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A FINITE PRESENTATION OF THE LEVEL 2 PRINCIPAL

CONGRUENCE SUBGROUP OF GLðn;ZÞ

Ryoma Kobayashi

Abstract

It is known that the level 2 principal congruence subgroup of GLðn;ZÞ has a finite

generating set (see [7]). In this paper, we give a finite presentation of the level 2

principal congruence subgroup of GLðn;ZÞ.

1. Introduction

For nb 1, let G2ðnÞ ¼ kerðGLðn;ZÞ ! GLðn;Z2ÞÞ. We call G2ðnÞ the level 2
principal congruence subgroup of GLðn;ZÞ. Note that for A A G2ðnÞ the diagonal
entries of A are odd and the others are even.

For 1a i; ja n with i0 j, let Eij denote the matrix whose ði; jÞ entry is 2,
diagonal entries are 1 and others are 0, and let Fi denote the matrix whose ði; iÞ
entry is �1, other diagonal entries are 1 and others are 0. It is known that G2ðnÞ
is generated by Eij and Fi for 1a i; ja n with i0 j (see [7]).

In this paper, we give a finite presentation of G2ðnÞ.

Theorem 1.1. For nb 1, G2ðnÞ has a finite presentation with generators Eij

and Fi, for 1a i; ja n with i0 j, and with the following relators
(1) F 2

i ,
(2) ðEijFiÞ2, ðEijFjÞ2, ðFiFjÞ2 (when nb 2),
(3) (a) ½Eij ;Eik�, ½Eij ;Ekj �, ½Eij ;Fk�, ½Eij ;Eki�E 2

kj (when nb 3),

(b) ½EjiFjEijFiE
�1
ki Ekj;EkiFkEikFiE

�1
ji Ejk� for i < j < k (when nb 3),

(4) ½Eij;Ekl � (when nb 4),
where ½X ;Y � ¼ X �1Y �1XY and 1a i; j; k; la n are mutually di¤erent.

We note that a finite presentation of G2ðnÞ has been obtained also by
Fullarton [3] and Margalit-Putman.

It is clear that the above theorem is valid in the case n ¼ 1. A proof of
the theorem is by induction on n. In Section 3, we will prove the case n ¼ 2
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of Theorem 1.1, using the Reidemeister-Schreier method. In Section 4, we will
prove the case n ¼ 3 of Theorem 1.1, considering a simply connected simplicial
complex on which G2ðnÞ acts. In Section 5, we will introduce another simply
connected simplicial complex on which G2ðnÞ acts for nb 4. Finally, in Section
6, we will obtain the presentation of Theorem 1.1, by this action and induction
on n.

We now explain about an application of Theorem 1.1. For gb 1, let Ng

denote a non-orientable closed surface of genus g, that is, Ng is a connected sum
of g real projective planes. Let � : H1ðNg;RÞ �H1ðNg;RÞ ! Z2 denote the mod 2
intersection form, and let AutðH1ðNg;RÞ; �Þ denote the group of automorphisms
over H1ðNg;RÞ preserving the mod 2 intersection form �, where R ¼ Z or Z2.
Consider the natural epimorphism

Fg : AutðH1ðNg;ZÞ; �Þ ! AutðH1ðNg;Z2Þ; �Þ:

McCarthy and Pinkall [7] showed that G2ðg� 1Þ is isomorphic to ker Fg.
We denote by MðNgÞ the group of isotopy classes of di¤eomorphisms over

Ng. The group MðNgÞ is called the mapping class group of Ng. In [7] and [4],
it is shown that the natural homomorphism MðNgÞ ! AutðH1ðNg;RÞ; �Þ is
surjective, where R ¼ Z or Z2. Let IðNgÞ denote the kernel of MðNgÞ !
AutðH1ðNg;ZÞ; �Þ. We say IðNgÞ the Torelli group of Ng. In [5], Hirose and
the author obtained a generating set of IðNgÞ for gb 4, using Theorem 1.1.

2. Preliminaries

In this section, we explain about some facts for presentations of groups.

2.1. Basics on presentations of groups
Let G1, G2 and G3 be groups with a short exact sequence

1 ! G1 !
f
G2 !

p
G3 ! 1:

If G1 and G3 are presented then we can obtain a presentation of G2. In
particular, if G1 and G3 are finitely presented then G2 can be finitely presented.

More precisely, a presentation of G2 is obtained as follows. Let G1 ¼
hX1 jR1i and G3 ¼ hX3 jR3i. For each x A X3, we choose ~xx A p�1ðxÞ.
We put X2 ¼ ffðx1Þ; ex3x3 j x1 A X1; x3 A X3g. For r ¼ a e1

1 a
e2
2 � � � aek

k A R3, let ~rr ¼ea1a1 e1 ea2a2 e2 � � � eakak ek . For g A ker p, let g be a word over fðX1Þ with g ¼ g. Let

A ¼ ffðr1Þ j r1 A R1g, B ¼ fer3r3er3r3�1 j r3 A R3g and C ¼ f ex3x3fðx1Þ ex3x3�1 ex3x3fðx1Þ ex3x3�1�1 j
x1 A X1; x3 A X3g. We put R2 ¼ AUBUC. Then we have G2 ¼ hX2 jR2i.

In addition, if there is a homomorphism r : G3 ! G2 such that p � r ¼ idG3
,

choose ~xx ¼ rðxÞ A pðxÞ�1 for x A X1. Then, we have the relation ~rr ¼ 1 in G2 for
r A R3.

If G2 is presented then we can examine a presentation of G1, by the
Reidemeister-Schreier method. In particular, if G3 is a finite group, that is, the
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index of Im f is finite, and G2 can be finitely presented, then G1 can be finitely
presented.

For further information see [6].

2.2. Presentations of groups acting on a simplicial complex
Let X be a simplicial complex, and let G be a group acting on X by

isomorphisms as a simplicial map. We suppose that the action of G on X is
without rotation, that is, for a simplex D A X and g A G, if gðDÞ ¼ D then gðvÞ ¼ v
for all vertices v A D. For a simplex D A X , let GD be the stabilizer of D. For
kb 0, the k-skeleton X ðkÞ is the subcomplex of X consisting of all simplices of
dimension at most k.

Consider a homomorphism F : �
v AX ð0Þ

Gv ! G. For g A G, if g stabilizes a

vertex w A X ð0Þ, we denote g by gw as an element in Gw < �
v AX ð0Þ

Gv. For a

1-simplex fv;wg A X and g A Gv VGw, we have gvg
�1
w A ker F and call gvg

�1
w the

edge relator.
At first, for any 1-simplex fv;wg, choose an orientation such that orienta-

tions are preserved by the action of G. Namely, orientations of fv;wg and
gfv;wg are compatible for all g A G. We denote the oriented 1-simplex fv;wg by
ðv;wÞ. Similarly, choose orders of 2-simplices, and denote the ordered 2-simplex
fv1; v2; v3g by ðv1; v2; v3Þ. For an oriented 1-simplex e ¼ ðv;wÞ, let oðeÞ ¼ v and
tðeÞ ¼ w. For an oriented 2-simplex t ¼ ðv1; v2; v3Þ, we call v1 the base point
of t.

Next, choose an oriented tree T of X such that a set of vertices of T is a set
of representative elements for vertices of the orbit space GnX . Let V denote the
set of vertices of T . In addition, choose a set E of representative elements for
oriented 1-simplices of GnX such that oðeÞ A V for e A E and 1-simplices of T is
in E, and a set F of representative elements for ordered 2-simplices of GnX such
that the base point of t is in V for t A F . For e A E, let wðeÞ denote the element
in V which is equivalent to tðeÞ by the action of G, and choose ge A G such that
geðwðeÞÞ ¼ tðeÞ and ge ¼ 1 if e A T .

For a 1-simplex fv;wg with v A V , note that fv;wg ¼ foðeÞ; hgewðeÞg or
fwðeÞ; hg�1

e oðeÞg for some e A E and h A Gv. Then we define respectively
gfv;wg ¼ hge or hg�1

e . Let a be a loop in X starting at a vertex of V . We
denote a ¼ fvi; fvi; viþ1g j 1a ia k; vkþ1 ¼ v1g. Note that v1; g

�1
1 v2 A V , where

g1 ¼ gfv1; v2g. For 2a ia k, define gi ¼ gg�1
i�1

���g�1
1

fvi ; viþ1g, inductively. Note that

for 2a ia k, there exists an oriented 1-simplex ei such that oðeiÞ A V and
fvi; viþ1g ¼ g1g2 � � � gi�1foðeiÞ; tðeiÞg. Let ga ¼ g1g2 � � � gk. We have gaðv1Þ ¼ v1,
that is, ga A Gv1 .

For e A E, put a word ĝge. For a 1-simplex fv;wg with v A V , let ĝgfv;wg ¼
hĝge or hĝg�1

e if gfv;wg ¼ hge or hg�1
e , respectively. For a loop a in X starting at a

vertex of V , let ĝga ¼ ĝg1ĝg2 � � � ĝgk if ga ¼ g1g2 � � � gk. Note that we can define gt

and ĝgt for t A F , regarding t as a loop in X . Let ĜG ¼ �
v AV

Gv

� �
� �

e AE
hĝgei

� �
.

The following theorem is a special case of the result of Brown [1].
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Theorem 2.1 ([1]). Let X be a simply connected simplicial complex, and
let G be a group acting without rotation on X by isomorphisms as a simplicial
map. Then G is isomorphic to the quotient of ĜG by the normal subgroup generated
by followings

(1) ĝge, where e A T ,
(2) ĝg�1

e AoðeÞĝgeðg�1
e AgeÞ�1

wðeÞ, where e A E and A A Ge,
(3) ĝgtg

�1
t , where t A F .

3. Proof of the case n ¼ 2 of Theorem 1.1

In this section, we prove the following proposition.

Proposition 3.1. G2ð2Þ has a finite presentation with generators E12, E21,

F1 and F2, and with relators F 2
1 , F

2
2 , ðE12F1Þ2, ðE12F2Þ2, ðE21F1Þ2, ðE21F2Þ2 and

ðF1F2Þ2.

3.1. The Reidemeister Schreier method
Let x, y and z be

x ¼ 1 �1

0 1

� �
; y ¼ 1 0

1 1

� �
; z ¼ 0 1

1 0

� �
:

At first, we prove the next lemma.

Lemma 3.2. GLð2;ZÞ has a presentation with

GLð2;ZÞ ¼ hx; y; z j xyxy�1x�1y�1; ðxyÞ6; z2; xzyzi:

Proof. In [8], it is known that SLð2;ZÞ has a presentation with

SLð2;ZÞ ¼ hx; y j xyxy�1x�1y�1; ðxyÞ6i:

Consider the short exact sequence

1 ! SLð2;ZÞ ! GLð2;ZÞ ! fG1g ! 1:

Note that fG1g ¼ hdet z j ðdet zÞ2i. Then we have that GLð2;ZÞ has a presen-
tation with generators x, y and z, and with the following relations

� xyxy�1x�1y�1 ¼ 1, ðxyÞ6 ¼ 1,
� z2 ¼ 1,
� zxz�1 ¼ y�1, zyz�1 ¼ x�1.

Since z2 ¼ 1, we have zxzy ¼ 1 and zyzx ¼ 1. Moreover the equation zxzy ¼
zyzx ¼ 1 is obtained from xzyz ¼ 1. Therefore, we obtain the claim. r

Next we consider the short exact sequence

1 ! G2ð2Þ ! GLð2;ZÞ !p GLð2;Z2Þ ! 1:
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For 0a ia 5, let ai A GLð2;ZÞ be

a0 ¼
1 0

0 1

� �
; a1 ¼

1 1

0 1

� �
; a2 ¼

1 0

1 1

� �
;

a3 ¼
0 1

1 0

� �
; a4 ¼

1 1

1 0

� �
; a5 ¼

0 1

1 1

� �
;

and let U ¼ fa0; a1; a2; a3; a4; a5g. Since each of ai is denoted by a0 ¼ 1,
a1 ¼ x�1, a2 ¼ y, a3 ¼ z, a4 ¼ x�1z and a5 ¼ yz, as a word over fx; y; zg, we
have that U is a Schreier transversal for G2ð2Þ in GLð2;ZÞ (see [6]). For
A A GLð2;ZÞ, we define A ¼ ai if pðAÞ ¼ pðaiÞ. Let B be the set of matrices
wai

�1wai with wai B U , where 0a ia 5 and w ¼ xG1, yG1 and z. Then we
have

B ¼ 1 2

0 1

� �
;

1 �2

0 1

� �
;

1 2

0 �1

� �
;

1 0

2 1

� �
;

1 0

�2 1

� �
;

�1 0

2 1

� �� �
(see Table 1). Note that B is a generating set of G2ð2Þ (see [6]). It is clear that

1 �2

0 1

� �
¼ 1 2

0 1

� ��1

;
1 0

�2 1

� �
¼ 1 0

2 1

� ��1

:

Thus, by Tietze transformations, we obtain the generating set B 0 ¼ fg1; g2; g3; g4g
of G2ð2Þ, where

g1 ¼
1 2

0 1

� �
; g2 ¼

1 2

0 �1

� �
; g3 ¼

1 0

2 1

� �
; g4 ¼

�1 0

2 1

� �
:

wai
�1wai w ¼ x w ¼ x�1 w ¼ y w ¼ y�1 w ¼ z

i ¼ 0
1 �2

0 1

� �
1 0

0 1

� �
1 0

0 1

� �
1 0

�2 1

� �
1 0

0 1

� �

i ¼ 1
1 0

0 1

� �
1 2

0 1

� �
1 2

0 �1

� � �1 0

2 1

� �
1 0

0 1

� �

i ¼ 2
1 2

0 �1

� � �1 0

2 1

� �
1 0

2 1

� �
1 0

0 1

� �
1 0

0 1

� �

i ¼ 3
1 0

�2 1

� �
1 0

0 1

� �
1 0

0 1

� �
1 �2

0 1

� �
1 0

0 1

� �

i ¼ 4
1 0

0 1

� �
1 0

2 1

� � �1 0

2 1

� �
1 2

0 �1

� �
1 0

0 1

� �

i ¼ 5
�1 0

2 1

� �
1 2

0 �1

� �
1 2

0 1

� �
1 0

0 1

� �
1 0

0 1

� �

Table 1. The matrix wai
�1wai.
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We now prove the next lemma.

Lemma 3.3. Let r ¼ r1r2 � � � rn A GLð2;ZÞ. Then for 0a ia 5 and 1a ja
n� 1, we have

rjðrjþ1 � � � rnÞai ¼ ðrjrjþ1 � � � rnÞai:

Proof. Note that A ¼ B if and only if pðAÞ ¼ pðBÞ. We calculate

pðrjðrjþ1 � � � rnÞaiÞ ¼ pðrjÞpððrjþ1 � � � rnÞaiÞ
¼ pðrjÞpððrjþ1 � � � rnÞaiÞ
¼ pððrjrjþ1 � � � rnÞanÞ:

Therefore, we obtain the claim. r

Let R be the set of relators of GLð2;ZÞ in Lemma 3.2. For any r ¼
r1r2 � � � rn A R and 0a ia 5, we define a word sri over B 0 as follows.

sri ¼ ða�1
i r1ðr2 � � � rnÞaiÞððr2 � � � rnÞai�1r2ðr3 � � � rnÞaiÞ � � � ðrnai�1rnaiÞ:

Let ŜS ¼ fsri j r A R; 0a ia 5g. Then ŜS is a set of relators of G2ð2Þ (see [6]).
Hence we have G2ð2Þ ¼ hB 0 j ŜSi.

3.2. Proof of Proposition 3.1
We now write all elements in ŜS as a product of elements in B 0. Let

½w� ¼ w�1w.
For r ¼ xyxy�1x�1y�1, we have

sr0 ¼ ½xa1�½ya4�½xa3�½y�1a5�½x�1a2�½y�1a0�

¼ ðg4g�1
3 Þ2;

sr1 ¼ ½xa0�½ya2�½xa5�½y�1a3�½x�1a4�½y�1a1�

¼ ðg�1
1 g3g4Þ2;

sr2 ¼ ½xa5�½ya3�½xa4�½y�1a1�½x�1a0�½y�1a2�

¼ g24 ;

sr3 ¼ ½xa4�½ya1�½xa0�½y�1a2�½x�1a5�½y�1a3�

¼ ðg2g�1
1 Þ2;

sr4 ¼ ½xa3�½ya5�½xa2�½y�1a0�½x�1a1�½y�1a4�

¼ ðg�1
3 g1g2Þ2;

sr5 ¼ ½xa2�½ya0�½xa1�½y�1a4�½x�1a3�½y�1a5�

¼ g22 :
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For r ¼ ðxyÞ6, we have

sr0 ¼ ½xa1�½ya4�½xa3�½ya5�½xa2�½ya0�½xa1�½ya4�½xa3�½ya5�½xa2�½ya0�

¼ ðg4g�1
3 g1g2Þ2;

sr1 ¼ ½xa0�½ya2�½xa5�½ya3�½xa4�½ya1�½xa0�½ya2�½xa5�½ya3�½xa4�½ya1�

¼ ðg�1
1 g3g4g2Þ2;

sr2 ¼ ½xa5�½ya3�½xa4�½ya1�½xa0�½ya2�½xa5�½ya3�½xa4�½ya1�½xa0�½ya2�

¼ ðg4g2g�1
1 g3Þ2;

sr3 ¼ ½xa4�½ya1�½xa0�½ya2�½xa5�½ya3�½xa4�½ya1�½xa0�½ya2�½xa5�½ya3�

¼ ðg2g�1
1 g3g4Þ2;

sr4 ¼ ½xa3�½ya5�½xa2�½ya0�½xa1�½ya4�½xa3�½ya5�½xa2�½ya0�½xa1�½ya4�

¼ ðg�1
3 g1g2g4Þ2;

sr5 ¼ ½xa2�½ya0�½xa1�½ya4�½xa3�½ya5�½xa2�½ya0�½xa1�½ya4�½xa3�½ya5�

¼ ðg2g4g�1
3 g1Þ2:

For r ¼ z2 and 0a ia 5, since zai
�1zai ¼

1 0

0 1

� �
, we have sri ¼ 1. For

r ¼ xzyz, we have

sr0 ¼ ½xa1�½za5�½ya3�½za0� ¼ 1;

sr1 ¼ ½xa0�½za3�½ya5�½za1� ¼ g�1
1 g1 ¼ 1;

sr2 ¼ ½xa5�½za1�½ya4�½za2� ¼ g24 ;

sr3 ¼ ½xa4�½za2�½ya0�½za3� ¼ 1;

sr4 ¼ ½xa3�½za0�½ya2�½za4� ¼ g�1
3 g3 ¼ 1;

sr5 ¼ ½xa2�½za4�½ya1�½za5� ¼ g22 :

Note that sðxyÞ60 ¼ sðxyÞ64 ¼ sðxyÞ65, sðxyÞ61 ¼ sðxyÞ62 ¼ sðxyÞ63, up to conjugation,

and sxzyz2 ¼ sxyxy�1x�1y�12, sxzyz5 ¼ sxyxy�1x�1y�15. Therefore, G2ð2Þ has a presen-

tation with generators g1, g2, g3, g4 and with relators ðg4g�1
3 Þ2, ðg�1

1 g3g4Þ2, g24 ,
ðg2g�1

1 Þ2, ðg�1
3 g1g2Þ2, g22 , ðg4g�1

3 g1g2Þ2 and ðg�1
1 g3g4g2Þ2.

Finally, we put E12 ¼ g1, E21 ¼ g3, F1 ¼ g4g
�1
3 and F2 ¼ g2g

�1
1 . Note that

g1 ¼ E12, g2 ¼ F2E12, g3 ¼ E21 and g4 ¼ F1E21. By Tietze transformations, we
conclude that G2ð2Þ has a finite presentation with generators E12, E21, F1 and F2,
and with relators F 2

1 , F 2
2 , ðE12F1Þ2, ðE12F2Þ2, ðE21F1Þ2, ðE21F2Þ2 and ðF1F2Þ2.

Thus, the proof of Proposition 3.1 is completed. Therefore, Theorem 1.1 is
valid when n ¼ 2.
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4. Proof of the case n ¼ 3 of Theorem 1.1

In this section, we prove the following proposition.

Proposition 4.1. G2ð3Þ has a finite presentation with generators E12, E13,
E21, E23, E31, E32, F1, F2 and F2, and with the following relators

(1) F 2
1 , F 2

2 , F 2
3 ,

(2) ðE12F1Þ2, ðE12F2Þ2, ðE13F1Þ2, ðE13F3Þ2, ðE21F2Þ2, ðE21F1Þ2, ðE23F2Þ2,
ðE23F3Þ2, ðE31F3Þ2, ðE31F1Þ2, ðE32F3Þ2, ðE32F2Þ2, ðF1F2Þ2, ðF1F3Þ2, ðF2F3Þ2,

(3) (a) ½E12;E13�, ½E21;E23�, ½E31;E32�, ½E21;E31�, ½E12;E32�, ½E13;E23�, ½E12;F3�,
½E21;F3�, ½E13;F2�, ½E31;F2�, ½E23;F1�, ½E32;F1�, ½E32;E13�E2

12, ½E23;E12�E2
13,

½E31;E23�E2
21, ½E13;E21�E2

23, ½E21;E32�E2
31, ½E12;E31�E2

32,

(b) ½E21F2E12F1E
�1
31 E32;E31F3E13F1E

�1
21 E23�.

4.1. Preparation
For R ¼ Z or Z2, let BnðRÞ denote the simplicial complex whose ðk � 1Þ-

simplex fx1; x2; . . . ; xkg is the set of k-vectors xi A Rn such that x1; x2; . . . ; xk are
mutually di¤erent column vectors of a matrix A A GLðn;RÞ. In [2], Day and
Putman proved that BnðZÞ is ðn� 2Þ-connected. Here, a simplicial complex
X is m-connected if its geometric realization jX j is m-connected. In addition,
X is �1-connected if X is nonempty. Note that there is the natural left action
G2ðnÞ �BnðZÞ ! BnðZÞ defined by Afx1; x2; . . . ; xkg ¼ fAx1;Ax2; . . . ;Axkg for
A A G2ðnÞ and fx1; x2; . . . ; xkg A BnðZÞ, and that the action is without rotation.

In this section, we consider the case n ¼ 3. Since GLð3;Z2Þ is the quotient
of GLð3;ZÞ by G2ð3Þ, it follows that the orbit space G2ð3ÞnB3ðZÞ is isomorphic
to B3ðZ2Þ. Let j : B3ðZÞ ! B3ðZ2Þ be a natural surjection induced by the
surjection GLð3;ZÞ !! GLð3;Z2Þ.

For 1a ia 7, let vi be v1 ¼ e1, v2 ¼ e2, v3 ¼ e3, v4 ¼ e1 þ e2, v5 ¼ e1 þ e3,
v6 ¼ e2 þ e3 and v7 ¼ e1 þ e2 þ e3, where e1, e2 and e3 are canonical normal
vectors in Z3. Then, the vertices of B3ðZ2Þ are jðviÞ, the 1-simplices are
jðfvi; vjgÞ, and the 2-simplices are jðfvi; vj; vkgÞ, where fi; j; kg is not f1; 2; 4g,
f1; 3; 5g, f1; 6; 7g, f2; 3; 6g, f2; 5; 7g, f3; 4; 7g and f4; 5; 6g. (Note that fv1; v2; v4g,
fv1; v3; v5g, fv1; v6; v7g, fv2; v3; v6g, fv2; v5; v7g, fv3; v4; v7g and fv4; v5; v6g are not
2-simplices of B3ðZÞ.)

We prove the next lemma.

Lemma 4.2. G2ð3Þ is isomorphic to the quotient of �
1aia7

G2ð3Þvi by the
normal subgroup generated by edge relators.

For the definition of the edge relator, see Subsection 2.2.

Proof. We set followings
� V ¼ fv1; v2; v3; v4; v5; v6; v7g,
� T ¼ fðv1; viÞ j 2a ia 7gUV ,
� E ¼ fðvi; vjÞ j 1a i < ja 7g,
� F ¼ fðvi; vj; vkÞ j 1a i < j < ka 7; jðfvi; vj; vkgÞ A B3ðZ2Þg.
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For e ¼ ðvi; vjÞ A E, since wðeÞ ¼ tðeÞ, we choose ge ¼ 1, and write gij ¼ ge.

By Theorem 2.1, G2ð3Þ is isomorphic to the quotient of �
1aia7

G2ð3Þvi

� �
�

�
1ai< ja7

hĝgiji

� �
by the normal subgroup generated by followings

(1) ĝg1i, where 2a ia 7,
(2) ĝg�1

ij Xvi ĝgijX
�1
vj

, where 1a i < ja 7 and X A G2ð3Þðvi ; vjÞ,
(3) ĝgtg

�1
t , where t A F .

Note that gt ¼ gijgjkg
�1
ik for t ¼ ðvi; vj; vkÞ. Hence, the relation ĝgtg

�1
t ¼ 1 is

equivalent to the relation ĝgij ĝgjk ¼ ĝgik. Since ĝg1i ¼ 1 for 2a ia 7, we have the
relation ĝgij ¼ 1 for 2a i < ja 7 except for ði; jÞ ¼ ð2; 4Þ, ð3; 5Þ and ð6; 7Þ. For
example, the relation ĝg23 ¼ 1 is obtained from the relation ĝg12ĝg23 ¼ ĝg13. In
addition, relations ĝg24 ¼ 1, ĝg35 ¼ 1 and ĝg67 ¼ 1 are obtained from relations
ĝg23ĝg34 ¼ ĝg24, ĝg23ĝg35 ¼ ĝg25 and ĝg26ĝg67 ¼ ĝg27, respectively. Hence, we have the rela-
tion ĝgij ¼ 1 for 1a i < ja 7. Therefore, G2ð3Þ is isomorphic to the quotient of
�

1aia7
G2ð3Þvi by the normal subgroup generated by A ¼ fXviX

�1
vj

j 1a i < ja 7;

X A G2ð3Þðvi ; vjÞg. Since A is the set of edge relators, we obtain the claim. r

We next consider presentations of G2ð3Þvi for all 1a ia 7 and edge relators.

4.2. Presentations of G2ð3Þvi

Lemma 4.3. For 1a ta n there is a short exact sequence

0 ! Zn�1 ! G2ðnÞet ! G2ðn� 1Þ ! 1:

Proof. We first note that A A G2ðnÞet is a matrix whose t-column vector is
et. For Zn�1 we give the presentation Zn�1 ¼ hx1; x2; . . . ; xn�1 j xixjx�1

i x�1
j

ð1a i < ja n� 1Þi. Let Zn�1 ! G2ðnÞet be the homomorphism which sends
xi to Eti when i < t and to Etiþ1 when ib t. Let G2ðnÞet ! G2ðn� 1Þ be the
homomorphism which sends A to Att, where Aij is the ðn� 1Þ-submatrix of A
obtained by removing the i-row vector and the j-column vector of A. Then, it
follows that the sequence 0 ! Zn�1 ! G2ðnÞet ! G2ðn� 1Þ ! 1 is exact. r

Remark 4.4. Let rt : G2ðn� 1Þ ! G2ðnÞet be the homomorphism defined by

rtðEijÞ ¼

ðEijÞet ðwhen i; ja t� 1Þ;
ðEijþ1Þet ðwhen ia t� 1; jb tÞ;
ðEiþ1jÞet ðwhen ja t� 1; ib tÞ;
ðEiþ1jþ1Þet ðwhen i; jb tÞ;

8>>><
>>>:

rtðFiÞ ¼
ðFiÞet ðwhen ia t� 1Þ;
ðFiþ1Þet ðwhen ib tÞ;

�
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where subscripts et are added in order to indicate that these are the elements
of G2ðnÞet , that is, we write Aet for A A G2ðnÞet . Put G2ðn� 1Þ ¼ hX jYi. Then,
from Lemma 4.3, G2ðnÞet is generated by

� ðEtiÞet for 1a ia n with i0 t,
� ðEijÞet , ðFiÞet for 1a i; ja n with i0 j and i; j0 t,

and has relators
(1) ½ðEtiÞet ; ðEtjÞet � for 1a i; ja n with i0 j,
(2) rtðyÞ for y A Y ,
(3) � ðEijÞ�1

et
ðEtiÞetðEijÞet � ðEtjÞ�2

et
ðEtiÞ�1

et
for 1a i; ja n with i0 j and i; j0 t,

� ðEijÞ�1
et
ðEtjÞetðEijÞet � ðEtjÞ�1

et
for 1a i; ja n with i0 j and i; j0 t,

� ðEijÞ�1
et
ðEtkÞetðEijÞet � ðEtkÞ�1

et
for 1a i; j; ka n with i; j; k0 t and i; j; k

are mutually di¤erent (when nb 4),
� ðFiÞ�1

et
ðEtiÞetðFiÞet � ðEtiÞet for 1a ia n with i0 t,

� ðFiÞ�1
et
ðEtjÞetðFiÞet � ðEtjÞ�1

et
for 1a i; ja n with i0 j and i; j0 t.

The relators (3) can be rephrased as follows.
� ½ðEijÞet ; ðEtiÞet �ðEtjÞ2et for 1a i; ja n with i0 j and i; j0 t,
� ½ðEijÞet ; ðEtjÞet � for 1a i; ja n with i0 j and i; j0 t,
� ½ðEijÞet ; ðEtkÞet � for 1a i; j; ka n with i; j; k0 t and i; j; k are mutually
di¤erent (when nb 4),

� ððEtiÞetðFiÞetÞ
2 for 1a ia n with i0 t,

� ½ðEtjÞet ; ðFiÞet � for 1a i; ja n with i0 j and i; j0 t.

By Lemma 4.3, Remark 4.4 and Proposition 3.1, we have the following.

Lemma 4.5. G2ð3Þv1 has a finite presentation with generators ðE12Þv1 , ðE13Þv1 ,
ðE23Þv1 , ðE32Þv1 , ðF2Þv1 and ðF3Þv1 , and with the following relators

(1.1) ððF2Þv1Þ
2, ððF3Þv1Þ

2,

(1.2) ððE12Þv1ðF2Þv1Þ
2, ððE13Þv1ðF3Þv1Þ

2, ððE23Þv1ðF2Þv1Þ
2, ððE23Þv1ðF3Þv1Þ

2,

ððE32Þv1ðF2Þv1Þ
2, ððE32Þv1ðF3Þv1Þ

2, ððF2Þv1ðF3Þv1Þ
2,

(1.3) ½ðE12Þv1 ; ðE13Þv1 �, ½ðE12Þv1 ; ðE32Þv1 �, ½ðE12Þv1 ; ðF3Þv1 �, ½ðE13Þv1 ; ðE23Þv1 �,
½ðE13Þv1 ; ðF2Þv1 �, ½ðE23Þv1 ; ðE12Þv1 �ðE13Þ2v1 , ½ðE32Þv1 ; ðE13Þv1 �ðE12Þ2v1 .

For X A GLðn;ZÞ, let FX : G2ðnÞ ! G2ðnÞ be the homomorphism defined
by FX ðAÞ ¼ XAX �1. Note that this definition is well-defined, since G2ðnÞ is a
normal subgroup of GLðn;ZÞ. For 1a i; ja n with i0 j, let Tij denote the
matrix whose ði; jÞ entry is 1, diagonal entries are 1 and others are 0, and let
Si denote the matrix whose ði; iÞ and ði þ 1; i þ 1Þ entries are 0, other diagonal
entries are 1, ði; i þ 1Þ and ði þ 1; iÞ entries are 1 and others are 0. Using
homomorphisms FX for some X A GLðn;ZÞ, we provide presentations of G2ðnÞvi
for all 2a ia 7.

First, considering FS1
: G2ð3Þv1 ! G2ð3Þv2 , it follows that G2ð3Þv2 has a finite

presentation with generators ðE21Þv2 , ðE23Þv2 , ðE13Þv2 , ðE31Þv2 , ðF1Þv2 and ðF3Þv2 ,
and with the following relators
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(2.1) ððF1Þv2Þ
2, ððF3Þv2Þ

2,

(2.2) ððE21Þv2ðF1Þv2Þ
2, ððE23Þv2ðF3Þv2Þ

2, ððE13Þv2ðF1Þv2Þ
2, ððE13Þv2ðF3Þv2Þ

2,

ððE31Þv2ðF1Þv2Þ
2, ððE31Þv2ðF3Þv2Þ

2, ððF1Þv2ðF3Þv2Þ
2,

(2.3) ½ðE21Þv2 ; ðE23Þv2 �, ½ðE21Þv2 ; ðE31Þv2 �, ½ðE21Þv2 ; ðF3Þv2 �, ½ðE23Þv2 ; ðE13Þv2 �,
½ðE23Þv2 ; ðF1Þv2 �, ½ðE13Þv2 ; ðE21Þv2 �ðE23Þ2v2 , ½ðE31Þv2 ; ðE23Þv2 �ðE21Þ2v2 .

Next, considering FS2S1
: G2ð3Þv1 ! G2ð3Þv3 , it follows that G2ð3Þv3 has a

finite presentation with generators ðE31Þv3 , ðE32Þv3 , ðE12Þv3 , ðE21Þv3 , ðF1Þv3 and
ðF2Þv3 , and with the following relators

(3.1) ððF1Þv3Þ
2, ððF2Þv3Þ

2,

(3.2) ððE31Þv3ðF1Þv3Þ
2, ððE32Þv3ðF2Þv3Þ

2, ððE12Þv3ðF1Þv3Þ
2, ððE12Þv3ðF2Þv3Þ

2,

ððE21Þv3ðF1Þv3Þ
2, ððE21Þv3ðF2Þv3Þ

2, ððF1Þv3ðF2Þv3Þ
2,

(3.3) ½ðE31Þv3 ; ðE32Þv3 �, ½ðE31Þv3 ; ðE21Þv3 �, ½ðE31Þv3 ; ðF2Þv3 �, ½ðE32Þv3 ; ðE12Þv3 �,
½ðE32Þv3 ; ðF1Þv3 �, ½ðE12Þv3 ; ðE31Þv3 �ðE32Þ2v3 , ½ðE21Þv3 ; ðE32Þv3 �ðE31Þ2v3 .

Next, considering FT21
: G2ð3Þv1 ! G2ð3Þv4 , it follows that G2ð3Þv4 has a finite

presentation with generators ðE21F2E12F1Þv4 , ðE13E23Þv4 , ðE23Þv4 , ðE�1
31 E32Þv4 ,

ðE21F2Þv4 and ðF3Þv4 , and with the following relators

(4.1) ððE21F2Þv4Þ
2, ððF3Þv4Þ

2,

(4.2) ððE21F2E12F1Þv4ðE21F2Þv4Þ
2, ððE13E23Þv4ðF3Þv4Þ

2, ððE23Þv4ðE21F2Þv4Þ
2,

ððE23Þv4ðF3Þv4Þ
2, ððE�1

31 E32Þv4ðE21F2Þv4Þ
2, ððE�1

31 E32Þv4ðF3Þv4Þ
2,

ððE21F2Þv4ðF3Þv4Þ
2,

(4.3) ½ðE21F2E12F1Þv4 ; ðE13E23Þv4 �, ½ðE21F2E12F1Þv4 ; ðE
�1
31 E32Þv4 �,

½ðE21F2E12F1Þv4 ; ðF3Þv4 �, ½ðE13E23Þv4 ; ðE23Þv4 �, ½ðE13E23Þv4 ; ðE21F2Þv4 �,
½ðE23Þv4 ; ðE21F2E12F1Þv4 �ðE13E23Þ2v4 ,
½ðE�1

31 E32Þv4 ; ðE13E23Þv4 �ðE21F2E12F1Þ2v4 .
Next, considering FS2T21

: G2ð3Þv1 ! G2ð3Þv5 , it follows that G2ð3Þv5 has a

finite presentation with generators ðE31F3E13F1Þv5 , ðE12E32Þv5 , ðE32Þv5 , ðE
�1
21 E23Þv5 ,

ðE31F3Þv5 and ðF2Þv5 , and with the following relators

(5.1) ððE31F3Þv5Þ
2, ððF2Þv5Þ

2,

(5.2) ððE31F3E13F1Þv5ðE31F3Þv5Þ
2, ððE12E32Þv5ðF2Þv5Þ

2, ððE32Þv5ðE31F3Þv5Þ
2,

ððE32Þv5ðF2Þv5Þ
2, ððE�1

21 E23Þv5ðE31F3Þv5Þ
2, ððE�1

21 E23Þv5ðF2Þv5Þ
2,

ððE31F3Þv5ðF2Þv5Þ
2,

(5.3) ½ðE31F3E13F1Þv5 ; ðE12E32Þv5 �, ½ðE31F3E13F1Þv5 ; ðE
�1
21 E23Þv5 �,

½ðE31F3E13F1Þv5 ; ðF2Þv5 �, ½ðE12E32Þv5 ; ðE32Þv5 �, ½ðE12E32Þv5 ; ðE31F3Þv5 �,
½ðE32Þv5 ; ðE31F3E13F1Þv5 �ðE12E32Þ2v5 ,
½ðE�1

21 E23Þv5 ; ðE12E32Þv5 �ðE31F3E13F1Þ2v5 .
Next, considering FS1S2T21

: G2ð3Þv1 ! G2ð3Þv6 , it follows that G2ð3Þv6 has a

finite presentation with generators ðE32F3E23F2Þv6 , ðE21E31Þv6 , ðE31Þv6 , ðE
�1
12 E13Þv6 ,

ðE32F3Þv6 and ðF1Þv6 , and with the following relators

(6.1) ððE32F3Þv6Þ
2, ððF1Þv6Þ

2,

(6.2) ððE32F3E23F2Þv6ðE32F3Þv6Þ
2, ððE21E31Þv6ðF1Þv6Þ

2, ððE31Þv6ðE32F3Þv6Þ
2,
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ððE31Þv6ðF1Þv6Þ
2, ððE�1

12 E13Þv6ðE32F3Þv6Þ
2, ððE�1

12 E13Þv6ðF1Þv6Þ
2,

ððE32F3Þv6ðF1Þv6Þ
2,

(6.3) ½ðE32F3E23F2Þv6 ; ðE21E31Þv6 �, ½ðE32F3E23F2Þv6 ; ðE
�1
12 E13Þv6 �,

½ðE32F3E23F2Þv6 ; ðF1Þv6 �, ½ðE21E31Þv6 ; ðE31Þv6 �, ½ðE21E31Þv6 ; ðE32F3Þv6 �,
½ðE31Þv6 ; ðE32F3E23F2Þv6 �ðE21E31Þ2v6 ,
½ðE�1

12 E13Þv6 ; ðE21E31Þv6 �ðE32F3E23F2Þ2v6 .
Finally, considering FT31T21

: G2ð3Þv1 ! G2ð3Þv7 , it follows that G2ð3Þv7 has a

finite presentation with generators ðE21F2E12F1E
�1
31 E32Þv7 , ðE31F3E13F1E

�1
21 E23Þv7 ,

ðE�1
21 E23Þv7 , ðE

�1
31 E32Þv7 , ðE21F2Þv7 and ðE31F3Þv7 , and with the following relators

(7.1) ððE21F2Þv7Þ
2, ððE31F3Þv7Þ

2,

(7.2) ððE21F2E12F1E
�1
31 E32Þv7ðE21F2Þv7Þ

2, ððE31F3E13F1E
�1
21 E23Þv7ðE31F3Þv7Þ

2,

ððE�1
21 E23Þv7ðE21F2Þv7Þ

2, ððE�1
21 E23Þv7ðE31F3Þv7Þ

2, ððE�1
31 E32Þv7ðE21F2Þv7Þ

2,

ððE�1
31 E32Þv7ðE31F3Þv7Þ

2, ððE21F2Þv7ðE31F3Þv7Þ
2,

(7.3) ½ðE21F2E12F1E
�1
31 E32Þv7 ; ðE31F3E13F1E

�1
21 E23Þv7 �, ½ðE21F2E12F1E

�1
31 E32Þv7 ;

ðE�1
31 E32Þv7 �, ½ðE21F2E12F1E

�1
31 E32Þv7 ; ðE31F3Þv7 �, ½ðE31F3E13F1E

�1
21 E23Þv7 ;

ðE�1
21 E23Þv7 �, ½ðE31F3E13F1E

�1
21 E23Þv7 ; ðE21F2Þv7 �,

½ðE�1
21 E23Þv7 ; ðE21F2E12F1E

�1
31 E32Þv7 �ðE31F3E13F1E

�1
21 E23Þ2v7 ,

½ðE�1
31 E32Þv7 ; ðE31F3E13F1E

�1
21 E23Þv7 �ðE21F2E12F1E

�1
31 E32Þ2v7 .

4.3. On edge relations
Note that

G2ð3Þðv1; v2Þ ¼ G2ð3Þðv1; v4Þ ¼ G2ð3Þðv2; v4Þ;
G2ð3Þðv1; v3Þ ¼ G2ð3Þðv1; v5Þ ¼ G2ð3Þðv3; v5Þ;
G2ð3Þðv2; v3Þ ¼ G2ð3Þðv2; v6Þ ¼ G2ð3Þðv3; v6Þ;
G2ð3Þðv1; v6Þ ¼ G2ð3Þðv1; v7Þ ¼ G2ð3Þðv6; v7Þ;
G2ð3Þðv2; v5Þ ¼ G2ð3Þðv2; v7Þ ¼ G2ð3Þðv5; v7Þ;
G2ð3Þðv3; v4Þ ¼ G2ð3Þðv3; v7Þ ¼ G2ð3Þðv4; v7Þ:

It follows that G2ð3Þðv1; v2Þ, G2ð3Þðv1; v4Þ and G2ð3Þðv2; v4Þ are generated by

1 0 2

0 1 0

0 0 1

0
B@

1
CA;

1 0 0

0 1 2

0 0 1

0
B@

1
CA;

1 0 0

0 1 0

0 0 �1

0
B@

1
CA:

Then we have the following edge relations
� ðE13Þv1 ¼ ðE13Þv2 ¼ ðE13E23Þv4ðE23Þ�1

v4
,

� ðE23Þv1 ¼ ðE23Þv2 ¼ ðE23Þv4 ,
� ðF3Þv1 ¼ ðF3Þv2 ¼ ðF3Þv4 .
Next, considering FS2

: G2ð3Þðv1; v2Þ ! G2ð3Þðv1; v3Þ, it follows that G2ð3Þðv1; v3Þ,
G2ð3Þðv1; v5Þ and G2ð3Þðv3; v5Þ are generated by
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1 2 0

0 1 0

0 0 1

0
B@

1
CA;

1 0 0

0 1 0

0 2 1

0
B@

1
CA;

1 0 0

0 �1 0

0 0 1

0
B@

1
CA:

Then we have the following edge relations
� ðE12Þv1 ¼ ðE12Þv3 ¼ ðE12E32Þv5ðE32Þ�1

v5
,

� ðE32Þv1 ¼ ðE32Þv3 ¼ ðE32Þv5 ,
� ðF2Þv1 ¼ ðF2Þv3 ¼ ðF2Þv5 .
Next, considering FS1S2

: G2ð3Þðv1; v2Þ ! G2ð3Þðv2; v3Þ, it follows that G2ð3Þðv2; v3Þ,
G2ð3Þðv2; v6Þ and G2ð3Þðv3; v6Þ are generated by

1 0 0

2 1 0

0 0 1

0
B@

1
CA;

1 0 0

0 1 0

2 0 1

0
B@

1
CA;

�1 0 0

0 1 0

0 0 1

0
B@

1
CA:

Then we have the following edge relations
� ðE21Þv2 ¼ ðE21Þv3 ¼ ðE21E31Þv6ðE31Þ�1

v6
,

� ðE31Þv2 ¼ ðE31Þv3 ¼ ðE31Þv6 ,
� ðF1Þv2 ¼ ðF1Þv3 ¼ ðF1Þv6 .
Next, considering FT32

: G2ð3Þðv1; v2Þ ! G2ð3Þðv1; v6Þ, it follows that G2ð3Þðv1; v6Þ,
G2ð3Þðv1; v7Þ and G2ð3Þðv6; v7Þ are generated by

1 �2 2

0 1 0

0 0 1

0
B@

1
CA;

1 0 0

0 �1 2

0 �2 3

0
B@

1
CA;

1 0 0

0 1 0

0 2 �1

0
B@

1
CA:

Then we have the following edge relations
� ðE12Þ�1

v1
ðE13Þv1 ¼ ðE�1

12 E13Þv6
¼ ðE31F3Þv7ðE31F3E13F1E

�1
21 E23Þv7ðE

�1
21 E23Þ�1

v7
ðE21F2Þv7

� ðE21F2E12F1E
�1
31 E32Þv7ðE

�1
31 E32Þ�1

v7
,

� ðE32Þv1ðF3Þv1ðE23Þv1ðF2Þv1 ¼ ðE32F3E23F2Þv6
¼ ðE�1

31 E32Þv7ðE31F3Þv7ðE
�1
21 E23Þv7ðE21F2Þv7 ,

� ðE32Þv1ðF3Þv1 ¼ ðE32F3Þv6 ¼ ðE�1
31 E32Þv7ðE31F3Þv7 .

Next, considering FS1T32
: G2ð3Þðv1; v2Þ ! G2ð3Þðv2; v5Þ, it follows that G2ð3Þðv2; v5Þ,

G2ð3Þðv2; v7Þ and G2ð3Þðv5; v6Þ are generated by

1 0 0

�2 1 2

0 0 1

0
B@

1
CA;

�1 0 2

0 1 0

�2 0 3

0
B@

1
CA;

1 0 0

0 1 0

2 0 �1

0
B@

1
CA:

Then we have the following edge relations
� ðE21Þ�1

v2
ðE23Þv2 ¼ ðE�1

21 E23Þv5 ¼ ðE�1
21 E23Þv7 ,

� ðE31Þv2ðF3Þv2ðE13Þv2ðF1Þv2 ¼ ðE31F3E13F1Þv5
¼ ðE31F3E13F1E

�1
21 E23Þv7ðE

�1
21 E23Þ�1

v7
,

� ðE31Þv2ðF3Þv2 ¼ ðE31F3Þv5 ¼ ðE31F3Þv7 .
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Next, considering FS2S1T32
: G2ð3Þðv1; v2Þ ! G2ð3Þðv3; v4Þ, it follows that

G2ð3Þðv3; v4Þ, G2ð3Þðv3; v7Þ and G2ð3Þðv4; v7Þ are generated by

1 0 0

0 1 0

�2 2 1

0
B@

1
CA;

�1 2 0

�2 3 0

0 0 1

0
B@

1
CA;

1 0 0

2 �1 0

0 0 1

0
B@

1
CA:

Then we have the following edge relations
� ðE31Þ�1

v3
ðE32Þv3 ¼ ðE�1

31 E32Þv4 ¼ ðE�1
31 E32Þv7 ,

� ðE21Þv3ðF2Þv3ðE12Þv3ðF1Þv3 ¼ ðE21F2E12F1Þv4
¼ ðE21F2E12F1E

�1
31 E32Þv7ðE

�1
31 E32Þ�1

v7
,

� ðE21Þv3ðF2Þv3 ¼ ðE21F2Þv4 ¼ ðE21F2Þv7 .
Next, considering FT31T32

: G2ð3Þðv1; v2Þ ! G2ð3Þðv5; v6Þ, it follows that G2ð3Þðv5; v6Þ
is generated by

�1 �2 2

0 1 0

�2 �2 3

0
B@

1
CA;

1 0 0

�2 �1 2

�2 �2 3

0
B@

1
CA;

1 0 0

0 1 0

2 2 �1

0
B@

1
CA:

Then we have the following edge relations
� ðE12E32Þ�1

v5
ðE31F3E13F1Þv5 ¼ ðE31Þv6ðF1Þv6ðE32F3Þv6ðE

�1
12 E13Þ�1

v6
,

� ðE32Þv5ðF2Þv5ðE31F3Þv5ðE
�1
21 E23Þ�1

v5
¼ ðE21E31Þ�1

v6
ðE32F3E23F2Þv6 ,

� ðE32Þv5ðE31F3Þv5 ¼ ðE31Þv6ðE32F3Þv6 .
Next, considering FS2T31T32

: G2ð3Þðv1; v2Þ ! G2ð3Þðv4; v6Þ, it follows that
G2ð3Þðv4; v6Þ is generated by

�1 2 �2

�2 3 �2

0 0 1

0
B@

1
CA;

1 0 0

�2 3 �2

�2 2 �1

0
B@

1
CA;

1 0 0

2 �1 2

0 0 1

0
B@

1
CA:

Then we have the following edge relations
� ðE13E23Þ�1

v4
ðE21F2E12F1Þv4

¼ ðE21E31Þv6ðE31Þ�1
v6
ðF1Þv6ðE32F3Þv6ðE32F3E23F2Þv6ðE

�1
12 E13Þv6 ,

� ðE23Þv4ðF3Þv4ðE21F2Þv4ðE
�1
31 E32Þ�1

v4
¼ ðE21E31Þ�1

v6
ðE32F3E23F2Þ�1

v6
,

� ðE23Þv4ðE21F2Þv4 ¼ ðE21E31Þv6ðE31Þ�1
v6
ðE32F3Þv6ðE32F3E23F2Þv6 .

Finally, considering FS1S2T31T32
: G2ð3Þðv1; v2Þ ! G2ð3Þðv4; v5Þ, it follows that

G2ð3Þðv4; v5Þ is generated by

3 �2 �2

2 �1 �2

0 0 1

0
B@

1
CA;

3 �2 �2

0 1 0

2 �2 �1

0
B@

1
CA;

�1 2 2

0 1 0

0 0 1

0
B@

1
CA:

Then we have the following edge relations
� ðE13E23Þ�1

v4
ðE21F2E12F1Þ�1

v4

¼ ðE12E32Þv5ðE32Þ�1
v5
ðF2Þv5ðE31F3Þv5ðE31F3E13F1Þv5ðE

�1
21 E23Þv5 ,
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� ðE13E23Þv4ðE23Þ�1
v4
ðF3Þv4ðE21F2Þv4ðE21F2E12F1Þv4ðE

�1
31 E32Þv4

¼ ðE12E32Þ�1
v5
ðE31F3E13F1Þ�1

v5
,

� ðE13E23Þv4ðE23Þ�1
v4
ðE21F2Þv4ðE21F2E12F1Þv4

¼ ðE12E32Þv5ðE32Þ�1
v5
ðE31F3Þv5ðE31F3E13F1Þv5 .

Therefore, using Tietze transformations, by Lemma 4.2, we obtain the
presentation for Proposition 4.1 (For more details see Appendix A). Thus,
Theorem 1.1 is valid when n ¼ 3.

5. A simplicial complex on which G2ðnÞ acts

Let G2BnðZÞ denote the subcomplex of BnðZÞ whose ðk � 1Þ-simplex
fx1; x2; . . . ; xkg is the set of k-vectors xi A Zn such that x1; x2; . . . ; xk are mutually
di¤erent column vectors of a matrix A A G2ðnÞ. Note that for a vertex v, we
have v1 ei mod 2 for some 1a ia n, where e1; e2; . . . ; en are canonical normal
vectors in Zn. For a ðk � 1Þ-simplex D ¼ fx1; x2; . . . ; xkg, A A G2ðnÞ is an exten-
sion of D if each xi is a column vector of A.

In this section, we prove the following proposition.

Proposition 5.1. For nb 4, the simplicial complex G2BnðZÞ is simply
connected.

In a proof of this proposition, we will use the idea of Day-Putman [2] for
proving that BnðZÞ is ðn� 2Þ-connected.

5.1. Preparation
Let X be a simplicial complex. Then we define followings.
� For a simplex D A X , starX ðDÞ is the subcomplex of X whose simplex
D 0 A X satisfies that D;D 0 HD 00 for some simplex D 00 A X . We also define
starX ðjÞ ¼ X .

� For a simplex D A X , linkX ðDÞ is the subcomplex of starX ðDÞ whose
simplex D 0 A starX ðDÞ does not intersect D. We also define linkX ðjÞ ¼ X .

Here, we prove followings.

Lemma 5.2. For nb 2, G2BnðZÞ is path connected.

Proof. We first consider the case n ¼ 2. Let v0 ¼ v01e1 þ v02e2 A G2B2ðZÞ
be a vertex. Then there exists a vertex v1 ¼ v11e1 þ v12e2 A G2B2ðZÞ such that
fv0; v1g A G2B2ðZÞ. Note that v01v12 � v02v11 ¼G1. By Euclidean algorithm, we
can suppose that jv01j > jv11j. Similarly, there exist vertices v2 ¼ v21e1 þ v22e2; . . . ;
vk ¼ vk1e1 þ vk2e2 A G2B2ðZÞ such that fvi; viþ1g A G2B2ðZÞ, jvi1j > jviþ1 1j for
1a ia k � 1 and vk ¼ e1 or e2, for some positive integer k. Hence, G2B2ðZÞ
is path connected.

Next, we suppose nb 3. Let v;w A G2BnðZÞ be vertices. Without loss of
generality, we suppose v1 e1 and w1 e2 mod 2. Then there is an extension
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A A G2ðnÞ of v. We write A�1w ¼
Pn

i¼1 aiei. Let SA�1w ¼
Pn

i¼3 jaij. For 3a
ia n, if ja2j < jaij, there is an integer u A Z such that ja2j > jai þ 2ua2j. Then we
have that SEu

i2
A�1w < SA�1w and Eu

i2A
�1v ¼ e1. If ja2j > jaij0 0, there is an

integer u 0 A Z such that ja2 þ 2u0aij < jaij. In addition, there is an integer
u 00 A Z such that ja2 þ 2u0a1j > jai þ 2u 00ða2 þ 2u0a1Þj. Then we have that
SEu 00

i2
E u 0
2i
A�1w < SA�1w and Eu 00

i2 Eu 0

2i A
�1v ¼ e1. Repeating this operation, we con-

clude that there exists B A G2ðnÞ such that SBw ¼ 0 and Bv ¼ e1. Note that Bw
can be regarded as a vertex in G2B2ðZÞ. Hence, Bw is joined to e1, that is, Bw
is joined to Bv. The action of B�1 brings the path joining Bw with Bv to the
path joining w with v. Thus, G2BnðZÞ is path connected. r

Lemma 5.3. Let D A G2BnðZÞ be a ðk � 1Þ-simplex. Then we have follow-
ings.

� starG2BnðZÞðDÞ is isomorphic to starG2BnðZÞðfe1; e2; . . . ; ekgÞ as a simplicial
complex.

� linkG2BnðZÞðDÞ is isomorphic to linkG2BnðZÞðfe1; e2; . . . ; ekgÞ as a simplicial
complex.

Proof. For D ¼ fx1; x2; . . . ; xkg, suppose xj 1 eið jÞ mod 2. Let A A G2ðnÞ
be an extension of D. Then restrictions of the action of A�1 on G2BnðZÞ

A�1jstarG2BnðZÞðDÞ : starG2BnðZÞðDÞ ! starG2BnðZÞðfeið1Þ; eið2Þ; . . . ; eiðkÞgÞ;

A�1jlinkG2BnðZÞðDÞ : linkG2BnðZÞðDÞ ! linkG2BnðZÞðfeið1Þ; eið2Þ; . . . ; eiðkÞgÞ

are isomorphisms as a simplicial map. It is clear that starG2BnðZÞðfeið1Þ; eið2Þ;
. . . ; eiðkÞgÞ and linkG2BnðZÞðfeið1Þ; eið2Þ; . . . ; eiðkÞgÞ are respectively isomorphic to
starG2BnðZÞðfe1; e2; . . . ; ekgÞ and linkG2BnðZÞðfe1; e2; . . . ; ekgÞ. Thus, we obtain
the claim. r

Corollary 5.4. Let D A G2BnðZÞ be a ðk � 1Þ-simplex. If n� kb 2, then
linkG2BnðZÞðDÞ is path connected.

Proof. By an argument similar to the proof of Lemma 5.2, we have that
linkG2BnðZÞðfe1; e2; . . . ; ekgÞ is path connected. By Lemma 5.3, linkG2BnðZÞðDÞ is
also path connected. r

5.2. Proof of Proposition 5.1
We suppose nb 4. Let a ¼ fxi; fxi; xiþ1g j 1a ia k; xkþ1 ¼ x1g be a loop

on G2BnðZÞ. We show that a is null-homotopic.
For v ¼

Pn
¼1 viei A Zn, we define RankðvÞ ¼ jvnj. Let Ra ¼ maxRankðxiÞ.

We first prove the next lemma.

Lemma 5.5. For a 1-simplex fv;wg A G2BnðZÞ with RankðvÞ ¼ RankðwÞ ¼ 0,
we have fv;wg A linkG2BnðZÞðenÞ.
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Proof. Note that v2w mod 2. Suppose that v1 ei, w1 ej mod 2 and
i < j. Since RankðvÞ ¼ RankðwÞ ¼ 0, we have that v;w2 en mod 2. There
exists an extension A ¼ ða1a2 � � � anÞ A G2ðnÞ of fv;wg. Let SA ¼

Pn
l¼1 RankðalÞ.

Note that SA is odd.
First, we consider the case SA ¼ 1. Note that RankðalÞ ¼ 0 for 1a la

n� 1 and RankðanÞ ¼ 1. Put an ¼
Pn�1

i¼1 2biei þ een, where e ¼G1. Let B ¼
Eb1
1nE

b2
2n � � �E

bn�1

n�1nF
ðe�1Þ=2
n . Then we have BA ¼ ða1 � � � an�1enÞ. Hence, we have

that fv;wg ¼ fai; ajg A linkG2BnðZÞðenÞ.
Next, we suppose SA b 3. Note that there exists 1a la n� 1 with l0 i; j

such that RankðalÞ0 0. If RankðalÞ > RankðanÞ, there exists an integer u A Z
such that Rankðal þ 2uanÞ < RankðanÞ. Then we have that AEu

nl is an extension
of fv;wg and that SAEu

nl
< SA. Similarly, if RankðalÞ < RankðanÞ, there exists

an integer u 0 A Z such that RankðalÞ > Rankðan þ 2u0alÞ. Then we have that
AEu 0

ln is an extension of fv;wg and that SAEu 0
ln

< SA. Repeating this operation,

we conclude that there exists an extension A 0 A G2ðnÞ of fv;wg such that SA 0 ¼ 1.
Therefore, we have fv;wg A linkG2BnðZÞðenÞ. Thus, we obtain the claim. r

When Ra ¼ 0, by this lemma, we have fxi; xiþ1g A linkG2BnðZÞðenÞ. Namely,
the loop a is in linkG2BnðZÞðenÞ. Since linkG2BnðZÞðenÞ is the subcomplex of
starG2BnðZÞðenÞ and starG2BnðZÞðenÞ is contractible, a is null-homotopic. Therefore,
we next assume Ra > 0.

Suppose that Ra is odd. There exists 1a ia k such that RankðxiÞ ¼ Ra.
Since Ra is odd, we have that xi 1 en, xiG1 2 en mod 2 and RankðxiG1Þ < Ra.
By Corollary 5.4, we have that linkG2BnðZÞðxiÞ is path connected. Since
xiG1 A linkG2BnðZÞðxiÞ, there exists a path fyj ; yl ; fyj ; yjþ1g j 1a ja l � 1g on
linkG2BnðZÞðxiÞ between xi�1 and xiþ1 such that y1 ¼ xi�1 and yl ¼ xiþ1 (see
Figure 1). Since Ra is odd and RankðyjÞ is even for each yj, there exists an

Figure 1. The case Ra is odd.
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integer sj A Z such that Rankðy 0
j Þ < Ra, where y 0

j ¼ yj þ 2sjxi. We choose sj ¼ 0
if RankðyjÞ < Ra. When yj 1 et, yjþ1 1 eu mod 2, for an extension A A G2ðnÞ of
fxi; yj; yjþ1g, we have that fxi; y 0

j ; y
0
jþ1g ¼ fAEsj

ntE
sjþ1
nu en;AE

sj
ntE

sjþ1
nu et;AE

sj
ntE

sjþ1
nu eug.

Hence fxi; y 0
j ; y

0
jþ1g is a 2-simplex which has an extension AE

sj
ntE

sjþ1
nu . Therefore

we have that the path fy 0
j ; y

0
l ; fy 0

j ; y
0
jþ1g j 1a ja l � 1g between xi�1 and xiþ1 is

in linkG2BnðZÞðxiÞ (see Figure 1). Let a 0 ¼ aU fy 0
j ; y

0
l ; fy 0

j ; y
0
jþ1g j 1a ja l � 1gn

fxi; fxi; xiG1gg. Then a 0 is homotopic to a (see Figure 1). For all xi with
RankðxiÞ ¼ Ra, applying the same operation, we conclude that Rb < Ra, where
b is a resulting loop which is homotopic to a.

Next, suppose that Ra is even. There exists 1a ia k such that RankðxiÞ ¼
Ra. Since Ra is even, we have xi 2 en mod 2.

Remark 5.6. Under the assumption nb 4, we may suppose that a satisfies
all of the following conditions.

� RankðxiG1Þ < Ra,
� xiG1 2 en mod 2,
� xi�1 2 xiþ1 mod 2.

Proof. Without loss of generality, we suppose that xi 1 e1 mod 2.
� Suppose that Rankðxi�1Þ ¼ Ra. Since Ra is even we have xi�1 2 en
mod 2. Without loss of generality, we suppose that xi�1 1 e2 mod 2.
There exists an extension A A G2ðnÞ of fxi; xi�1g such that RankðAenÞ <
Ra. In fact, if RankðAenÞ > Ra, there is an integer u A Z such that
RankðAEu

1nenÞ < Ra. Then we choose AEu
1n in place of A as an extension

of fxi; xi�1g. (Note that RankðAenÞ and RankðAEu
1nenÞ are not equal

to Ra, since these are odd.) Let y ¼ Aen, and let a 0 ¼ aU fy; fxi�1; yg;
fy; xiggnffxi�1; xigg. Then a 0 is homotopic to a. Hence, considering a 0

in place of a, we may suppose Rankðxi�1Þ < Ra. Similarly, we may
suppose Rankðxiþ1Þ < Ra.

� Suppose that xi�1 1 en mod 2. Since Rankðxi�1Þ is odd we have
Rankðxi�1Þ < Ra. There exists an extension A A G2ðnÞ of fxi; xi�1g such
that RankðAe2Þ < Rankðxi�1Þð< RaÞ. In fact, if RankðAe2Þ > Rankðxi�1Þ,
there is an integer u A Z such that RankðAEu

n2e2Þ < Rankðxi�1Þ. Then
we choose AEu

n2 in place of A as an extension of fxi; xi�1g. (Note that
RankðAe2Þ and RankðAEu

n2e2Þ are not equal to Rankðxi�1Þ, since these
are even.) Let y ¼ Ae2, and let a 0 ¼ aU fy; fxi�1; yg; fy; xiggnffxi�1; xigg.
Then a 0 is homotopic to a. Hence, considering a 0 in place of a, we may
suppose Rankðxi�1Þ < Ra and xi�1 2 en mod 2. Similarly, we may sup-
pose Rankðxiþ1Þ < Ra and xiþ1 2 en mod 2.

� Suppose that RankðxiG1Þ < Ra, xiG1 2 en mod 2 and xi�1 1 xiþ1 mod 2.
Without loss of generality, we suppose that xiG1 1 e2 mod 2. There
exists an extension A A G2ðnÞ of fxi; xi�1g such that RankðAe3Þa
Rankðxi�1Þð< RaÞ. In fact, if RankðAe3Þ > Rankðxi�1Þ, there is an integer
u A Z such that RankðAEu

23e3ÞaRankðxi�1Þ. Then we choose AEu
23 in
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place of A as an extension of fxi; xi�1g. (Since Ae3 2 xi; xiG1; en mod 2,
we need the assumption nb 4.) Let y ¼ Ae3, and let a 0 ¼ aU fy;
fxi�1; yg; fy; xiggnffxi�1; xigg. Then a 0 is homotopic to a. Hence, con-
sidering a 0 in place of a, we may suppose that RankðxiG1Þ < Ra,
xiG1 2 en mod 2 and xi�1 2 xiþ1 mod 2. r

We now suppose that a satisfies the conditions of the above remark.
Suppose that xi 1 es, xi�1 1 et and xiþ1 1 eu mod 2, where s, t and u are
mutually di¤erent and not equal to n. Since fxi�1; xig is a 1-simplex in
G2BnðZÞ, there is an extension B A G2ðnÞ of fxi�1; xig. We write B�1xiþ1 ¼Pn

j¼1 ajej. It follows that there exist an even integer bu and an odd integer bn
such that aubn � anbu ¼ gcdðau; anÞ. Then we have that

au=gcdðau; anÞ bu

an=gcdðau; anÞ bn

� ��1
au

an

� �
¼ gcdðau; anÞ

0

� �
:

Let C A G2ðnÞ be the matrix whose ðu; uÞ entry is au=gcdðau; anÞ, ðn; uÞ entry is
an=gcdðau; anÞ, ðu; nÞ entry is bu, ðn; nÞ entry is bn, other diagonal entries are 1
and other entries are 0. Then if we set A ¼ C�1B�1, it follows that Axi ¼ es,
Axi�1 ¼ et and RankðAxiþ1Þ ¼ 0.

Since fes;Axiþ1g is a 1-simplex and RankðesÞ ¼ RankðAxiþ1Þ ¼ 0, by
Lemma 5.5, we have that fes;Axiþ1g A linkG2BnðZÞðenÞ. Therefore, we have
that en A linkG2BnðZÞðfes;Axiþ1gÞ. In addition, it is clear that en A
linkG2BnðZÞðfes; etgÞ. Hence, we have that A�1en A linkG2BnðZÞðfxi; xiG1gÞ (see
Figure 2). Then, there exists an integer l such that Rankðx 0

i Þ < Ra, where
x 0
i ¼ A�1en þ 2lxi. We have also that x 0

i A linkG2BnðZÞðfxi; xiG1gÞ (see Figure 2).
Let a 0 ¼ aU ffx 0

ig; fx 0
i ; xiG1ggnfxi; fxi; xiG1gg. Then a 0 is homotopic to a (see

Figure 2). Similar to the case Ra is odd, for all xi with RankðxiÞ ¼ Ra, applying

Figure 2. The case Ra is even.
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the same operation, we conclude that Rb < Ra, where b is a resulting loop which
is homotopic to a.

Repeating this operation until Ra ¼ 0, we conclude that the loop a on
G2BnðZÞ is null homotopic. Thus, G2BnðZÞ is simply connected.

6. Proof of Theorem 1.1

We first prove the next proposition.

Lemma 6.1. For any nb 4, G2ðnÞ is isomorphic to the quotient of
�

1aian
G2ðnÞei by the normal subgroup generated by edge relators.

Proof. For a ðk � 1Þ-simplex D ¼ fx1; x2; . . . ; xkg A G2BnðZÞ with xj 1
eið jÞ mod 2, let A A G2ðnÞ be an extension of D. Then we have A�1 � D ¼
feið1Þ; eið2Þ; . . . ; eiðkÞg. Therefore, we have

G2ðnÞnG2BnðZÞ
¼ ffeið1Þ; eið2Þ; . . . ; eiðkÞg j 1a ka n; 1a ið1Þ < ið2Þ < � � � < iðkÞa ng:

It is clear that G2ðnÞnG2BnðZÞ is contractible. Note that the action of G2ðnÞ on
G2BnðZÞ is without rotation.

We first set followings.
� T ¼ fðe1; eiÞ j 2a ia ng.
� E ¼ fðei; ejÞ j 1a i < ja ng.
� F ¼ fðei; ej; ekÞ j 1a i < j < ka ng.
� For e A E, we choose ge ¼ 1, and write ge ¼ gij when e ¼ ðei; ejÞ.
� For t ¼ ðei; ej ; ekÞ A F , let gt ¼ gijgjkg

�1
ik .

Then, since G2BnðZÞ is simply connected, it follows from Theorem 2.1 that G2ðnÞ

is isomorphic to the quotient of �
1aian

G2ðnÞei

� �
�

1ai< jan
hĝgiji

� �
by the normal

subgroup generated by followings
(1) ĝg1i, where 2a ia n,
(2) ĝg�1

ij Xei ĝgijX
�1
ej

, where 1a i < ja n and X A G2ðnÞðei ; ejÞ,
(3) ĝgtg

�1
t , where t A F .

Since gt ¼ 1, the relation ĝgtg
�1
t is equivalent to the relation ĝgij ĝgjk ¼ ĝgik if

t ¼ ðei; ej ; ekÞ. By relations ĝg1i ¼ 1, we have the relation ĝgij ¼ 1 for 1a i <
ja n. Thus, we obtain the claim. r

Note that for e ¼ ðes; etÞ, G2ðnÞe is generated by ðEijÞe and ðFjÞe for
1a i; ja n with j0 s; t. Hence, we have edge relations

� ðEijÞes ¼ ðEijÞet ,
� ðFjÞes ¼ ðFjÞet .
Since we already obtained presentations of G2ð2Þ and G2ð3Þ, from Lemma

6.1 and Remark 4.4, we obtain the presentation of G2ðnÞ for nb 4, by induction
on n.
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Thus, we complete the proof of Theorem 1.1.

Appendix A

In this section, we check Tietze transformations of Subsection 4.3.
Let ĜG denote the quotient of �

1aia7
G2ð3Þvi by the normal subgroup generated

by edge relators. By the edge relations of Subsection 4.3, we have the following
relations, in ĜG,

(1) � ðE23Þv2 ¼ ðE23Þv1 ,
� ðE13Þv2 ¼ ðE13Þv1 ,
� ðF3Þv2 ¼ ðF3Þv1 ,

(2) � ðE31Þv3 ¼ ðE31Þv2 ,
� ðE32Þv3 ¼ ðE32Þv1 ,
� ðE12Þv3 ¼ ðE12Þv1 ,
� ðE21Þv3 ¼ ðE21Þv2 ,
� ðF1Þv3 ¼ ðF1Þv2 ,
� ðF2Þv3 ¼ ðF2Þv1 ,

(3) � ðE21F2E12F1Þv4 ¼ ðE21Þv2ðF2Þv1ðE12Þv1ðF1Þv2 ,
� ðE13E23Þv4 ¼ ðE13Þv1ðE23Þv1 ,
� ðE23Þv4 ¼ ðE23Þv1 ,
� ðE�1

31 E32Þv4 ¼ ðE31Þ�1
v2
ðE32Þv1 ,

� ðE21F2Þv4 ¼ ðE21Þv2ðF2Þv1 ,
� ðF3Þv4 ¼ ðF3Þv1 ,

(4) � ðE31F3E13F1Þv5 ¼ ðE31Þv2ðF3Þv1ðE13Þv1ðF1Þv2 ,
� ðE12E32Þv5 ¼ ðE12Þv1ðE32Þv1 ,
� ðE32Þv5 ¼ ðE32Þv1 ,
� ðE�1

21 E23Þv5 ¼ ðE21Þ�1
v2
ðE23Þv1 ,

� ðE31F3Þv5 ¼ ðE31Þv2ðF3Þv1 ,
� ðF2Þv5 ¼ ðF2Þv1 ,

(5) � ðE32F3E23F2Þv6 ¼ ðE32Þv1ðF3Þv1ðE23Þv1ðF2Þv1 ,
� ðE21E31Þv6 ¼ ðE21Þv2ðE31Þv2 ,
� ðE31Þv6 ¼ ðE31Þv2 ,
� ðE�1

12 E13Þv6 ¼ ðE12Þ�1
v1
ðE13Þv1 ,

� ðE32F3Þv6 ¼ ðE32Þv1ðF3Þv1 ,
� ðF1Þv6 ¼ ðF1Þv2 ,

(6) � ðE21F2E12F1E
�1
31 E32Þv7 ¼ ðE21Þv2ðF2Þv1ðE12Þv1ðF1Þv2ðE31Þ�1

v2
ðE32Þv1 ,

� ðE31F3E13F1E
�1
21 E23Þv7 ¼ ðE31Þv2ðF3Þv1ðE13Þv1ðF1Þv2ðE21Þ�1

v2
ðE23Þv1 ,

� ðE�1
21 E23Þv7 ¼ ðE21Þ�1

v2
ðE23Þv1 ,

� ðE�1
31 E32Þv7 ¼ ðE31Þ�1

v2
ðE32Þv1 ,

� ðE21F2Þv7 ¼ ðE21Þv2ðF2Þv1 ,
� ðE31F3Þv7 ¼ ðE31Þv2ðF3Þv1 .

Using Tietze transformations, we obtain a presentation of ĜG whose generators
are ðE12Þv1 , ðE13Þv1 , ðE23Þv1 , ðE32Þv1 , ðF2Þv1 , ðF3Þv1 , ðE21Þv2 , ðE31Þv2 and ðF1Þv2 . To
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avoid complication of notations, we rewrite X ¼ Xvi . Then we have a finite
presentation of ĜG with generators E12, E13, E23, E32, F2, F3, E21, E31 and F1, and
with the following relators

(1.1) F 2
2 , F 2

3 ,

(1.2) ðE12F2Þ2, ðE13F3Þ2, ðE23F2Þ2, ðE23F3Þ2, ðE32F2Þ2, ðE32F3Þ2, ðF2F3Þ2,
(1.3) ½E12;E13�, ½E12;E32�, ½E12;F3�, ½E13;E23�, ½E13;F2�, ½E23;E12�E2

13,
½E32;E13�E2

12,
(2.1) F 2

1 ,
(2.2) ðE13F1Þ2, ðE21F1Þ2, ðE31F1Þ2, ðE31F3Þ2, ðF1F3Þ2,
(2.3) ½E21;E23�, ½E21;E31�, ½E21;F3�, ½E23;F1�, ½E13;E21�E2

23, ½E31;E23�E2
21,

(3.2) ðE12F1Þ2, ðE21F2Þ2, ðF1F2Þ2,
(3.3) ½E31;E32�, ½E31;F2�, ½E32;F1�, ½E12;E31�E2

32, ½E21;E32�E2
31,

(4.3) ½E�1
31 E32;E13E23�ðE21F2E12F1Þ2,

(5.3) ½E�1
21 E23;E12E32�ðE31F3E13F1Þ2,

(6.3) ½E�1
12 E13;E21E31�ðE32F3E23F2Þ2,

(7.3) (a) ½E21F2E12F1E
�1
31 E32;E31F3E13F1E

�1
21 E23�,

(b) ½E�1
21 E23;E21F2E12F1E

�1
31 E32�ðE31F3E13F1E

�1
21 E23Þ2,

(c) ½E�1
31 E32;E31F3E13F1E

�1
21 E23�ðE21F2E12F1E

�1
31 E32Þ2.

Let X , Y and Z be

X ¼ fðFiFjÞ2; ðEijFiÞ2; ðEijFjÞ2; ½Eij ;Fk� j fi; j; kg ¼ f1; 2; 3gg;
Y ¼ f½Eij ;Eik�; ½Eij;Ekj� j fi; j; kg ¼ f1; 2; 3gg;

Z ¼ f½Eij ;Eki�E 2
kj j fi; j; kg ¼ f1; 2; 3gg:

We show that relators (4.3), (5.3), (6.3) and (b), (c) of (7.3) are obtained from
relators X , Y , Z and (a) of (7.3). In transformation, the notation ‘‘1’’ means
conjugation. An underline means applying relators Y , Z or (a) of (7.3).

Lemma A.1. Under relators (1.-), (2.-), (3.-) and conjugation,
(1) the relator (a) of (7.3) is equivalent to the relator ðEj1E

�1
1j E

�1
kj EjkE1kE

�1
k1 Þ

2,

(2) relators (b) and (c) of (7.3) are equivalent to the relator E�1
kj E1jE

�1
j1 E�1

jk �
EkjE

�1
1j Ej1EjkE

�1
1k Ek1E

�1
1k Ek1,

where ð j; kÞ ¼ ð2; 3Þ or ð3; 2Þ.

Proof. (1) At first, we delete words F1, F2 and F3, using relators X , and
then transform as follows.

½Ej1FjE1jF1E
�1
k1 Ekj ;Ek1FkE1kF1E

�1
j1 Ejk�

¼ ðEj1FjE1jF1 E
�1
k1 EkjÞðEk1

Y

FkE1kF1E
�1
j1 EjkÞ

� ðE�1
kj Ek1F1E

�1
1j Fj E

�1
j1 ÞðE�1

jk Ej1

Y

F1E
�1
1k FkE

�1
k1 Þ
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¼
X
Ej1E

�1
1j E

�1
kj � E1kEj1Ejk

Y

� E�1
kj E

�1
k1 E

�1
1j � EjkE1kE

�1
k1

¼ Ej1E
�1
1j E

�1
kj � EjkE1k Ej1 � E�1

kj E
�1
k1

Y

E�1
1j � EjkE1kE

�1
k1

¼ Ej1E
�1
1j E

�1
kj � EjkE1kE

�1
k1 Ej1 � E�1

kj E
�1
1j

Y

� EjkE1kE
�1
k1

¼ Ej1E
�1
1j E

�1
kj EjkE1kE

�1
k1 � Ej1E

�1
1j E

�1
kj EjkE1kE

�1
k1

¼ ðEj1E
�1
1j E

�1
kj EjkE1kE

�1
k1 Þ

2:

Thus, we obtain the claim.
(2) Similarly, we delete words F1, F2 and F3 as follows.

½E�1
j1 Ejk;Ej1FjE1jF1E

�1
k1 Ekj�

¼ E�1
jk Ej1 � E�1

kj Ek1

Y

F1E
�1
1j FjE

�1
j1 � E�1

j1 Ejk � Ej1

Y

FjE1jF1E
�1
k1 Ekj

¼
X
E�1
jk Ej1 � Ek1E

�1
kj E1jE

�1
j1 � E�1

jk � E�1
1j E

�1
k1 Ekj;

ðEk1FkE1kF1E
�1
j1 EjkÞ2

¼ Ek1FkE1kF1E
�1
j1 Ejk � Ek1FkE1kF1E

�1
j1 Ejk

¼
X
Ek1E

�1
1k Ej1E

�1
jk � Ek1E

�1
1k E

�1
j1 Ejk:

We next calculate

½E�1
j1 Ejk;Ej1FjE1jF1E

�1
k1 Ekj �ðEk1FkE1kF1E

�1
j1 EjkÞ2

¼ E�1
jk Ej1Ek1E

�1
kj E1jE

�1
j1 E�1

jk E�1
1j E

�1
k1 Ekj � Ek1

Y

E�1
1k Ej1E

�1
jk

Z

� Ek1E
�1
1k E

�1
j1 Ejk

1E�1
kj E1jE

�1
j1 E�1

jk EkjE
�1
1j Ej1EjkE

�1
1k Ek1E

�1
1k Ek1:

Thus, we obtain the claim. r

Proposition A.2. Each of relators (b) and (c) of (7.3) is obtained from
relators X , Y , Z and (a) of (7.3).

Proof. Let ð j; kÞ ¼ ð2; 3Þ or ð3; 2Þ. We calculate

1 ¼ Ej1E
�1
1j E

�1
kj EjkE1k

Y

E�1
k1 � Ej1E

�1
1j E

�1
kj EjkE1kE

�1
k1

¼ Ej1 E
�1
1j E

�1
kj E1k

Z

EjkE
�1
k1 Ej1

Z

E�1
1j E

�1
kj EjkE1kE

�1
k1
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¼ Ej1E1k E1jE
�1
kj E

�1
k1

Z

E�1
j1 EjkE

�1
1j E

�1
kj EjkE1kE

�1
k1

¼ Ej1E1kE
�1
k1 EkjE1jE

�1
j1 EjkE

�1
1j E

�1
kj EjkE1kE

�1
k1

1EkjE1jE
�1
j1 Ejk E

�1
1j E

�1
kj

Y

EjkE1k E
�1
k1 Ej1

Y

E1kE
�1
k1

¼ EkjE1jE
�1
j1 EjkE

�1
kj E

�1
1j EjkE1kEj1

Z

E�1
k1 E1kE

�1
k1

¼ ðEjkE1kE
�1
k1 Ek1E

�1
1k E

�1
jk ÞEkjE1jE

�1
j1

ðaÞ of ð7:3Þ

EjkE
�1
kj E

�1
1j Ej1E

�1
jk E1kE

�1
k1 E1kE

�1
k1

¼ EjkE1kE
�1
k1 Ej1E

�1
1j E

�1
kj EjkE1kE

�1
k1 EjkE

�1
kj E

�1
1j Ej1E

�1
jk E1kE

�1
k1 E1kE

�1
k1

1E�1
kj � EjkE1kE

�1
k1 Ej1E

�1
1j E

�1
kj EjkE1kE

�1
k1 ðEj1E

�1
1j E1jE

�1
j1 Þ

� EjkE
�1
kj E

�1
1j Ej1E

�1
jk E1kE

�1
k1 E1kE

�1
k1 � Ekj

¼ ðE�1
kj EjkE1kE

�1
k1 Ej1E

�1
1j Þ

2

ðaÞ of ð7:3Þ

E1jE
�1
j1 EjkE

�1
kj E

�1
1j Ej1E

�1
jk E1kE

�1
k1 E1kE

�1
k1 Ekj

¼ E1jE
�1
j1 EjkE

�1
kj E

�1
1j Ej1E

�1
jk E1kE

�1
k1 E1kE

�1
k1 Ekj

1Fk � EkjE1jE
�1
j1 EjkE

�1
kj E

�1
1j Ej1E

�1
jk E1kE

�1
k1 E1kE

�1
k1 � Fk

¼
X
E�1
kj E1jE

�1
j1 E�1

jk EkjE
�1
1j Ej1EjkE

�1
1k Ek1E

�1
1k Ek1:

By Lemma A.1, we obtain the claim. r

Proposition A.3. Each of relators (4.3), (5.3) and (6.3) is obtained from
other relators and conjugation.

Proof. We first consider relators (4.3) and (5.3). Let ð j; kÞ ¼ ð2; 3Þ or
ð3; 2Þ.

½E�1
j1 Ejk;E1jEkj �ðEk1FkE1kF1Þ2

¼ E�1
jk Ej1 � E�1

kj E
�1
1j

Y

�E�1
j1 Ejk

Y

�E1jEkj � Ek1FkE1kF1 � Ek1FkE1kF1

¼
X
E�1
jk Ej1E

�1
1j E

�1
kj EjkE

�1
j1 E1jEkjEk1E

�1
1k Ek1E

�1
1k

1F1ðEk1E
�1
1k Ek1E

�1
1k E

�1
jk Ej1E

�1
1j E

�1
kj EjkE

�1
j1 E1jEkjÞF1

¼
X
E�1
k1 E1kE

�1
k1 E1kE

�1
jk E�1

j1 E1jE
�1
kj EjkEj1E

�1
1j Ekj

¼ ðE�1
kj E1jE

�1
j1 E�1

jk EkjE
�1
1j Ej1EjkE

�1
1k Ek1E

�1
1k Ek1Þ�1:
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We next consider the relator (6.3).

½E�1
12 E13;E21E31�ðE32F3E23F2Þ2

¼ E�1
13 E12 � E�1

31 E
�1
21 � E�1

12 E13 � E21E31 � E32
Z

F3E23F2 � E32F3E23F2

¼
X
E�1
13 E12E

�1
31 E

�1
21 E

�1
12 E13E

�1
31 E32 E21E

�1
23

Y

E32E
�1
23

1 E�1
23 E

�1
13 E12

Z

E�1
31 E

�1
21 E

�1
12 E13E

�1
31 E32E

�1
23 E21E32

¼ E13E12 E
�1
23 E

�1
31 E

�1
21

Z

E�1
12 E13E

�1
31 E32E

�1
23 E21E32

¼ E13E12E
�1
31 E21 E

�1
23 E

�1
12 E13

Z

E�1
31 E32E

�1
23 E21E32

¼ E13E12E
�1
31 E21E

�1
12 E

�1
23 E

�1
13 E

�1
31 E32E

�1
23 E21E32

1 E�1
12 E

�1
23 E

�1
13

Z

E�1
31 E32E

�1
23 E21 E32E13E12

Z

E�1
31 E21

¼ E�1
23 E13 E

�1
12 E

�1
31 E32

Z

E�1
23 E21E13

Z

E32E
�1
12 E

�1
31

Z

E21

¼ E�1
23 E13E

�1
31 E

�1
32 E�1

12 E23E13

Z

E21E
�1
32 E

�1
31

Z

E�1
12 E21

¼ E�1
23 E13E

�1
31 E

�1
32 E23E

�1
13 E�1

12 E31E
�1
32

Z

E21E
�1
12 E21

¼ E�1
23 E13E

�1
31 E

�1
32 E23E

�1
13 E31E32E

�1
12 E21E

�1
12 E21:

By Lemma A.1, each of relators (4.3), (5.3) and (6.3) is obtained from relators
(1.-), (2.-), (3.-) and (b), (c) of (7.3). Thus, we obtain the claim. r
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