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TIKHONOV REGULARIZATION FOR DUNKL

MULTIPLIER OPERATORS

Fethi Soltani*

Abstract

We study some class of Dunkl multiplier operators Tk;m; and we give for them an

application of the theory of reproducing kernels to the Tikhonov regularization, which

gives the best approximation of the operators Tk;m on the Dunkl-type Paley-Wiener

spaces Hh.

1. Introduction

In this paper, we consider Rd with the Euclidean inner product h: ; :i and
norm jyj :¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hy; yi

p
. For a A Rdnf0g, let sa be the reflection in the hyperplane

Ha HRd orthogonal to a:

sax :¼ x� 2ha; xi

jaj2
a:

A finite set <HRdnf0g is called a root system, if <VR:a ¼ f�a; ag and
sa< ¼ < for all a A <. We assume that it is normalized by jaj2 ¼ 2 for all
a A <. For a root system <, the reflections sa, a A <, generate a finite group G.
The Coxeter group G is a subgroup of the orthogonal group OðdÞ. All
reflections in G, correspond to suitable pairs of roots. For a given b A
Rdn6

a A< Ha, we fix the positive subsystem <þ :¼ fa A < : ha; bi > 0g. Then
for each a A < either a A <þ or �a A <þ.

Let k : < ! C be a multiplicity function on < (a function which are constant
on the orbits under the action of G). As an abbreviation, we introduce the index
gk :¼

P
a A<þ

kðaÞ.
Throughout this paper, we will assume that kðaÞb 0 for all a A <. More-

over, let wk denote the weight function wkðxÞ :¼
Q

a A<þ
jha; xij2kðaÞ, for all

x A Rd , which is G-invariant and homogeneous of degree 2gk.
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Let ck be the Mehta-type constant given by

ck :¼
ð
Rd

e�jxj2=2wkðxÞ dx
� ��1

:

We denote by mk the measure on Rd given by dmkðxÞ :¼ ckwkðxÞ dx; and by

LpðmkÞ, 1a pay, the space of measurable functions f on Rd , such that

k f kL pðmkÞ :¼
ð
R d

j f ðxÞjp dmkðxÞ
� �1=p

< y; 1a p < y;

k f kLyðmkÞ :¼ ess sup
x AR d

j f ðxÞj < y:

For f A L1ðmkÞ the Dunkl transform is defined (see [3]) by

Fkð f ÞðyÞ :¼
ð
R d

Ekð�ix; yÞ f ðxÞ dmkðxÞ; y A Rd ;

where Ekð�ix; yÞ denotes the Dunkl kernel (for more details, see the next
section).

Let m be a function in LyðmkÞ. The Dunkl multiplier operators Tk;m, are
defined for f A L2ðmkÞ by

Tk;m f ðxÞ :¼ F�1
k ðmFkð f ÞÞðxÞ; x A Rd :

These operators are studied in [15, 16] where the author established some
applications (Calderón’s reproducing formulas, best approximation formulas,
extremal functions. . . .).

Building on the ideas of Matsuura et al. [6], Saitoh [11, 13] and Yamada
et al. [19], and using the theory of reproducing kernels [1, 10], we give best
approximation of the operator Tk;m on the Dunkl-type Paley-Wiener space Hh.
More precisely, for all h > 0, g A L2ðmkÞ, the infimum

inf
f AHh

fhk f k2Hh
þ kg� Tk;m f k2L2ðmkÞg;

is attained at one function F �
h;g, called the extremal function, and given by

F �
h;gðyÞ ¼

ð
R d

Ekðiy; zÞ
whðzÞmðzÞFkðgÞðzÞ

hþ jmðzÞj2
dmkðzÞ:

Next we show for F �
h;g the following properties.

(i) kF �
h;gkHh

a
1

2
ffiffiffi
h

p kgkL2ðmkÞ.

(ii) limh!0þkTk;mF
�
h;g � gkL2ðmkÞ ¼ 0.

(iii) limh!0þkF �
h;Tk;m f � f kHh

¼ 0.

In the Dunkl setting, the extremal functions are studied in several directions
[14, 15, 16, 17].
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This paper is organized as follows. In Section 2 we define and study the
Dunkl multiplier operators Tk;m on the Dunkl-type Paley-Wiener spaces Hh.
The last section of this paper is devoted to give an application of the theory of
reproducing kernels to the Tikhonov regularization, which gives the best approxi-
mation of the operators Tk;m on Hh.

2. The Dunkl-type Paley-Wiener spaces

The Dunkl operators Dj; j ¼ 1; . . . ; d, on Rd associated with the finite
reflection group G and multiplicity function k are given, for a function f of class

C1 on Rd , by

Dj f ðxÞ :¼
q

qxj
f ðxÞ þ

X
a A<þ

kðaÞaj
f ðxÞ � f ðsaxÞ

ha; xi
:

For y A Rd , the initial problem Djuð:; yÞðxÞ ¼ yjuðx; yÞ, j ¼ 1; . . . ; d, with

uð0; yÞ ¼ 1 admits a unique analytic solution on Rd , which will be denoted by
Ekðx; yÞ and called Dunkl kernel [2, 4]. This kernel has a unique analytic
extension to Cd � Cd (see [8]). In our case (see [2, 3]),

jEkðix; yÞja 1; x; y A Rd :ð2:1Þ

The Dunkl kernel gives rise to an integral transform, which is called
Dunkl transform on Rd , and was introduced by Dunkl in [3], where already
many basic properties were established. Dunkl’s results were completed and
extended later by De Jeu [4]. The Dunkl transform of a function f in L1ðmkÞ,
is defined by

Fkð f ÞðyÞ :¼
ð
R d

Ekð�ix; yÞ f ðxÞ dmkðxÞ; y A Rd :

We notice that F0 agrees with the Fourier transform F that is given by

Fð f ÞðyÞ :¼ ð2pÞ�d=2

ð
Rd

e�ihx;yif ðxÞ dx; x A Rd :

Some of the properties of Dunkl transform Fk are collected bellow (see
[3, 4]).

Theorem 2.1. (i) L1 � Ly-boundedness. For all f A L1ðmkÞ, Fkð f Þ A
LyðmkÞ and

kFkð f ÞkLyðmkÞ a k f kL1ðmkÞ:

(ii) Inversion theorem. Let f A L1ðmkÞ, such that Fkð f Þ A L1ðmkÞ. Then

f ðxÞ ¼ FkðFkð f ÞÞð�xÞ; a:e: x A Rd :
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(iii) Plancherel theorem. The Dunkl transform Fk extends uniquely to an
isometric isomorphism of L2ðmkÞ onto itself. In particular,

kFkð f ÞkL2ðmkÞ ¼ k f kL2ðmkÞ:

Let h > 0 and wh the function defined by

whðzÞ :¼
Yd
i¼1

wð�1=h;1=hÞðziÞ; z ¼ ðz1; . . . ; zdÞ A Rd ;

where wð�1=h;1=hÞ is the characteristic function of the interval ð�1=h; 1=hÞ.
We define the Paley-Wiener space Hh, as

Hh :¼ F�1
k ðwhL2ðmkÞÞ:

The space Hh satisfies

Hh HL2ðmkÞ; FkðHhÞHL1 VL2ðmkÞ:ð2:2Þ

We see that any element f A Hh is represented uniquely by a function
F A L2ðmkÞ in the form

f ¼ F�1
k ðwhF Þ:

The space Hh provided with the norm

k f kHh
¼ kFkL2ðmkÞ:

Let m be a function in LyðmkÞ. The Dunkl multiplier operators Tk;m, are
defined for f A L2ðmkÞ by

Tk;m f :¼ F�1
k ðmFkð f ÞÞ:ð2:3Þ

Theorem 2.2. Let m A LyðmkÞ. The operators Tk;m are bounded linear
operators from Hh into L2ðmkÞ, and

kTk;m f kL2ðmkÞ a kmkLyðmkÞk f kHh
:

Proof. Let m A LyðmkÞ. From Theorem 2.1 (iii) and (2.3) we obtain

kTk;m f kL2ðmkÞ ¼
ð
R d

jmðzÞj2jFkð f ÞðzÞj2 dmkðzÞ
� �1=2

a kmkLyðmkÞ

ð
R d

whðzÞjFðzÞj
2 dmkðzÞ

� �1=2
a kmkLyðmkÞk f kHh

:

This gives the result. r

As application, we give the following example.
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Example 2.3. Let m be the function defined for t > 0 by

mðzÞ :¼ e�tjzj2 ; z A Rd :

Then Tk;m f ¼ Wk; tð f Þ, where Wk; t is the Dunkl-type Weierstrass transform
[9, 14].

Let h > 0. We denote by h: ; :ih;Hh
the inner product defined on the space

Hh by

h f ; gih;Hh
:¼ hh f ; giHh

þ hTk;m f ;Tk;mgiL2ðmkÞ;ð2:4Þ
and the norm k f kh;Hh

:¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h f ; f ih;Hh

p
.

On Hh the two norms k:kHh
and k:kh;Hh

are equivalent. This ðHh; h: ; :ih;Hh
Þ

is a Hilbert space with reproducing kernel given by the following theorem.

Theorem 2.4. Let h > 0 and m A LyðmkÞ. The space ðHh; h: ; :ih;Hh
Þ has

the reproducing kernel

Khðx; yÞ ¼
ð
R d

whðzÞEkðix; zÞEkð�iy; zÞ
hþ jmðzÞj2

dmkðzÞ;ð2:5Þ

that is
(i) For all y A Rd , the function x ! Khðx; yÞ belongs to Hh.
(ii) The reproducing property: for all f A Hh and y A Rd ,

h f ;Khð:; yÞih;Hh
¼ f ðyÞ:

Proof. (i) Let y A Rd . From (2.1), the function z ! whðzÞEkð�iy; zÞ
hþ jmðzÞj2

belongs to L1 VL2ðmkÞ. Then, the function Kh is well defined and by Theorem
2.1 (ii), we have

Khðx; yÞ ¼ F�1
k

whðzÞEkð�iy; zÞ
hþ jmðzÞj2

 !
ðxÞ; x A Rd :ð2:6Þ

Then by Theorem 2.1 (iii) and (2.1), we obtain

jFkðKhð:; yÞÞðzÞja
whðzÞ
h

and kKhð:; yÞk2Hh
a

ck2
gkþdd gk

h2h2gkþd
:

This proves that for all y A Rd the function Khð:; yÞ belongs to Hh.
(ii) Let f A Hh and y A Rd . From (2.4) and (2.6), we have

h f ;Khð:; yÞih;Hh
¼
ð
R d

Ekðiy; zÞFkð f ÞðzÞ dmkðzÞ;

and from (2.2), we obtain the reproducing property:

h f ;Khð:; yÞih;Hh
¼ f ðyÞ:

This completes the proof of the theorem. r
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3. Extremal functions for the operators Tk;m

In this section, by using the theory of extremal function and reproducing
kernel of Hilbert space [10, 11, 12, 13] we study the extremal function associated
to the Dunkl multiplier operators Tk;m. In the particular case when k ¼ 0 this
function is studied in [7, 18]. The main result of this section can be stated as
follows.

Theorem 3.1. Let m A LyðmkÞ. For any g A L2ðmkÞ and for any h > 0,
there exists a unique function F �

h;g, where the infimum

inf
f AHh

fhk f k2Hh
þ kg� Tk;m f k2L2ðmkÞgð3:1Þ

is attained. Moreover, the extremal function F �
h;g is given by

F �
h;gðyÞ ¼

ð
R d

gðxÞQhðx; yÞ dmkðxÞ;

where

Qhðx; yÞ ¼
ð
R d

whðzÞmðzÞEkð�ix; zÞEkðiy; zÞ
hþ jmðzÞj2

dmkðzÞ:

Proof. The existence and unicity of the extremal function F �
h;g satisfying

(3.1) is obtained in [5, 6, 12]. Especially, F �
h;g is given by the reproducing kernel

of Hh with k:kh;Hh
norm as

F �
h;gðyÞ ¼ hg;Tk;mðKhð:; yÞÞiL2ðmkÞ;ð3:2Þ

where Kh is the kernel given by (2.5).
But by Theorem 2.1 (ii) and (2.6), we have

Tk;mðKhð:; yÞÞðxÞ ¼
ð
Rd

mðzÞFkðKhð:; yÞÞðzÞEkðix; zÞ dmkðzÞ

¼
ð
Rd

whðzÞmðzÞEkðix; zÞEkð�iy; zÞ
hþ jmðzÞj2

dmkðzÞ:

This clearly yields the result. r

As application, we give the following example.

Example 3.2. Let h > 0 and g A L2ðmkÞ. If mðzÞ :¼ e�tjzj2 , t > 0, then

F �
h;gðyÞ ¼

ð
R d

gðxÞQhðx; yÞ dmkðxÞ;

where

Qhðx; yÞ ¼
ð
R d

whðzÞEkð�ix; zÞEkðiy; zÞ
hetjzj

2 þ e�tjzj2
dmkðzÞ:
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Corollary 3.3. Let h > 0 and g A L2ðmkÞ. The extremal function F �
h;g

satisfies:

(i) jF �
h;gðyÞja

ck2
gkþdd gk

4hh2gkþd

� �1=2
kgkL2ðmkÞ.

(ii) kF �
h;gkL2ðmkÞ a

ck2
gkþdd gk

4hh2gkþd

� �1=2 ð
Rd

jgðxÞj2ejxj
2=2 dmkðxÞ

� �1=2
:

Proof. (i) From (3.2) and Theorem 2.1 (iii), we have

jF �
h;gðyÞja kgkL2ðmkÞkTk;mðKhð:; yÞÞkL2ðmkÞ

a kgkL2ðmkÞkmFkðKhð:; yÞÞkL2ðmkÞ:

Then, by (2.6) we deduce

jF �
h;gðyÞja kgkL2ðmkÞ

ð
R d

whðzÞjmðzÞj2 dmkðzÞ
½hþ jmðzÞj2�2

 !1=2
:ð3:3Þ

Using the fact that

½hþ jmðzÞj2�2 b 4hjmðzÞj2;ð3:4Þ
we obtain the result.

(ii) We write

F �
h;gðyÞ ¼

ð
R d

e�jxj2=4ejxj
2=4gðxÞQhðx; yÞ dmkðxÞ:

Applying Hölder’s inequality, we obtain

jF �
h;gðyÞj

2
a

ð
R d

jgðxÞj2ejxj
2=2jQhðx; yÞj2 dmkðxÞ:

Thus and from Fubini-Tonnelli’s theorem, we get

kF �
h;gk

2
L2ðmkÞ a

ð
R d

jgðxÞj2ejxj
2=2kQhðx; :Þk2L2ðmkÞ dmkðxÞ:ð3:5Þ

The function z ! whðzÞmðzÞEkð�ix; zÞ
hþ jmðzÞj2

belongs to L1 VL2ðmkÞ, then by Theorem
2.1 (ii),

Qhðx; yÞ ¼ F�1
k

whðzÞmðzÞEkð�ix; zÞ
hþ jmðzÞj2

 !
ðyÞ:

Thus, by Theorem 2.1 (iii) we deduce that

kQhðx; :Þk2L2ðmkÞ ¼
ð
Rd

jFkðQhðx; :ÞÞðzÞj2 dmkðzÞa
ð
R d

whðzÞjmðzÞj2 dmkðzÞ
½hþ jmðzÞj2�2

:ð3:6Þ
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Then using the inequality (3.4), we obtain

kQhðx; :ÞkL2ðmkÞ a
1

2
ffiffiffi
h

p
ð
R d

whðzÞ dmkðzÞ
� �1=2

:

From this inequality and (3.5) we deduce the result. r

Corollary 3.4. Let h > 0. For every g A L2ðmkÞ, we have

(i) F �
h;gðyÞ ¼

Ð
R d Ekðiy; zÞ

whðzÞmðzÞFkðgÞðzÞ
hþ jmðzÞj2

dmkðzÞ.

(ii) FkðF �
h;gÞðzÞ ¼

whðzÞmðzÞFkðgÞðzÞ
hþ jmðzÞj2

.

(iii) kF �
h;gkHh

a
1

2
ffiffiffi
h

p kgkL2ðmkÞ.

Proof. (i) follows from (3.2) by using Theorem 2.1 (iii) and (2.6).

(ii) The function z ! whðzÞmðzÞFkðgÞðzÞ
hþ jmðzÞj2

belongs to L1 VL2ðmkÞ. Then by
Theorem 2.1 (ii), we have

F �
h;gðyÞ ¼ F�1

k

whðzÞmðzÞFkðgÞðzÞ
hþ jmðzÞj2

 !
ðyÞ:

Thus, by Theorem 2.1 (iii), we obtain (ii).
(iii) By relation (ii) we have

kF �
h;gk

2
Hh

¼
ð
Rd

jFkð f �
h;gÞðzÞj

2

whðzÞ
dmkðzÞ ¼

ð
Rd

jmðzÞj2jFkðgÞðzÞj2

½hþ jmðzÞj2�2
dmkðzÞ:

Using the inequality (3.4), we obtain

kF �
h;gk

2
Hh

a
1

4h

ð
R d

jFkðgÞðzÞj2 dmkðzÞ ¼
1

4h
kgk2L2ðmkÞ;

which ends the proof. r

Theorem 3.5. Let h > 0. For every g A L2ðmkÞ, we have

(i) Tk;mF
�
h;gðyÞ ¼

Ð
R d Ekðiy; zÞ

whðzÞjmðzÞj2FkðgÞðzÞ
hþ jmðzÞj2

dmkðzÞ.

(ii) FkðTk;mF
�
h;gÞðzÞ ¼

whðzÞjmðzÞj2FkðgÞðzÞ
hþ jmðzÞj2

.

(iii) Tk;mF
�
h;gðyÞ ¼ F �

h;Tk;mg
ðyÞ.

(iv) limh!0þkTk;mF
�
h;g � gkL2ðmkÞ ¼ 0.

Proof. From (2.3) and Corollary 3.4 (ii), we have

Tk;mF
�
h;gðyÞ ¼ F�1

k

whðzÞjmðzÞj2FkðgÞðzÞ
hþ jmðzÞj2

 !
ðyÞ:

406 fethi soltani



The function z ! whðzÞjmðzÞj2FkðgÞðzÞ
hþ jmðzÞj2

belongs to L1 VL2ðmkÞ. Then by

Theorem 2.1 (ii), we obtain (i), and by Theorem 2.1 (iii) we obtain (ii).
(iii) follows from (i) and Corollary 3.4 (i).
(iv) From (ii) we have

FkðTk;mF
�
h;g � gÞðzÞ ¼ �hFkðgÞðzÞ

hþ whðzÞjmðzÞj2
:

Thus,

kTk;mF
�
h;g � gk2L2ðmkÞ ¼

ð
R d

h2jFkðgÞðzÞj2

½hþ whðzÞjmðzÞj2�2
dmkðzÞ:

Using the dominated convergence theorem and the fact that

h2jFkðgÞðzÞj2

½hþ whðzÞjmðzÞj2�2
a jFkðgÞðzÞj2;

we deduce (iv). r

Theorem 3.6. Let h > 0. For every f A Hh, we have
(i) limh!0þkF �

h;Tk;m f � f kLyðmkÞ ¼ 0.

(ii) limh!0þkF �
h;Tk;m f � f kHh

¼ 0.

Proof. (i) From (2.2), the function Fkð f Þ A L1 VL2ðmkÞ. Then by Corol-
lary 3.4 (i) and Theorem 2.1 (ii),

F �
h;Tk;m f ðyÞ � f ðyÞ ¼

ð
R d

�hFkð f ÞðzÞ
hþ whðzÞjmðzÞj2

Ekðiy; zÞ dmkðzÞ:ð3:7Þ

So

kF �
h;Tk;m f � f kLyðmkÞ a

ð
R d

hjFkð f ÞðzÞj
hþ whðzÞjmðzÞj2

dmkðzÞ:

Again, by dominated convergence theorem and the fact that

hjFkð f ÞðzÞj
hþ whðzÞjmðzÞj2

a jFkð f ÞðzÞj;

we deduce (i).
(ii) From (3.7) we have

FkðF �
h;Tk;m f � f ÞðzÞ ¼ �hFkð f ÞðzÞ

hþ whðzÞjmðzÞj2
:

Consequently,

kF �
h;Tk;m f � f k2Hh

¼
ð
Rd

h2jFkð f ÞðzÞj2

whðzÞ½hþ whðzÞjmðzÞj2�2
dmkðzÞ:
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Using the dominated convergence theorem and the fact that

h2jFkð f ÞðzÞj2

whðzÞ½hþ whðzÞjmðzÞj2�2
a

jFkð f ÞðzÞj2

whðzÞ
;

we deduce (ii). r

Remark 3.7. ðh ¼ 0Þ. Let m A LyðmkÞ with m0 0; and let g A L2ðmkÞ.
(i) From (3.3) we have

jF �
0;gðyÞja

ð
Rd

whðzÞ
jmðzÞj2

dmkðzÞ
 !1=2

kgkL2ðmkÞ:

If we take g ¼ Tk;m f when f A Hh, then by Theorem 3.6 (i), we get

j f ðyÞja
ð
R d

whðzÞ
jmðzÞj2

dmkðzÞ
 !1=2

kTk;m f kL2ðmkÞ:

(ii) From (3.6) we have

kQhðx; :Þk2L2ðmkÞ a

ð
R d

whðzÞ
jmðzÞj2

dmkðzÞ:

Then by (3.5) we obtain

kF �
0;gkL2ðmkÞ a

ð
R d

whðzÞ
jmðzÞj2

dmkðzÞ
 !1=2 ð

Rd

jgðxÞj2ejxj
2=2 dmkðxÞ

� �1=2
:

By Theorem 3.5 (iii) and (iv), we deduce that

kgkL2ðmkÞ a

ð
R d

whðzÞ
jmðzÞj2

dmkðzÞ
 !1=2 ð

R d

jTk;mgðxÞj2ejxj
2=2 dmkðxÞ

� �1=2
:
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