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Abstract

In this article, we investigate the stability of Cartan-Eilenberg Gorenstein categories.
To this end, we introduce and study the concept of two-degree Cartan-Eilenberg
W-Gorenstein complexes. We prove that a complex C is two-degree Cartan-Eilenberg
W-Gorenstein if and only if C is Cartan-Eilenberg W-Gorenstein. As applications,
we show that a complex C is two-degree C-E Gorenstein projective if and only if C
is C-E Gorenstein projective. Moreover, we obtain similar results for some known
modules such as Q-Gorenstein projective modules and V-Gorenstein projective modules.

1. Introduction

A generalization of classical homological algebra is now called Gorenstein
homological algebra, which has been developed to an advanced level, see for
example [1, 5, 6, 8, 9, 10, 11, 13, 16, 19, 23, 24]. In particular, Sather-Wagstaff
et al. in [23] studied the stability of Gorenstein categories. It was shown that
over a commutative ring R, iterating the process used to define Gorenstein
projectove modules exactly leads to the Gorenstein projective modules, i.e., given
an exact sequence of Gorenstein projective R-modules

of og 6%
G=1 G >G >G =
such that G is Homg(—, H) and Homg(H,—) exact for each Gorenstein pro-
jective R-module H, the module Ker(éOG ) is Gorenstein projective.

For the rest of the paper, we will use the abbreviation C-E for Cartan-
Eilenberg.

Recall that P is a C-E projective complex if P, Z(P), B(P) and H(P) are
complexes of projective modules, where Z(P), B(P) and H(P) denote the cycle
complex, boundary complex and homology complex of P respectively. Similarly,
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C-E injective complexes are defined. These complexes have origin in [4] to give
the definitions of projective and injective resolutions of a complex of modules.

Triangulated categories were introduced by Grothendieck and Verdier in the
early sixties as the proper framework for doing homological algebra in an abelian
category. Since triangulated categories have found important applications in
algebraic geometry, stable homotopy theory, and representation theory. Exam-
ples for this can be found in duality theory (Hartshorne [15] and Iversen [17])
or in the fundamental work on preverse sheaves by Bernstein, Beilinson and
Deligne [2].

In [3], Beligiannis introduced projective and injective objects in triangulated
categories, i.e., so called &-projective objects and &-projective objects, where & is
a proper class of triangulated categories. In general it is not so easy to find a
proper class ¢ of triangles in a triangulated category having enough &-projectives
or &-injectives. Take C to be the unbounded homotopy category of complexes of
modules. Then C-E projective complexes (resp., C-E injective complexes) form
the relative projective objects (resp., the relative injective objects) for a proper
class of triangles in C, see [3, Sections 12.4 and 12.5]. Therefore, it is necessary
and important to study the C-E projective and injective complexes of modules.
In 2011, Enochs studied C-E projective and injective complexes. Also the notion
of C-E Gorenstein projective and injective complexes was introduced and studied
[7]. A complex G is C-E Gorenstein projective if there is a C-E exact sequence
of C-E projective complexes

P=...-p2,pt ,p0 ,pl ,p2_,. .

such that G =~ Ker(P’ — P!) and the functor Hom(—, Q) leaves P exact when-
ever Q is C-E projective. C-E Gorenstein injective complexes are defined dually.

In this paper, we are concered with the stability of C-E Gorenstein categories.
To this end, we introduced the notion of two-degree C-E Gorenstein projective
complexes. Specially, a complex C is called two-degree C-E Gorenstein pro-
jective if there exists a C-E exact sequence of C-E Gorenstein projective comlexes

G= —-G’-6G6"'"-6"-6¢6"-6¢"— -

with C = Ker(G” — G') such that G is Hom(—, H) and Hom(H, —) exact for
each C-E Gorenstein projective complex H. Our main results in this note can
be stated as follows.

THEOREM 1.1. Let C be a complex and W a self-orthogonal class of
R-modules. Then the following statements are equivalent:

(1) C is two-degree C-E W-Gorenstein;

(2) C, Z(C), B(C), H(C), C/Z(C) and C/B(C) are complexes consisting of
W-Gorenstein modules;

(3) C, Z(C), B(C) and H(C) are complexes consisting of W-Gorenstein
modules;

(4) C is a C-E W-Gorenstein complex.
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If we set W = P, where P denotes the category of projective left R-modules,
as a consequence of Theorem 1.1, we get the following result.

THEOREM 1.2. A complex C is two-degree C-E Gorenstein projective if and
only if C is C-E Gorenstein projective.

Dually, we have similar results for C-E Gorenstein injective complexes.

Remark 1.3. It is worth noting that the methods are different from Sather-
Wagstaff et al.’s in discussing stability of Gorenstein categories of modules over
commutative rings, and we can extend their main result to any ring as a special
case in our present framework.

For any R-module M, we identify M with the complex M concentrated
in degree zero. Then M is (two-degree) C-E Gorenstein projective if and only
if M is (two-degree) Gorenstein projective (by Lemma 4.1 and Corollary 4.9).
Therefore, as a special case of our present framework, we extend the main result
of [23] from commutative rings to any ring.

Note that the classes of projective modules and injective modules are self-
orthogonal. Therefore, we first consider self-orthogonal class of R-modules W.
To this end, we define and study two-degree C-E W-Gorenstein complexes. We
show in Theorem 3.10 that a complex C is two-degree C-E W-Gorenstein if and
only if C is C-E W-Gorenstein. By a different choice of 1/, we obtain similar
results for some known modules such as C-Gorenstein modules, Q-Gorenstein
modules and V-Gorenstein modules.

2. Preliminaries

Throughout this paper, R denotes an associative ring with unity.
A complex

%) o1 do [

of left R-modules will be denoted by (C,d) or C.
We will use subscripts to distinguish complexes. So if {C'},_; is a family of
complexes, C’ will be

S HEINY e S L= S
Given a left R-module M, we use the notation D"(M) to denote the complex

with M in the nth and (n — 1)th positions and set M = D°(M). We also use the
notation S”(M) to denote the complex with M in the nth place and 0 in the
other places and set M = S°(M).
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Given a complex C and an integer m, X" C denotes the complex such that
(£"C), = Cj_, and whose boundary operators are (—1)"d,_,,. The /th homol-
ogy module of C is the module H;(C) = Z;(C)/B;(C) where Z;(C) = Ker(d\)
and By(C) =Im(5;,). We set H'(C) = H_;(C).

Given two complexes C and D, we let Hom(C, D) denote the abelian group
of morphisms from C to D and Ext’ for i > 0 denote the groups we get from the
right derived functor of Hom.

A homomorphism ¢: C — D of degree n is a family (¢,);., of homo-
morphisms of R-modules ¢, : C; — D,;;. The set of all such homomorphisms
forms an abelian group which we denote by Hom(C,D),. This group is clearly
isomorphic to [[;,., Homg(C;, D,1;). We let Hom(C, D) denote the complex of
abelian groups with nth component Hom(C, D), and boundary operator

5n((‘/’i)fez) = (5;?”‘/% - (_l)n(pifléic)iel'

The following results can be checked easily:
(1) Hom(C, D) = Zy(Hom(C, D)).
(2) If C is a complex and M is an R-module, then

’Hom(C,A_/I) == HOl’IlR(C_l,M) — HOI’I’IR(CQ,M) — HomR(Cl,M) — ey,
Hom(M,C) =--- — Homg(M, C;) — Homg(M, Cy) — Homg(M,C_;) — ---.

In the following we recall some notions and facts needed in the sequel.
Let W be a class of R-modules. W is called self-orthogonal if it satisfies the
following condition:

Exth(W,W') =0 for all W,W’'e W and all i> 1.

In the following, W always denotes a self-orthogonal class of R-modules which
is closed under extensions, finite direct sums and direct summands. Geng and
Ding in [13, Remark 2.3] enumerated a variety of interesting examples of self-
orthogonal classes.

DeriNiTION 2.1 ([13, Definition 2.2]). A left R-module M is said to be
W-Gorenstein if there is an exact sequence

We=--—>Wy, W - Wyg—>W_1 > W_—---

of modules in W such that M =~ Ker(Wy, — W_;) and W, is Homg(—, W) and
Hompg(W, —) exact.

If we take W="P (W=1I), then W-Gorenstein modules are exactly
Gorenstein projective (Gorenstein injective) modules.

DEFINITION 2.2 ([7, Definition 5.3]). A complex of complexes

.._>C71_)C0_>C1_>..‘
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is said to be CE exact if

) o= C (0= C— ..

) o= Z(CT )HZ(CO)—)Z(C) — .

) = B(C™H) = B(C") — B(C!) — - .

) = CZ(C) — CZ(CY) — CZ(Ch) =

) = C '/B(C ') — C/B(C%) — C'/B(C!) — -+,
) -+ — H(C™") = H(C’) — H(C') —

are all exact.

DEFINITION 2.3. A complex X is said to be a C-E W complex if X, Z(X),
B(X) and H(X) are complexes each of whose terms belongs to W.

DEerFINITION 2.4. A complex G is said to be C-E W-Gorenstein, if there
exists a C-E exact sequence

W= . W2 wloaw—ow -

such that

(1) each W' is a C-E W complex;

(2) G=Ker(W° — wy;

(3) the sequence remains exact when Hom(},—) and Hom(—, V) are
applied to it for any C-E W complex V.

And in this case, W is called a complete C-E W-resolution of G.

In what follows, R-Mod denotes the category of left R-modules, %(R)
denotes the abelian category of complexes of left R-modules. We will use P
and 7 to denote the category of projective left R-modules and the category of
injective left R-modules, respectively.

3. Stability of Cartan-Eilenberg )V-Gorenstein categories
We begin with the following definition.

DeFmNITION 3.1. A complex C is said to be two-degree C-E W-Gorenstein
if there is a C-E exact sequence of C-E W-Gorenstein complexes

W= >WwW2w'lowow sw?ro

such that C =~ Ker(W® — W!) and the functors Hom(—, W) and Hom(W,—)
leave W exact whenever W is a C-E W-Gorenstein complex. In this case, W is
called a complete C-E W-Gorenstein resolution of C.

It is obvious that any C-E W-Gorenstein complex is two-degree C-E
W-Gorenstein.

In this Section, we will investigate the stability of C-E W-Gorenstein
categories, where C-E W-Gorenstein categories denote the category of C-E
W-Gorenstein complexes and a C-E W-Gorenstein category is said to be stable
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if any two-degree C-E W-Gorenstein complexes are C-E W-Gorenstein. In
particular, given a C-E exact sequence of C-E Gorenstein projective complexes

G=—-G0"'"-56"-¢" -

such that G is Hom(H,—) and Hom(—, H) exact for each C-E Gorenstein
projective complex H, we will show that the complex Ker(G° — G') is C-E
Gorenstein projective. Dually, we have similar results for C-E Gorenstein injec-
tive complexes.

Now our main aim is to show that two-degree C-E W-Gorenstein complexes
are C-E W-Gorenstein. This is done in Theorem 3.10. In the following, we
first give the following results.

LemMa 3.2 ([14], Lemma 3.1]). For any neZ, X € €(R) and M € R-Mod,
we have the following natural isomorphisms:

(1) Hom(>."(M), X) =~ Homg(M, X,,H)

(2) Hom(>."(M), X) =~ Homg(M,Z,(X)).
(3) Hom(X,>."(M)) =~ Homg(X,, M).
(4) Hom(X,>>"(M)) = Homg(X,/B.(X), M).

Lemma 3.3, (1) The class of W-Gorenstein modules is closed under
extensions.

(2) If M is a W-Gorenstein module, then Exty(M, W) =0 and Exty(W, M)
=0 for any WeW.

Proof. 1t follows by the definition of W-Gorenstein modules. O

Recall that X is called a W complex [22] if X is acyclic and Z,(X) € W for
any neZ. We will denote the class of W complexes by W.

In [22, Sect. 5.1], the author defined W-Gorenstein complexes, similar to
the definition of WW-Gorenstein module, by replacing the modules in W with
complexes in W. It is proved that:

Lemma 3.4 (22, Theorem A]). A complex X is W-Gorenstein if and only
if X, are W-Gorenstein modules for all neZ.

ProposiTION 3.5. X is a C-E W complex if and only if X can be divided into
direct sums X = X' ® X" where X' e W and X" is a graded module with all
components in W.

Proof. Since X' e W is acyclic, B,(X') = Z,(X') e W, H,(X') =0 for all
neZ. Then X' is a C-E W complex. It is easy to see X" is a C-E W
complex. Then such direct sum is a C-E W complex.

Conversely, suppose that X is a C-E W complex. We have the exact
sequences of R-modules

0—B,(X)—2Z2,X)—-H,(X)—0, 0—-Z,(X)—X,—B,_1(X)—0.
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Since Z,(X),B,(X),H,(X) € W for all ne Z, each sequence splits. This allows
us to write X, = B,(X) ® H,(X) ® B,_1(X). Then

d : X, =B, (X)EBHH(X)@B}’I*I(X)_} nfl:anl(X>®Hn71(X)®Bn72(X)

is the map (x,y,z)— (0,0). Let X' =P, ., D"(B,-1(X)) and X" =
@, .7 S"(Hy(X)). Then X = X' @ X", and we obtain the desired direct sum
decomposition. O

LEMMA 3.6. For a complex G, the following are equivalent:

(1) G is a C-E W-Gorenstein complex;

(2) G, Z(G), B(G) and H(G) are complexes consisting of W-Gorenstein
modules; ~

(3) G, Z(G), B(G) and H(G) are W-Gorenstein complexes.

In this case, G/Z(G) and G/B(G) are complexes consisting of W-Gorenstein
modules.

Proof. We start by noting that (2) < (3) is immediate from [22, Theorem A].
(1) = (2). Suppose that

W= - W ow'swlow?2s. ..
is a complete C-E W-resolution such that G = Ker(W~! — W=2). Then, there

is an exact sequence of modules in W

--—>W1—>W0—>W —>W — .

n n

such that G, = Ker(W, ! — W 2) for all neZ. For any module Me W,
Z"(M) is a C-E W complex for all neZ. It follows from Lemma 3.2 that
there is a natural isomorphism Hom(}."(M), W) =~ Homg(M, W) for all i € Z.
Then the following commutative diagram with the first row exact

- — Hom(>"(M), W'y — Hom(}>."(M), W°) — Hom(>"(M),W~!) — ...

| | |

- — Homg(M, W)}) —— Homg(M, W?) —— Homg(M, W, ) —s ---
will yield that the lower_row is exact. Similarly, there is a natural iso-
morphism Hom(W' > "(M)) ~ Homg(W,, M) for all ieZ. By applying
Hom(—, Y""'(M)) to the sequence W, we get an exact sequence

-+ — Homg(W, !, M) — Homg(W., M) — Homg(W), M) —
Hence, G, is a W-Gorenstein module.
For any n e Z, consider the sequence
Z,(W) == Z,(W*) =2, W") - Z,(W°) > Z,(W ") — ---.
It is exact (as W is C-E exact) with each module Z,(W')e W for all ie Z.
Note that Z,(G) = Ker(Z,(W ') — Z,(W~2)). In order to prove Z,(G) is a
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W-Gorenstein module, it suffices to prove that Z,(W) is both Homg (W, —) exact
and Homg(—, W) exact.

For any module M e W, >"(M) is a C-E W complex for all ne Z, and
there is a natural isomorphism Hom(}."(M), W') ~ Homg(M,Z,(W")) for all
ieZ. By applying Hom(}."(M),—) to the sequence W, an argument similar
to the above shows that Homgz(M,Z,(W)) is exact.

Since H,(W') =Z,(W")/B,(W?"), B,_(W'") = W}!/Z,(W') are modules
in W, the exact sequence 0 — H,(W') — W}!/B,(W') — B,_1(W') — 0 yields
that the module W//B,(W') belongs to W. Consider the exact sequence of
complexes

0—B,(W)—-W,—W,/B,(W)—0,
where

B,(W)=--- = B,(W?) =B, (W) = B,(W" - B,(W 1) — ...

The sequence is split exact at modules levels, so we have an exact sequence of
complexes of Z-modules

0 — Homg(W,/B,,(W), M) — Homg(W,, M) — Homg (B, (W), M) — 0.

Note that Homg(W,, M) is exact. Also, by applying Hom(—,> "(M)) to the
sequence W, we get that Homg(W, /B, (W), M) is exact by an argument analo-
gous to the above. Thus Homg(B,(W), M) is exact. Similarly, the exact se-
quence of complexes

0—-2,W)—W,—-B,1(W)—=0
yields an exact sequence of complexes of Z-modules
0 — Homg(B,—1 (W), M) — Homg(W,, M) — Homg(Z,(W), M) — 0,

where Hompg(B,,—1 (W), M) and Homg(W,, M) are exact. So Homg(Z,(W), M)
is exact. This implies that Z,(G) is a W-Gorenstein module.

There is an exact sequence of modules 0 — Z,(G) — G, — B,_1(G) — 0
for all neZ where Z,(G), G, are W-Gorenstein modules. As above,
Hompg(B,_1(W), M) is exact for any M €)W, which implies that B,_;(G) =
Ker(B, (W) — B,_.1(W™2)) e t W, where *W = {N|Exti(N, M) =0 for all
Me W and i>1}. It follows from [13, Corollary 2.6 (1)] that B, (G) is
W-Gorenstein for all neZ. Similarly, from the exact sequence of modules
0 — B,(G) — Z,(G) — H,(G) - 0 we can get that H,(G) is W-Gorenstein.
This completes the proof.

(2) = (1). For any n e Z, consider the exact sequence of modules

0 — B,(G) — Z,(G) — H,(G) — 0,

where B,(G) and H,(G) are W-Gorenstein. Suppose WP (%) and WH(9) are
complete W-resolutions of B,(G) and H,(G), respectively. By the Horseshoe
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Lemma, we can construct a complete W resolution of Z,(G): W%(9) =
WB(@) @ wH(@)  Similarly, consider the exact sequence of modules

0—-2,G)— G, — B,_1(G) — 0,

and we can construct a complete W-resolution of G, : W% = W%(G) @ 1 Br-1(0)
— WBI(G) @ WH(G) @ WB-1(G) Set an _ WiBn(G) ® W[Hn(G) ® W[anl(G> and
d"' . wi— wi , which maps (x,y,z) to (z0,0) for all i,neZ. Then
(Wi,d"") is a complex such that G, = Ker(W, ! — W, 2).

It is easily seen that W' is a C-E W complex for all ieZ and G =
Ker(W=! — W=2). ForanyneZ, - —Z,(W")—Z,(W" -Z,(W ) — ...
is a complete W-resolution of Z,(G), and -+ — W}! = W) - w1 — ... is a
complete W-resolution of G,, so they both are exact. Hence, we can get that

W:--~—>W1—>W0—>W71—>W72—>---

is C-E exact by [7, Lemma 5.2]. It remains to prove that, for any C-E W
complex V¥, W is still exact when Hom(V,—), Hom(—, V') applied to it.
However, it suffices to prove that the assertion holds when we pick V
particularly as V' =Y."(M) and V =>."(M) for any module M € W and all
n e Z by Proposition 3.5. Note that W,, Z,(W) and W, /B, (W) are complete
W-resolutions, hence from Lemma 3.2 the desired result follows. O

LemMa 3.7. Let C be an exact complex with Hom(W, C) and Hom(C, W)
exact for any W e W. Then C is a complex of W-Gorenstein modules if and only
if Z,(C) is W-Gorenstein in R-Mod for all neZ.

Proof. (=) Let C be a complex of W-Gorenstein modules. Then it
follows from Lemma 3.4 that C is W-Gorenstein. There exists an exact
sequence of W complexes

/7 f°

f—l fl
W:--~—>W_2—>W_l—>W0—>

Wl w? — . (%)
with C = Ker f° such that W is Hom(—, V) and Hom(V, —) exact for any W
complex V. We also have Ker(f7) is exact for all i € Z since Ker(f°) = C and
W' are exact.

Note that Ext!(Z"(R),X)=H,_;(X) =0 for any exact complex X and
neZ. By applying Hom(X"(R),—) to the sequence (%), there is a commutative
diagram from Lemma 3.2:

- — Hom(X"(R), W~!') — Hom(X"(R), W°) — Hom(Z"(R), W!) — -

| l J

.- HomR(R7Zn(W71)> — HomR(R,Z,,(WO)) — HomR(R,Zn(Wl)) — e
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with the upper exact since Ext!(X"(R),Ker f) =0. Then the second row is
exact. Thus we have an exact sequence of W modules

..—>Zn(W*1)_>Zn(W0)_)Zn(Wl)_)”_ (*)

with  Z,(C) = Ker(Z,(W°) — Z,(W")). So we only need to show that
Homg(—, W) and Homg(W,—) leave the sequence (x) exact when W e W.

Let W be in W and ¢g:Z,(C) — W be a morphism of R-modules. Since
Hom(C, W) is exact, there exists a morphism f : C, — W such that the follow-
ing diagram:

sC

T oy
0O — 7,(C) — C, —— Z,1(C) —— 0

|

w

commutes.

Note that W is Hom(—, X" W) exact since £"(W) is a W complex. For the
exact sequence 0 — C — W? — Ker f! — 0, there is an exact sequence 0 —
Hom(Ker f!,2"(W)) — Hom(W?° " (W)) — Hom(C,X"(W)) — 0. It follows
from Lemma 3.2 that 0 — Homg((Ker f1),, W) — Hom(W?, W) — Hom(C,, W)
— 0 is exact. Thus, for f € Homg(C,, W), there exists a morphism /4 : W,? /4
such that f = ha,. Therefore, we have the following commutative diagram:

&

Z,(w —— w)

1 F
Z,(C) —— C, h
w

where ¢ : Z,(W°) — W9 is the inclusion map, ¢ : Z,(C) — Z,(W?) is induced by
the morphism C — W’ And so g = heg. This implies that

0 — Homg(Z,(Ker f1), W) — Homg(Z,(W°), W) — Homg(Z,(C), W) — 0
is exact. Similarly, we can prove that
0 — Homg(Z,(Ker £, W) — Homg(Z,(W"), W)
— Homg(Z,(Ker ), W) — 0

is exact. Hence, Homg(—, W) leaves the sequence (x) exact. Dually, we can
also show that Homg(W,—) leaves the sequence (*) exact. This completes the
proof.
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(<) Since the sequence
O—>Zn+l(C)—> n+1%Zn(C)—>O

is exact, Z,+1(C) and Z,(C) are W-Gorenstein modules, C,,; is a W-Gorenstein
module for all ne Z by Lemma 3.3, as desired. O

Take W = P (respectively, W = I), the subcategory of projective (respec-
tively, injective) R-modules. We have the following results.

CoroLLARY 3.8. Let C be an exact complex with Hom(C,P) exact for
any Pe P. Then C is Gorenstein projective if and only if Z,(C) is Gorenstein
projective in R-Mod for all neZ.

CoOROLLARY 3.9. Let C be an exact complex with Hom(I, C) exact for any
IeI. Then C is Gorenstein injective if and only if Z,(C) is Gorenstein injective
in R-Mod for all ne Z.

THEOREM 3.10. Let C be a complex. Then the following statements are
equivalent:

(1) C is two-degree C-E W-Gorenstein,

(2) C, Z(C), B(C), H(C), C/Z(C) and C/B(C) are complexes consisting of
W-Gorenstein modules;

(3) C, Z(C), B(C) and H(C) are complexes consisting of W-Gorenstein
modules;

(4) C is a C-E W-Gorenstein complex.

Proof. (1) = (2). By (1), there exists a C-E exact sequence of C-E
W-Gorenstein complexes
W:---—>W_2—>W_l—>W0—>Wl—>W2—>--~ ('i‘)
with C = Ker(W? — W) and such that the functors Hom(—, V) and Hom(V, —)

leave W exact whenever V' is a C-E W-Gorenstein complex. Then there is an
exact sequence of W-Gorenstein modules

W,= =W W' =W -w w2 ...

with C, = Ker(W,) — W) for all ne Z by Lemma 3.6.
Let W be in W. Then X" (W) and X"(W) are C-E W-Gorenstein
complexes by Lemma 3.6. We apply the functors Hom(X"'(W),—) and

Hom(—,Z"(W)) to the sequence (), respectively, we get the exact sequences
-+ — Homg(W, W, ") — Homg(W, W?) — Homg(W,W}) — ...

and
-+ — Homg (W}, W) — Homg(W?, W) — Homg(W, ", W) — - -

for all ne Z by Lemma 3.2. And so C, is a W-Gorenstein module for all n € Z
by Lemma 3.6.
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We also have an exact sequence
= W2 = W Z,(W) = W Z(W) = (3)

of W-Gorenstein modules with C,/Z,(C) = Ker(W?/Z,(W°) — w}/Z,(W"))
for all neZ. We now consider the commutative diagram:

with exact rows and columns. We apply the functor Homg(—, W) to the
commutative diagram. Since Exth(W//B,(W'),W)=0 by Lemma 3.3 and
Lemma 3.6, we get the commutative diagram:

0 0 0
-+ — Homg(W}/B,(W"), W) — Homg(W?/B,(W°), W) — Homg(W, ' /B,(W™ 1), W) — ---

Hompg(W,, W) ————— Homg(W, ", W) —— ---

e — HomR(Wn17 W)

-+ — Homg(B,(W"), W) —— Homg(B,(W"), W) —— Homg(B,(W '), W) — -,

0 0 0
where the first two rows are exact. So the last row is also exact, which means
that

-+ — Homg(W}/Z, (W), W) — Homg(W?/Z,(W°), W)
— Homg(W, 1 /Z,( W), W) — -
is exact since W/!/Z,(W') =~ B,_(W;) for all i,neZ.
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On the other hand, we have the commutative diagram:

0 0 0

C— WYL (W) —— W Z(WO) —— W, [Z, (W) —— -

0 0 0

with exact rows and columns. Applying the functor Homg(W,—) to this
diagram yields the following commutative diagram:

0 0 0

-« —— Homg(W,Z, (W) —— Homg(W,Z,(W°)) —— Homg(W,Z,(W')) — ---

e — HomR(W7 anl) I’IOI‘HRU/V7 Wno) I‘IOmR(I/V7 Wl) [N

n

= HOIIIR(W, Wﬁl/Zn(Wfl)) — HomR(W7 W,,O/ZH(WO)) - HomR(W7 Wnl/zn(Wl)) oy,

n

0 0 0
where the first two rows are exact. So the last row is also exact. Therefore,
Hom (W, W, /Z,(W))

and
Hom(W,,/Z,(W), W)
are exact, where
Z,(W)=- = Z,W " ->2Z,W" - Z,W") — ...

Note that C,/Z,(C) = Ker(W?/Z,(W°) — W]l/Z,(W")). This implies that
C,/Z,(C) is a W-Gorenstein module for each ne Z by Lemma 3.7.
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It is obvious that the sequence
-« — Homg(W,Z,(W™")) — Homg(W,Z,(W°)) — Homg(W,Z, (W) — ---.
is exact for all ne Z.
Moreover, the exact sequence of complexes
0= Zy(W) = W, — W,/Z,(W) — 0
induces exact sequence
0 — Hom(W,/Z,(W), W) — Hom(W,, W) — Hom(Z,(W), W) — 0

since W)"/Z,(W"™) is W-Gorenstein in R-Mod for all m,n e Z.

Since Hom(W, W) and Hom(W/Z,(W), W) are exact, then Hom(Z,(W), W)
is exact. Note that Z,(C) = Ker(Z,(W°) — Z,(W?")). Therefore, Z,(C) is a
W-Gorenstein module for all ne Z by Lemma 3.7.

Similarly, the exactness of

0—B,(W)—=W, - W,/B,(W)—0

gives the exactness of Hom(W,W,/B,(W)).
Applying the functor Hom(—,X"(W)) to the sequence (f) yields the exact
sequence

-+ — Homg(W, /B,(W"), W) — Homg(W,) /B,(W°), W)
— Homg(W, ' /B,(W™1), W) — -

Note that C,/B,(C) = Ker(W?/B,(W°) — W}/B,(W")). This means that
C,/B,(C) is a W-Gorenstein module for each ne Z by Lemma 3.7.
Note that the exactness of

0— B,(W)—Z,(W)—H,(W)—0
and
0—H,(W)—W,/B,(W) —>W,/Z,(W)—0

gives the exactness of Hom(W,H,(W)) and Hom(H,(W), W). We get H,(C)
are WW-Gorenstein modules for all n e Z by Lemma 3.7. As desired.

(2) = (3) is trivial.

(3) = (4). It follows by Lemma 3.6.

(4) = (1) is obvious. O

4. Applications

Lemma 4.1 (Dual version of [7, Theorem 8.5]). For a complex G, the
following statements are equivalent:

(1) G is C-E Gorenstein projective;

(2) G/Z(G) and H(G) are complexes consisting of Gorenstein projective
modules.
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In this case, G, Z(G), B(G) and G/B(G) are complexes consisting of
Gorenstein projective modules.

In particular, if we set YW = P, then two-degree C-E WW-Gorenstein com-
plexes are exactly two-degree C-E Gorenstein projective complexes. We are
now in a position to get Theorem 1.2 from the introduction by Lemma 4.1.

COROLLARY 4.2. A complex C is two-degree C-E Gorenstein projective if and
only if C is C-E Gorenstein projective.

Dually, if we set W = Z, then we have:

COROLLARY 4.3. A complex C is two-degree C-E Gorenstein injective if and
only if C is C-E Gorenstein injective.

DEerFNITION 4.4, A left R-module M is said to be two-degree W-Gorenstein
if there is an exact sequence of W-Gorenstein modules

W= W, > W Wy W_1—>W_—---

such that M =~ Ker(Wy — W_;) and the functors Homg(—, V') and Homg(V, —)
leave W exact whenever V' is a W-Gorenstein module. In this case, W is called
a complete W-Gorenstein resolution of M.

Lemma 4.5. Let M be a two-degree W-Gorenstein module. Then M is a
two-degree C-E W-Gorenstein complex.

Proof. Since M is a two-degree W-Gorenstein module, there exists an exact
sequence of W-Gorenstein modules

W=-s W — Wy— W — -

with M = Ker(Wy, — W_;) and such that the functors Homg(—,H) and
Hompg(H,—) leave W exact whenever H is a W-Gorenstein module. Then
we get a C-E exaxt sequence of C-E W-Gorenstein complexes

W= Wi— Wo— Wy — -

with M = Ker(Wy — W_;) by Theorem 3.10.

For any C-E W-Gorenstein complex V, applying the functor Hom(V, —) to
W vyields the commutative diagram:

- —— Hom(V, W) Hom(V, W) Hom(V,W_;) —— ---

- — Homg(Vo/Bo(V), Wi) — Homg(Vo/Bo(V), Wo) — Hompg(Vo/Bo(V), W_1) — ---
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with the second row exact by Theorem 3.10, Lemma 3.2 and Definition 4.4. So
the first row is exact.
Dually, if we apply the functor Hom(—, V') to W, we also have

-+ — Hom(W_;, V) — Hom(W,, V) — Hom(W;,V) — ---

is exact, Therefore, M is a two-degree C-E W-Gorenstein complex.
By an argument similar to Lemma 4.5. we have:

LeEmMMA 4.6. Let M be a two-degree W-Gorenstein module. Then M is a
two-degree C-E W-Gorenstein complex.

COROLLARY 4.7. A left R-module M is two-degree W-Gorenstein if and only
if M is W-Gorenstein.

Proof. 1t follows by Theorem 3.10 and Lemma 4.5. O

If we take W = P, by Proposition 4.4, we have the following result which
is also the main result of [23].

COROLLARY 4.8. A left R-module M is two-degree Gorenstein projective if
and only if M is Gorenstein projective.

Sather-Wagstaff et al. proved in [23] that an R-module M is two-degree
Gorenstein projective if and only if M is Gorenstein projective over a commu-
tative ring R. In this present paper, we obtain the same result over any ring R
by different methods.

Theorem 3.10 shows that C, Z(C), B(C), H(C), C/Z(C) and C/B(C) are
complexes consisting of W-Gorenstein modules for any two-degree C-E W-
Gorenstein complex C. Here we have the following result by Theorem 3.10 and
Corollary 4.7.

COROLLARY 4.9. Let C be a complex. Then the following statements are
equivalent:

(1) C is a two-degree C-E W-Gorenstein complex;

(2) C, Z(C), B(C), H(C), C/Z(C) and C/B(C) are complexes consisting of
two-degree W-Gorenstein modules.

Let R and S be rings. Following [18], an (S, R)-bimodule C = sCy is
semidualizing if:

(1) sC admits a degreewise finite S-projective resolution.

(2) Cr admits a degreewise finite R-projective resolution.

(3) The homothety map sSs — Homg(C,C) is an isomorphism.

(4) The homothety map grRr — Homg(C,C) is an isomorphism.
(5) Extz'(C,C) = 0.
(6) Extz'(C,C) =0.
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A left S-module M is C-projective if it has the form C ®jz P for some
projective left R-module P. A left R-module N is C-injective if it has the
form Homg(C, E) for some injective left S-module E. Let Pc={C®zrP|P
is a projective left R-module} and Z. = {Homg(C,E)|E is an injective left
S-module} denote the class of C-projective and C-injective modules, respectively.
Then P¢ and Z. are self-orthogonal [13, Corollary 3.2].

If we take W= P¢ (W = Z¢), then a C-E W complex is particularly called
C-E C-projective (C-E C-injective) and a two-degree C-E W-Gorenstein complex
is particularly called two-degree C-E C-Gorenstein projective (C-E C-Gorenstein
injective). Then we have the following result by Theorem 3.10.

ProPOSITION 4.10. A complex G is two-degree C-E C-Gorenstein projective
(two-degree C-E C-Gorenstein injective) if and only if G is C-E C-Gorenstein
projective (C-E C-Gorenstein injective).

C-Gorenstein projective modules and C-Gorenstein injective modules are
introduced and studied in [13], which is different from those defined in [24] ([19])
when S = R is a commutative (Noetherian) ring. If we take W = P, then two-
degree W-Gorenstein modules are particularly called two-degree C-Gorenstein
projective modules. We get the following result by Theorem 3.10 and Corollary
4.7.

COROLLARY 4.11. Let R and S be rings, sCr be a semidualizing bimodule.
Then a left S-module M is two-degree C-Gorenstein projective if and ony if M is
C-Gorenstein projective.

If R and S are right and left Noetherian rings respectively and §Cgr is a
dualizing bimodule, then (two-degree) C-Gorenstein projective modules are just
(two-degree) V-Gorenstein projective (V' = C) [10]; if R =S is a local Cohen-
Macaulay ring admitting a dualizing module C, then (two-degree) C-Gorenstein
projective modules coincide with (two-degree) Q-Gorenstein projective modules
Q=20 9]

By Corollary 4.11, we obtain the following results.

COROLLARY 4.12. Let R be a commutative Noetherian ring. Then an R-
module M is two-degree V-Gorenstein projective if and only if M is V-Gorenstein
projective.

COROLLARY 4.13. Let R be a commutative local Cohen-Macaulay ring
admitting a dualizing module C. Then an R-module M is two-degree Q-Gorenstein
projective if and only if M is Q-Gorenstein projective.

Remark 4.14. Dually, the results above concerning with C-Gorenstein injec-
tivity, V'-Gorenstein injectivity, Q-Gorenstein injectivity and Gorenstein injectivity
hold.
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