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LATTICES IN CONTACT LIE GROUPS AND
5-DIMENSIONAL CONTACT SOLVMANIFOLDS

ANDRE DIATTA AND BRENDAN FOREMAN

Abstract

We investigate the existence and properties of uniform lattices in Lie groups and
use these results to prove that, in dimension 5, there are exactly seven connected and
simply connected contact Lie groups with uniform lattices, all of which are solvable.
In particular, it is also shown that the special affine group has no uniform lattice.

1. Introduction

This paper investigates the geometry of compact contact manifolds that are
uniformized by contact Lie groups, i.e., manifolds of the form I'\G for some Lie
group G with a left invariant contact structure and uniform lattice ' = G. In
particular, we restrict our attention to dimension five and describe which five-
dimensional contact Lie groups admit uniform lattices. We prove that there
are exactly seven connected and simply connected such Lie groups. Five of them
are central extensions; the other two are semi-direct products. Furthermore, all
seven are solvable. In contrast, there are only 4 connected and simply connected
Lie groups with a lattice, that have a left invariant symplectic form [19].

This paper is organized as follows. In Section 2, we give the preliminaries
for the work ahead. This includes both a review of several classical results and
some original results regarding contact Lie groups. Fundamental to this paper
are Theorem 2.10, which describes all five-dimensional contact Lie algebras, and
the list in Subsection 2.3.2, which delineates the Lie algebras of all the five-
dimensional unimodular contact Lie groups.

In Section 3, the main theorem of the paper (Theorem 3.1) is stated as well
as an immediate corollary. This theorem is proven in Section 4. A major yet
technical aspect of this proof is the list of certain structures on the Lie algebras
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of the Lie groups in Subsection 2.3.2. For ease of reading, this list has been
relegated to Appendix I (Section 5).

The authors thank the referee of this paper for the many essential hints and
suggestions. This paper would not have been possible without this help. The
second author also thanks Dr. Patrick Chen at John Carroll University for
several fruitful and clarifying conversations on the subject of this paper.

2. Preliminaries

2.1. Lattices on solvable Lie groups

A lattice of a Lie group G is a discrete subgroup I' such that the manifold
I'\G has a finite volume. If I'\G is compact, then I' is called a uniform lattice.
This is a well-studied field, and much of the following material has been derived
from Chapter 2 of Part I in [23], much of which is itself an exposition of classical
results by Mostow ([21]), Auslander ([1], [2]) and Raghunathan ([24]). More
details as well as more results on this topic can be found within these various
sources.

One of the most important results on lattices on general Lie groups was
proved by Milnor in [20].

THEOREM 2.1. If G is a Lie group with a uniform lattice, then its Lie algebra
is unimodular.

For nilpotent Lie groups, more precise results are known. In particular, a lattice
on a nilpotent Lie group induces lattices on the central series of the Lie group.

THEOREM 2.2. Let N be a simply connected nilpotent Lie group with lattice
I Let--- < Ny < Ny © Ny =N be the decreasing central series of N. Then, for
each j=0,1,2,..., TNN; is a lattice of N;.

And, most importantly, there is a well-known necessary and sufficient condition
for the existance of a lattice on a given nilpotent Lie group.

THEOREM 2.3. Let N be a nilpotent Lie group. Then N has a lattice if and
only if its Lie algebra n has a Q-algebra nq, that is, w has a basis whose Lie
structure constants are integers.

For solvable Lie groups, several general results are well known. In order
to describe these results, we first review some structure theory on solvable Lie
groups. Let G be a simply-connected solvable Lie group with Lie algebra g.
Let N be the nilradical of G with corresponding Lie algebra n, i.e., N is the
maximal nilpotent normal subgroup of G so that n is the maximal nilpotent ideal
of g. This induces a short exact sequence

l1-N—-GC—-T—1,
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where T is the Abelian group given by T = N\G. G is called splittable, if this
sequence splits, that is, there is a right inverse homomorphism of the projec-
tion G — T. This condition is equivalent to the existence of a homomorphism
b: T — Aut(N) such that G is isomorphic to the semi-direct product N >, T.

The first known result regarding lattices of solvable groups indicates just how
much more specialized subgroups lattices are for solvable Lie groups than they
are for general Lie groups.

THEOREM 2.4. A lattice on a solvable Lie group is a uniform lattice.
Furthermore, we have Mostow’s well-known result.

THEOREM 2.5 (Mostow [21]). Let T be a lattice in a connected solvable Lie
group G with nilradical N. Then TN\ N is a lattice of N.

In [27], Wang proved the general structure of a lattice of a solvable Lie
group.

THEOREM 2.6 (Wang [27]). A group T is isomorphic to a discrete subgroup
in a simply-connected Lie group if and only if there is a lattice A of a simply-
connected nilpotent Lie group and non-negative integer k such that

0>A->T —ZF—0

is a short, exact sequence.

In particular, this implies that, if G =N >, T is a simply-connected split-
table solvable Lie group with nilradical N and T is a lattice of G, then T is
isomorphic to A <, Tz where A is a lattice of N and Tz a lattice of T such that
b(Tz) = Aut(A).

2.2. Heisenberg groups

Besides R™ under addition, the most encountered Lie group in the work
below will be the Heisenberg groups in three and five dimensions. In general, the
(2n + 1)-dimensional Heisenberg group #eis*! is the subgroup of SI(n+ 2,R)
given by

Ly
Heis? ' ={eo=[0 I, z'|:p,zeR" xeR },
0 0

where the column vector z’ is the transpose of the vector z = (zy,...,z,) and I, is
the identity map of R”. Equivalently, #eis>*! can be considered as the central
extension of the symplectic Lie group R?*' under addition with the standard
symplectic form .
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The Lie algebra of #eis**! is given by

by =4X = :b,ceR", aeR

oS O O

b
0
0

S R

For i,je{l,...,n+2}, let e¢;; be the (n+2)x (n+2) matrix, all of whose
entries are zero except the ij-th entry which is equal to 1. We set ej := e 12,
ep :=ejk and e,g = e 2 for k=2,...,n+1. Then {ey,...,ex11} is a basis
of b,,,; with exactly » nontrivial Lie brackets relations, namely, [e,e,k] = €
for all k=2,....,n+1. If we let (ef,...,e;,, ) stand for the dual basis of

(e1,...,ex,41), then ef is a contact form on by,,,;. In terms of the original
. . . . 0
coordinates on #eis*!, the left invariant vector fields are given by e = e
G 0 0 Y
ef =——, e, =——+y1— for k=2,...,n+1. The left invariant
K0 TR Oz Yk Loy

contact form on Heis?! corresponding to e} is e’ =dx — 31| y; dz;.

The exponential map exp : b, — Heis”*! is a diffeomorphism, and we
denote its inverse by log. Specifically, these mappings are given by

0 a c 1 a c—l—%ab’
expl 0 0, ' |=|0 1, b! ,
0o 0 O 0 O 1

1 x 0 x z—1ixy'
lOg 0 I, yt =10 On yt
0 0 1 0 0 0

We focus in on the case where n =1. Let N be the Lie group given by
N = #eis’ x R. Its Lie algebra is given by n=1bh; ® R. Furthermore N has
a left invariant nondegenerate closed 2-form, hence defining a left invariant
symplectic structure w = dx Adz + dw A dy, where w is the coordinate in R. It
corresponds to the symplectic form w; =e{ Aej +e; Ae;, on h; @R, where
h; = <eyj,ez,e3)g as above.

Since lattices of #eis® exist (see, for example, [14]), lattices on N exist. In
fact, if T" is a lattice of N, then

T < :xeR <= N.

S O O =

In particular, [I',T] is a subgroup of I'. So, there is xo € R" such that
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kX()

[[,T] = 8 :keZ )< N.

0

We will make extensive use of this fact when we are proving that certain Lie
groups do not have lattices.

2.3. Five-dimensional contact Lie groups

A contact Lie group is a (2n+ 1)-dimensional Lie group G with a left-
invariant differential form # such that n Adn" # 0. Set # = kern. Then # is
a left-invariant 2n-dimensional subbundle of 7G so that s# induces a subspace of
the Lie algebra g of G, which we will also denote as #. An element X €g is
called horizontal, if X € #. A submanifold of G is called totally isotropic, if
its tangent space in G is horizontal everywhere. A totally isotropic submanifold
of (maximal) dimension n is called a Legendrian submanifold of G.

Let ¢ be the unique left-invariant vector field in g defined by

n(é) =1,
dn(&, ) = 0.

Then g=<{&>pr @ #, and & is called the Reeb vector field of 7.

Lemma 2.7. Let (G,n) be a solvable contact Lie group with nilradical N.
Let n be the Lie algebra of N. Then n is not contained in .

Proof. [g,g] <mn. Thus, if nc #, [X,Y]enc # for any X, Y. If this
were the case, then dn(X,Y) = —in([X, Y]) =0 for any X, Y. Thus, dn =0 on
G, a contradiction. O

A Lie algebra g is said to be decomposable if it is the direct sum g =g, ® g,
of two ideals g, and g,. Such a Lie algebra has a contact form if and only if g;
has a contact form and g, an exact symplectic form, or vice versa.

Lemma 2.8. If a contact Lie algebra (resp. group) is unimodular, then it is
necessarily nondecomposable.

Proof. A decomposable Lie algebra g = g; @ g, is unimodular if and only
if both g, and g, are unimodular. But as noted above, if g had a contact form,
then g, (or g,) would have an exact symplectic form. And due to the existence
of a left invariant radiant vector field for the associated left invariant affine
connection, a Lie group with a left invariant exact symplectic form cannot be
unimodular (see [11]). This, applied to any Lie group with Lie algebra g;, would
lead to a contradiction. O
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CoROLLARY 2.9. Let G=N >, T be a (2n+ 1)-dimensional, simply-
connected splittable solvable Lie group with nilradical N and homomorphism
b: T — Aut(N). Let neg* be a left-invariant contact structure on G. Then

1. The subspace wN A has codimension 1 in n.

2.dimT <n and dimm>=n+ 1.

3. For every X € T, there is an X' e nN A such that dn(X,X') = 1.

2.3.1. Five-dimensional solvable contact Lie algebras
In [9], the first author classified the five-dimensional simply connected contact
Lie groups (via their Lie algebras) with the following theorem.

THEOREM 2.10 (Diatta [9]). Let G be a five-dimensional Lie group with Lie
algebra g.
1. Suppose G is non-solvable. Then G is a contact Lie group if and only if g
is one of the following Lie algebras:
(@) aff (R) ®sl(2,R), aff (R) ® s0(3,R) (decomposable cases) or
(b) sI(2,R) X R? (non-decomposable case).
2. Suppose that G is solvable such that g is non-decomposable with trivial
center Z(g). Then
(@) If the derived ideal |g,q] has dimension three and is non-Abelian, then g
is a contact Lie algebra.
(b) If [g, 9] has dimension four, then g is contact if and only if
i. dim(Z(|g,g])) =1 or
il. dim(Z([g,q])) =2 and there is a ve g such that Z([g,g]) is not an
eigenspace of ad,.

The first statement of this result taken with Lemma 2.8 implies that the only
unimodular non-solvable five-dimensional contact Lie group is sl(2,R) < R
Furthermore, the second statement in conjunction with the list of five-dimensional
solvable Lie algebras in [4] yields the list of all five-dimensional solvable contact
Lie algebras, a total of 24 distinct nondecomposable Lic algebras and families of
Lie algebras. Among these, exactly 12 are unimodular. They are listed below
along with an example of a contact form #. The label for each Lie algebra refers
to that algebra’s position in the original list in [9] and will serve as the name of
that Lie algebra (or corresponding simply connectd Lie group) throughout this

paper.

2.3.2.  Five-dimensional unimodular solvable contact Lie algebras
Below is the list of unimodular solvable contact Lie algebras of dimension 5.

Central extensions

D1 [es,es] =e1, [e3,es] =ei, y:=e¢]. This is the Heisenberg Lie algebra
hs. See Section 2.2.

D2 [es,es] = ey, [e2,e5] = ey, [e3,e5] = ez, n:=ef. This is the central exten-
sion b x,, Rej, where w = e nej +e; Aes and b =D; @ Rey, as in 2.2.
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D3 [es,es] = €1, [e2,e5] =e1, [es,es] =€, [es,es] =e3, n=ef. This is
the central extension b x, Re;, where w =ej ne; +e;Ae; and b=
span(ey, e3, es,es) with Lie bracket [e3,es] = ey, [es,es] = es.

D5 [er,e3] =e1, [er,e5] = €2, [e3,e5] = —e3, [es,es] =e1, n=ef. This is
b %, Rej, where w =e; ne; +e; nel and b= span(es,e3,es,e5) with
Lie bracket [(32,65] = ey, [63,65] = —e3.

D11 [es,e3] =e1; [er,e5] = e3; [e3,e5] = —ea; [es,e5] =ce1; e =11, n=ef.
Here g=0bx,Re;, where w=ejne;+e;rei and b= span(e,es,
eq,es) with Lie bracket [es,es] = e3; [e3,e5] = —en.

Semi-direct products

D4 [ey,e5l =e1, [er,es] = (14 plei, [er,e5] =er, e3,e5] = pes, [es,e5] =
—2(p+1)es, p#—1, n=ef +e;. Here g is the semi-direct product
(h; @ Rey) X Res where h; @ Rey is as in Section 2.2.

D8 [er,es] = er; [e1,e5] = 2e1; [er,e5] = ex +e3; [e3,e5] = e3; [es, e5] = —dey;
n=ef +e;. This is the semi-direct product (h; @ Res) < Res.
D10 [er,e3] =e1;  [er,es] =2per;  [ea,es] = pes+e3;  [e3,es]| = —er + pes;

€4,865| = —4pe4, pF 0; n=ef+ey;. T'his is the semi-direct prOdLlCt
1 4
([)3 (‘B R€4) X Rej.

D13 [ey,e3] = e1; [e1,e5) = —Len; [e2, 5] = —3 a5 [e3, 5] = €3 + €45 [ea, 5] = e4;
n=ef+e;; p#0. This is the semi-direct product (; @ Res) > Res.
D15 [ey,e4] = e1, [e3,e4] = 2, [e1,e5] = Fe1, [er,e5] = —1en, [e3,e5] = —Fes,

les,es] =es, n=ef +e;. This is the semi-direct product b > Res
where b is the nilpotent Lie algebra b = span(e, e, e3,e4) (Note that
this is the 15th entry of the list in [9] with p=—1%.)

D18 [e1,eq] = €1, [e3,e4] = —e3, [e2,€5] = €2, [e3,e5] = —e3; n = ef +e; +e;.

D20 [e, es] = —2e1; [e2,e4] = e2; [e3,e4] = €35 [e2,e5] = —e3; [e3,e5] = en.
The last two Lie algebras above are the 2-step solvable Lie algebra
#° < R* where the Abelian subalgebra 9?3:span(el,e2,e3) is the
derived ideal and %% = span(es,es) is also Abelian.

Inspection of the list above yields the following corollary.

CoROLLARY 2.11. Let G be a five-dimensional simply-connected solvable

contact Lie group. Then G is splittable.

Lie

See Appendix I for a list of descriptions of the nilradicals for each of these
groups.

3. Five-dimensional contact Lie groups with uniform lattices

The following theorem indicates which of the simply-connected contact Lie

groups in Theorem 2.10 have uniform lattices.

THEOREM 3.1. Let G be a five-dimensional connected and simply connected con-

tact Lie group with a uniform lattice. Then one of the following statements is true.
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1. G is the central extension of a solvable symplectic Lie group with a lattice
that extends to G. In particular, G is one of the following groups:
(a) Heis® =R* X R, where w; is the standard symplectic form on R*,
(b) (Heis® x R) x,, R, where w, is the symplectic form on Heis® x R,
or
(¢) Bj xo, R (j=3,4,5), where w; is the symplectic form on B; = R® X R
with F; : R — GI(3,R) defined by the matrices

1 -t 1
. FBHO=10 1 —t],

0 0 1

et 0 0
ii. Fu()=1 0 e 0|,

0 0 1

cos(f) —sin(¢) 0

ili. Fs5(f) = sin(z) cos(t) O
1

0 0
2. G is a solvable semi-direct product and is one of the following groups:
(a) R® <, R%,  where by :R*>— GI(3,R) is given by bi(s,t)=

e’ 0 0
0 e’ 0
0 0 e
(b) R® x5, R%,  where by:R*> — GI(3,R) is given by by(s,t)=
e 0 0

0 e *cos(t) —e*sin(z)
0 e*sin(f) e cos(r)

COROLLARY 3.2. Let X be a compact five-dimensional contact manifold
uniformized by a five-dimensional contact Lie group G. Then G is solvable.

4. Proof of Theorem 3.1

We will prove Theorem 3.1 by showing (1) that the Lie groups stated in the
Theorem have lattices and (2) that the rest of the five-dimensional contact Lie
groups given by Theorem 2.10 and the list in Subsection 2.3.2 do not. As stated
before, each solvable Lie group (or Lie algebra) will be referred to by its label in
the list, e.g. D2, D13. For ease of reading, we have relegated several technical
results to appendices at the end of the paper. In Appendix I (Section 5), the
reader will find a description of the nilradical of each solvable Lie algebra in
the list in Subsection 2.3.2 as well as matrix representations of db and f for the
splitting 1 >g 7.
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4.1. Positive cases

The groups listed in Theorem 3.1 are the simply connected Lie groups with
Lie algebras D1, D2, D3, D5, D11, D18, and D20, respectively. Due to the
variety of specific procedures used, we prove the existence of lattices in several
individual propositions. The overall methodology for the non-nilpotent cases is
that utilized by Sawai in [25] and by Sawai and Yamada in [26], in which the
existence of specific lattices is proven.

ProposITION 4.1. The Lie groups with Lie algebras D1, D2 and D3 have
lattices.

Proof. The Lie algebras D1, D2 and D3 are all nilpotent. Recall that a
nilpotent Lie group has a lattice if and only if its Lie algebra also has a Q-
algebra, i.e., there is a basis on which all the coefficients of all of the bracket
relations are in Q (See pp. 46-47 of [22]). The bases of the Lie algebras for
these Lie groups as given in Appendix I (Section 2.3.2) all satisfy this property.
Thus, groups with Lie algebras D1, D2 and D3 have lattices. O

PropoSITION 4.2.  The Lie group with Lie algebra D5 has a lattice.

Proof. Let G be the simply-connected, connected Lie group with Lie algebra
D5. Then G = (#eis® x R) <, R.  For this proposition, we use a representation
of the multiplication on #eis® different from that described in the previous section.

x' X

Namely, for | y' |,| y | € #eis?, let

z z
x' X X' +3(yz—yz)+x
Vol y = yi+y
z! z 4z

That is, the x-coordinate of the product is the sum of the two x-coordinates
plus one half of the signed area of the parallelogram in the plane defined by the

/ !
origin, (y/) and <y> Set A((y/)(y)) =1(y'z— yz’). With this version
z V4 z V4

of the Heisenberg group, multiplication on G is given by

/ 1Lt —t' /
X X x' =5y —ety'z) —t'w+x
! ry
¥ Vi+ey
/ — / t
11 2| = Z'+ez
/
w w w +w

v t !+t
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Let n be a positive integer greater than 2. Let £, be a positive real number

such that (e®)? —ne +1=0. Set v, = <i>, vy = (ee‘:) eR? and xy =

A(vy,v;). Note that the lattice of R? generated by the vectors v; and vy is
preserved by the linear transformation (elo 0 )

0 en
Let I' e G be the discrete subset given by

0
X0 0

0 0
0 0 0
r=z|ol|+z 2 +Z g 1z & +zl o
0 0 0 10 0

By definition of the quantities and vectors involved, we can see that I' is actually
a subgroup of G (c.f. Sawai [25] and Sawai and Yamada [26]). Thus, G has a
lattice. O

ProposITION 4.3.  The Lie group with Lie algebra D11 has a lattice.

Proof. Let G be the simply-connected, connected Lie group with Lie
algebra D11. The group structure of G is given by

X1 X2 X1+ x2 £ 01wy + yi((sin 61) y2 + (cos 01)z2)
»1 » y1 + (cos 01)y2 — (sin 01)z2
zi || 2o | = z1 + (sin 61) y» + (cos 61)z2
w1 1%} w1 + wp
0, 0, 01+ 0,
Then the subgroup of G generated by the elements
7 0 0 0 0
0 VT 0 0 0
0l,] o [, v=|,]O]f,]O
0 0 0 1 0
0 0 0 0 T
is discrete in G and hence a lattice. O

ProPOSITION 4.4. The Lie group with Lie algebra D18 has a lattice.

Proof. Let G=R> X, R? be the Lie group corresponding to Lie algebra
D18. In order to show that G has a lattice, we need to produce a basis of R,
{v1, 03,03}, and a basis of R?, {p;, p2} such that

I' = vy, 02,0307 X, {p1, P272
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is a subgroup of G. We do this by setting

00 1 —4 —4 -3
Tv=|10 =5|, Th=|21 16 11
01 6 —4 -3 -2

It is easily verified that 730 T, = T> o T}.
Furthermore, the characteristic polynomials of 77 and 7, are given respec-
tively as

fiX)=X3—6X24+5x — 1,
AHX) =X —10X? +17X — 1,
each of which have three distinct roots. The roots of f; are

o = 0.30797853. ..
B, = 0.64310413 . ..
9, = 5.0489173 ...,

and the roots of f, are

2 = 2.088146. ..
B, = 7.8508551 . ..
7, = 0.06099892 . ..,

Thus, T, and 7, are simultaneously diagonalizable. In fact, there is a
® e G/(3,R) such that, for j=1,2,

%
OTd'=| 0
0

o™ o
=

Set

fInag ) —1.7772. .. (Ina) [ 2.06062...
Pr=tmp, )=\ —04d1449... ] P27 \mp, )~ \0736277... )

Note that the slope of p; as a vector is approximately 2.66786 and that of p; is

approximately 2.79871. Thus, p; and p, are linearly independent vectors in R?.
By definition of p; and p,, we have

%

b(p)=10

0

o™ o
T o o
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for each j=1,2 so that b(p;) o® = ® o T; for each j. In particular, if we set
vk = ®(g) for k=1,2,3, where {e],&,¢e} is the standard basis of R’, then
b(p;)(vi) € <vi,v2,v3), for each j=1,2 and k =1,2,3. Thus, I' = (v1,v2,03)7
Xp, {p1, p2yz 1s a discrete, uniform subgroup of G. This proves the claim.

ProPOSITION 4.5. The Lie group with Lie algebra D20 has a lattice.

Proof. Let G=R> x, R? be the Lie group corresponding to Lie algebra
D20. As with the previous claim, we need to produce a basis of R?, {v1,v2, 03},
and a basis of R?, {p1, p2} such that

' = vy, 02,0307 X, {p1, 0277

is a subgroup of G.
Here, we do this by setting

00 1 0o 1 1
U=|10 2|, h=| -2 —2 -1
01 3 111

Then U,U, = U,U,. Also, the characteristic polynomials of U; and U, are
given respectively as

A(X) =X3 -3X? 12X — 1,
LX) =X+ X7 -1,
each of which have exactly one real root—f;(2.3247...) = 0= f,(0.7549...)—

and two complex roots.
Thus, there is a W € G/(3,R) such that, for j=1,2,

%—2 0 0
YUuyY'l=10 ocj‘1 cos(f;) —Otj_l sin(f;) |,
0 ozjfl sin(f3;) Otfl cos(f;)

where o) ~/2.3247, , ~1.0300, o, ~+/0.7549 and f3, ~ 2.4378.
Set

C(Ime\  /04217... ~ (Inawp\ [ —0.1405...
=g )T \os00.. ) 2T p, )T\ 24378 )
Thus, p; and p, are linearly independent vectors in R?. By definition of p; and
p2, we have

o? 0 0
b(p)=| 0 a'cos(B) —a"sin(B)
0 o'sin(f) o' cos(f)
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for each j=1,2 so that b(p;) oW =¥ o U for each j. In particular, if we set
vk = W(e) for k=1,2,3, where {e1,e,63} is the standard basis of R’, then
b(p;)(vi) € <vi,v2,v3), for each j=1,2 and k =1,2,3. Thus, I = (v1,v2,03)7
Xp, {p1, p2yz 1s a discrete, uniform subgroup of G. This proves the claim.

4.2. Negative cases

4.2.1. Solvable

We now show that the rest of the solvable contact Lie groups of five
dimensions do not have lattices. Appendix I lists the corresponding homo-
morphism f: T — der(n) and db: T — Aut(n) of each group. There are only
two classes of such Lie groups remaining from the list in Subsection 2.3.2,
namely, those whose nilradical is #eis® x R (D4, D5, D8, D10, D11, D13) and
one whose nilradical is a semidirect product R* <, R (D15).

PROPOSITION 4.6. None of the Lie groups corresponding to the Lie algebras
D4, D8, D10, D13 have lattices.

Proof. Let g be one of the Lie algebras D4, D8, D10, D13. Let G be the
simply-connected Lie group with Lie algebra g. Then we have the short exact
sequence

0—-N—-G—-R—0,

where N = #eis® x R and the sequence splits (G = N >, R).

Suppose G has a lattice . By Theorem 2.5, NNT is a lattice of N; and, by
Theorem 2.6, T is isomorphic to a group of the form (N NT) >, <{t>, for some
to € RT. Recall also that a lattice of N necessarily contains a subgroup given as

X0

the span over Z of gy = for some positive xo € R. Thus, g; = b(%)(go)

0
0
0
and g;' = b(—19)(go) are both elements of NNT.

We now show the non-existence of lattices in G by looking at each of the
possible cases.

A. If g is D4, then

e_(p+l)10x0 e(p+l)f0x0
0 0
= and =
) 0 92 0
0 0
Since ¢g; and g, are integer multiples of gy, we have either p = —1 or

to = 0. Both of these possible cases are contradictions.
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B. If g is D8, then

e—2l0x0 eztoxo
0 0
= and =
g1 0 92 0
0 0

Since g; and g, are integer multiples of gg, we have 7o =0. This is a
contradiction.
C. If g is D10, then

e 2y, e xq
0 0
g1 = 0 and ¢, = 0
0 0

Since ¢g; and g, are integer multiples of g;, we have either p =0 or
to = 0. Both of these possible cases are contradictions.
D. Finally, if g is D13, then

e(l/z)ZOXO e_(]/2)f0x()
0 0
= and =

g1 0 92 0

0 0
Since g; and g, are integer multiples of gy, we have 7o =0. This is a

contradiction.

This proves the proposition. O

ProPOSITION 4.7. A Lie group with Lie algebra D15 does not have a lattice.

Proof. The simply connected Lie group with Lie algebra D15 is given by
G = (R* <, R) >, R, where f:R — R’ is given by

1 —w Iw?
flw) = I —w
1
and b: R — R? s R is given by
o (2/3)
(1/3)

e

b(r) = 431
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The nilradical of group D15 is of the subgroup N = (R?® >/ R) >, (0) with
multiplication given by

/

I P 120
X X X+Xx wy' +swz
y oo y+y +wz
z z! z4+z
w w! w4+ w
so that
x\ 7! —Xx — yw —Lzp?
Y 2
y _ —y —zw
z —z
w —w
Xj
Vi .
And, for g; = eEN, j=1,2,
. -
J
wj
1 21 2
Yiw2 — Yawi —3Z1W3 +522W1
—1 -1 ZIWy — Zowy
919291 9, =
0
0

Let Ny =[N,N] and N, =[[N,N]|,N]. Then N, =R x (0,0,0), and [N, N] =
(0), that is, N is 3-step nilpotent.

Suppose G has lattice I'. By Theorem 2.5, Iy =T NN is a lattice of N.
By Theorem 2.2, 'y = TN N is a lattice of Ny, and I, =T'N N, is a lattice of
N> = R. Let xo be the unique positive real number such that

nxo

r2: :nel

oS O O

Furthermore, by Theorem 2.6, I is isomorphic to a group I satisfying the
short, exact sequence

0—>FO—>f—>F0\f—>0
induced from the short exact sequence

0—-N—-G— N\G—0.
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Since N\G ~ R, there is a 7o € R™ such that b(41)(Iy) = Ip. Since b(7) and
b(—ty) are non-trivial group homomorphisms from Iy to itself, they must preserve
the central series of I'y, that is,

b(i[o)(rl) cI'y and b(ilo)(rz) c I,

Thus, both
XO 37(2/3>tl)x0 xo e(z/S)tl)xo n_xo
0 0 0 0 0
b(t = b(—t = Z
(%) 0 0 ) (—to) 0 0 € 0 ne )
0 0 0 0 0

implying that e*?/3% ¢ Z. So, t, =0, which is a contradiction, and thus no
lattice exists on G. O

4.2.2.  Non-solvable: the general case of R" > Sl(n,R).

According to Theorem 2.10, the only unimodular non-solvable contact Lie
group of dimension five is the group R? SI(2,R) of special affine transfor-
mations of the plane. We obtain the following more general result stating the
nonexistence of uniform lattices in R” > S/(n,R), for every n > 2. See Theorem
4.8. Let us recall that R"” > S/(n,R) is a contact Lie group [9]. We can exhibit
a contact form # on the Lie algebra R” > s/(n,R) of R" = SI(n,R) by looking at

A
it as the subalgebra R" > s/(n,R) = {( 0 g), where 4 € s/(n,R) and ve R”}

of the Lie algebra @/(n+ 1,R) of (n+1) x (n+ 1) real matrices. The (n+ 1) x
(n+1) matrices e; ; all of whose entries are zero except the jj-th one which is
equal to 1, form a basis of %/(n+1,R). Let us denote by (¢;) the corre-
sponding dual basis. Then, :=3)", efM is a contact form on R" > s/(n,R),

. 1 .
with Reeb vector & ::—Zle e ir1. Now, we have the following.
n

THEOREM 4.8. The group R" > Sl(n,R), of special affine transformations of
R”, has no uniform lattice, for every n > 2.

Proof. Let G:=R" > SI(n,R) and suppose T is a lattice in G. The radical
of G is the subgroup R” x {I}. Then I'" =T NR" x {I} is a lattice of R" x {I}
(Corollary 1.8 on p. 107 of [23]). Let vy,...,v, € R"” be such that (vy,1) - (v, 1)
generate I''. Let 4 e SI(n,R) and we R" such that (w,4) e . Then, for j =
1,...,n,

(w, A)(vj, 1)(w, A) " = (Av; + w, A)(—A"'w, A7") = (4v;, I) eT.
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Hence the set Mr given by
Mr ={AeSI(n,R):(w,A) el for some weR"}

preserves the lattice I'" on R”. In particular, by the change of basis v; — ¢; for
j=1,...,n, we can assume that Mr < S/(n,Z). Now, it is known that S/(n,Z)
is a lattice of S/(n,R) but not a uniform lattice (e.g., see pp. 229-231 of [5] for
the case where n =2). In other words, there is a sequence {y;} = SI(n,R) such
that its projection SI/(n,Z)\S/(n,R) has no convergent subsequences. Thus, its
projection in Mr\S/(n,R) also has no convergent subsequences, which means
that the sequence {[0,7,]} = I'\R" > SI(n,R) has no convergent subsequences.
Therefore, T'\R” > SI(n,R) is not compact. Since I' was assumed to be an
arbitrary lattice of R" > S/(n,R), R" < S/(n,R) has no uniform lattices. O

5. Appendix I: List of nilradicals of the unimodular contact Lie algebras
of dimension 5

The following is a list of all of the unimodular Lie algebras among those in
the first author’s list of solvable contact Lie groups in five dimensions from [9].
Their Lie brackets, in a basis (e}, ez, e3,e4,¢5), are given in Section 2.3.2. Each
of the corresponding Lie groups will be of the form N X, T, where N is the
nilradical, T is an Abelian group and b: T — Aut(N) a homomorphism. For
each of these, the Lie algebra n of the nilradical N of the simply-connected Lie
group corresponding to each Lie algebra is provided as well as the Abelian group
T. The transformations f and db are matrix representations (with respect to
the given basis of 1) of the corresponding homomorphisms f: 7' — der(n) and
db(x) = exp(f(x)) : T — Aut(n) (for x € T) induced from the semidirect product
N >, T.

D1 n:<€1,...,€5>:<7f5, T:(O):

D2 n=({ei,e3,e4) @ e2)) +qr {es) = (#3 DR) +4 R, T = (0) where

0 0 0 —1 112 0
0 0 0 0 0 1 0 0
d = df (tes) =
adles) =10 o o o |0 Y=y o 1 o
0 -1 0 0 0 —t 0 1

D3 1= ({er,e3,e4) @ <e2)) +ar <e5s) = (#3 ®R) +4 R, T = (0) where

0 0 0 -1 1 317 =i -t
0 0 -1 0 0 1 - 0
d = df (tes) =
adles)=1o 0 o o | Y@=y o 1 o
0 -1 0 0 0 -+ 0 1

D4 n=<ej,er,e3) D<esy = # DR, T = Res,
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—(p+1) 0 0 0
0 -1 0 0
ﬁ(eS) - 0 0 —p O )
0 0 0 2p+1)
e~ g 0 0
0 et 0 0
db(tes) =
(tes) 0 0 e” 0

D5 n={e,er,e3) ®D<esy = # ®R, T = Res,

0O 0 0 -1 1 O 0 -t
0O -1 0 O 0 e/ 0 O
— db(tes) =
ﬁ(es) 0 0 1 O b} ( 65) O 0 e[ 0
0O 0 O O 0 0 0 1
D8 n=<ej,er,e3) ®<esy = DR, T = Res,
-2 0 0 O e 0 0 0
0O -1 0 0 e ! 0 0
db(tes) =
Bles) 0 1 1 ol 9@les) 0 —te’ e’ 0
0 0 0 4 0 0 0 e*

D10 n=<ej,er,e3) D<esy = #3 DR, T = Res,

2 0 0 0

0 —p 1 0
ﬂ(€5) - O _1 _p O ’
0 0 0 4
e ! 0 0 0
—pt ) —e P sin(—
db(tes) = 0 ei c9s( 7) i sin(—7) 0
0 e Psin(—t) ePcos(—t) O

0 0 0 ad
D11 n= <€1,€2,€3> @ <€4> =4 @D R, T = R€5,

0 0 0 +I 10 0+
0 0 1 0 0 cos(z) —sin(z) O
Pesi=1o Z1 0 o |" PU=10 Gn) cos(t) 0
0 0 0 0 0 0 0 1
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D13 n=<ej,er,e3) D<esy = #3 DR, T = Res,

o 0o o0 el/2r g 0 0
03 0 0 B2 0 0
Pes)=109 0 - . dbltes) 0 0 e’ 0
0 0 -1 -1 0 0 —te™" !
0 -1 0
D15 n=<{ei,...,eay ={e1,er,e3) +1 {esy, Wwith fi(es) =10 0 -1,
T = Res, 0 0 0
200 0 e 2R 0 0 0
0 10 0 130 0
Bles) = 0 0 ¢ , db(tes) = 0 0 4
0 0 0 -1 0 0 0 e™!
D18 n = {ej, es,e3), with
—s 0 0 e’ 0 0
p(ses+tes) =1 0 —t O , db(seq+tes)=| 0 e ' 0
0 0 s+1¢ 0 0 e
D20 n = {ej, e, e3), with
2 0 0
Pses +tes) = 0 —s —1 |,
0 ¢t —s
e 0 0
db(ses +tes) =| 0 e *cos(f) —e ¥ sin(z)

0 e *sin(f) e cos(?)
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