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INDUCTION FUNCTORS FOR GROUP CORINGS

Quan-Guo Chen and Ding-Guo Wang*

Abstract

In the paper, we prove that the induction functor stemming from every morphism

of group coring versus coring has a left adjoint, called ad-induction functor. The

separability of the induction functor is characterized, extending some results for

corings.

1. Introduction

As the generalization of coring, introduced by Sweedler [8] and revised by
Brzeziński [1], Caenepeel et al. introduced the group coring and developed Galois
theory for group corings in [2], which have become increasingly an interesting
subject to study. Some study of the new structure has been carried out in recent
papers (see [4], [6] and [10]).

Given an A-coring C, where A is an algebra over a fixed field k, we have the
category MC of all the right comodule over C. It follows from [1] that there
exists a pair of adjoint functor between the category MC and the category MA

of all the right A-modules. The extension of this result to the context of
Hopf group-coalgebras was made in the work of the authors in [10], that is,
there exists a pair of adjoint functor between the category MG;C of all the right
G-C-comodule and the category MA of all the right A-modules. As we know,
an algebra A has a canonical A-coring structure over itself. A natural question
occurs to us: whether there exists a pair of adjoint functor between the category
MG;C of all the right G-C-comodule and the category MD of all the right
comodules over a given B-coring, if so, how to characterize its separability. This
is done in this paper.

This paper is organized as follows.
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In Section 2, we recall some basic concepts such as group coring and
cotensor product. In Section 3, we use the notion of homomorphism of corings
to construct a pair of adjoint functors (the induction functor and its adjoint,
called here ad-induction functor). Finally, the separability of the induction
functor is characterized.

2. Preliminaries

Throughout this paper, we always let G be a group with the unit e and k a
field.

2.1. Group corings. First recall from [2] that a G-group A-coring (or
shortly a G-A-coring) C is a family fCaga AG of A-bimodules together with a
family of A-bimodule maps

Da;b : Cab ! Ca nA Cb; e : Ce ! A

such that

ðDa;b nA CgÞ � Dab; g ¼ ðCa nA Db; gÞ � Da;bg

and

ðCa nA eÞ � Da; e ¼ Ca ¼ ðenA CaÞ � De;a

for all a; b; g A G.

Remark 2.1. If C is a G-A-coring, then Ce is an ordinary A-coring in sense
of [8].

We use the following Sweedler-type notation for the comultiplication maps
Da;b:

Da;bðcÞ ¼ cð1;aÞnA cð2;bÞ;

for all c A Cab.
A right G-C-comodule M ¼ fMaga AG is a family of right A-modules, to-

gether with a family of right A-linear maps rM ¼ frM
a;bga;b AG,

rM
a;b : Mab !Ma nA Cb

such that

ðMa nA Db; gÞ � rM
a;bg ¼ ðrM

a;b nA CgÞ � rM
ab; g

and

ðMa nA eÞ � rM
a; e ¼Ma

for all a; b; g A G.
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We use the following Sweedler-type notation:

rM
a;bðmÞ ¼ m½0;a�nA m½1;b�

for m A Mab.
A morphism between two right G-C-comodules M and N is a family of right

A-linear maps f ¼ f fa : Ma ! Naga AG such that

ð fa nA CbÞ � ra;b ¼ ra;b � fab:

The category of right G-C-comodules will be denoted by MG;C .

2.2. The cotensor product. Let D be a B-coring. Let M A MD and
N AD M. First recall that the cotensor product MkDN of M and N is given
by

MkDN ¼
(X

i

mi nB ni A MnN

����X
i

mi½0�nB mi½1�nB ni

¼
X
i

mi nB ni½�1�nB ni½0�

)
;

that is, MkDN fits an exact sequence

0!MkDN !MnB NxMnB DnB N;

where the two maps MnB N !MnB DnB N are rM nB N and MnB r
N .

3. Separable homomorphisms of G-A-corings versus corings

Consider a G-A-coring C and a B-coring D, where A and B are both
k-algebra.

Definition 3.1. A coring homomorphism is a pair ðj; mÞ, where m : A! B
is a homomorphism of algebras and j : Ce ! D is a homomorphism of
A-bimodules, and such that the following equations

QD;D � ðjnA jÞ � De; e ¼ DD � j;
m � ee ¼ eD � j;

where QD;D : DnA D! DnB D is the canonical map induced by m.
Throughout the rest of this section, we always assume that there exists a

coring homomorphism ðj; mÞ between two corings Ce and D.

3.1. The induction functor.

Proposition 3.2. The assignment M 7!Me nA B establishes a functor
ð�Þe nA B : MG;C !MD.
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Proof. Let rM ¼ frM
a;b : Mab !Ma nA Cbga;b AG be a right G-C-comodule.

Define

rMenAB : Me nA B!Me nA BnB D; mnA b 7! m½0; e�nA 1B nB jðm½1; e�Þ � b:

It is straightforward to check that Me nA B is an object of MD. In order to
show the assignment M 7!Me nA B is functorial, we will prove that fe nA B is a
homomorphism of right D-comodules for every morphism f ¼ f fa : Ma ! Naga AG
in MG;C . In fact, for all m A Me and b A B, we have

rNenAB � ð fe nA BÞðmnA bÞ ¼ f ðmÞ½0; e�nA 1B nB jð f ðmÞ½1; e�Þ � b

¼ f ðm½0; e�ÞnA 1B nB jðm½1; e�Þ � b

¼ ð fe nA BnB DÞ � rMenABðmnA bÞ:

This ends the proof. r

3.2. The ad-induction functor. For each a A G, define

rBnACa : BnA Ca ! DnB BnA Ca; bnA c 7! b � jðcð1; eÞÞnB 1B nA cð2;aÞ:

Lemma 3.3. BnA C ¼ fBnA Caga AG is a D-C-bicomodule.

Proof. It is su‰cient to prove that the following diagram is commutative,

BnA Cab

BnADa; b

BnA Ca nA Cb

r
BnACab

???y
???yrBnACanACb

DnB BnA Cab �������!DnBBnADa; b

DnB BnA Ca nA Cb

�����������!

Indeed, for all b A B and c A Cab,

ðrBnACa nA CbÞ � ðBnA Da;bÞðbnA cÞ
¼ b � jðcð1;aÞð1; eÞÞnB 1B nA cð1;aÞð2;aÞnA cð2;bÞ

¼ b � jðcð1; eÞÞnB 1B nA cð2;abÞð1;aÞnA cð2;abÞð2;bÞ

¼ ðDnB BnA Da;bÞ � rBnACabðbnA cÞ:

This shows that BnA C ¼ fBnA Caga AG is a D-C-bicomodule. r

Proposition 3.4. We have a pair of adjoint functors ðF ;UÞ between the
categories MG;C and MB (the category of right B-module).
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Proof. Take M ¼ fMaga AG, and define

F : MG;C !MB; M 7!Me nA B:

For a morphism f ¼ f fa : Ma !M 0
aga AG in MG;C , we simply define

Fð f Þ ¼ fe nA B:

Let us now define U . For N A MB, and define

U : MB !MG;C ; N 7! NnB ðBnA CÞ;

where NnB ðBnA CÞ ¼ fNnB ðBnA CaÞga AG with the G-comodule structure
maps

rGðNÞ ¼ frGðNÞ
a;b ¼ NnB ðBnA Da;bÞga;b AG:

Consider the map

f : HomBðMe nA B;NÞ ! HomCðM;NnB ðBnA CÞÞ;ð3:1Þ

sending f to fð f Þ ¼ ffð f Þaga AG, where

fð f Þa : Ma ! NnB ðBnA CaÞ; fð f ÞaðmÞ ¼ f ðm½0; e�nA 1BÞnB ð1B nA m½1;a�Þ
and

j : HomCðM;NnB ðBnA CÞÞ ! HomBðMe nA B;NÞ; g! jðgÞ;
where

jðgÞðmnA bÞ ¼ ðNnB ðBnA eÞðgeðmÞÞÞ � b:

Let us check that f and j are mutually inverse:

fðjðgÞÞaðmÞ ¼ jðgÞðm½0; e�nA 1BÞnB ð1B nA m½1;a�Þ

¼ ðNnB ðBnA eÞðgeðm½0; e�ÞÞÞnB ð1B nA m½1;a�Þ

¼ ððNnB ðBnA eÞÞnB ðBnA CaÞÞðgeðm½0; e�ÞnB 1B nA m½1;a�Þ

¼ ððNnB ðBnA eÞÞnB ðBnA CaÞÞðgaðmÞ½0; e�nB 1B nA gaðmÞ½1;a�Þ

ðgaðmÞ ¼ ni nB ðbi nA ciÞ A NnB ðBnA CaÞÞ
¼ ððNnB ðBnA eÞÞnB ðBnACaÞÞðni nB ðbinA cið1; eÞÞnB 1B nA cið2;aÞÞ

¼ ni � bimðeðcið1; eÞÞÞnB 1B nA cið2;aÞ

¼ ni nB bi nA eðcið1; eÞÞ � cið2;aÞ
¼ ni nB bi nA ci ¼ gaðmÞ

For all m A Ma, and
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j � fð f ÞðmnA bÞ ¼ ðNnB ðBnA eÞðfð f ÞeðmÞÞÞ � b
¼ ðNnB ðBnA eÞð f ðm½0; e�nA 1BÞnB ð1B nA m½1; e�ÞÞ � b

¼ f ðm½0; e�nA 1BÞ � mðeðm½1; e�ÞÞb

¼ f ðm½0; e� � eðm½1; e�ÞnA bÞ ¼ f ðmnA bÞ:

This ends the proof. r

For a G-A-coring C, recall from [10, Lemma 3.1] that there exists a pair

of adjoint functors ðF1;U1Þ between the categories MG;C and MA (the category of
right A-modules). Notice that the adjoint functors ðF ;UÞ in Proposition 3.4 are
the composition of the functors ðF1;U1Þ and the restriction/induction functor
induced by A! B:

MG;C . MA . MB:

Next, take N A MD and NkDðBnA CaÞ denotes the cotensor product of N
and BnA Ca. Let NkDðBnA CÞ ¼ fNkDðBnA CaÞga AG. From the proof of
Prop. 3.4, we have

Proposition 3.5. If C is flat as a left A-module (means that each Ca is flat),
and N A MD, M ¼ fMaga AG A MG;C then NkDðBnA CÞ ¼ fNkDðBnA CaÞga AG
is an object of MG;C via the structure map fNnB BnA Da;bga;b AG. (3.1) restricts
to an isomorphism

HomDðMe nA B;NÞGHomCðM;NkDðBnA CÞÞ:

Therefore, �kDðBnA CÞ is right adjoint to ð�Þe nA B.

Proof. We have to show that, for all
P

i ni nB ðbi n ciÞ A NkDðBnA CabÞ
with a; b A G:

x ¼
X
i

ðni nB ðbi nA cið1;aÞÞÞn cið2;bÞ A ðNkDðBnA CaÞÞnA Cb:

For each a A G, we have an exact sequence

0! NkDðBnA CaÞ ! NnB ðBnA CaÞxNnB DnB ðBnA CaÞ:

Since Cb is flat, we have another exact sequence

0! ðNkDðBnA CaÞÞnA Cb ! NnB ðBnA CaÞnA Cb

x NnB DnB ðBnA CaÞnA Cb:

Therefore, in order to show that x A ðNkDðBnA CaÞÞnA Cb, it su‰ces to show
that

ðrN nB BnA Ca nA CbÞðxÞ ¼ ðNnB r
BnACa nA CbÞðxÞ:
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Indeed, we have

ðrN nB BnA Ca nA CbÞðxÞ ¼
X
i

nið0ÞnB nið1ÞnB bi nA cið1;aÞnA cið2;bÞ

¼
X
i

nið0ÞnB nið1ÞnB bi nA cið1;aÞnA cið2;bÞ

¼
X
i

ni nB bi � jðcið1;aÞð1; eÞÞnA cið1;aÞð2;aÞnA cið2;bÞ

¼ ðNnB r
BnACa nA CbÞðxÞ:

So NkDðBnA CÞ ¼ fNkDðBnA CaÞga AG is an object of MG;C .
Take f A HomDðMe nA B;NÞ, for all a A G and m A Ma, since

ðrN nB ðBnA CaÞÞ � fð f ÞaðmÞ

¼ ðrN nB ðBnA CaÞÞð f ðm½0; e�nA 1BÞnB ð1B nA m½1;a�ÞÞ

¼ ð f nB DnB ðBnA CaÞÞðrMenABðm½0; e�nA 1BÞnB ð1B nA m½1;a�ÞÞ

¼ ð f nB DnB ðBnA CaÞÞðm½0; e�½0; e�nA 1B nB jðm½0; e�½1; e�ÞnB ð1B nA m½1;a�ÞÞ

¼ ð f nB DnB ðBnA CaÞÞðm½0; e�nA 1B nB jðm½1;a�ð1; eÞÞnB ð1B nA m½1;a�ð2;aÞÞÞ

¼ f ðm½0; e�nA 1BÞnB jðm½1;a�ð1; eÞÞnB ð1B nA m½1;a�ð2;aÞÞ

¼ ðNnB r
BnACaÞ � fð f ÞaðmÞ:

Hence it follows fð f ÞaðmÞ A NkDðBnA CaÞ. Conversely, let f A HomBðMe nA

B;NÞ. Assume that fð f ÞaðmÞ A NkDðBnA CaÞ, by (3.1), it is su‰cient to check
that

fðrN � f Þ ¼ fðð f nB DÞ � rMenABÞ:ð3:2Þ
In fact, for all a A G and m A Ma, since

fðð f nB DÞ � rMenABÞaðmÞ

¼ ð f nB DÞ � rMenABðm½0; e�nA 1BÞnB ð1B nA m½1;a�Þ

¼ f ðm½0; e�½0; e�nA 1BÞnB jðm½0; e�½1; e�ÞnB ð1B nA m½1;a�Þ

¼ f ðm½0; e�nA 1BÞnB jðm½1;a�ð1; eÞÞnB ð1B nA m½1;a�ð2;aÞÞ

¼ ðNnB r
BnACaÞ � fð f ÞaðmÞ

and

fðrN � f ÞaðmÞ ¼ rNð f ðm½0; e�nA 1BÞÞnB ð1B nA m½1;a�Þ

¼ ðrN nB ðBnA CaÞÞ � fð f ÞaðmÞ:

So we can get relation (3.2) from the assumption. r
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Let us finally describe the unit h of this adjunction in Prop. 3.5. Taking
M ¼ fMaga AG A MG;C , the unit hM ¼ fhM

a ga AG for ð�Þe nA B a �kDðBnA CÞ
at M is given by

hM
a ðmÞ ¼ ðm½0; e�nA 1BÞkDð1B nA m½1;a�Þ:

Now, we shall achieve the main goal in this section. Before presenting the
main theorem, we first give the following remark which is necessary.

Remark 3.6. (1) Let M ¼ fMaga AG A MG;C . For each a A G, M a ¼
fMabgb AG is a G-C-comodule via the structure map frMa

b; g ¼ rM
ab; ggb; g AG.

(2) Let M ¼ fMaga AG A MG;C be flat as a right A-module. Then the map

ðMab nA BÞnB ðBnA CgÞ ������������!ðrM
a; b

nABÞnBðBnACgÞ
Ma nA ðCb nA BÞnB ðBnA CgÞ

restricts to

ðMab nA BÞkDðBnA CgÞ !Ma nA ðCb nA BÞkDðBnA CgÞ
¼ ðMa nA Cb nA BÞkDðBnA CgÞ

for all a; b; g A G, where Mab nA B, Cb nA B are considered as right D-comodules
by applying the functor ð�Þe nA B to M ab, C b, and Ma nA Cb nA B via
Ma nA rCbnAB.

Theorem 3.7. Assume that C is flat as a left A-module and every object in
MG;C is flat as right A-module. The functor ð�Þe nA B : MG;C !MD is sep-
arable if and only if there is a family of homomorphisms of A-bimodule

y ¼ fyðaÞ : ðCa�1 nA BÞkDðBnA CaÞ ! Aga AG;
such that

(1) yðaÞ � hC a�1

a ¼ e,
(2) y satisfies the following commutative diagram:

ðCa�1 nA BÞkDðBnA CabÞ
ðD

b;ðabÞ�1nABÞnBðBnACabÞ
Cb nA ððCðabÞ�1 nA BÞkDðBnA CabÞÞ???yðCa�1nABÞnBðBnADa; bÞ

???yCbnAy
ðabÞ

ððCa�1 nA BÞkDðBnA CaÞÞnA Cb

yðaÞnACb

Cb

���������!

�������������������!
Proof. Assume that ð�Þe nA B is separable. By Rafael’s Theorem (see [7]),

there exists a natural transformation o : ðð�Þe nA BÞkDðBnA CÞ ! 1MG;C such
that o � h ¼ 1 (the identiy natural transformation.) Specially, considering G-C-
comodule C a�1 ¼ fCa�1bgb AG via Da�1b; g and applying o to it, we have

oC a�1 ¼ foC a�1

b : ðCa�1 nA BÞkDðBnA CbÞ ! Ca�1bgb AG:
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Then we construct a family of k-linear maps y ¼ fyðaÞga AG,
yðaÞ ¼ e � oC a�1

a : ðCa�1 nA BÞkDðBnA CaÞ ! A:

From e and oC a�1

a being both right A-linear, it follows that the map yðaÞ is a right
A-module morphism. Next for all a A A, we consider a family of k-linear maps

f ða;a
�1Þ ¼ f f ða;a

�1Þ
b gb AG,

f
ða;a�1Þ
b : Ca�1b ! Ca�1b; f

ða;a�1Þ
b ðcÞ ¼ a � c:

It is checked easily that f a;a is a morphism of MG;C . By the naturality of o, we
have the following commutative diagram

ðCa�1 nA BÞkDðBnA CbÞ ���!oC a�1
b

Ca�1b

ð f ða; a
�1Þ

e nABÞkDðBnACbÞ

???y
???y f

ða; a�1Þ
b

ðCa�1 nA BÞkDðBnA CbÞ ���!oC a�1
b

Ca�1b

for all a A G. It follows from the above commutative diagram that oC a�1

b is left
A-linear, thus yðaÞ is left A-linear. Since

oC a�1

a ððcð1;a�1ÞnA 1BÞkDð1B nA cð2;aÞÞÞ ¼ c

for any c A Ce, we have

yðaÞ � hC a�1

a ðcÞ ¼ yaððcð1;a�1ÞnA 1BÞkDð1B nA cð2;aÞÞÞ

¼ e � oC a�1

a ððcð1;a�1ÞnA 1BÞkDð1B nA cð2;aÞÞÞ ¼ eðcÞ:

Now, for all c A Cb, we consider the morphism

l ðc;abÞg : CðabÞ�1g ! Cb nA CðabÞ�1g; c 0 7! cnA c0:

By the naturality of o, we have the following commutative diagram

ðCðabÞ�1 nA BÞkDðBnA CgÞ
oC ðabÞ

�1
g

CðabÞ�1g???yðl ðc;abÞe nABÞkDðBnACbÞ

???yl
ðc; abÞ
g

ðCb nA CðabÞ�1 nA BÞkDðBnA CgÞ ����!oRðb;aÞ
g

Cb nA CðabÞ�1g

���������!

where

Rðb;aÞ ¼ fRðb;aÞg ¼ Cb nA CðabÞ�1ggg AG:
It follows from the commutative diagram above that

oRðb; aÞ

g ðcnA xÞ ¼ cnA oC ðabÞ
�1

g ðxÞ
for any c A Cb and x A ðCðabÞ�1 nA BÞkDðBnA CgÞ. Since c is arbitrary, we have

oRðb; aÞ

g ¼ Cb nA oC ðabÞ
�1

g :
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The condition (2) in Theorem 3.7 follows from the following commutative
diagram

ðCa�1 nA BÞkDðBnA CabÞ ��������������!ðD
b; ðabÞ�1nABÞnBðBnACabÞ

Cb nA ðCðabÞ�1 nA BÞkDðBnA CabÞ

Cb

Db; e

Cb nA Ce???yDe; b CbnAe

???y
ððCa�1 nA BÞkDðBnA CaÞÞnA Cb ������!oC a�1

a nACb

Ce nA Cb

enACb

Cb

 
���

���
����

ðC
a�1 nA BÞnB ðBnA Da; bÞ

oRðb; aÞ
ab

 
���

 �������������
������� oC a�1

ab

������!

������!
To prove the converse, we need to construct a natural transformation o

from the A-bimodule y. Given a right G-C-comodule M ¼ fMaga AG, we define
a family of k-linear maps oM ¼ foM

a ga AG, where oM
a can be defined by the

composition

ðMe nA BÞkDðBnA CaÞ �������������!ðrM

a; a�1
nABÞnBðBnACaÞ

Ma nA ððCa�1 nA BÞkDðBnA CaÞÞ

�������������!ManAy
ðaÞ

Ma

It follows from yðaÞ being A-linear that each oM
a is right A-linear. Using the

following commutative diagrams

ðMe nA BÞkDðBnACabÞ
ðrM

ab; ðabÞ�1
nA BÞnBðBnACabÞ

Mab nA ððCðabÞ�1 nA BÞkDðBnACabÞÞ
MabnAy

ðabÞ

Mab???yðrM

a;a�1
nA BÞnBðBnACabÞ

???yManAððDb; ðabÞ�1nA BÞnBðBnACabÞÞ

ððMe nA BÞkDðBnACaÞÞnACb
ððrM

a;a�1
nA BÞnBðBnACaÞÞnACb

Ma nA ððCa�1 nA BÞkDðBnACaÞÞnACb
ManAy

ðaÞnACb

Ma nACb

Ma nA ððCa�1 nA BÞkDðBnACabÞÞ

Ma nACb nA ððCðabÞ�1 nA BÞkDðBnACabÞÞ

 
���

���
���

���
���

���

ðMenA BÞnBðBnADa; bÞ

ManAððCa�1nA BÞkDðBnADa; bÞÞ

 
���

���
����

rM
a; b

nAððCðabÞ�1nA BÞnBðBnACabÞÞ

 
���

���
���

�

 ������������
�����

ManACbnAy
ðabÞ  

���
���

���
���

���
���

rM
a; b

�����������! ��������!

�������! �����!
shows that oM is a morphism in MG;C , and

Ma

hM
a ðMe nA BÞkDðBnA CaÞ

oM
a

Ma

rM
a; e

???y ðrM

a; a�1
nABÞnBðBnACaÞ

???y
???yMa

Ma nA Ce ������!ManAh
C a�1
a

Ma nA ððCa�1 nA BÞkDðBnA CaÞÞ ����!ManAy
ðaÞ

Ma

������������! ��������!

shows oM
a � hM

a ¼ idMa
. It is easily to check that o is natural at M.

The proof is completed. r

164 quan-guo chen and ding-guo wang



By considering on A the canonical A-coring structure, as a corollary of
Theorem 3.7, we have the main result of [10].

Corollary 3.8 ([10]). For a G-A-coring C, the forgetful functor
F : MG;C !MA is separable if and only if there exists a family of A-bimodules
y ¼ fyðaÞ : Ca�1 nA Ca ! Aga AG such that

yðaÞðc 0ð1;a�1ÞnA c 0ð2;aÞÞ ¼ eðc 0Þ;
cð1;bÞ � yðabÞðcð2;b�1a�1ÞnA dÞ ¼ yðaÞðcnA dð1;aÞÞ � dð2;bÞ

for all c 0 A Ce, c A Ca�1 , d A Cab.
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