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ON THE GEOMETRY OF THE RESCALED RIEMANNIAN
METRIC ON TENSOR BUNDLES OF ARBITRARY TYPE

AYDIN GEZER AND MURAT ALTUNBAS

Abstract

Let (M,g) be an n-dimensional Riemannian manifold and T](M) be its (1,1)-
tensor bundle equipped with the rescaled Sasaki type metric Sg; which rescale the
horizontal part by a non-zero differentiable function f. In the present paper, we discuss
curvature properties of the Levi-Civita connection and another metric connection of
T} (M). We construct almost product Riemannian structures on T} (M) and investigate
conditions for these structures to be locally decomposable. Also, some applications
concerning with these almost product Riemannian structures on 7 (M) are presented.
Finally we introduce the rescaled Sasaki type metric gy on the (p,q)-tensor bundle
and characterize the geodesics on the (p, g)-tensor bundle with respect to the Levi-Civita
connection and another metric connection of Sgy.

1. Introduction

Geometric structures on bundles have been object of much study since the
middle of the last century. The natural lifts of the metric g, from a Rieman-
nian manifold (M,g) to its tangent or cotangent bundles, induce new (pseudo)
Riemannian structures, with interesting geometric properties. Maybe the best
known Riemannian metric ¢ on the tangent bundle over Riemannian manifold
(M, g) is that introduced by S. Sasaki in 1958 (see [32]), but in most cases the
study of some geometric properties of the tangent bundle endowed with this
metric led to the flatness of the base manifold. The metric Sg is called the
Sasaki metric in literature (for the recent survey on the Sasaki metric, see [16]).
The Sasaki metric g has been extensively studied by several authors and in
many different contexts. In [39] (see also [40, 41]), B. V. Zayatuev introduced a
Riemannian metric %g; on the tangent bundle TM given by
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Sor("X, 1Y) = fg(X, ),
Sgr("X,7Y) =g, ("X, 1Y) =0,
Sor("XTY) = 9(X, Y),

for all vector fields X and Y on M, where f >0, fe C*(M). For f=1, it
follows that Sg; = S¢, i.e. the metric Sg; is a generalization of the Sasaki metric
Sg. In [35], J. Wang and Y. Wang called this metric the rescaled Sasaki metric
and studied geodesics and some curvature properties for the rescaled Sasaki
metric. Also, the authors studied the rescaled Sasaki type metric on the cotan-
gent bundle T7*M over a Riemannian manifold (M, g) (see [11]).

Let M be an n-dimensional differentiable manifold endowed with an almost
product structure F and a Riemannian metric g such that g(FX,Y) = g(X,FY),
i.e. g is pure with respect to F for arbitrary vector fields X and Y on M. Then
the triple (M, F,g) is called an almost product Riemannian manifold. Almost
product Riemannian structures was firstly introduced by K. Yano in [38]. The
classification of almost product Riemannian structures with respect to their
covariant derivatives is described by A. M. Naveira in [27]. This is the analogue
of the classification of almost Hermitian structures by A. Gray and L. Hervella
in [15]. Later, M. Staikova and K. Gribachev obtained a classification of the
almost product Riemannian structures, for which the trace vanishes (see [33]).
Almost product structures on the tangent, cotangent and tensor bundles of
a manifold M were considered by some authors (e.g. see [5, 6, 7, 11, 21, 25,
28, 31]).

Fibre bundles play an important role in every aspect of modern geometry
and topology. Prime examples of fiber bundles are tensor bundles of arbitrary
type over differentiable manifolds. The tangent bundle 7M and cotangent
bundle 7*M are the special cases of a more general tensor bundle. The Sasaki
type metric is defined on (p,q)-tensor bundles over Riemannian manifolds
(see, [30]). In [28], the Levi-Civita connection of the Sasaki type metric on
the (1, 1)-tensor bundle and all types of its curvature tensors are calculated and
also investigated interesting relations between the geometric properties of the base
manifold and its (1, 1)-tensor bundle with the Sasaki type metric. In addition, it
is presented examples of almost para-Norden and para-Kéhler-Norden metrics
on the (1,1)-tensor bundle with the Sasaki type metric.

Motivated by the above studies, our aim is to define the rescaled Sasaki
type metric on tensor bundles of arbitrary type and study its some properties.
The paper is structured as follows. In section 2, we review some introductory
materials concerning with the tensor bundle T](M) over an n-dimensional
differentiable manifold M. In section 3, we get the conditions under which
the tensor bundle 7} (M) endowed with some almost product structures and the
rescaled Sasaki type metric Sgy is a locally decomposable Riemannian manifold.
Moreover, we give some applications related to the almost product structures on
the tensor bundle 7|'(M). Section 4 and section 5 discuss curvature properties
of the Levi-Civita connection and another metric connection of 7, (M) with



ON THE GEOMETRY OF THE RESCALED RIEMANNIAN METRIC 39

ng. Section 6 deals with detailed descriptions of geodesics on the (p, ¢)-tensor

bunSdles with respect to the Levi-Civita connection and another metric connection
of °gr.

All manifolds, tensor fields and connections in the present paper are always
assumed to be differentiable of class C* (i.e. smooth). Also, we denote by
SP(M) the set of all tensor fields of type (p,q) on M, and by S/(77(M)) the
corresponding set on the (p,g)-tensor bundle 77(M). The Einstein summation
convention is used, the range of the indices i, j, s being always {1,2,...,n}.

2. Preliminaries

2.1. The (1,1)-tensor bundle. Let M be a differentiable manifold of class
C* and finite dimension n. Then the set T} (M) =, ,, T} (P) is, by defini-
tion, the tensor bundle of type (1,1) over M, where U denotes the disjoint union
of the tensor spaces T} (P) for all Pe M. For any point P of T} (M) such that
P e T (P), the surjective correspondence P — P determines the natural projection
n:T/(M)— M. The projection n defines the natural differentiable manifold
structure of T}(M), that is, T\ (M) is a C*-manifold of dimension n+n?. If
x/ are local coordinates in a neighborhood U of Pe M, then a tensor 7 at P
which is an element of 7|'(M) is expressible in the form (x/ ,11), where t! are

. . o
components of 7 with respect to the natural base. We may consider (x/ ,t]?) =

(x/,xy=(x"), j=1,....n, j=n+1,....n+n> J=1,...,n+n? as local coor-
dinates in a neighborhood 7~ !(U).

A

Let X = X! % and A4 :A]’ % ® dx’ be the local expressions in U of a

vector field X and a (1,1) tensor field 4 on M, respectively. Then the vertical
lift Y4 of A and the horizontal lift X of X are given, with respect to the
induced coordinates, by

=()-(3)

and
HyJj X/
(22) HX:(H ]_): Xsrmi_ri m ’
X ( sj tm xmlj )
where T are the coefficients of the connection V on M. A

Let ¢ € S{(M), which are locally represented by ¢ = ¢! ; ®dx’/. The
ox'
vector fields yp and jp € S} (T} (M)) are respectively defined by

YQ = m i )
lj Pm
T\ ey
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with respect to the coordinates (x/,x/) in T (M). From (2.1) we easily see that
the vector fields yp and ¢ determine respectively global vector fields on 7 (M).

The Lie bracket operation of vertical and horizontal vector fields on T} (M)
is given by the formulas

[HXvHY] :H[Xv Y]+(J~)_y)R(X7 Y)7
(23) [HXv VA] = V(V)(A),
[VAv VB] =0
for any X, Y € S} (M) and 4, Be 3! (M), where R is the curvature tensor field of
the connection V defined by R(X,Y) = [Vyx,Vy] = Vix y] and (7 —y)R(X,Y) =
0 .
(Z’ R/’Z}/Xkyl t”’R’ XkY’> (for details, see [3, 28, 30]).

2.2. Expressions in the adapted frame. We insert the adapted frame which
allows the tensor calculus to be efficiently done in 7} (M). With the con-
nection V on M, we can introduce adapted frames on each induced coordinate
neighborhood L ) of T!(M). In each local chart U = M, we write X|;

0; —5 6/1€JO(M) ) =0, ®dx/ = k&’@@dx”e“‘(M), j=1,...,n, ]—
n+1 ,n—+n’. Then from (2.1) and (2.2), we see that these Vector fields
have respec‘uvely local expressions
=00+ (—TE + 1k T3)0;
i k
Y4U) = 585} 0;

. . 0 0
with respect to the natural frame {d;,0;} in T (M), where 0 = e 0; = e

_ ‘ X
x"=1tf and o] is the Kronecker’s. These n+n® vector fields are linearly
independent and they generate the horizontal distribution of the connection
V and the vertical distribution of T} (M), respectlvely The set {7X;), 4} is
called the frame adapted to the connection V in n~'(U) = T} (M). By denotmg

(2.4) B ="X;,
v
E-="AU

)

we can write the adapted frame as {E,} = {£j, E5}. The indices o,f,7,... =
1,...,n+n? indicate the indices with respect to the adapted frame.
Using (2.1), (2.2) and (2.4), we have

(2.5) M:(i)

J
and

(2.6) HX—(%)
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with respect to the adapted frame {E,} (for details, see [28]). By the straight-
forward calculations, we have the lemma below.

LEMMA 1. The Lie brackets of the adapted frame of T} (M) satisfy the
following identities:

[E1, Ej] = (i Ry, — 1) R} E;,
[E1, E5| = (6]T} — 6T} Es,
(B B =0,

where RS,

B denote the components of the curvature tensor of the connection V on M.

3. Almost product Riemannian structures on the (1,1)-tensor bundle

Let T!(M) be the (1, 1)-tensor bundle over a Riemannian manifold (M, g).
For each P e M, the extension of scalar product g (marked by G) is defined on
the tensor space n~'(P) = T (P) by G(4,B) = gug” A/B] for all 4,Be T}|(P).
The rescaled Sasaki type metric g, is defined on 7 (M) by the following three
equations

(3'1) ng(VA7 VB) = V(G(A,B)),
(3.2) S90("4,7Y) =0,
(3.3) Sqr ("X, 7YY =V(fg(X, Y))

for any X,Y € 3} (M) and 4,BeS}(M), where f >0, fe C*(M) (for f=1,
see [28]). From the equations (3.1)—(3.3), by virtue of (2.5) and (2.6), the
rescaled Sasaki type metric Sg; and its inverse have components with respect
to the adapted frame {E,}:

Car)y Car)ir fgi 0 7
S _ J Jj _ Yj ] / 4
(3.4) ( 9y )ﬂy ( (ng)_/‘_/ (ng) 7) ( 0 gizg'/l ) , X I

and

jl il L
(3.5) (Sgp)?" = ((ng)T Car)” ) A
(Sgr) NJ 0 gigy

-
I
<A

For the Levi-Civita connection of the rescaled Sasaki type metric ng we give
the next theorem.

THEOREM 1. Let (M,g) be a Riemannian manifold and equip its tensor
bundle T} (M) with the rescaled Sasaki type metric ng. Then the corresponding
Levi-Civita connection V satisfies the followings:



42 AYDIN GEZER AND MURAT ALTUNBAS

BNy r f 1 S 4U 1 v g8

) Vi kj =\ T304y (Bt 3 Rty =5 Rigty o B,

i) Vi By = {5y 0uR 8 — 500" Ry | Bt (Tjo] = Uo7 v
2

e 1 1
iii) VEI_E_,»{ fng‘“z ~ 379 9" Ryt }E
iv) Vg E;=0

with respect to the adapted frame, where /Ah is a tensor field of type (1,2) defined
by Al = ([0 + S} — f'a) and fi=aif, R} = ggVRy,

Proof. The connection V is characterized by the Koszul formula:

)) = Z(Pgr(X, 1))

for all vector fields X, ¥ and Z on T!(M). One can verify the Koszul for-
mula for pairs X = E;, E; and Y E;, E; and Z = Ey, E;. In calculations, the

formulas (2.4), Lemma 1 and the ﬁrst B1anch1 identity for R should be applied.
We omit standart calculations. ]

Let X, Y e S}(T}(M)). Then the covariant derivative V3 ¥ has components
Vi Y =X'E Y+ T X'y’

with respect to the adapted frame {E,}. Using (2.4), (2.5), (2.6) and (3.6), we
have the following proposition.

PrOPOSITION 1. Let (M,g) be a Riemannian manifold and V be the Levi-
Civita connection of the tensor bundle T}(M) equipped with the rescaled Sasaki
type metric Sgy. Then the corresponding Levi-Civita connection satisfies the fol-
lowing relations:

. 1

1) Vuy Y = VxY

i) Viy < x¥ +52 3 f

- 1 : _
ii) Vay "B = 3”(\(/’-’R(tb,BJ-)X+gm-(1"(g‘1 oR( ,X)B')+ "(VyB),

iii) VveY =§H(g“R<zb, C)Y +gu(t“(97 o R( ,Y)C")),

iv) Vie"B=0
for all X, Ye o(M) and B,C € 3} (M), where C; = (C}), C' = (g"'C}) = (C™),
n=(t), t*=(18), R( ,X)Y €3{(M), g7' o R( ,X)Ye%‘é( ) and A(X,Y)
=X(f)Y+ Y(f)X—g(X> Y)o(df)" (for f =1, see [28]).

LAY ) 5 G- DR
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An almost product Riemannian manifold (M, F,g) is an n-dimensional differ-
entiable manifold M endowed with a positive definite Riemannian metric g and
a non-trivial tensor field F of type (1,1) such that

F>=1
and
(3.7) g(FX,Y)=g(X,FY)

for all X,Y e 3}(M). Such a metric also is referred as pure metric with respect
to F. A locally decomposable Riemannian manifold can be defined as a triple
(M,F,g) which consist of a differentiable manifold M equipped with an
almost product structure F and a pure metric g such that VF =0, where V
is the Levi-Civita connection of g. It is well known that VF = 0 is equivalent
to decomposability of the pure metric g [31], i.e. ¢pg =0, where ¢, is the
Tachibana operator [34, 36]: (¢pg)(X,Y,Z) = (FX)(g(Y,2)) - X(g(FY,Z))+
g(LyF)X.Z) +g(Y,(L7F)X).
Let us define an almost product structure on 7} (M) as follows:

(3.8) JHx)=-Hx
J("4)="4

for any X e 3§(M) and A eS](M). One can easily check that the rescaled
Sasaki type metric g, is pure with respect to the almost product structure J.
Hence we state the following theorem.

THEOREM 2. Let (M,g) be a Riemannian manifold and T (M) be its tensor
bundle equipped with the rescaled Sasaki type metric ng and the almost product
structure J.  The triple (T (M), J,5qgy) is an almost product Riemannian manifold.

We now give conditions for the rescaled Sasaki type metric Sgy to be
decomposable with respect to the almost product structure J. Using the def-
inition of the rescaled Sasaki type metric Sg, and the almost product structure
J and by using the fact that "4V(G(B,C)) =0, "A"(fy(Y,Z))=0 and
HxV(fg(Y,Z)) =V(X(fg(Y,Z))) we calculate

(¢,°9)(X. Y, Z) = (UX)(Pgr (Y, 2)) = X(°g;(J Y. Z))
+ %9, (Ly)) X, Z) + gr(Y, (L7J))X)

for all X,Y,Ze (T} (M)). For pairs X ="X,V4, Y="Y,"B and Z =
Hz VC, then we get

(39) (¢s°9) ("X, "B, Z) = 2%9;("B, (7 - 7)R(X, Z))
(¢Jsgf)(HX7 HY> VC) = 2ng((77 - V)R(X> Y), VC)'



44 AYDIN GEZER AND MURAT ALTUNBAS

for all X,Y,ZeS}(M) and A4,B,CeS|(M), and the others are zero. Since
¢,5gr =0 is equlvalent to VJ =0, we have the following theorem.

THEOREM 3. Let (M,g) be a Riemannian manifold and let T(M) be its
tensor bundle equipped with the rescaled Sasaki type metric Sgs and the almost
product structure J.  The triple (T1 (M), J,3gr) is a locally decomposable Rieman-
nian manifold if and only if M is flat.

Remark 1. Let (M,g) be a Riemannian manifold and let T} (M) be its
tensor bundle equipped with the rescaled Sasaki type metric ng. The diagonal
lift Py of ye 3] (M) to T}(M) is defined by the formulas

Pyfx ="(y(X))
PyVa = -Y(y(4))

for any X e S{(M) and 4 e S(M) [13]. The diagonal lift 21 of the identity
tensor field 7 € 3} (M) has the following properties

DpHy _ Hy
DI VA — _ VA

and satisfies (” I) = Ir1(u)- Thus PI is an almost product structure. Also,

the rescaled Sasaki type metric Sg, is pure with respect to PI, ie. the trlple

(TH(M),PI,5gs) is an almost product Riemannian manifold. Flnally, by using

¢-operator, we can say that the rescaled Sasaki type metric Sg; is decomposable
with respect to PI if and only if M is flat.

Now we shall give some applications related to almost product Riemannian
structures on the (1,1)-tensor bundle.

3.1. Let us consider the almost product structure J defined by (3.8) and
the Levi-Civita connection V given by Proposition 1. We define a (1,2) tensor
field on T} (M) by

SX,7) = 5 {(V,p )X + (V) X) — J(T)) 7))

for all X,Y e 3}(T!(M)). Then the linear connection
PV, ¥ =Vy ¥ — S(X,Y)
is an almost product connection on 77 (M) (for almost product connection, see

122)).

THEOREM 4. Let (M,g) be a Riemannian manifold and let T} (M) be its
tensor bundle equipped with the rescaled Sasaki type metric Sg; and the almost
product structure J. Then the almost product connection "'V constructed by the
Levi-Civita connection V of S gr and the almost product structure J is as follows:
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. = 1
1) (P)VHXHY = H(VX +g A(X Y))
i) PVuy"B="(VyB),

" (gP R(ty, C1)Y + gu(t“(g™ o R( , Y)C")),

(3.10)

< 3
iii) OVy Y = o

iV) UD)@VC VB =0.

Similarly, by means of the almost product structure DI and the Levi-Civita
connection V of the rescaled Sasaki type metrlc Sgr, another almost product

connection can be constructed. Denoting by VT the torsion tensor of )V, we
have from (2.3) and (3.10)

“Vr(Vc,"B) =,

Ve, Yy = (G R(1y, €)Y + gu(t9(g o R( L Y)CY),

2
VX, YY) = ~(5 - 9)R(X, Y).

Hence we have the theorem below.

THEOREM 5. Let (M,g) be a Riemannian manifold and let T\ (M) be its
tensor bundle. The almost product connection PV conslructed by the Levi-Civita
connection V of the rescaled Sasaki type metric Sg; and the almost product
structure J is symmetric if and only if M is flat.

Note that if there exists a symmetric almost product connection on M, then
the almost product structure is integrable [22]. The converse is also true [10]. It
is known that the integrability of an almost product structure F is equivalent to
the vanishing of the Nijenhuis tensor Ny given by

Np(X,Y)=[FX,FY] - F[FX,Y] — F[X,FY] + [X, Y].

In view of Theorem 5, we can say that the almost product structure J is
integrable if and only if M is flat.

3.2. O. Gil-Medrano and A. M. Naveira proved that both distributions
of the almost product structure on the almost product Riemannian manifold
(M,F,g) are totally geodesic if and only if ox y z9((VxF)Y,Z) =0 for any
X,Y,Z eS}(M), where o is the cyclic sum by three arguments [14]. In [29], the
authors proved that oy y zg((VxF)Y,Z) =0 is equivalent to (¢zg)(X,Y,Z)+
(0rg)(Y,Z, X))+ (¢rg)(Z,X,Y) =0. We compute

AX, Y, 2) = (4,°9))(X, ¥, 2) + (¢, °9) (Y, Z, X) + (4, Jf)( X,7)

for gll}? f’ Z e (T} (M)). By means of (3.9), we have 4(X,Y,Z) = 0 for all
X,Y,ZeS{(T!(M)). Hence we state the following theorem.
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THEOREM 6. Let (M,g) be a Riemannian manifold and T} (M) be its tensor
bundle equipped with the rescaled Sasaki type metric Sg; and the almost product
structure J defined by (3.8). Both distributions of the almost product Riemannian
manifold (T} (M), J,Sgs) are totally geodesic.

1++/5

2
the root of the equation x* — x — 1 = 0 is an irrational number which has many
applications in mathematics, computational science, biology, art, architecture,
nature, etc. In the last few years, the golden proportion has played an increasing
role in modern physical research and it has a unique significant role in atomic
physics [20]. The golden proportion has also interesting properties in topology
of four-manifolds, in conformal field theory, in mathematical probability theory
and in Cantorian spacetime [23, 24]. Inspired by golden ratio, a new structure
on a Riemannian manifold was constructed by M. Crasmareanu and C. Hretcanu
[4, 18, 19]. Also, they called this structure the golden structure. Let i be a
(1,1) tensor field on a manifold M. If the polynomial X2 — X —1 is the
minimal polynomial for a structure y satisfying y> —y —I =0, then ¥ is a
golden structure on M and (M,y) is a golden manifold. Let (M,g) be a
Riemannian manifold endowed with the golden structure i such that

g X, Y)=g(X,yY),

for all X,Y e 3}(M). The triple (M,},g) is named a golden Riemannian
manifold.
If  is a golden structure on M, then

3.3. The famous golden section 7 =

~ 1,61803398874989 ... being
2

1
3.11 F=—0Qy—-1
(311) Z@-D)
is an almost product structure on M. Conversely,
1
(3.12) W :§(I+\/§F)

is a golden structure on M. If a Riemannian metric g is pure with respect to an
almost product structure F, then the Riemannian metric ¢ is pure with respect to
the corresponding golden structure . A simple computation, using the expres-
sion of the corresponding almost product structure via (3.11) gives:

(3.13) brg = %qﬁv,g-

Let (M,y,g) be a golden Riemannian manifold and F its corresponding
almost product structure. In [12], the first author and collaborators have proved
that 1) The golden structure i is integrable if ¢,g = 0 (or equivalently ¢pg = 0)
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and 2) The manifold M is a locally decomposable golden Riemannian manifold if
and only if ¢rg =0 (or equivalently ¢,g = 0).

By means of the almost product structure J, from (3.12) we can construct a
golden structure on 77 (M) defined by the formulas

B(x) = (1‘2—@ ny,

.

Ba) (—2
for any X € S{(M) and 4 € 3} (M). Also the following hold
Sgr (X, Y) =5g;(X ¥ ¥)

for any X,Y e 3}(T}(M)), ie. Sgs is pure with respect to . In view of
Theorem 3, by (3.13), we have the following result.

(3.14)

COROLLARY 1. Let (M,g) be a Riemannian manifold and let T} (M) be
its tensor bundle equipped with the rescaled Sasaki type metric Sgy and the
golden structure W associated with the almost product structure J. The triple
(THM), b, 5qgr) is a locally decomposable golden Riemannian manifold if and
only if M is flat.

Remark 2. Another golden structure associated with the almost product
structure P71 is as follows:

Similarly, we say that the triple (7'} (M), , Sgs) is a locally decomposable golden
Riemannian manifold if and only if M is flat.

4. Curvature properties of the rescaled Sasaki type metric 5g; on
the (1, 1)-tensor bundle

The Riemannian curvature tensor R of T|'(M) with the rescaled Sasaki type
metric Sgy is obtained from the well-known formula

ROY,1)Z = VW Z - VW Z — Vg 37

for all X,Y,Z e 3)(T)(M)). Then from Lemma 1 and Theorem 1, we get the
following proposition.
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PROPOSITION 2. The components of the curvature tensor R of the tensor

bundle T\'(M) with the rescaled Sasaki type metric Sgy are given as follows:

- . 1
(41) R(Em,El)Ej = {Rllnlj +E(gkaRS(1';1RZI1 gkaRSthP 2gkaRASAher;l:1lh)[;l[§

mjh
4f( kR Ry — greaR" ) RE + 291 RS Ry V14 2]
4f( 9" R Ry — 9" RE, Ry + 29" R Ry 101
41f( thkst/jp thkismjp 2qthijR}§llp)tl§lfl’

1 1 . 1
W 45) %3 ) - gt~ e it

1 1 v v y
+ { E (Vle]r Verén];) ty 2 (VlRm]s Vlejs)tré

1 v
+F(( l‘)1/’ll s Rm/z\ r)Al] (Rl/’ll s ths r)Am )}Er’

(V[R'

- 1
R(ErﬁaEl)E/ = { zfg'la(v Rbmr)t +57 nS/)

2f

- b b bl
(gna Ry Apte — g™ RrrnhA ity + 9" Ry Aty

1
+W
,gnuRsmhAhts +2flgnuRsm’ 2fIQMbR;5/ j)}Er

1 v 1 m 1 mhn
+{ R,]"jén— R} O" — — (R}, gnaR"” .’) 19

af s

(th) mth )t tp

1 /
] pmh
npj _(Rths ’WR . ) t)

af r'p

(thAgm})Rh )"?ZZ}E%

4f

np, ]

4

. 1 sIr.a r\s
R(Em,El‘)E/ = {2fgta(VmRA ,lj)ts - (V RtY/)

1
2’

sl h 4qr b ph b h
(gtaR.A. ler’nh l;l -9 RtiyA;?htb +9 RrrshAm]

1
+4f72

— giaR AN 1 — 2ngia R+ 2fr0g " R )}Er

157°b
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1 [ sv 1 v l Lhy o
+{ Rm]r5 +5 ijt6 f( mhrqfaRij )ls lp

1 K Ibph \v 1 v slh a
- F (Rmhrg Rrpj)ts ti - F (Rmhpng. .J )If[s
1

v b ph s
+F(Rmh\g Rtp])t ZZ}EH

BB E)E = { FauR"Y ~ LR,
+4}_2(gnaRs "9 R”! " — g R g RY " 10t
+ 4/% (R mbRgp/ GnaRT letllly)t o
+ 173 (0 R0 RO = " Ry RO i
g 0 Ry R — R R ) |
R(Ema El)Ef = {%gia(va:Yll =V Rs4/;rn>t + 2; /h(Vlervm VinRig) 1,

49

1 Sih ooy .
* E (ng'Y :/1 r’nhlf - g Rl?/ mhtb + gjlehval’htb glaR /hAlht

I/
- Z(fmgm Sjlzts' +f;71g] Rl;‘[lb +flngSZI a ﬁ JbRr

m-s [A Yﬂ‘l

. i > .
* { n1115r Rri?lr(SlL 4f (R;mrgiaR,p,jlz - R]ShrgiaRg]n};)t;)tI(;

4f (Rllu ]bRZJm - R, /1rg]bR17)l)[ tp
1 ) v
+§(R1thgiaR ‘m— R hpglllRS.]h)tpt
1 v ib ph v jbph K
+F(Rmhsgj Ripl - thsg/ Rzpm)l'lg Ej,
R(E, E)E-= 1 Rl 1 g''R! ! RLT g RP Ty gash
(Em, E7)E; = 2f£1n +3 nm_4f_2(gta Shgn R,
1
+ W(gtaR.sl Jle};m)t?Zb + E( letphglaRs4 I/;Il)tb s

ipm

I ib p
4f2( aRtshij1 )tstg}E”
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D 1 mjr 1 smr i hy La
R(Eﬁh EI)Ef = {?ng. ]l le v (q’WR . h gibR?jl )ls l}?

or? 4f :

1 1 ,
= 72 R R — 1 (67 R R )]

1
4f2 ( maRr’lvhgjlepl)t tIIJ)}E"

Jisth

R(Ej, Ef)E; = 0
with respect to the adapted frame {E,} (for f =1, see [28]).

We now compare the geometries of the Riemannian manifold (M,g) and
its tensor bundle Tll(M ) with the rescaled Sasaki type metric Sgy.

THEOREM 7. Let (M,g) be a Riemannian manifold and T\ (M) be its tensor
bundle with the rescaled Sasaki type metric Sgr. Then T\ (M) is locally flat

. . . 1 | S
lfland only if M is locally flat and V, <2f > V]<2f mj>+4szmsA1j_

172 5 A A = 0.
Proof. 1If

1 1 o
g7 45) = (3 )+ g A g Ay =0

in the equations (4.1), then R =0 implies R=0. Conversely, if we assume
R =0, then from the first equation in (4.1) in the point (x', /) = (x%,0) e T}/(M),
we get

(R( Em,E,)E)( 0 =0

I/ sh
[{ mjj 4f gkaRA ”Rgh gkaRé ’R,I,Jyh - 2gka rRi/h) 1t p

+2- 4f (R R, — R RY, + 290, R RE, )64
hb hb pr hb pr 4
4f ( Rklem/h ) RkmeZs/'h + 29 ' Rkp/ mlh)té tr
1 hb hb hb k
4]( ( ' Rkstljp Rkism/p - Zg ' RkS/lep) ti’

1 1 r s 1 r s
(g 45) =ik ) + At g i
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1 s 1 v P
+ B (Vle/; Vi Rm]r) 2 (Vl Rm]s Vin les) r

4 ((Ri;hl &L Rquhx r)Ah (thr s R/hs ;)Am])}E":| =0
4 (x',0)

, 1 1 1, Lo
R+ (2] > V;(zf )+J(2AMA,J 37 Ay =0

Flrom the lastlequation, we can say that R=0 and V,, (Zf ,j) \Y, (Zf Am]>

e Ar — =0, which completes the proof. O

f2 ms**lj 4f2A13

COROLLARY 2. Let (M,g) be a Riemannian manifold and T} (M) be its
tensor bundle with the rescaled Sasaki type metric ng. Suppose that [ =
C(const.), then (T} (M),5qgy) is locally flat if and only if M is locally flat.

Proof. Let f = C(const.), then /A% = (f;6! + fio! — f"g;) = 0 from which

1 1, 1
<2f ,]> V;(Zf mj)+4f2 Ay A) — 4f2A,‘A,jqj =0. In the case, on fol-
lowing the proof of Theorem 7, the result is directly obtained. O

We now turn our attentlon to the Ricci tensor and scalar curvature of the
rescaled Sasaki type metric Jf Let Ra/g = R L and 7= ( gf) R /3 denote the
Ricci tensor and scalar curvature of the rescaled Sasaki type metric gf, respec-
tively. From (4.1), the components of the Ricci tensor R,; are characterized by

(42 Ry=- 4fz (9uaR* g R )1t +4fz (9aR* g™ Ry, 1]
: 1
4f2( [bRtrphglaRrijI{l)tgt;l 4f2( lezshgjaRZ)r) hyt
D 1 slr 1 r
R/ ngm(VR )ts _y (V Rté])
1 slh gr ;a r r
+ 4f—2(gtaRf ./} At — glezhyA wlp + gletshArjlb
_ng\llA’I;;t 2frng\lh a+2fr IbRt)Sj )
~ 1 S/r‘ a
Ry = ?gm(V,R_ i = 559" (VR

h ¢
(gm R/ A,ht - g]thzArhlb +9 szhgrAlrhllAa

4f2
— giaR I A1 — 2,91 R”7 T+ 21197 Ryth),
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Ry = Ry _é(gkaRSh’Rgh) 1ty — 2; (graR*"/ RE, 102
T4 (R”"QL”RP-r./h)fs by~ 4} (9" Ry Ry, )51
2;( thkszrlp)tljll[; 4 (ths rbepj)Ug
2/ (gkaRj "IRE 1 + Zf( 9" Ri, Ry ) th el

1 1 .
(g7 40) =)+ gt = it

with respect to the adapted frame. From (3.5) and (4.2), the scalar curvature of
the rescaled Sasaki type metric ng is given by

1 Lo nk i

f=7r 329979%

t S 4P
lelthg/‘krt;tb

1
~ gg2dead ghkg’LerhRLp/kt 4 "‘?R(her'l.”t t

1,/ (1 1 1 1
-l-ng(V <2f ]]> V/(Zf V]>+4szrsA/] 4f2AlvAr1)

Thus we have the result as follows.

THEOREM 8. Let (M,g) be a Riemannian manifold and T} (M) be its tensor
bundle with the rescaled Sasaki type metric Sgr.  Let r be the scalar curvature of g
and F be the scalar curvature of Sg;. Then the following equation holds:

U
F=gr e am —59"9" 479" Ran Ryur 131}

R! Ry"*tt? + 7L,

1 : . 1
_Egcdgljghkg”RpAlhngt b, +55 22 ar

where

1 1 1 1 1
fr l/
Lng<Vr(2fAl;) _VI(ZfA:j) 4f2ArsAl/ 4f2AlsAr])

Let now (M,g), n > 2 be a Riemannian manifold of constant curvature x,
ie.

ka i (51{ GImj 5m Gkj )
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and

r=n(n-—1)x.
Then, from Theorem 8 we have

1 7
r= 7}" 4f2 gabghkg”g]RhmRI{rptatp

1 1
4f2g¢dgljghkgrbRﬁlhR5At + 2]'29 9" Ry, Rjat5t) + 7L

1 1 a or j j s
=7 L™ 9" 9 (1S gus — 0L gns)c(OLgmp — 69 131)

1
~ g7adead’ g™ g™ (1S5 gm — 6, 9m) k(O g — O gui) 1<t
2f2g“gb’< K02 gpr — Oy ger)(Ghge: — Gogn:)) 1ty + L

1 U o
=—n(n— 1)K7¢K ng* gspt;té’ +4f2K g° g\p atb +4f2ic g“ g‘pt tb

A
1 2 ab S D 1 ) Ve d
_EK ng = gsplaly — 4f2K ngeag''t; lL —|-4f2K 9ead 1 1;
1 2 2
+m’<29cdghlfff - 4f2K *ngeagtft! +TK2625]’,’ <t
1 b b 1 b.c .
_?Kzécégzv - ?Kzécélitv “F?Kz&g&plv tb —+ fL
1
=l - 1>K—TK2||r||2<n 1) fzf—zxznrn%n 1)
1 1
o K — it + L
f? f?
! 2 15 2 2 7
:7(’1_ D)k n—7|\z|| K+7K (trace t)” — (trace t°) y + /L.

Thus we have

THEOREM 9. Let (M,g), n>2 be a Riemannian manifold of constant
curvature . Then the scalar curvature ¥ of (T} (M), Sgs) is

;:

%(n - I)K(H - } ||l|2K> + %Kz((tmce 0? = (trace 1*)) + 'L,

where ||t]|* = gklgijl‘litlj-
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5. Other metric connections of the rescaled Sasaki type metric ng on
the (1,1)-tensor bundle

Let V be a linear connection on a manifold M. The connection V is
symmetric if its torsion tensor vanishes, otherwise it is non-symmetric. If there
is a Riemannian metric g on M such that Vg =0, then the connection V is a
metric connection, otherwise it is non-metric. It is well known that a linear
connection is symmetric and metric if and only if it is the Levi-Civita connection.
In section 3, we have considered the Levi-Civita connection V of the rescaled
Sasaki type metric Sg; on the tensor bundle T} (M) over (M,g). The connection
is the unique connection which satisfies %(ng)ﬁy =0 and has a zero torsion.
H. A. Hayden [17] introduced a metric connection with a non-zero torsion on a
Riemanian manifold. Now we are interested in a metric connection )V of the
rescaled Sasaki type metric ng whose torsion tensor (M)VT}‘?[), is skew-symmetric
in the indices y and f. We denote components of the connection M)V by
(M)T.  The metric connection M)V satisfies

(5.1) MY, (Sgr)p, =0 and L7 —ODF7 = V7

On the equation (5.1) is solved with respect to <M>1~"§ﬂ, one finds the following
solution [17]

(5.2) WOT?, =10, + Ul

where 1:;/3 is components of the Levi-Civita connection of the rescaled Sasaki
type metric gy,

- 1 g )% My
(5:3) Usgy =5 ( YT+ g+ Tip)
and

Uy = Usp(%ap)s " Topy = TsCp).
If we put
(5.4) VL= 1"RY, — LR
all other (‘w)vﬁ/} not related to WWT,; being assumed to be zero. We choose this
<m‘_77;}/} in 7|'(M) which is skew-symmetric in the indices y and 8 as torsion tensor

and determine a metric connection on 7'(M) with respect to the rescaled Sasaki
type metric 5. By using (3.5), (5.3) and (5.4), we get non-zero components of

U ﬂ as follows:

o

(L Ry = (URy;),

N —

R

01;7 = == (9" Riyt; — iR/ [10),

1S s

— |~

o b or slr
0 = 57 (6" Rt 0uR* 1)
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with respect to the adapted frame. From (5.2) and Theorem 1, we
have

PROPOSITION 3. Let (M,g) be a Riemannian manifold and T} (M) be its
tensor bundle with the rescaled Sasaki type metric ng. The metric connection
MV with respect to Sgr satisfy

. . .1

i) MVLE; = {r,j 5 A,j}

ii) W)%Ef {Tho] — T)0E;,
i) MV E; =

iV) (M)vEI,Ej-: 0

with respect to the adapted frame, where fAh is a tensor field of type (1,2) defined
by TAl = (fi0] + f6] — f"gi).

Remark 3. 1f f = C(const.), the metric connection MV on T/ (M) of the
rescaled Sasaki type metric g, coincides with the metric connection #V of
the Sasaki type metric Sg, where 'V is the horizontal lift of the Levi-Civita
connection V of g (for the metric connection 7V, see [28]).

For the curvature tensor M R of the metric connection MV, we state the
following result.

PROPOSITION 4. Let (M,g) be a Riemannian manifold and T\ (M) be its
tensor bundle with the rescaled Sasaki type metric Sgr.  The curvature tensor (MR
of the metric connection M)

V satisfies the followings:
. 1
M)R(EWH E/)Ej = { mlj + Vi (Zf Ij) Vi (Zf m])
1, 1
+ WAHBAIJ 4f2 AlsAmj}E
M)R(EWE[)E].—: {R? 5/ — R. S'VE;, otherwise = 0

mli”r mlr"i

with respect to the adapted frame.

The non-zero component of the contracted curvature tensor field (Ricci
tensor field) “R,; = MR, of the metric connection M)V is as follows:

- 1 1
M K K}
( >R// R +V, <2f ) V1<2f )+4f2ArsAlj 4f2AlsAr/
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For the scalar curvature (M7 of the metric connection MV with respect to Sgy,
we obtain

(5.5) W7 = (%) (M)Ryp

1
:*,VﬁLfL,
f

1 1 1 . 1 .
where fL:?g]{V <2f ) Vl<2f >+WAMAU 4f2A,AAr]} and r is the
scalar curvature of V,. If /L =0 in the equation (5.5), then (5.5) reduces to

(M) = }r, which leads the following theorem.

THEOREM 10. Let (M,g) be a Riemannian manifold and the tensor bundle
T} (M) be equipped with the rescaled Sasaki type metric ng. Suppose that
L =0, then the tensor bundle T!(M) with the metric connection M)V has
vanishing scalar curvature MF with respect to Sgr if and only if the scalar
curvature r of V, in M is zero.

For a Riemannian metric g on M, there happen to be many ways to define
metric connections associated with g. Now we shall give another class of metric
connections on T (M). Let F be an almost product structure and V be a
linear connection on a manifold M. The product conjugate connection (F)V of
V is defined by

FIVyY = F(VyFY)

for all X Y eSY(M). If (M,F,g) is an almost product Riemannian manifold,
then ( VXg)(FY FZ) = (VXg)(Y Z), i.e. V is a metric connection with respect
to g if and only if )V is so. From this, we can say that if V is the Levi-Civita
connection of g, then )V is a metric connection with respect to g [1].

By the almost product structure J defined by (3.8) and the Levi-Civita
connection V given by Theorem 1, we write the product conjugate connection
)V of V as follows:

Ve Y = J(VgJY)

for all X,Y e 3}(T}(M)). Also note that )V is a metric connection of the
rescaled Sasaki type metric ng. The standart calculations give the following
theorem.

THEOREM 11. Let (M,g) be a Riemannian manifold and let T} (M) be its
tensor bundle equipped with the rescaled Sasaki type metric ng and the almost
product structure J.  Then the product conjugate connection (or metric connection)
IV is as follows:
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N (DY 1 s 40 1 v S
1) VE[ F,] 2f o E, — ElertS — Eleslr E;,
ii) <J>6E,Ej:—{2 79 giuR' [t} =5 57 ’le’Y,t,,}E +{T}6] — T6/}Er,

e N
iii) Ve E = {2f 9k’ j1] ~ oY 9" Ryt }Er’

iv) OV, E-=
lV) VE,'Ej =0
with respect to the adapted frame.

The relationship between curvature tensors Ry and Ry of the connections V
and PV is follows: Ry (X,Y,Z) = F(Ry(X,Y,FZ)) for all X,Y,Z e 3} (M)
[1]. By means of the almost product structure J defined by (3.8) and Proposition
2, from Ru(X,Y,Z)=J(Ry(X,Y,JZ)), components of the curvature tensor
Rmv of the product conjugate connection (or metric connection) )V can easily
be computed. Lastly, by using the almost product structure ?I, another metric
connection of the rescaled Sasaki type metric Sg; can be constructed.

6. The Rescaled Sasaki type metric on (p,q)-tensor bundles and
its Geodesics

The set T7(M) = | Jp.y, TP (P) is (p, q) tensor bundles over M, where T7(P)

is tensor spaces for all Pe M. For Pe T}(M), the surjective correspondence
P — P determines the natural prOJectlon 7T J(M)— M. A system of local
coordinates (U,x/), j=1,...,n in M induces on T/(M) a system of local
coordinates (n~'(U), x/, i = t” l”) J=n+1,...,n+n"*, where x/ = t'1 ”’ is
the components of tensors ¢ in each tensor space Tq (M), x e U with respect to
the natural base.

The vertical lift "4 of 4 € 37(M) and the horizontal lift ”X of X e 3;(M)

to T/(M) are given by
Vpi 0
VA:(V j_): Al']”.ip
A iy

X/
Hri
HX = <HXJ__) = m 11 iy i ,lu.mu,ip ,
X/ X’ Z Lot e, Z Th
= A=

where 1"’7 are the coefficients of the connection V on M [3]. For ¢=

X2

and

gaj 6 - ® dx’ e \yl( ), the local expressions of the global vector fields yp and ¢

are as follows:
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0 0
yp = 14 ,“mmlp l and )7(0 = 1 iy--+ip m
E ! Z: iy, Pl

Now, we define the adapted frame {E,} = {E;, E;} of T](M) by

?
k ](A..s.“kp s
Evj = HX(/) = 5}’6}, + <_ Z th]l -hg + Zr]h,, /1]~~¥~~1 )
=1
j ki kp s, 4
E; = V4() =0 ...5% 5h/i ~--5,j1q6,;
0] . 0
! " W’@} 1An TP(M), where X(; = v
5//167 eSi(M) and 4V) =9, ® - ®0 ®dx) ® - ® dxl :51(:1 . 5;52:
510k, ® - ® Ok, @ dx™ @ -+ @ dx"n € SI(M).

With respect to the adapted frame {E,}, the vertical lift "4 and the
horizontal lift ¥ X have respectively the components [30]

0
V4 = P
(Aj;mjg
()
0

The rescaled Sasaki type metric g, is defined on T J(M) by the three
equations

with respect to the natural frame {

and

S9r("4,"B) = "(G(4, B)),
Sgr("A, 1Y) = 0,
Sgr ("X, 1Y) =V (fg(X, Y))
for all X,Y € 3(M) and A4, Be 3P (M), where

— d: . Jih .. ]( i l[J ety
G(A? B) - gllll e glplpg ’qA /qul lq

The rescaled Sasaki type metric Sg; has components

fg/l 0 7 et
. X =t /7
( gf) ( 0 Gin -~ Gip, g - gl ) bty

with respect to the adapted frame, g;and g7 being local covariant and contra-
variant components g on M. By the Koszul formula and standart calculations
give the following.
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PROPOSITION 5. The components of the Levi-Civita connection V of the tensor
bundle Té’(M ) with the rescaled Sasaki type metric Sg; are given as follows:

. k; k|-~s~-k
Iy = ZR//hﬂ hl-»«-h ZRI/S huhg

— 0} S 1 Jq ll‘,,S, VL B ¥/ /1..‘ by
S 1510} Z T} 8 -0 Sish - op,
=1
r i Xro Jihy Ll 4 RS kl k Z Rk JSERXER kp
i ng iy 9i,1,9 g ] il L sty )
H=

. 1 . R
r xr . hhy . Lhy K k; klmjmk]}
Flf 72fg Jtiky 91,k,9 g § lelhﬂ hl...jmh Z tsliy - )
s=

I =T+ 2f sAp,

p=0, Tr=0, I7=0,

with respect to the adapted frame, where fA]h is defined by fAh ( f,&h + fi (5”
fhgﬁ) and f; = 6,f

An important geometric problem is to find the geodesics on the smooth
manifolds with respect to the Riemannian metrics (see [2, 8, 9, 26, 30, 37]). In
[37], K. Yano and S. Ishihara proved that the curves on the tangent bundles of
Riemannian manifolds are geodesics with respect to certain lifts of the metric
from the base manifold if and only if the curves are obtained as certain types of
lifts of the geodesics from the base manifold. In this section, we shall char-
acterize the geodesics on the (p, ¢)-tensor bundle with respect to the Levi-Civita
connection and another metric connection of Sg;.

Let y =7(¢) be a curve on T7(M) and suppose that j is locally expressed

by xR =xR(1), ie. x"=x"(r), x =1,;’ (1) with respect to the natural frame

{i} { d 61}’ t being a parameter an arc length of 7. Then the curve

ox! oxt’
y=moj on M is called the projection of the curve J and denoted by ny which
is expressed locally by x" = x"(t).
A curve p is, by definition, a geodesic on T}(M) with respect to the Levi-
Civita connection V of ng if and only if it satlsﬁes the following differential
equations

d (o* ., 0 of
6.1 — ==+ ———=
(6.1) dt(dt)+ e dt
with respect to the adapted frame, where
of A g @
dt  dt dt dt

along a curve 7.
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By means of Proposition 5, by (6.1), we have

d (o dx" dx/ 1 L Ih
(62) E (E) (FI/ 2f A ) dr dt + fg gtlkl gt,,kpg g

.t
V4 511 ' d J
Ky Jereesky ki ht, dx
x ( ZRY}Ythl -hy + 2 :R‘qhﬂth].us...hq>
=1

dt dt

1 o jih joh
For g ik G g™ g

Kyeesk kk, | dX! 5’ 1,,
Ky yesee ey -
X( ZRxls’hl hy MFZR% )

hl.us...hq dt dl
A=1

d (0t 1 b sk dx! dx’
o0 GRSt - S ) 5%

dt dt
Ep 7SI Ja Sh N by
+< Ilsérl' -079; 5 -0

rg i i ip
=1

d dx! ot
_ s S g gdagh L vy
Rk

=1

=0.
Also, the equation (6.2) can be expressed as follows:

5" Ll dx! dx/ 1
(64) dt2 2f fAl/ d d[ fgflkl e gtpk],gl]hl N glt/hq

1ty
q P
% RrS lklmkp _ Rrk’lklmxmk 511 1 dxf
Jhy “hy sy hy-hy

= = drdr

=0.

. . . LA dx! dx’
Using the identity —};ngt,i‘ Z kg ZRl]h ,11 th> o =0, from (6.3)

we get the following relation

2l
6.5 L
( ) d[2

.5), we state the theorem below.

=0.
From (6.4) and (6
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 THEOREM 12. Let y be a geodesic on TP(M) of the Levi-Civita connection
V of Sg;. Then the tensor field t Ty (1) defined along y satisfies the differential
equations (6.4) and has vanishing second covariant derivative.

Next, let y be a curve on M expressed locally by x" = x”(¢) and S]1 i ( ) be
a (p,q) tensor field along y. Then, on the tensor bundle 7/(M) over the
Riemannian manifold M, we define a curve “y by

xh — Xh(l)
xh = 50 (1),

If the curve “y satisfies at all the points the relation

5Sh1

(6.6) T

:07

H

ie. S;:;Z(r) is a parallel tensor field along y, then the curve "y is said to be a

horizontal lift of y. From (6.4) and (6.6), we obtain

% x" dx dx’
ar f 4] dr dr

If we take
(6.7) T = (00f5] + 0, /6] — g™ omfay) =

Contracting / and r in (6.7) it follows that ¢,/ = 0. Since this is true for any j,
we can say f = C(const.). Thus we have the following theorem.

THEOREM 13.  The horizontal lift of a geodesic on M is always geodesic on
Tq”(M) with respect to the Levi-Civita connection V of S gr if and only if
f = C(const.).

Following the same way in the section 5, by virtue of the Levi-Civita
connection V of Sg; on T)(M), we introduce a metric connection My on
TJ(M) whose torsion tensor has components

M)V P k; klu.gmk
le 2 2 :Rl/v hy--hy 2 E : ljh,, hlwvmh )

otherwise = 0

with respect to Sgy.

PrROPOSITION 6. Let (M,g) be a Riemannian mamfold and TJ(M) be its
(p, q)-tensor bundle with the rescaled Sasaki Zype metric Sgy. The components
of the metric connection MV with respect to Sqgr is given by
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<M>f,j. =0, Mr7z =0, MI-=0, Mri=0, Mr7=0, MIL =0,
/j i 1 lj lj

4

q

Ji Ja Sh s by s S Ji Ja §h by

E :r S ol 8y o) — S WA TR VU A X
u=1

1
S/
2f A,

with respect to the adapted frame.

WEf =T+

Substituting the components (M >f;‘ﬁ of the metric connection MV into (6.1),

we get
dzx’ dxl dx/
I Iqr -0
> ( d 2f > e dr
Otr-r, 4
(6.8) jt( c‘{/) (Zl— 5/15;]15[1:5[553
: ' ' ; dx! ot
I RNV A L. A
#; Iry”ry K rg i iy dl i
Also, the second equation in (6.8) can be written the following
el
(6.9) i o

Thus the first equation in (6.8) and (6.9) give the last result.

THEOREM 14. Let 7 be a geodesic on TP(M) with respect to the metric
connection MV of S gr-  Then the projection y of yisa geodesic with respect to
the Levi-Civita connection V on M and the tensor field t,.;" (1) defined along y
has vanishing second covariant derivative if and only if f = C(const.).
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