (2n + 4)p, E; + ad) },
Q

1 I <
By :k{Z}v?—Frg}Zii(“mEﬁFnz Slgl)PH|2)

i=1 1 i=1

X <n2 sup [H|* + (2n + 4)p, E; + ad) },
Q
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1
|H| is the mean curvature of the immersion ¥, E; = 5(—1) +4/b% —4(s— Li)p;)
1

. 14
and s = infg —.

Putting divAV=A, a=p, V=q and p=1 in (1.10), we get (1.9).
Namely, it is a corollary of Theorem 1.1. As applications of Theorems 1.1 and
1.2, we can also obtain some results for an n-dimensional complete minimal
submanifold M" in an Euclidean space RY, and an n-dimensional unit sphere

M =S"(1).

CorOLLARY 1.1. Let (M",{,)) be an n-dimensional complete Riemannian
manifold minimally isometrically immersed in the Euclidean space RY by ¥, Q is
a bounded domain in M". Assume that b < Ayq < ¢ (Aqq is the eigenvalues of
A on Q, b and c are constants, b >0). Let p be a continuous function on Q
satisfying p; < p(x) < p,, Vx € Q, for some positive constants p, and p,. v denotes
the outwards unit normal vector field of 0Q. Let V is non-negative continuous
function on Q. Then for the eigenvalues of problem (1.10), we have

k 2 k
(L13) > (a1 — )’ 2 ZikH—A Y4E:((2n + 4)p,E; + ad),

i=1

_ 1 /b2 A —info
where E; =2 (=b+1/b>—4(s — A)p,), s =infqg r

1

COROLLARY 1.2. Under the same assumptions as Corollary 1.1, we obtain

(1.14) At SAk—I—\/AI%—Bk,

where

k 2
{Zz,+ TR 22415 (2n +4)p,E; +ad)}

i=1 [

{Zk: + ”2 ZME (2n + 4)p, E; +ad)}

i=1 n pl i=
1 V
El' b+ b2 —il‘ s s =inf —.
g (b fB == ap). s=inf 2

In Corollary 1.1 and 1.2, the mean curvature of the immersion ¥ equals 0
(ie. |[H| =0), for ¥ is minimal. By Theorem 1.1 and Theorem 1.2, we can
easily get the proofs.

&

COROLLARY 1.3.  Under the same assumptions as Theorem 1.1, assume that
M" is an n-dimensional unit sphere S"(1), we have
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k
(115) > (e —

i=1

<. sZMm 2:)(4p Ei + n*)(n* + (2n + 4)p, E; + ad),

1 5 . Vv
where E; =2 (=b+1/b>—4(s— A)p;), s =infg o

1

COROLLARY 1.4. Under the same assumptions as Corollary 1.3, we obtain

(1.16) Aes1 SAk+\/A,%ka,

where

2 k
A = <Z}, + 2n2 Z 4p E; + n? + (2n+4)p E; + ad)),

i=1 i=1

=

1 k
%< 1)f+—32 Ji(4p E; +n? (n2+(2n+4)p1Ei+ad)>,

li*

1 5 ] e 4
E; = 2P1( b+\/b>—4(s—Li)p1), s—1r(12f .

p

Using |H| =1 and Theorem 1.1 and Theorem 1.2, we can also easily get the
proof of Corollary 1.3 and Corollary 1.4.

Then, we prove universal inequalities for eigenvalues of these operators on
complete manifolds admitting special functions. Our main result is as follows.

THEOREM 1.3.  Let (M",<, ) be an n-dimensional complete Riemannian mani-
fold and Q is a bounded domain in M". A is a positive semidefinite symmetric
(1,1)-tensor on M" and a is a non-negative constant. Assume that b < J4q < c
(Aaj is the eigenvalues of A on Q, b and ¢ are constants, b >0). Let p be
a continuous function on Q satisfying p; < p(x) < p,, Yx€Q, for some positive
constants p; and p,. v denotes the outwards unit normal vector field of 0. Let
V' is non-negative continuous function on Q and denote by {4;};-, the eigenvalues
of problem

A’u—adiv AVu+ Vu=plu in Q,
ou

U==| =0.
0V |50

1. If there exists a C*(Q) function g:Q — R such that

(1.17) Vgl =1, |Ag| < A4y, on Q,
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then we have

k

k
(118) > (hasr —2)* < %Z (Gt — 4)(8p i + 2A423)(10p, E; + 242 + ac).
i=1 1 i=1

S

Specially, if there exists a C*(Q) function §:Q — R such that

(1.19) Vgl =1, Ag= By, on Q,
then
a2y 2 k 4p2E, 6E; B?
(1.20) ;(’Lkﬂ — )" < ;(ikﬂ - A)( p21 BS) (P1 pj >
2. If there exists | C*(Q) functions g, : Q — R such that
(1.21) VG, Vgg) =0y, Agp=0, on Q, pqg=1,...,1
then

k 2k

4
(122) > (e -4)7 < %Z(zkﬂ —)E{(21 + 4)p,E; + acl).

i=1 1 =1

3. If M" admits an C*(Q) eigenmap g = (g1,92,...,gms1) : Q@ — S™ cor-
responding to an eigenvalue u, that is, Z;"jll g2 =1, Ag,=—ug,,
o=1,....m+1, then we get

k 2

(123) > (1 —4)* < J 2p3z 6up  E; + 1* + ac)(4up E; + 12).
1

i=1

In the above, Ay and By are constants, S™ is the unit m-sphere, E; =

1
3 (=b+1/b*>—4(s— A)p;) and s = infq %

L1

Now we give some examples of manifolds admitting special functions as in
Theorem 1.3.

Example 1.1. Let M" be an n-dimensional complete Riemannian manifold
with Ricci curvature satisfying Ricyy > —(n—1)c?, ¢>0. Let g — R be a smooth
function with |Vg| =1. Tt has been proved by Sakai that |Ag| < (n—1)c on
M" (see theorem 3.5 in [14]). Assume further that M” is a Hadamard manifold
and let y:[0,+00) — M" be a geodesic ray, namely a unit speed geodesic with
d(y(s),y(s)) =t—s for any ¢t > s> 0. The Busemann function b, corresponding
to y defined by
(1.24) by(x) = lim (d(x,y(t)) — 1)

t—+0
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satisfies |Vb,| =1 (Cf. [1, 9]). We know from Sakai’s theorem that |Ab,| <
(n—1)c on M". Thus, any Hadamard manifold with Ricci curvature bounded
below by a negative constant admits functions satisfying (1.17).

In [7] M. do Carmo gives two examples as follow:

Example 1.2. Let (N,ds%) be a complete Riemannian manifold and define
a Riemannian manifold on M =R x N by

(1.25) (Y =dst, = di* +n*(1) ds,

where # is a positive smooth function defined on R with #(0) =1. Then,
(M, <, ) is called a warped product and denoted by M =R x, N. It is known
that M is a complete Riemannian manifold. Set # =e™’ and consider the
warped product M =R X, N. Define y : M — R by y(x,7) =¢. Then, by
some calculations (see Example 4.2 in [7]). We get

(1.26) Vy|=1, Ay=n-1.

That is, a warped product manifold = R X~ N admits functions satisfying (1.19).

Let H" be the n-dimensional hyperbolic space with constant curvature —1.
Using the upper half-space model, H" is given by
(1.27) R = {(x1,x2,...,x,) [ x, > 0}
with metric
Cdxi o 4dx?

2
X

(1.28) ds?

One can check thet map @ : R x,«R"™' — H" given by
(1.29) @(t,x) = (x,e")

is an isometry. Therefore, H" admits a warped product model, H" =R x, . R""!.

Example 1.3. Let N be any complete Riemannian manifold. Let
(1.30) M=R'xN=1{(x1,x2,...x,2) | (x1,%,...x) R/, ze N}

be the product of R’ and N endowed with the product metric. Consider the
functions ¢,: M — R, g=1,...,/, defined by

(1.31) Go(X1, X2, ..., X1, 2) = Xy
It is easy to see that {(/ﬁq};:l satisfy (1.21).

At last, we give

Example 1.4. Any compact homogeneous Riemannian manifold admits
eigenmaps for the first positive eigenvalue of the Laplacian (Cf. [12]).
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2. Proof of the Theorem 1.1 and the Theorem 1.2

Firstly, we give the following lemma.

LemMMA 2.1. Under the same assumptions as Theorem 1.1, let u; be i-th
orthonormal eigenfunctions of problem (1.10) corresponding to eigenvalues 4; (i.e.
Jopuiuy =9y), i=1,...,k.  Then we have

(2.1) J \Vui|* < E;,
Q

1 |4
where E; = — (—b+ /b%2 —4(s — A;)p;), s =infq —.
(b4 b2 == i) .

Proof.  Since

(2.2) JQ V| = JQ —ui(Awy) < UQ u? Lz(Au,-)z]l/z < {%Jﬂ(mgzr,

and

(2.3) A= J ui(A*u; — a div AVu; + V)
Q
2 Vo
=| (Au))"+a| Vu, AVu;) + | —pu;.
Q Q Qp
- V
Substituting (2.2) into (2.3), and A(d4)| = b. Let s =infg rE so we have
2
(2.4) 2= py (J |Vu,|2> +bJ \Vui|* + s,
Q Q

(2.5) 0> p, <JQ|VM,»2)2+17L2 Varl + (s — 22).

Thus, we have b? —4(s — ;) > 0, and

(2.6) JQ \Vu,|* < E; :%(—m /b2 = 4(s = 2)py)-

1

LeEMMA 2.2. Under the same assumptions as Lemma 2.1, for any function
feCHM™"), we have

k
@7 2> (st — 4) JQ fut; ( VE,Vuiy + %u,»Af)
i=1

k k 2
, 1, 1 1
< E 0i(Jasr — 40) v+ E E(Akﬂ — i) JQ; <<Vf7 Vu;y + Eu’Af) ;
i1 i1 9
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where 6; (i=1,...,k) are any positive constants which satisfies {0;} is monotoni-
cally decreasing and

(2.8) b= JQ[(2<Vf, Vs> + Af)? — 2uiAu] V|
— 2afuVf, AVu;y — afi? div AVf].

Proof. Consider the trial functions

k
(29) lpi:fui_zy[juja i:17"'ak7
=1
where
(2.10) Vi = Jgpfuiuj = Vji-

Hence, we have

(2.11) |, =0
and

2.12 ity = 2
(2.12) Lplﬁ,fu pr,

Then, it is easy to check

(2.13)  AX, —a div AVY, + VY,

k k
= A2 <fu,' - Z y,»juj) —adiv AV (fu,» - Z Vij“j)
J=1 =1
k
+ V<f = 7:5;‘”1)
i=1

k
= N*(fi;) — a div AV(fi;) + Vit = 9;0%;
=1

J
k k
+a) y;divAVuy; —V Z Vil
= J=1
k
= N (fir) — a div AV(fur) + Vit = > yyhttip

J=1
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= fA%u; + 2Af Auj + 2{Vf , VAu> + w;A*f + 2{Vu;, VAf>
k

+ 20CVS, Vi — a div(fAVu;) — a div(wAVS) + Vi =Y yihmp
Jj=1

= fA%u; + 20f Au; + 2V, VAuY + w;A*f + 2{Vu;, VAS>
+ 2AVf  Vuy — alVf, AVu;y — af div AVu; — a{Vu;, AVf

k
— au; div AVS + Viu; — Z Viikiuip
=

K
=i+ fhiip =Y yyhtip,
J=1

where

(2.14) hi = w;A*f 4 2(Vf VAW > 4+ 2{Vu;, VAL + 2AVf, Vuyd
+ 2Af Au; — 2al{Vf, AVu;» — au; div AVf.

From (2.11), (2.12), (2.13) and (2.14), we get
k
(2.15) J V(A — a div AVY, + V) = | (hi + fAwip — Z Vijl/‘”jﬂ)
Q Q =
k 5
= l/ll'/’ll' — J ,~u-h,~ + ll‘ J i
k=3 | ity JUiv

J=1

k
= | fuhi — Z Visi + iiJ Wi,
e J=1 Q

where

(216) S,'j = J hiuj.
Q

Putting (2.15) into Rayleigh—Ritz inequality

Jo ViAW, — a div AV, + Vi)
jQ %2/7

(2 1 7) ikJr] <

)

it follows that

k
(2.18) (A1 — )LI)J in < J Juihi =" yysi.
Q Q =)
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Then, using Stokes’ theorem, we obtain
(219) J flx[[l/l,‘ =,
Q
where
— J [(2<VS, Vi + wiAf)? = 2uAuwi|Vf |* = 2afui{Vf, AVu;» — afu? div AVS].
Q
Then, from the definitions of 4; and s;, we have

(220) Sij = /’l,‘lzlj

= | wlA*(fu)) — a div AV(fu;) + V(fur) — f divip)]
Q

= || ful82g) @ div V) 4 Vi)~ 4 [ S
Q Q

= fu,/l up — J Suiujp

= ()U‘ - li)yl_‘r
Substituting (2.19) and (2.20) into (2.18), it gets

(2.21) (i1 — 24 J 2p < i+ Z )73
Then it follows from (2.9) that

(2.22) 2 JQ v, <<AVf, Vi, + %u,Af)

1 k
=2 fi ( CVf Vi + EuiAf> £23
where

Q 2
=| u (div(u,-Vf) —uAf + luiAf)
Q 2

- Q(u] div(u;Vf) — 1u,u]Af>

= (div(uju,-Vf) {Vuj,uVfy — ! u,u]Af>
Q
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_ J ;s ( OV, Vi) + éu/Af>
Q
= —lji.

Multiplying (A1 — 4;) in the both sides of (2.22), then taking sum on i from 1 to
k, and using the following inequality

(2.24) 2 Z Mt = 24yt = 22 (et — Aa) (i = 2) ity
i,j=1
k ko q
Z (Akes1 = 4i) RIS 5, (Bt = )i,
j=1 ij=1"1
where we take arbitrary positive constants 6; (i = 1,...,k) which satisfies {d;} is

monotonically decreasing. Hence, we get

k
(2.25) -2 g(zkﬂ - )’ JQ W ( Vi) + %u,—Af)

k
Z Akl — J fuz<<Vf>Vui>+;uiAf)

>~

k
= > Ol = 4) (% = %) 75 — Z (At = 2
=

i,j=1 j=1

Then, utilizing (2.21), one has

(2.26) (Aot — 4)? {_2 JQ v ( VS, Vuy + %u,Afﬂ

=20 =2 | v [ f(<w,w,>+ ulAf>—\//_7j_i1’ij”J‘1

_ (et —if)J il
- 0i a|vP

Ot — WJ U2
Q

a ’ -
< MJ 1(<Vf,Vui>+1”iAf> -2 1
5,‘ Q _,0 2 J

1

1 ooT?
<<Vf7 Vu;» +2u1Af) - \/ﬁ]z:; l(/lzlj]

+0i( kg1 — Ai)

v; + Z y,j]
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Taking summation on i/ from 1 to £ in (2.26), we have

(2.27) Zk:(ikﬂ —%)? { JQ Wi ( <V, Vuiy + %uiAfﬂ

i=1
k

<yl

i=1

1 2k
(<Vf, Vuiy + E“Af) - 112/]
=1

k

+ > 0i( kst — )

i=1

Uz"’z i — VVU]

Since the positive constants 0; (i = 1,...,k) satisfies that {J;} is monotonically
decreasing, we can obtain

k k
(2.28) Zlai(/lk+1 — )2 (A = A)pE < — 2215,»(/1;(“ — i) (A = i) 9}
i,j= L=

Then, putting (2.25) and (2.28) into (2.27), we have

(229) -2 Z Jert — J fus ( VE,Vugy + %u,-Af)

k k
. 1
- E 0i( A1 — Ai) (A — /1_1‘)23’,;2/ - E 5 (Akg1 — )»i)f,;zj
i j=1 ij=1""

k ,
(lkﬂ - /L[)
= Z 0 JQ

i=1

1 1 2k
/—)((Vf,Vui>+§uiAf> _jzzllij

k
+25 (i1 = 4a)’* ZIMM—A — )73
i,j=

Hence, we have

k

=23 (st — 4)’ Lz fui(<vf, Vu;y + %%’Af>

i=1

k 1 1 1 2
Z: (At — Ai) 1+Zd(}vk+l/li)JQp(<Vf;Vui>+2“iAf>'

Thus, Lemma 2.2 is proved to be true.
Now, by Lemma 2.1 and Lemma 2.2, we can give the proof of Theorem 1.1:

Proof of Theorem 1.1. Let y' y? ...,y" be the standard coordinate
functions of RY. Taking f = y* a=1,...,N, we get
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(2.30) _22(/1/(“ = i) J y“”i<<Vya7VHi> + —HiAy“>
i=1 Q 2
A 2
<Y 0k — 4) ]
l’_

il =) [ (<o + luiAy“)z,
0 ap 2
where
(2.31) vt = JQ[(2<Vy"‘, Vi + u;Ay*)? — 2u;Au;|Vy*|*
— 2ay*ui{Vy®, AVu;y — ay*u? div AVy?].

On the other hand, we have the following equalities:

N N
STV =n, >V Vuy? = |V,
a=1 a=1

N N

YAy =rHP, Y (K, VudAy®) =0,

a=1 a=1

see [3, Lemma 2.1], where |H| is the mean curvature. Then, from Lemma 2.1,
we obtain

=1

N N
(232) ) o= J lZ(zwy“, Vi) + uidy*)? = 2y V|’
Q=1 o=1

N N
— 2ZJ ay*uiVy*, AVu;y — ZJ ay*u? div AVy®
a=1JQ a=1JQ

—nzj |H|2u,»2+4J \Vu,-|2—2nj u;Au;
Q Q Q

N N
— ZZJ ay*ui{Vy*, AVu;y — ZJ ay“ui2 div AVy*
a=1JQ a=17Q

:nzj |H|2ui2+4J \Vu[|2—2nj uiAu;
Q Q

— ZJ aly*{Vy*, AVu}> + y*u? div AVy?|
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:nzj |H|2u[2+4j |Vu,'\272nJ uiAu;
Q Q Q

- ZJ aly*{AVY*, Vuly + y*u} div AVy”]
Q

:n2J |H|2ui2+4j |Vui\2—2nJ uiAu;
Q Q Q

N
-3 | o aiviiay)
a=1 8

N

= | P o) [ vl =30 | at-uicny avy)
Q Q Q

o=1

=n? |H|2pu,.2+(2n+4)J |Vu,»\2—|—J au?(tr(A4))
JQ Q Q

1
= —|H|2pu3+<zn+4>j |Vui|2+j i3 (tr(4))
af Qf

2 d
< sup|H| + (2n+4)E; +a—
P1 1

N 2
1 I 1,1
233 J <<V“,Vu,>+u,»A“>JVui2+n2J L2ap?
23 | (v guar) = [ dval+ g | Lain

o=1
E 2
ot o Sl

and

N N
1
(2.34) -2 E J y“ui(<Vy“,Vu,->+§u,-Ay“) :J u? E IVy*)? >
a=1JQ Q o=1

Substituting (2.32), (2.33) and (2.34) into (2.30) yields

1

k k 5
2 35 EZ /1k+1 Z /Lk+1 7;Ll) (p Sup|H‘ + (2n+4)E +a

P2 i=1 —

+zk:1(/1 2) b " \H|?
25, k+1 i » 4p12 P

1

Now, we can define
0
n? ad’
— supg|H|* + (2n + 4)E; + o
1 1

(2.36) 5=

d

)

1
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where 0 is an arbitrary positive constant, and it is easy to find {d;} is monoto-
nically decreasing. Thus, we have

k

k
(2.37) lZ(ikH — li)z Z5Mk+1 —4i )2

P25
k 2
1 E n 2)
— (A1 — ) —— sup |H
2::5 k+1 (Pl 4,012 QP| |
n? ad
X (— up|H| +(2n+4)E; + )
P1 P1
Then taking

(2.38)

2 1/2

. 4E; n
k 5 i

i= lk 1 — 4 (_+_
Z 1( + 1) | 2

2 I’l2 2 ad
supq |H| )(— supq |H| +(2n+4)E,~—|——>
1 P1 P1

5 =
A ket — 24)’

n (2.37), we have
k 2 k
(239) D (ks — 4 2 Z A1 — (4/)1E +n? SuP\H| >
i1 i1
X <n2 sup [H|* + (2n + 4)p, E; +ad).
Q
It completes the proof of Theorem 1.1.

Proof of Theorem 1.2.

Since
k
(2.40) 2 (Akg1 — < nz 32 (Akg1 — (4,01E + n? sup\H| >
X <n2 sup |[H|* + (2n + 4)p, E; + ad),
Q

we have

k k
241) > iy = 2henidi + A7) Z Jiesl — Ai (4p1E,-+n2 sng|2>

i1 =

X <n2 sup |H|* + (2n + 4)p, E; + ad).
Q
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By the direct calculations, one get
(2.42) kigy — 2kAilii1 + kB <0,

where

1 . P . 2 2
Ak:%{Zli—&—znz ;(4,01E,-+n sgp|H|>

2
3
i—1 Pi =

X <n2 sup |H|> + (2n + 4)p, E; + ad) },
Q
1 zk: ), P 2 2
By =— i+ ii(4p1E,- +n” sup|H| )
kla ' meig Q

X <n2 sup [H|* + (2n + 4)p, E; + ad> }
Q
Hence, we have

(2.43) A1 < Ai + \/A]% — By.

3. Proof of the Theorem 1.3

Proof of Theorem 1.3. Similar calculations as in the lemma 2.1 give

(3.1) J V> < E;,
Q

1 V
where E; = — (=b +1/b%> —4(s — A;)p;), s = infq —.
o (b 4= ap) ;

1. Taking f =g on Q in (2.7), using (1.17), (3.1), (Vg, A4Vg)> < ¢|Vg|* and
Schwarz inequality, we have

1 <& 5
(3.2) (A1 — 24)
P2 i=1
k
< Z(ikﬂ - iz’)zj u?
i=1 Q
k
< > e = 4? | a1Vl
; Q

i=1

k
1
<-2 ZI:(;%H —)? JQ gu; ((Vg, Vu;» + 2“1‘Ag>

IA

Kk . 2
2 1 1 |
;&(ﬂukﬂ — i) vi + ;5—[ (A1 — 4i) JQ/—) <<Vg, Vu;y + Eu,Ag) 7
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and
(3.3) uv= J [(2¢Vg, Vu;y + u:Ag)* — 2u;Au;|Vg|*
o)
— 2agu;{Vg, AVu;y — agui2 div AVy]
= J [(2<Vg, Vu;y + uAg)* — 2u;Auy) + aJ u?{Vg, AVg)
o) o)
2 2 2 2 15
< J 8(Vyg, Vu;»* + 2u; (Ag) —|—2J |Vu;|~ + aJ —pu;{Vg, AVg)
Q Q opf
2 2 242 4cC
< J 8\Vu,~| +2|Vu,~| +J 2u; Ay +—
Q Q P

242 ac
< 10E, + 2204 %

P1 e

We also have

(3.4) Jl (V Vu-}—l—lu-A 2<J 2{Vg, Vu;»* + (A))
. ap g, Vu; o Ui g = ap 9, g

1 2 2J L)

< | -2|Vu|"+ 4 —u;

JQP [Via 0 a2p !
2E;, A2
< 5
P 2p

Thus, one have

1 & k 24
(3.5) =3 e — ) Z (st — <10E+ °+“C>

P2 L1 M
k 2
1 2E; A
+) =k 1—J~,-)<—’+—°).
;&( " p 20}
Putting
P
(3.6) P —
242
10E; + 220 4 %€
P1 P1

247

n (3.5), where J is an arbitrary positive constant, and it is easy to find

{6;} is monotonically decreasing.
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Thus, one can get

k

1 A 2
(3.7) p—Z(/lkH — i) <) 0 — 4a)’
2 =1 i=1
k 2 2
1 2E;  Aj 245 ac
+ A1 — Ai ( +—>(10E+—+ )
;5( o ) P1 2/71 1 P
Taking
1/2
8E; 2A 24
Sk (AkHA)( 2><10E +°+“C>
(3.8) 5— P1 P1 P P 7

45K e = 2)?

we have (1.18)

NS

k k
D i — i) < %Z (aer1 — 2)(8p Ei + 242)(10p, E; + 242 + ac).
i=1 1 i=1

Specially, we take f=¢ on Q in (2.7) and use (1.19), we get
(9) =] (206 + ) — 2]V
— 2agui{V§, AVu;» — agu? div AV{]
_ L(6|Vu,»\2 + 4u:Bo{VG, Vury + uPB2) + a JQ W2{VG, AVG)
< JQ(6|Vu,~|2 — 2u?BoAG +ulB}) +a JQ u?{Vg, AVg)

g6Ei—B§J 2 X

Q P1
<op - Bi
P11
and
1/ . 1V
(3.10) — | <Vg,Vu;y + - u;Ag
Qp 2

1 1
< J /—)(<Vé,Vui>2 +uiAg<vg, Vuip + 7 u; F(A9) )
Q
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1 2 J 1 o5
< | =|Vu|" = | —u;(Ag
JQP| 4 adp (49)
E B
T At
By similar calculations as in (3.2), we have (1.20).
2. Taking f =g, on Q in (2.7), one get

1 & k
GA1) > Casr = )7 < > 6kt — 40) !
i=1

P24
L1 N 1 ’
+ Z*(/lkﬂ — i) » <Vgp, Vuiy +§uiAgp ;
—0i 0

and

(3.12) v = JQ[(Z(VQP, Vi + uihg,)? — 2uidu;|Vg,|*

— 2ag,ui{Vg,, AVu;y — agpui2 div 4Vy,)

:J 4<Vgp,Vu,->2—J 2u,—Aui+aJ u>{Vg,, AVg,>
Q Q

1
SJ 4<Vg,,,Vui>2+2J |Vui|2+aj —puf(Vg,,,AVg,,)
Q Q Qp

< J 4Vg,, Vuy? + 2E; + 25,
Q P1

we also have
1 1 > 1 s
—(<Vgp, Vuiy + suiAg, | < | =<Vgp, Vu;)~.
Qp 2 Qpf

Let o,=0 (i=1,...,k), 0 is an arbitrary positive constant.
monotonically decreasing. Thus, we know from (3.11), (3.12) and (3.13)

(3.13)
J; 1s also

that
k ac
2 (J 4V gy, Vu;Y* + 2E; + p)
1

k
D (et = 4)* < D 0(huar — i)

1
P2 p

k
23 =4 |5 <y,
i=1 Qpf

(3.14)
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From (1.21), we know that
!
> Vg, Vury? < |Vuil*,
p=1

Hence, we obtain by summing over p in (3.14) that

/ k 1
(3.15) — (a1 — A) <Za‘ (Mes1 — A ZZG 4V, Vu;Y* + 2E; + )
P2 i=1 p=1 P1
_;“l ) i
+;5 Akt ;J —<Vgp, Vu;y
k
<> 60t — 2<J 4V |? + 21E; +"d>
=1 Q P1

k
1 1
+ZS A1 — i) J ;|V”i|2
k
Z (st — 2<4E +2IE, +ad)

P1

Taking

K 12
(3.16) 6= > i1 (At — ) E;
45 (s — 2[4+ 2D)pyEr + acl) |

we obtain (1.22).
3. Taking the Laplacian of the equation

m+1

Y gr=1,
a=1

and using the fact that
Agat:_lugm O{ZI,...,I’)’!+1,
we get

m+1

Z Wga|2 =M.
a=1
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Then, by taking take f =g, on Q in (2.7), letting J; = arbitrary positive
constant 0 (i =1,...,k) and sunmming over «, we have

k
(3.17) pﬁz Ciert — 24

<> (-2 Y[ v
i=1 =1
k m+1
Z ;tk+l - Z JQ Yol (<Vgoca Vu;) + u,Aga>
i=1 a=1
k m+1
Z )k+1 — /L Z Uz%

k 2
1 1
+ E 5 /hk+1 ;"l § J (<Vg17 Vul> +3 ulAgrx> .

We also have

m+1 m+1 5 5
(3.18) Z v = Z J (2{Vgu, Vi) + u;Agy,) ™ — 2u;Aui|Vg,|
a=1JQ
— 2ag,ui{Vg,, AVu;y — ago(ul-2 div AVg,]
m+1

= J (24V g, Viiry — uipagy)” — J 2uu;Au;
Q Q

=1

m+1

vad_ | wi<ve. ave)
a=1 79

m+1
< [ 4 vt [ w2
Q 4=l Q Q

m+1

+a2j W2(Vg., AV,
~ Ja

m-+1
<| 4 Vg.|"|Vu; + + 2UE; +f
L: Z| | | ‘ P P1

e 02 ac
<4,uE+ + 2uE; +——6,LtE+ +—,
P1 P1 P1 P

and
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it 1 2 m+1 1 | )
B ZJ <<Vg“’vu’>+ ”’Ag“> :ZJQ;<<ngvui>+§uiﬂgm>
=1 a=1
1 m+1 u2'u2
= - V 9!1V i 2+ !
JQ ;( G VU™ + =5
. 2
P1 4,01
Thus, we get
iy - 2 w  ac
(3.20) —Z dpt — Ji)* < Z(S(ikﬂ — ) <6ﬂEi+p_+p_>
i—1 P : 1
k 2
1 uE: u
— (A ~
;5 k+1 — )(p] +4p1>
Taking
k ) 1/2
(3.21) 5= Yoit (Aks1 — 4i) (Bup  Ei + 1)

4p, szzl (A1 — /11‘)2(6/@115[ + u+ ac)

we obtain (1.23). This completes the proof of Theorem 1.3.
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