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ON THE GEOMETRY OF THE RESCALED RIEMANNIAN

METRIC ON TENSOR BUNDLES OF ARBITRARY TYPE

Aydin Gezer and Murat Altunbas

Abstract

Let ðM; gÞ be an n-dimensional Riemannian manifold and T 1
1 ðMÞ be its ð1; 1Þ-

tensor bundle equipped with the rescaled Sasaki type metric Sgf which rescale the

horizontal part by a non-zero di¤erentiable function f . In the present paper, we discuss

curvature properties of the Levi-Civita connection and another metric connection of

T 1
1 ðMÞ. We construct almost product Riemannian structures on T 1

1 ðMÞ and investigate

conditions for these structures to be locally decomposable. Also, some applications

concerning with these almost product Riemannian structures on T 1
1 ðMÞ are presented.

Finally we introduce the rescaled Sasaki type metric Sgf on the ðp; qÞ-tensor bundle

and characterize the geodesics on the ðp; qÞ-tensor bundle with respect to the Levi-Civita

connection and another metric connection of Sgf .

1. Introduction

Geometric structures on bundles have been object of much study since the
middle of the last century. The natural lifts of the metric g, from a Rieman-
nian manifold ðM; gÞ to its tangent or cotangent bundles, induce new (pseudo)
Riemannian structures, with interesting geometric properties. Maybe the best
known Riemannian metric Sg on the tangent bundle over Riemannian manifold
ðM; gÞ is that introduced by S. Sasaki in 1958 (see [32]), but in most cases the
study of some geometric properties of the tangent bundle endowed with this
metric led to the flatness of the base manifold. The metric Sg is called the
Sasaki metric in literature (for the recent survey on the Sasaki metric, see [16]).
The Sasaki metric Sg has been extensively studied by several authors and in
many di¤erent contexts. In [39] (see also [40, 41]), B. V. Zayatuev introduced a
Riemannian metric Sgf on the tangent bundle TM given by
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Sgf ðHX ; HYÞ ¼ fgðX ;Y Þ;
Sgf ðHX ; VYÞ ¼ Sgf ðVX ; HYÞ ¼ 0;

Sgf ðVX ; VYÞ ¼ gðX ;YÞ;

for all vector fields X and Y on M, where f > 0, f A CyðMÞ: For f ¼ 1, it
follows that Sgf ¼ Sg, i.e. the metric Sgf is a generalization of the Sasaki metric
Sg. In [35], J. Wang and Y. Wang called this metric the rescaled Sasaki metric
and studied geodesics and some curvature properties for the rescaled Sasaki
metric. Also, the authors studied the rescaled Sasaki type metric on the cotan-
gent bundle T �M over a Riemannian manifold ðM; gÞ (see [11]).

Let M be an n-dimensional di¤erentiable manifold endowed with an almost
product structure F and a Riemannian metric g such that gðFX ;Y Þ ¼ gðX ;FY Þ,
i.e. g is pure with respect to F for arbitrary vector fields X and Y on M. Then
the triple ðM;F ; gÞ is called an almost product Riemannian manifold. Almost
product Riemannian structures was firstly introduced by K. Yano in [38]. The
classification of almost product Riemannian structures with respect to their
covariant derivatives is described by A. M. Naveira in [27]. This is the analogue
of the classification of almost Hermitian structures by A. Gray and L. Hervella
in [15]. Later, M. Staikova and K. Gribachev obtained a classification of the
almost product Riemannian structures, for which the trace vanishes (see [33]).
Almost product structures on the tangent, cotangent and tensor bundles of
a manifold M were considered by some authors (e.g. see [5, 6, 7, 11, 21, 25,
28, 31]).

Fibre bundles play an important role in every aspect of modern geometry
and topology. Prime examples of fiber bundles are tensor bundles of arbitrary
type over di¤erentiable manifolds. The tangent bundle TM and cotangent
bundle T �M are the special cases of a more general tensor bundle. The Sasaki
type metric is defined on ðp; qÞ-tensor bundles over Riemannian manifolds
(see, [30]). In [28], the Levi-Civita connection of the Sasaki type metric on
the ð1; 1Þ-tensor bundle and all types of its curvature tensors are calculated and
also investigated interesting relations between the geometric properties of the base
manifold and its ð1; 1Þ-tensor bundle with the Sasaki type metric. In addition, it
is presented examples of almost para-Norden and para-Kähler-Norden metrics
on the ð1; 1Þ-tensor bundle with the Sasaki type metric.

Motivated by the above studies, our aim is to define the rescaled Sasaki
type metric on tensor bundles of arbitrary type and study its some properties.
The paper is structured as follows. In section 2, we review some introductory
materials concerning with the tensor bundle T 1

1 ðMÞ over an n-dimensional
di¤erentiable manifold M. In section 3, we get the conditions under which
the tensor bundle T 1

1 ðMÞ endowed with some almost product structures and the
rescaled Sasaki type metric Sgf is a locally decomposable Riemannian manifold.
Moreover, we give some applications related to the almost product structures on
the tensor bundle T 1

1 ðMÞ. Section 4 and section 5 discuss curvature properties
of the Levi-Civita connection and another metric connection of T 1

1 ðMÞ with
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Sgf : Section 6 deals with detailed descriptions of geodesics on the ðp; qÞ-tensor
bundles with respect to the Levi-Civita connection and another metric connection
of Sgf .

All manifolds, tensor fields and connections in the present paper are always
assumed to be di¤erentiable of class Cy (i.e. smooth). Also, we denote by
=p

q ðMÞ the set of all tensor fields of type ðp; qÞ on M, and by =p
q ðT p

q ðMÞÞ the

corresponding set on the ðp; qÞ-tensor bundle T p
q ðMÞ. The Einstein summation

convention is used, the range of the indices i, j, s being always f1; 2; . . . ; ng:

2. Preliminaries

2.1. The ð1; 1Þ-tensor bundle. Let M be a di¤erentiable manifold of class
Cy and finite dimension n. Then the set T 1

1 ðMÞ ¼ 6
P AM T 1

1 ðPÞ is, by defini-
tion, the tensor bundle of type ð1; 1Þ over M, where U denotes the disjoint union
of the tensor spaces T 1

1 ðPÞ for all P A M. For any point ~PP of T 1
1 ðMÞ such that

~PP A T 1
1 ðPÞ, the surjective correspondence ~PP ! P determines the natural projection

p : T 1
1 ðMÞ ! M. The projection p defines the natural di¤erentiable manifold

structure of T 1
1 ðMÞ, that is, T 1

1 ðMÞ is a Cy-manifold of dimension nþ n2. If
x j are local coordinates in a neighborhood U of P A M, then a tensor t at P
which is an element of T 1

1 ðMÞ is expressible in the form ðx j; tij Þ, where tij are
components of t with respect to the natural base. We may consider ðx j; tij Þ ¼
ðx j; x jÞ ¼ ðxJÞ, j ¼ 1; . . . ; n, j ¼ nþ 1; . . . ; nþ n2, J ¼ 1; . . . ; nþ n2 as local coor-
dinates in a neighborhood p�1ðUÞ.

Let X ¼ X i q

qxi
and A ¼ Ai

j

q

qxi
n dx j be the local expressions in U of a

vector field X and a ð1; 1Þ tensor field A on M, respectively. Then the vertical
lift VA of A and the horizontal lift HX of X are given, with respect to the
induced coordinates, by

VA ¼
VA j

VAj

� �
¼

0

Ai
j

� �
;ð2:1Þ

and

HX ¼
HX j

HX j

� �
¼

X j

X sðGm
sj t

i
m � G i

smt
m
j Þ

 !
;ð2:2Þ

where Gh
ij are the coe‰cients of the connection ‘ on M.

Let j A =1
1ðMÞ, which are locally represented by j ¼ j i

j

q

qxi
n dx j. The

vector fields gj and ~ggj A =1
0ðT 1

1 ðMÞÞ are respectively defined by

gj ¼
0

tmj j
i
m

� �
;

~ggj ¼
0

timj
m
j

� �
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with respect to the coordinates ðx j; x jÞ in T 1
1 ðMÞ. From (2.1) we easily see that

the vector fields gj and ~ggj determine respectively global vector fields on T 1
1 ðMÞ.

The Lie bracket operation of vertical and horizontal vector fields on T 1
1 ðMÞ

is given by the formulas

½HX ; HY � ¼ H ½X ;Y � þ ð~gg� gÞRðX ;YÞ;
½HX ; VA� ¼ Vð‘XAÞ;
½VA; VB� ¼ 0

8><
>:ð2:3Þ

for any X ;Y A =1
0ðMÞ and A;B A =1

1ðMÞ, where R is the curvature tensor field of
the connection ‘ defined by RðX ;YÞ ¼ ½‘X ;‘Y � � ‘½X ;Y � and ð~gg� gÞRðX ;YÞ ¼

0

timR
m
kljX

kY l�tmj R
i

klm
X kY l

 !
(for details, see [3, 28, 30]).

2.2. Expressions in the adapted frame. We insert the adapted frame which
allows the tensor calculus to be e‰ciently done in T 1

1 ðMÞ: With the con-
nection ‘ on M, we can introduce adapted frames on each induced coordinate
neighborhood p�1ðUÞ of T 1

1 ðMÞ. In each local chart U HM, we write Xð jÞ ¼
qj ¼ dhj qh A =1

0ðMÞ, Að j Þ ¼ qi n dx j ¼ dki d
j
hqk n dxh A =1

1ðMÞ, j ¼ 1; . . . ; n, j ¼
nþ 1; . . . ; nþ n2: Then from (2.1) and (2.2), we see that these vector fields
have respectively local expressions

HXð jÞ ¼ dhj qh þ ð�tshG
k
js þ tks G

s
jhÞqh

VAð j Þ ¼ dki d
j
hqh

with respect to the natural frame fqh; qhg in T 1
1 ðMÞ; where qh ¼

q

qxh
, q

h
¼ q

qxh
,

xh ¼ tkh and d ij is the Kronecker’s. These nþ n2 vector fields are linearly
independent and they generate the horizontal distribution of the connection
‘ and the vertical distribution of T 1

1 ðMÞ, respectively. The set fHXð jÞ;
VAð j Þg is

called the frame adapted to the connection ‘ in p�1ðUÞHT 1
1 ðMÞ. By denoting

Ej ¼ HXð jÞ;ð2:4Þ

Ej ¼
VAð j Þ;

we can write the adapted frame as fEag ¼ fEj;Ejg. The indices a; b; g; . . . ¼
1; . . . ; nþ n2 indicate the indices with respect to the adapted frame.

Using (2.1), (2.2) and (2.4), we have

VA ¼
0

Ai
j

� �
;ð2:5Þ

and

HX ¼ X j

0

� �
ð2:6Þ
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with respect to the adapted frame fEag (for details, see [28]). By the straight-
forward calculations, we have the lemma below.

Lemma 1. The Lie brackets of the adapted frame of T 1
1 ðMÞ satisfy the

following identities:

½El ;Ej� ¼ ðtvs Rs
ljr � tsrR

v
ljsÞEr;

½El ;Ej� ¼ ðd j
rG

v
li � dvi G

j
lrÞEr;

½Ei;Ej� ¼ 0;

where Rs
ijl denote the components of the curvature tensor of the connection ‘ on M.

3. Almost product Riemannian structures on the ð1; 1Þ-tensor bundle

Let T 1
1 ðMÞ be the ð1; 1Þ-tensor bundle over a Riemannian manifold ðM; gÞ.

For each P A M, the extension of scalar product g (marked by G) is defined on

the tensor space p�1ðPÞ ¼ T 1
1 ðPÞ by GðA;BÞ ¼ gitg

jlAi
j B

t
l for all A;B A T 1

1 ðPÞ.
The rescaled Sasaki type metric Sgf is defined on T 1

1 ðMÞ by the following three
equations

Sgf ðVA; VBÞ ¼ VðGðA;BÞÞ;ð3:1Þ
Sgf ðVA; HYÞ ¼ 0;ð3:2Þ

Sgf ðHX ; HYÞ ¼ Vð fgðX ;Y ÞÞð3:3Þ

for any X ;Y A =1
0ðMÞ and A;B A =1

1ðMÞ, where f > 0, f A CyðMÞ (for f ¼ 1;
see [28]). From the equations (3.1)–(3.3), by virtue of (2.5) and (2.6), the
rescaled Sasaki type metric Sgf and its inverse have components with respect
to the adapted frame fEag:

ðSgf Þbg ¼
ðSgf Þjl ðSgf Þjl
ðSgf Þ jl ðSgf Þ j l

 !
¼ fgjl 0

0 gitg
jl

� �
; xl ¼ ttlð3:4Þ

and

ðSgf Þbg ¼
ðSgf Þ jl ðSgf Þ jl

ðSgf Þ jl ðSgf Þ j l

 !
¼

1

f
g jl 0

0 gitgjl

0
B@

1
CA; x j ¼ tij :ð3:5Þ

For the Levi-Civita connection of the rescaled Sasaki type metric Sgf we give
the next theorem.

Theorem 1. Let ðM; gÞ be a Riemannian manifold and equip its tensor
bundle T 1

1 ðMÞ with the rescaled Sasaki type metric Sgf . Then the corresponding
Levi-Civita connection ~‘‘ satisfies the followings:
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iÞ ~‘‘El
Ej ¼ Gr

lj þ
1

2f
fAr

lj

� �
Er þ

1

2
Rs

ljrt
v
s �

1

2
Rv

ljst
s
r

� �
Er;

iiÞ ~‘‘El
Ej ¼

1

2f
giaR

s j r
: : l t

a
s �

1

2f
g jbRr

isl t
s
b

� �
Er þ fGv

lid
j
r � G

j
lrd

v
i gEr;

iiiÞ ~‘‘E
l
Ej ¼

1

2f
gtaR

s l r
: : j t

a
s �

1

2f
glbRr

tsj t
s
b

� �
Er;

ivÞ ~‘‘E
l
Ej ¼ 0

8>>>>>>>>>><
>>>>>>>>>>:

ð3:6Þ

with respect to the adapted frame, where fAh
ji is a tensor field of type ð1; 2Þ defined

by fAh
ji ¼ ð fjdhi þ fid

h
j � f h

: gjiÞ and fi ¼ qi f , R
s j r
: : l ¼ gasgbjRr

abl :

Proof. The connection ~‘‘ is characterized by the Koszul formula:

2Sgf ð~‘‘~XX
~YY ; ~ZZÞ ¼ ~XX ðSgf ð ~YY ; ~ZZÞÞ þ ~YYðSgf ð ~ZZ; ~XXÞÞ � ~ZZðSgf ð ~XX ; ~YY ÞÞ

�Sgf ð ~XX ; ½ ~YY ; ~ZZ�Þ þ Sgf ð ~YY ; ½ ~ZZ; ~XX �Þ þ Sgf ð ~ZZ; ½ ~XX ; ~YY �Þ

for all vector fields ~XX , ~YY and ~ZZ on T 1
1 ðMÞ. One can verify the Koszul for-

mula for pairs ~XX ¼ El ;El
and ~YY ¼ Ej ;Ej and ~ZZ ¼ Ek;Ek

. In calculations, the

formulas (2.4), Lemma 1 and the first Bianchi identity for R should be applied.
We omit standart calculations. r

Let ~XX ; ~YY A =1
0ðT 1

1 ðMÞÞ. Then the covariant derivative ~‘‘~XX
~YY has components

~‘‘~XX
~YY a ¼ ~XX gEg

~YY a þ ~GGa
gb

~XX b ~YY g

with respect to the adapted frame fEag. Using (2.4), (2.5), (2.6) and (3.6), we
have the following proposition.

Proposition 1. Let ðM; gÞ be a Riemannian manifold and ~‘‘ be the Levi-
Civita connection of the tensor bundle T 1

1 ðMÞ equipped with the rescaled Sasaki
type metric Sgf . Then the corresponding Levi-Civita connection satisfies the fol-
lowing relations:

i) ~‘‘HX
HY ¼ H ‘XY þ 1

2f
f AðX ;YÞ

� �
þ 1

2
ð~gg� gÞRðX ;Y Þ,

ii) ~‘‘HX
VB ¼ 1

2f
HðgbjRðtb;BjÞX þ gaiðtaðg�1 � Rð ;X Þ ~BBiÞ þ Vð‘XBÞ,

iii) ~‘‘VC
HY ¼ 1

2f
HðgblRðtb;ClÞY þ gatðtaðg�1 � Rð ;YÞ ~CCtÞÞ,

iv) ~‘‘VC
VB ¼ 0

for all X ;Y A =1
0ðMÞ and B;C A =1

1ðMÞ, where Cl ¼ ðCi
l Þ, ~CCt ¼ ðgblC t

l Þ ¼ ðCbt
: Þ,

tl ¼ ðtal Þ, ta ¼ ðtab Þ, Rð ;XÞY A =1
1ðMÞ, g�1 � Rð ;XÞY A =1

0ðMÞ and fAðX ;Y Þ
¼ X ð f ÞY þ Y ð f ÞX � gðX ;Y Þ � ðdf Þ� ( for f ¼ 1, see [28]).
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An almost product Riemannian manifold ðM;F ; gÞ is an n-dimensional di¤er-
entiable manifold M endowed with a positive definite Riemannian metric g and
a non-trivial tensor field F of type ð1; 1Þ such that

F 2 ¼ I

and

gðFX ;YÞ ¼ gðX ;FY Þð3:7Þ

for all X ;Y A =1
0ðMÞ. Such a metric also is referred as pure metric with respect

to F . A locally decomposable Riemannian manifold can be defined as a triple
ðM;F ; gÞ which consist of a di¤erentiable manifold M equipped with an
almost product structure F and a pure metric g such that ‘F ¼ 0; where ‘
is the Levi-Civita connection of g: It is well known that ‘F ¼ 0 is equivalent
to decomposability of the pure metric g [31], i.e. fFg ¼ 0, where fF is the
Tachibana operator [34, 36]: ðfFgÞðX ;Y ;ZÞ ¼ ðFX ÞðgðY ;ZÞÞ � XðgðFY ;ZÞÞþ
gððLYFÞX ;ZÞ þ gðY ; ðLZFÞXÞ.

Let us define an almost product structure on T 1
1 ðMÞ as follows:

JðHX Þ ¼ �HXð3:8Þ

JðVAÞ ¼ VA

for any X A =1
0ðMÞ and A A =1

1ðMÞ. One can easily check that the rescaled
Sasaki type metric Sgf is pure with respect to the almost product structure J.
Hence we state the following theorem.

Theorem 2. Let ðM; gÞ be a Riemannian manifold and T 1
1 ðMÞ be its tensor

bundle equipped with the rescaled Sasaki type metric Sgf and the almost product
structure J. The triple ðT 1

1 ðMÞ; J; Sgf Þ is an almost product Riemannian manifold.

We now give conditions for the rescaled Sasaki type metric Sgf to be
decomposable with respect to the almost product structure J. Using the def-
inition of the rescaled Sasaki type metric Sgf and the almost product structure
J and by using the fact that VAVðGðB;CÞÞ ¼ 0, VAV ð fgðY ;ZÞÞ ¼ 0 and
HX Vð fgðY ;ZÞÞ ¼ VðX ð fgðY ;ZÞÞÞ we calculate

ðfJ Sgf Þð ~XX ; ~YY ; ~ZZÞ ¼ ðJ ~XX ÞðSgf ð ~YY ; ~ZZÞÞ � ~XXðSgf ðJ ~YY ; ~ZZÞÞ

þ Sgf ððL ~YYJÞ ~XX ; ~ZZÞ þ Sgf ð ~YY ; ðL ~ZZJÞ ~XXÞ

for all ~XX ; ~YY ; ~ZZ A =1
0ðT 1

1 ðMÞÞ. For pairs ~XX ¼ HX ; VA, ~YY ¼ HY ; VB and ~ZZ ¼
HZ; VC, then we get

ðfJ Sgf ÞðHX ; VB; HZÞ ¼ 2Sgf ðVB; ð~gg� gÞRðX ;ZÞÞð3:9Þ

ðfJ Sgf ÞðHX ; HY ; VCÞ ¼ 2Sgf ðð~gg� gÞRðX ;Y Þ; VCÞ:
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for all X ;Y ;Z A =1
0ðMÞ and A;B;C A =1

1ðMÞ; and the others are zero. Since
fJ

Sgf ¼ 0 is equivalent to ~‘‘J ¼ 0, we have the following theorem.

Theorem 3. Let ðM; gÞ be a Riemannian manifold and let T 1
1 ðMÞ be its

tensor bundle equipped with the rescaled Sasaki type metric Sgf and the almost
product structure J. The triple ðT 1

1 ðMÞ; J; Sgf Þ is a locally decomposable Rieman-
nian manifold if and only if M is flat.

Remark 1. Let ðM; gÞ be a Riemannian manifold and let T 1
1 ðMÞ be its

tensor bundle equipped with the rescaled Sasaki type metric Sgf . The diagonal
lift Dg of g A =1

1ðMÞ to T 1
1 ðMÞ is defined by the formulas

DgHX ¼ HðgðXÞÞ
DgVA ¼ �V ðgðAÞÞ

for any X A =1
0ðMÞ and A A =1

1ðMÞ [13]. The diagonal lift DI of the identity
tensor field I A =1

1ðMÞ has the following properties

DI HX ¼ HX

DI VA ¼ �VA

and satisfies ðDIÞ2 ¼ IT 1
1
ðMÞ. Thus, DI is an almost product structure. Also,

the rescaled Sasaki type metric Sgf is pure with respect to DI , i.e. the triple
ðT 1

1 ðMÞ; DI ; Sgf Þ is an almost product Riemannian manifold. Finally, by using
f-operator, we can say that the rescaled Sasaki type metric Sgf is decomposable
with respect to DI if and only if M is flat.

Now we shall give some applications related to almost product Riemannian
structures on the ð1; 1Þ-tensor bundle.

3.1. Let us consider the almost product structure J defined by (3.8) and
the Levi-Civita connection ~‘‘ given by Proposition 1. We define a ð1; 2Þ tensor
field on T 1

1 ðMÞ by

~SSð ~XX ; ~YYÞ ¼ 1

2
fð~‘‘J ~YYJÞ ~XX þ Jðð~‘‘~YYJÞ ~XXÞ � Jðð~‘‘~XXJÞ ~YYÞg

for all ~XX ; ~YY A =1
0ðT 1

1 ðMÞÞ. Then the linear connection

ðPÞ~‘‘~XX
~YY ¼ ~‘‘~XX

~YY � ~SSð ~XX ; ~YYÞ
is an almost product connection on T 1

1 ðMÞ (for almost product connection, see
[22]).

Theorem 4. Let ðM; gÞ be a Riemannian manifold and let T 1
1 ðMÞ be its

tensor bundle equipped with the rescaled Sasaki type metric Sgf and the almost
product structure J. Then the almost product connection ðPÞ~‘‘ constructed by the
Levi-Civita connection ~‘‘ of Sgf and the almost product structure J is as follows:
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iÞ ðPÞ~‘‘HX
HY ¼ H ‘XY þ 1

2f
fAðX ;Y Þ

� �
;

iiÞ ðPÞ~‘‘HX
VB ¼ Vð‘XBÞ;

iiiÞ ðPÞ~‘‘VC
HY ¼ 3

2f
HðgblRðtb;ClÞY þ gatðtaðg�1 � Rð ;YÞ ~CCtÞÞ;

ivÞ ðPÞ~‘‘VC
VB ¼ 0:

8>>>>>>>><
>>>>>>>>:

ð3:10Þ

Similarly, by means of the almost product structure DI and the Levi-Civita

connection ~‘‘ of the rescaled Sasaki type metric Sgf , another almost product

connection can be constructed. Denoting by
ðPÞ ~‘‘T , the torsion tensor of ðPÞ~‘‘, we

have from (2.3) and (3.10)

ðPÞ ~‘‘TðVC; VBÞ ¼ 0;

ðPÞ ~‘‘TðVC; HYÞ ¼ 3

2f
HðgblRðtb;ClÞY þ gatðtaðg�1 � Rð ;Y Þ ~CCtÞÞ;

ðPÞ ~‘‘TðHX ; HYÞ ¼ �ð~gg� gÞRðX ;Y Þ:

Hence we have the theorem below.

Theorem 5. Let ðM; gÞ be a Riemannian manifold and let T 1
1 ðMÞ be its

tensor bundle. The almost product connection ðPÞ~‘‘ constructed by the Levi-Civita
connection ~‘‘ of the rescaled Sasaki type metric Sgf and the almost product
structure J is symmetric if and only if M is flat.

Note that if there exists a symmetric almost product connection on M, then
the almost product structure is integrable [22]. The converse is also true [10]. It
is known that the integrability of an almost product structure F is equivalent to
the vanishing of the Nijenhuis tensor NF given by

NF ðX ;Y Þ ¼ ½FX ;FY � � F ½FX ;Y � � F ½X ;FY � þ ½X ;Y �:
In view of Theorem 5, we can say that the almost product structure J is
integrable if and only if M is flat.

3.2. O. Gil-Medrano and A. M. Naveira proved that both distributions
of the almost product structure on the almost product Riemannian manifold
(M;F ; gÞ are totally geodesic if and only if sX ;Y ;Zgðð‘XFÞY ;ZÞ ¼ 0 for any
X ;Y ;Z A =1

0ðMÞ; where s is the cyclic sum by three arguments [14]: In [29], the
authors proved that sX ;Y ;Zgðð‘XF ÞY ;ZÞ ¼ 0 is equivalent to ðfFgÞðX ;Y ;ZÞþ
ðfFgÞðY ;Z;XÞ þ ðfFgÞðZ;X ;YÞ ¼ 0: We compute

Að ~XX ; ~YY ; ~ZZÞ ¼ ðfJ Sgf Þð ~XX ; ~YY ; ~ZZÞ þ ðfJ Sgf Þð ~YY ; ~ZZ; ~XXÞ þ ðfJ Sgf Þð ~ZZ; ~XX ; ~YYÞ
for all ~XX ; ~YY ; ~ZZ A =1

0ðT 1
1 ðMÞÞ: By means of (3.9), we have Að ~XX ; ~YY ; ~ZZÞ ¼ 0 for all

~XX ; ~YY ; ~ZZ A =1
0ðT 1

1 ðMÞÞ: Hence we state the following theorem.
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Theorem 6. Let ðM; gÞ be a Riemannian manifold and T 1
1 ðMÞ be its tensor

bundle equipped with the rescaled Sasaki type metric Sgf and the almost product
structure J defined by (3.8). Both distributions of the almost product Riemannian
manifold ðT 1

1 ðMÞ, J; Sgf Þ are totally geodesic.

3.3. The famous golden section h ¼ 1þ
ffiffiffi
5

p

2
A1; 61803398874989 . . . being

the root of the equation x2 � x� 1 ¼ 0 is an irrational number which has many
applications in mathematics, computational science, biology, art, architecture,
nature, etc. In the last few years, the golden proportion has played an increasing
role in modern physical research and it has a unique significant role in atomic
physics [20]. The golden proportion has also interesting properties in topology
of four-manifolds, in conformal field theory, in mathematical probability theory
and in Cantorian spacetime [23, 24]. Inspired by golden ratio, a new structure
on a Riemannian manifold was constructed by M. Crasmareanu and C. Hretcanu
[4, 18, 19]. Also, they called this structure the golden structure. Let c be a
ð1; 1Þ tensor field on a manifold M. If the polynomial X 2 � X � 1 is the
minimal polynomial for a structure c satisfying c2 � c� I ¼ 0, then c is a
golden structure on M and ðM;cÞ is a golden manifold. Let ðM; gÞ be a
Riemannian manifold endowed with the golden structure c such that

gðcX ;Y Þ ¼ gðX ;cY Þ;

for all X ;Y A =1
0ðMÞ. The triple ðM;c; gÞ is named a golden Riemannian

manifold.
If c is a golden structure on M, then

F ¼ 1ffiffiffi
5

p ð2c� IÞð3:11Þ

is an almost product structure on M. Conversely,

c ¼ 1

2
ðI þ

ffiffiffi
5

p
F Þð3:12Þ

is a golden structure on M. If a Riemannian metric g is pure with respect to an
almost product structure F , then the Riemannian metric g is pure with respect to
the corresponding golden structure c. A simple computation, using the expres-
sion of the corresponding almost product structure via (3.11) gives:

fFg ¼ 2ffiffiffi
5

p fcg:ð3:13Þ

Let ðM;c; gÞ be a golden Riemannian manifold and F its corresponding
almost product structure. In [12], the first author and collaborators have proved
that 1) The golden structure c is integrable if fcg ¼ 0 (or equivalently fFg ¼ 0Þ
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and 2) The manifold M is a locally decomposable golden Riemannian manifold if
and only if fFg ¼ 0 (or equivalently fcg ¼ 0).

By means of the almost product structure J, from (3.12) we can construct a
golden structure on T 1

1 ðMÞ defined by the formulas

~ccðHX Þ ¼ 1�
ffiffiffi
5

p

2

 !
HX ;

~ccðVAÞ ¼ 1þ
ffiffiffi
5

p

2

 !
VA:

8>>>><
>>>>:

ð3:14Þ

for any X A =1
0ðMÞ and A A =1

1ðMÞ. Also the following hold

Sgf ð ~cc ~XX ; ~YYÞ ¼ Sgf ð ~XX ; ~cc ~YY Þ

for any ~XX ; ~YY A =1
0ðT 1

1 ðMÞÞ, i.e. Sgf is pure with respect to ~cc. In view of
Theorem 3, by (3.13), we have the following result.

Corollary 1. Let ðM; gÞ be a Riemannian manifold and let T 1
1 ðMÞ be

its tensor bundle equipped with the rescaled Sasaki type metric Sgf and the
golden structure ~cc associated with the almost product structure J. The triple
ðT 1

1 ðMÞ; ~cc; Sgf Þ is a locally decomposable golden Riemannian manifold if and
only if M is flat.

Remark 2. Another golden structure associated with the almost product
structure DI is as follows:

cðHX Þ ¼ 1þ
ffiffiffi
5

p

2

 !
HX ;

cðVAÞ ¼ 1�
ffiffiffi
5

p

2

 !
VA:

8>>>><
>>>>:

Similarly, we say that the triple ðT 1
1 ðMÞ;c; Sgf Þ is a locally decomposable golden

Riemannian manifold if and only if M is flat.

4. Curvature properties of the rescaled Sasaki type metric Sgf on
the ð1; 1Þ-tensor bundle

The Riemannian curvature tensor ~RR of T 1
1 ðMÞ with the rescaled Sasaki type

metric Sgf is obtained from the well-known formula

~RRð ~XX ; ~YYÞ ~ZZ ¼ ~‘‘~XX
~‘‘~YY

~ZZ � ~‘‘~YY
~‘‘~XX

~ZZ � ~‘‘½ ~XX ; ~YY �
~ZZ

for all ~XX ; ~YY ; ~ZZ A =1
0ðT 1

1 ðMÞÞ. Then from Lemma 1 and Theorem 1, we get the
following proposition.
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Proposition 2. The components of the curvature tensor ~RR of the tensor
bundle T 1

1 ðMÞ with the rescaled Sasaki type metric Sgf are given as follows:

~RRðEm;ElÞEj ¼
�
Rr

mlj þ
1

4f
ðgkaRs h r

: : mR
p
ljh � gkaR

s h r
: : l R

p
mjh � 2gkaR

s h r
: : j R

p
mlhÞt

a
s t

k
pð4:1Þ

þ 1

4f
ðgkaRs h r

: : l R
k
mjp � gkaR

s h r
: : mR

k
ljp þ 2gkaR

s h r
: : j R

k
mlpÞtas t

p
h

þ 1

4f
ðghbRr

kplR
s
mjh � ghbRr

kpmR
s
ljh þ 2ghbRr

kpjR
s
mlhÞt

p
b t

k
s

þ 1

4f
ðghbRr

ksmR
k
ljp � ghbRr

kslR
k
mjp � 2ghbRr

ksjR
k
mlpÞtsbt

p
h

þ ‘m

1

2f
Ar

lj

� �
� ‘l

1

2f
Ar

mj

� �
þ 1

4f 2
Ar

msA
s
lj �

1

4f 2
Ar

lsA
s
mj

�
Er

þ
�
1

2
ð‘mR

s
ljr � ‘lR

s
mjrÞtvs þ

1

2
ð‘lR

v
mjs � ‘mR

v
ljsÞtsr

þ 1

4f
ððRs

mhrt
v
s � Rv

mhst
s
r ÞAh

lj � ðRs
lhrt

v
s � Rv

lhst
s
r ÞAh

mjÞ
�
Er;

~RRðEm;ElÞEj ¼
�
� 1

2f
gnað‘lR

s m r
: : j Þtas þ

1

2f
gmbð‘lR

r
nsjÞtsb

þ 1

4f 2
ðgnaRs m r

: : h A
h
lj t

a
s � gmbRr

nshA
h
lj t

s
b þ gmbRh

nsjA
r
lht

s
b

� gnaR
s m h
: : j A

r
lht

a
s þ 2flgnaR

s m r
: : j t

a
s � 2flg

mbRr
nsjt

s
bÞ
�
Er

þ
�
1

2
Rm

ljrd
v
n �

1

2
Rv

ljnd
m
r � 1

4f
ðRs

lhrgnaR
p m h
: : j Þtvs tap

þ 1

4f
ðRs

lhrg
mbRh

npjÞtvs t
p
b þ

1

4f
ðRv

lhsgnaR
p m h
: : j Þtsr tap

� 1

4f
ðRv

lhsg
mbRh

npjÞtsr t
p
b

�
Er;

~RRðEm;El
ÞEj ¼

�
1

2f
gtað‘mR

s l r
: : j Þtas �

1

2f
glbð‘mR

r
tsjÞtsb

þ 1

4f 2
ðgtaRs l h

: : j A
r
mht

a
s � glbRh

tsjA
r
mht

s
b þ glbRr

tshA
h
mjt

s
b

� gtaR
s l r
: : hA

h
mjt

a
s � 2fmgtaR

s l h
: : j t

a
s þ 2fmg

lbRr
tsjt

s
bÞ
�
Er

48 aydin gezer and murat altunbas



þ
�
� 1

2
Rl

mjrd
v
t þ

1

2
Rv

mjtd
l
r þ

1

4f
ðRs

mhrgtaR
p l h
: : j Þtvs tap

� 1

4f
ðRs

mhrg
lbRh

tpjÞtvs t
p
b �

1

4f
ðRv

mhpgtaR
s l h
: : j Þtpr tas

þ 1

4f
ðRv

mhsg
lbRh

tpjÞtsr t
p
b

�
Er;

~RRðEm;El
ÞEj ¼

�
1

f
gtnR

m l r
: : j � 1

f
glmRr

tnj

þ 1

4f 2
ðgnaRs m r

: : h gtbR
p l h
: : j � gtaR

s l r
: : hgnbR

p m h
: : j Þtas tbp

þ 1

4f 2
ðgtaRs l r

: : hg
mbRh

npj � gnaR
s m r
: : h g

lbRh
tpjÞtas t

p
b

þ 1

4f 2
ðglbRr

tphgnaR
s m h
: : j � gmbRr

nphgtaR
s l h
: : j Þt

p
b t

a
s

þ 1

4f 2
ðgmaRr

nshg
lbRh

tsj � glaRr
tshg

mbRh
npjÞtsat

p
b

�
Er;

~RRðEm;ElÞEj ¼
�

1

2f
giað‘mR

s j r
: : l � ‘lR

s j r
: : mÞtas þ

1

2f
g jbð‘lR

r
ism � ‘mR

r
islÞtsb

þ 1

4f 2
ðgiaRs j h

: : l A
r
mht

a
s � g jbRh

islA
r
mht

s
b þ g jbRh

ismA
r
lht

s
b � giaR

s j h
: : mA

r
lht

a
s

� 2ð fmgiaRs j h
: : l t

a
s þ fmg

jbRr
isl t

s
b þ flgiaR

s j r
: : mt

a
s � flg

jbRr
ismt

s
bÞ
�
Er

þ
�
Rv

mlid
j
r � R

j
mlrd

v
i þ

1

4f
ðRs

mhrgiaR
p j h
: : l � Rs

lhrgiaR
p j h
: : mÞtvs tap

þ 1

4f
ðRs

lhrg
jbRh

ipm � Rs
mhrg

jbRh
iplÞtvs t

p
b

þ 1

4f
ðRv

lhpgiaR
s j h
: : m � Rv

mhpgiaR
s j h
: : l Þt

p
r t

a
s

þ 1

4f
ðRv

mhsg
jbRh

ipl � Rv
lhsg

jbRh
ipmÞtsr t

p
b

�
Er;

~RRðEm;El
ÞEj ¼

�
� 1

2f
gitR

l j r
: : m þ 1

2f
g jlRr

itm � 1

4f 2
ðgtaRs l r

: : hgibR
p j h
: : mÞtas tbp

þ 1

4f 2
ðgtaRs l r

: : hg
jbRh

ipmÞtas t
p
b þ

1

4f 2
ðglbRr

tphgiaR
s j h
: : mÞt

p
b t

a
s

� 1

4f 2
ðglaRr

tshg
jbRh

ipmÞtsat
p
b

�
Er;
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~RRðEm;ElÞEj ¼
�

1

2f
ginR

m j r
: : l � 1

2f
g jmRr

inl þ
1

4f 2
ðgnaRs m r

: : h gibR
p j h
: : l Þt

a
s t

b
p

� 1

4f 2
ðgnaRs m r

: : h g
jbRh

iplÞtas t
p
b �

1

4f 2
ðgmbRr

nphgiaR
s j h
: : mÞt

p
b t

a
s

þ 1

4f 2
ðgmaRr

nshg
jbRh

iplÞtsat
p
b

�
Er

~RRðEm;El
ÞEj ¼ 0

with respect to the adapted frame fEag ( for f ¼ 1, see [28]).

We now compare the geometries of the Riemannian manifold ðM; gÞ and
its tensor bundle T 1

1 ðMÞ with the rescaled Sasaki type metric Sgf .

Theorem 7. Let ðM; gÞ be a Riemannian manifold and T 1
1 ðMÞ be its tensor

bundle with the rescaled Sasaki type metric Sgf . Then T 1
1 ðMÞ is locally flat

if and only if M is locally flat and ‘m

1

2f
Ar

lj

� �
� ‘l

1

2f
Ar

mj

� �
þ 1

4f 2
Ar

msA
s
lj �

1

4f 2
Ar

lsA
s
mj ¼ 0.

Proof. If

‘m

1

2f
Ar

lj

� �
� ‘l

1

2f
Ar

mj

� �
þ 1

4f 2
Ar

msA
s
lj �

1

4f 2
Ar

lsA
s
mj ¼ 0

in the equations (4.1), then R1 0 implies ~RR1 0. Conversely, if we assume
~RR1 0; then from the first equation in (4.1) in the point ðxi; t ji Þ ¼ ðxi; 0Þ A T 1

1 ðMÞ,
we get

ð ~RRðEm;ElÞEjÞðxi ;0Þ ¼ 0��
Rr

mlj þ
1

4f
ðgkaRs h r

: : mR
p
ljh � gkaR

s h r
: : l R

p
mjh � 2gkaR

s h r
: : j R

p
mlhÞt

a
s t

k
p

þ 1

4f
ðgkaRs h r

: : l R
k
mjp � gkaR

s h r
: : mR

k
ljp þ 2gkaR

s h r
: : j R

k
mlpÞtas t

p
h

þ 1

4f
ðghbRr

kplR
s
mjh � ghbRr

kpmR
s
ljh þ 2ghbRr

kpjR
s
mlhÞt

p
b t

k
s

þ 1

4f
ðghbRr

ksmR
k
ljp � ghbRr

kslR
k
mjp � 2ghbRr

ksjR
k
mlpÞtsbt

p
h

þ ‘m

1

2f
Ar

lj

� �
� ‘l

1

2f
Ar

mj

� �
þ 1

4f 2
Ar

msA
s
lj �

1

4f 2
Ar

lsA
s
mj

�
Er
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þ
�
1

2
ð‘mR

s
ljr � ‘lR

s
mjrÞtvs þ

1

2
ð‘lR

v
mjs � ‘mR

v
ljsÞtsr

þ 1

4f
ððRs

mhrt
v
s � Rv

mhst
s
r ÞAh

lj � ðRs
lhrt

v
s � Rv

lhst
s
r ÞAh

mjÞ
�
Er

�
ðxi ;0Þ

¼ 0

Rr
mlj þ ‘m

1

2f
Ar

lj

� �
� ‘l

1

2f
Ar

mj

� �
þ 1

4f 2
Ar

msA
s
lj �

1

4f 2
Ar

lsA
s
mj ¼ 0:

From the last equation, we can say that R1 0 and ‘m

1

2f
Ar

lj

� �
� ‘l

1

2f
Ar

mj

� �
þ

1

4f 2
Ar

msA
s
lj �

1

4f 2
Ar

lsA
s
mj ¼ 0, which completes the proof. r

Corollary 2. Let ðM; gÞ be a Riemannian manifold and T 1
1 ðMÞ be its

tensor bundle with the rescaled Sasaki type metric Sgf . Suppose that f ¼
Cðconst:Þ, then ðT 1

1 ðMÞ; Sgf Þ is locally flat if and only if M is locally flat.

Proof. Let f ¼ Cðconst:Þ, then fAh
ji ¼ ð fjdhi þ fid

h
j � f h

: gjiÞ ¼ 0 from which

‘m

1

2f
Ar

lj

� �
� ‘l

1

2f
Ar

mj

� �
þ 1

4f 2
Ar

msA
s
lj �

1

4f 2
Ar

lsA
s
mj ¼ 0. In the case, on fol-

lowing the proof of Theorem 7, the result is directly obtained. r

We now turn our attention to the Ricci tensor and scalar curvature of the
rescaled Sasaki type metric Sgf . Let ~RRab ¼ ~RRs

sab and ~rr ¼ ðSgf Þab ~RRab denote the

Ricci tensor and scalar curvature of the rescaled Sasaki type metric Sgf , respec-
tively. From (4.1), the components of the Ricci tensor ~RRab are characterized by

~RR
l j
¼ � 1

4f 2
ðgtaRs l r

: : hgibR
p j h
: : r Þtas tbp þ

1
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p
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a
s �
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lj
¼ 1

2f
gtað‘rR
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a
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a
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~RRlj ¼
1

2f
giað‘rR

s j r
: : l Þt

a
s �

1

2f
g jbð‘rR

r
islÞtsb

þ 1

4f 2
ðgiaRs j h

: : l A
r
rht

a
s � g jbRh

islA
r
rht

s
b þ g jbRh

isrA
r
lht

s
b

� giaR
s j h
: : r A

r
lht

a
s � 2frgiaR

s j h
: : l t

a
s þ 2frg

jbRr
isl t

s
bÞ;
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~RRlj ¼ Rlj �
1
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with respect to the adapted frame. From (3.5) and (4.2), the scalar curvature of
the rescaled Sasaki type metric Sgf is given by

~rr ¼ 1

f
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:

Thus we have the result as follows.

Theorem 8. Let ðM; gÞ be a Riemannian manifold and T 1
1 ðMÞ be its tensor

bundle with the rescaled Sasaki type metric Sgf . Let r be the scalar curvature of g
and ~rr be the scalar curvature of Sgf . Then the following equation holds:

~rr ¼ 1

f
r� 1

4f 2
gabghkgljgtiRslhvRpjkrt

s
at

p
b

� 1

4f 2
gcdg

ljghkgrvRs
rlhR

p
vjkt

c
s t

d
p þ 1

2f 2
Rh

cprR
r b s
h : :t

c
s t

p
b þ

fL;
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:

Let now ðM; gÞ, n > 2 be a Riemannian manifold of constant curvature k,
i.e.

Rs
kmj ¼ kðdskgmj � dsmgkjÞ
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and

r ¼ nðn� 1Þk:

Then, from Theorem 8 we have
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� �
þ fL:

Thus we have

Theorem 9. Let ðM; gÞ, n > 2 be a Riemannian manifold of constant
curvature k. Then the scalar curvature ~rr of ðT 1

1 ðMÞ; Sgf Þ is

~rr ¼ 1

f
ðn� 1Þk n� 1

f
ktk2k

� �
þ 1

f
k2ððtrace tÞ2 � ðtrace t2ÞÞ þ fL;

where ktk2 ¼ gklg
ijt ikt

j
l .
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5. Other metric connections of the rescaled Sasaki type metric Sgf on
the ð1; 1Þ-tensor bundle

Let ‘ be a linear connection on a manifold M. The connection ‘ is
symmetric if its torsion tensor vanishes, otherwise it is non-symmetric. If there
is a Riemannian metric g on M such that ‘g ¼ 0, then the connection ‘ is a
metric connection, otherwise it is non-metric. It is well known that a linear
connection is symmetric and metric if and only if it is the Levi-Civita connection.
In section 3, we have considered the Levi-Civita connection ~‘‘ of the rescaled
Sasaki type metric Sgf on the tensor bundle T 1

1 ðMÞ over ðM; gÞ. The connection

is the unique connection which satisfies ~‘‘aðSgf Þbg ¼ 0 and has a zero torsion.
H. A. Hayden [17] introduced a metric connection with a non-zero torsion on a
Riemanian manifold. Now we are interested in a metric connection ðMÞ~‘‘ of the
rescaled Sasaki type metric Sgf whose torsion tensor

ðMÞ ~‘‘T e
gb is skew-symmetric

in the indices g and b. We denote components of the connection ðMÞ~‘‘ by
ðMÞ~GG: The metric connection ðMÞ~‘‘ satisfies

ðMÞ~‘‘aðSgf Þbg ¼ 0 and ðMÞ~GGg
ab �

ðMÞ~GGg
ba ¼

ðMÞ ~‘‘T
g
ab:ð5:1Þ

On the equation (5.1) is solved with respect to ðMÞ~GGg
ab, one finds the following

solution [17]

ðMÞ~GGg
ab ¼ ~GGg

ab þ ~UU g
ab;ð5:2Þ

where ~GGg
ab is components of the Levi-Civita connection of the rescaled Sasaki

type metric Sgf ,

~UUabg ¼
1

2
ð
ðMÞ ~‘‘

Tabg þ
ðMÞ~‘‘Tgab þ

ðMÞ ~‘‘TgbaÞð5:3Þ

and

~UUabg ¼ ~UU e
abðSgf Þeg;

ðMÞ ~‘‘Tabg ¼ T e
abðSgf Þeg:

If we put
ðMÞ ~‘‘T r

lj ¼ tmr R
v
ljm � tvmR

m
ljrð5:4Þ

all other
ðMÞ ~‘‘T

g
ab not related to

ðMÞ ~‘‘T r
lj being assumed to be zero. We choose this

ðMÞ ~‘‘T
g
ab in T 1

1 ðMÞ which is skew-symmetric in the indices g and b as torsion tensor

and determine a metric connection on T 1
1 ðMÞ with respect to the rescaled Sasaki

type metric Sgf . By using (3.5), (5.3) and (5.4), we get non-zero components of
~UU g
ab as follows:

~UUr
lj ¼

1

2
ðtsrRv

ljs � tvs R
s
ljrÞ;

~UU r
lj
¼ 1

2f
ðg jbRr

isl t
s
b � giaR

s j r
: : l t

a
s Þ;

~UU r

lj
¼ 1

2f
ðglbRr

tsjt
s
b � gtaR

s l r
: : j t

a
s Þ;
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with respect to the adapted frame. From (5.2) and Theorem 1, we
have

Proposition 3. Let ðM; gÞ be a Riemannian manifold and T 1
1 ðMÞ be its

tensor bundle with the rescaled Sasaki type metric Sgf . The metric connection
ðMÞ~‘‘ with respect to Sgf satisfy

iÞ ðMÞ~‘‘El
Ej ¼ G r

lj þ
1

2f
fAr

lj

� �
Er;

iiÞ ðMÞ~‘‘El
Ej ¼ fGv

lid
j
r � G

j
lrd

v
i gEr;

iiiÞ ðMÞ~‘‘E
l
Ej ¼ 0;

ivÞ ðMÞ~‘‘E
l
Ej ¼ 0

8>>>>>>><
>>>>>>>:

with respect to the adapted frame, where fAh
ji is a tensor field of type ð1; 2Þ defined

by fAh
ji ¼ ð fjdhi þ fid

h
j � f h

: gjiÞ.

Remark 3. If f ¼ Cðconst:Þ, the metric connection ðMÞ~‘‘ on T 1
1 ðMÞ of the

rescaled Sasaki type metric Sgf coincides with the metric connection H‘ of
the Sasaki type metric Sg, where H‘ is the horizontal lift of the Levi-Civita
connection ‘ of g (for the metric connection H‘, see [28]).

For the curvature tensor ðMÞ ~RR of the metric connection ðMÞ~‘‘, we state the
following result.

Proposition 4. Let ðM; gÞ be a Riemannian manifold and T 1
1 ðMÞ be its

tensor bundle with the rescaled Sasaki type metric Sgf . The curvature tensor ðMÞ ~RR
of the metric connection ðMÞ~‘‘ satisfies the followings:

ðMÞ ~RRðEm;ElÞEj ¼
�
Rr

mlj þ ‘m

1

2f
Ar

lj

� �
� ‘l

1

2f
Ar

mj

� �

þ 1

4f 2
Ar

msA
s
lj �

1

4f 2
Ar

lsA
s
mj

�
Er;

ðMÞ ~RRðEm;ElÞEj ¼ fRv
mlid

j
r � R

j
mlrd

v
i gEr; otherwise ¼ 0

8>>>>>><
>>>>>>:

with respect to the adapted frame.

The non-zero component of the contracted curvature tensor field (Ricci
tensor field) ðMÞ ~RRgb ¼ ðMÞ ~RRa

agb of the metric connection ðMÞ~‘‘ is as follows:

ðMÞ ~RRlj ¼ Rlj þ ‘r

1

2f
Ar

lj

� �
� ‘l

1

2f
Ar

rj

� �
þ 1

4f 2
Ar

rsA
s
lj �

1

4f 2
Ar

lsA
s
rj :
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For the scalar curvature ðMÞ~rr of the metric connection ðMÞ~‘‘ with respect to Sgf ,
we obtain

ðMÞ~rr ¼ ðSgf ÞgbðMÞ ~RRgbð5:5Þ

¼ 1

f
rþ fL;

where f L ¼ 1

f
glj ‘r

1

2f
Ar

lj

� �
� ‘l

1

2f
Ar

rj

� �
þ 1

4f 2
Ar

rsA
s
lj �

1

4f 2
Ar

lsA
s
rj

� �
and r is the

scalar curvature of ‘g: If f L ¼ 0 in the equation (5.5), then (5.5) reduces to

ðMÞ~rr ¼ 1

f
r, which leads the following theorem.

Theorem 10. Let ðM; gÞ be a Riemannian manifold and the tensor bundle
T 1
1 ðMÞ be equipped with the rescaled Sasaki type metric Sgf . Suppose that

fL ¼ 0, then the tensor bundle T 1
1 ðMÞ with the metric connection ðMÞ~‘‘ has

vanishing scalar curvature ðMÞ~rr with respect to Sgf if and only if the scalar
curvature r of ‘g in M is zero:

For a Riemannian metric g on M, there happen to be many ways to define
metric connections associated with g. Now we shall give another class of metric
connections on T 1

1 ðMÞ. Let F be an almost product structure and ‘ be a
linear connection on a manifold M: The product conjugate connection ðFÞ‘ of
‘ is defined by

ðFÞ‘XY ¼ F ð‘XFY Þ

for all X ;Y A =1
0ðMÞ. If ðM;F ; gÞ is an almost product Riemannian manifold,

then ððFÞ‘XgÞðFY ;FZÞ ¼ ð‘XgÞðY ;ZÞ, i.e. ‘ is a metric connection with respect
to g if and only if ðFÞ‘ is so. From this, we can say that if ‘ is the Levi-Civita
connection of g, then ðFÞ‘ is a metric connection with respect to g [1].

By the almost product structure J defined by (3.8) and the Levi-Civita
connection ~‘‘ given by Theorem 1, we write the product conjugate connection
ðJÞ~‘‘ of ~‘‘ as follows:

ðJÞ~‘‘~XX
~YY ¼ Jð~‘‘~XXJ

~YY Þ

for all ~XX ; ~YY A =1
0ðT 1

1 ðMÞÞ: Also note that ðJÞ~‘‘ is a metric connection of the
rescaled Sasaki type metric Sgf . The standart calculations give the following
theorem.

Theorem 11. Let ðM; gÞ be a Riemannian manifold and let T 1
1 ðMÞ be its

tensor bundle equipped with the rescaled Sasaki type metric Sgf and the almost
product structure J. Then the product conjugate connection (or metric connection)
ðJÞ~‘‘ is as follows:
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iÞ ðJÞ~‘‘El
Ej ¼ G r

lj þ
1

2f
fAr

lj

� �
Er �

1

2
Rs

ljrt
v
s �

1

2
Rv

ljst
s
r

� �
Er;

iiÞ ðJÞ~‘‘El
Ej ¼ � 1

2f
giaR

s j r
: : j t

a
s �

1

2f
g jbRr

isl t
s
b

� �
Er þ fGv

lid
j
r � G

j
lrd

v
i gEr;

iiiÞ ðJÞ~‘‘E
l
Ej ¼

1

2f
gtaR

s l r
: : j t

a
s �

1

2f
glbRr

tsjt
s
b

� �
Er;

ivÞ ðJÞ~‘‘E
l
Ej ¼ 0

8>>>>>>>>>><
>>>>>>>>>>:

with respect to the adapted frame.

The relationship between curvature tensors R‘ and RðFÞ‘ of the connections ‘
and ðF Þ‘ is follows: RðFÞ‘ðX ;Y ;ZÞ ¼ FðR‘ðX ;Y ;FZÞÞ for all X ;Y ;Z A =1

0ðMÞ
[1]. By means of the almost product structure J defined by (3.8) and Proposition

2, from ~RRðJÞ ~‘‘ð ~XX ; ~YY ; ~ZZÞ ¼ Jð ~RR~‘‘ð ~XX ; ~YY ; J ~ZZÞÞ, components of the curvature tensor
~RRðJÞ ~‘‘ of the product conjugate connection (or metric connection) ðJÞ~‘‘ can easily
be computed. Lastly, by using the almost product structure DI , another metric
connection of the rescaled Sasaki type metric Sgf can be constructed.

6. The Rescaled Sasaki type metric on ðp; qÞ-tensor bundles and
its Geodesics

The set T p
q ðMÞ ¼ 6

P AM T p
q ðPÞ is ðp; qÞ tensor bundles over M, where T p

q ðPÞ
is tensor spaces for all P A M. For ~PP A T p

q ðMÞ, the surjective correspondence
~PP ! P determines the natural projection p : T p

q ðMÞ ! M: A system of local
coordinates ðU ; x jÞ; j ¼ 1; . . . ; n in M induces on T p

q ðMÞ a system of local
coordinates ðp�1ðUÞ; x j ; x j ¼ t

i1���ip
j1���jq Þ, j ¼ nþ 1; . . . ; nþ npþq, where x j ¼ t

i1���ip
j1���jq is

the components of tensors t in each tensor space T p
q ðMÞx, x A U with respect to

the natural base.
The vertical lift VA of A A =p

q ðMÞ and the horizontal lift HX of X A =1
0ðMÞ

to T p
q ðMÞ are given by

VA ¼
VA j

VA j

� �
¼

0

A
i1���ip
j1���jq

 !

and

HX ¼
HX j

HX j

� �
¼

X j

X s
Pq
m¼1

Gm
sjm
t
i1���ip
j1���m���jq �

Pp
l¼1

G il
smt

i1���m���ip
j1���jq

 !0
B@

1
CA;

where Gh
ij are the coe‰cients of the connection ‘ on M [3]. For j ¼

j i
j

q

qxi
n dx j A =1

1ðMÞ, the local expressions of the global vector fields gj and ~ggj

are as follows:

57on the geometry of the rescaled riemannian metric



gj ¼
0Pp

l¼1

t
i1���m���ip
j1���jq j il

m

0
@

1
A and ~ggj ¼

0Pq
m¼1

t
i1���ip
j1���m���jqj

m
jm

0
@

1
A:

Now, we define the adapted frame fEag ¼ fEj;Ejg of T p
q ðMÞ by

Ej ¼ HXð jÞ ¼ dhj qh þ �
Xp
l¼1

Gkl
js t

k1���s���kp
h1���hq þ

Xq
m¼1

Gs
jhm
t
k1���kp
h1���s���hq

 !
q
h
;

Ej ¼
VAð j Þ ¼ dk1i1 � � � dkpip d

j1
h1
� � � d jq

hq
q
h

with respect to the natural frame
q

qxh
;
q

qxh

� �
in T p

q ðMÞ, where Xð jÞ ¼
q

qx j
¼

dhj
q

qxh
A =1

0ðMÞ and Að j Þ ¼ qi1 n � � �n qip n dx j1 n � � �n dx jq ¼ dk1i1 � � � dkpip d
j1
h1
� � �

d
jq
hq
qk1 n � � �n qkp n dxh1 n � � �n dxhq A =p

q ðMÞ.
With respect to the adapted frame fEag, the vertical lift VA and the

horizontal lift HX have respectively the components [30]

VA ¼
0

A
i1���ip
j1���jq

 !

and

HX ¼ X j

0

� �
:

The rescaled Sasaki type metric Sgf is defined on T p
q ðMÞ by the three

equations

Sgf ðVA; VBÞ ¼ V ðGðA;BÞÞ;
Sgf ðVA; HY Þ ¼ 0;

Sgf ðHX ; HY Þ ¼ V ð fgðX ;Y ÞÞ

for all X ;Y A =1
0ðMÞ and A;B A =p

q ðMÞ, where

GðA;BÞ ¼ gi1t1 � � � giptpg j1l1 � � � g jqlqA
i1���ip
j1���jqB

t1���tp
l1���lq :

The rescaled Sasaki type metric Sgf has components

ðSgf Þbg ¼
fgjl 0

0 gi1t1 � � � giptpg j1l1 � � � g jqlq

� �
; xl ¼ t

t1���tp
l1���lq

with respect to the adapted frame, gij and gij being local covariant and contra-
variant components g on M. By the Koszul formula and standart calculations
give the following.
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Proposition 5. The components of the Levi-Civita connection ‘̂‘ of the tensor
bundle T p

q ðMÞ with the rescaled Sasaki type metric Sgf are given as follows:

ĜGr
lj ¼

1

2

Pq
m¼1

Rs
ljhm

t
k1���kp
h1���s���hq �

1

2

Pp
l¼1

Rkl
ljs t

k1���s���kp
h1���hq ;

ĜGr
lj
¼
Pp
l¼1

Gvl
ls d

j1
r1
� � � d jq

rq
d l1i1 � � � d

s
il
� � � d lpip �

Pq
m¼1

G s
lrm
d j1
r1
� � � d jm

s � � � d jq
rq
d l1i1 � � � d

lp
ip
;

ĜG r

lj
¼ 1

2f
gxrgi1t1 � � � giptpg j1h1 � � � g jqhq

Pq
m¼1

Rs
xjhm

t
k1���kp
h1���s���hq �

Pp
l¼1

Rkl
xjst

k1���s���kp
h1���hq

 !
;

ĜG r
lj
¼ 1

2f
gxrgt1k1 � � � gtpkpgl1h1 � � � glqhq

Pq
m¼1

Rs
xlhm

t
k1���kp
h1���s���hq �

Pp
l¼1

Rkl
xlst

k1���s���kp
h1���hq

 !
;

ĜG r
lj ¼ Gr

lj þ
1

2f
fAr

lj ;

ĜGr

lj
¼ 0; ĜG r

l j
¼ 0; ĜGr

lj
¼ 0;

8>>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>>:

with respect to the adapted frame, where fAh
ji is defined by fAh

ji ¼ ð fjdhi þ fid
h
j �

f h
: gjiÞ and fi ¼ qi f .

An important geometric problem is to find the geodesics on the smooth
manifolds with respect to the Riemannian metrics (see [2, 8, 9, 26, 30, 37]). In
[37], K. Yano and S. Ishihara proved that the curves on the tangent bundles of
Riemannian manifolds are geodesics with respect to certain lifts of the metric
from the base manifold if and only if the curves are obtained as certain types of
lifts of the geodesics from the base manifold. In this section, we shall char-
acterize the geodesics on the ðp; qÞ-tensor bundle with respect to the Levi-Civita
connection and another metric connection of Sgf .

Let ~gg ¼ ~ggðtÞ be a curve on T p
q ðMÞ and suppose that ~gg is locally expressed

by xR ¼ xRðtÞ, i.e. xr ¼ xrðtÞ, xr ¼ t
v1���vp
r1���rq ðtÞ with respect to the natural frame

q

qxl

� �
¼ q

qxi
;
q

qxi

� �
, t being a parameter an arc length of ~gg. Then the curve

g ¼ p � ~gg on M is called the projection of the curve ~gg and denoted by p~gg which
is expressed locally by xr ¼ xrðtÞ.

A curve ~gg is, by definition, a geodesic on T p
q ðMÞ with respect to the Levi-

Civita connection ‘̂‘ of Sgf if and only if it satisfies the following di¤erential
equations

d

dt

oa

dt

� �
þ ĜGa

gb

og

dt

ob

dt
¼ 0ð6:1Þ

with respect to the adapted frame, where

or

dt
¼ dxr

dt
and

or

dt
¼

dt
v1���vp
r1���rq
dt

along a curve ~gg.
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By means of Proposition 5, by (6.1), we have

d

dt

or

dt

� �
þ Gr

lj þ
1

2f
fAr

lj

� �
dxl

dt

dx j

dt
þ 1

2f
gxrgt1k1 � � � gtpkpgl1h1 � � � glqhqð6:2Þ

� �
Xp
l¼1

Rkl
xjst

k1���s���kp
h1���hq þ

Xq
m¼1

Rs
xjhm

t
k1���kp
h1���s���hq

 !
dt

t1���tp
l1���lq
dt

dx j

dt

þ 1

2f
gxrgi1k1 � � � gipkpg j1h1 � � � g jqhq

� �
Xp
l¼1

Rkl
xlst

k1���s���kp
h1���hq þ

Xq
m¼1

Rs
xlhm

t
k1���kp
h1���s���hq

 !
dxl

dt

dt
l1���lp
j1���jq
dt

¼ 0;

d

dt

dt
v1���vp
r1���rq
dt

� �
þ 1

2

Xq
m¼1

Rs
ljhm

t
k1���kp
h1���s���hq �

Xp
l¼1

Rkl
ljs t

k1���s���kp
h1���hq

 !
dxl

dt

dx j

dt
ð6:3Þ

þ
 Xp

l¼1

Gvl
ls d

j1
r1
� � � d jq

rq
d l1i1 � � � d

s
il
� � � d lpip

�
Xq
m¼1

G s
lrm
d j1
r1
� � � d jm

s � � � d jq
rq
d l1i1 � � � d

lp
ip

!
dxl

dt

dt
i1���ip
j1���jq
dt

¼ 0:

Also, the equation (6.2) can be expressed as follows:

d2xr

dt2
þ 1

2f
fAr

lj

dxl

dt

dx j

dt
þ 1

f
gt1k1 � � � gtpkpgl1h1 � � � glqhqð6:4Þ

�
Xq
m¼1

Rrs
: jhm

t
k1���kp
h1���s���hq �

Xp
l¼1

Rrkl
: js t

k1���s���kp
h1���hq

 !
d
t1���tp
l1���lq
dt

dx j

dt

¼ 0:

Using the identity �
Pp
l¼1

Rkl
ljst

k1���s���kp
h1���hq þ

Pq
m¼1

Rs
ljhm

t
k1���kp
h1���s���hq

 !
dxl

dt

dx j

dt
¼ 0, from (6.3)

we get the following relation

d2t
v1���vp
r1���rq
dt2

¼ 0:ð6:5Þ

From (6.4) and (6.5), we state the theorem below.
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Theorem 12. Let ~gg be a geodesic on T p
q ðMÞ of the Levi-Civita connection

‘̂‘ of Sgf . Then the tensor field t
v1���vp
r1���rq ðtÞ defined along g satisfies the di¤erential

equations (6.4) and has vanishing second covariant derivative.

Next, let g be a curve on M expressed locally by xh ¼ xhðtÞ and S
i1���ip
j1���jq ðtÞ be

a ðp; qÞ tensor field along g. Then, on the tensor bundle T p
q ðMÞ over the

Riemannian manifold M, we define a curve Hg by

xh ¼ xhðtÞ;
xh ¼ S

k1���kp
h1���hq ðtÞ:

(

If the curve Hg satisfies at all the points the relation

dS
k1���kp
h1���hq
dt

¼ 0;ð6:6Þ

i.e. S
i1���ip
j1���jq ðtÞ is a parallel tensor field along g, then the curve Hg is said to be a

horizontal lift of g. From (6.4) and (6.6), we obtain

d2xr

dt2
þ 1

2f
fAr

lj

dxl

dt

dx j

dt
¼ 0:

If we take

fAr
lj ¼ ðql f drj þ qj f d

r
l � grmqm fgljÞ ¼ 0:ð6:7Þ

Contracting l and r in (6.7) it follows that qj f ¼ 0. Since this is true for any j,
we can say f ¼ Cðconst:Þ. Thus we have the following theorem.

Theorem 13. The horizontal lift of a geodesic on M is always geodesic on
T p
q ðMÞ with respect to the Levi-Civita connection ‘̂‘ of Sgf if and only if

f ¼ Cðconst:Þ.

Following the same way in the section 5, by virtue of the Levi-Civita
connection ‘̂‘ of Sgf on T p

q ðMÞ, we introduce a metric connection ðMÞ‘̂‘ on
T p
q ðMÞ whose torsion tensor has components

ðMÞ‘̂‘T r
lj ¼

1

2

Xp
l¼1

Rkl
ljs t

k1���s���kp
h1���hq � 1

2

Xq
m¼1

Rs
ljhm

t
k1���kp
h1���s���hq ;

otherwise ¼ 0

8><
>:

with respect to Sgf .

Proposition 6. Let ðM; gÞ be a Riemannian manifold and T p
q ðMÞ be its

ðp; qÞ-tensor bundle with the rescaled Sasaki type metric Sgf . The components
of the metric connection ðMÞ‘̂‘ with respect to Sgf is given by
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ðMÞĜGr
lj ¼ 0; ðMÞĜGr

lj
¼ 0; ðMÞĜGr

lj
¼ 0; ðMÞĜGr

l j
¼ 0; ðMÞĜGr

l j
¼ 0; ðMÞĜGr

lj
¼ 0;

ðMÞĜGr
lj
¼
Xp
l¼1

Gvl
ls d

j1
r1
� � � d jq

rq
d l1i1 � � � d

s
il
� � � d lpip �

Xq
m¼1

Gs
lrm
d j1
r1
� � � d jm

s � � � d jq
rq
d l1i1 � � � d

lp
ip
;

ðMÞĜGr
lj ¼ Gr

lj þ
1

2f
fAr

lj;

8>>>>>><
>>>>>>:

with respect to the adapted frame.

Substituting the components ðMÞĜGa
gb of the metric connection ðMÞ‘̂‘ into (6.1),

we get

d 2xr

dt2
þ G r

lj þ
1

2f
fAr

lj

� �
dxl

dt

dx j

dt
¼ 0;

d

dt

dt
v1���vp
r1���rq
dt

� �
þ
 Xp

l¼1

Gvl
ls d

j1
r1
� � � d jq

rq
d l1i1 � � � d

s
il
� � � d lpip

�
Xq
m¼1

G s
lrm
d j1
r1
� � � d jm

s � � � d jq
rq
d l1i1 � � � d

lp
ip

!
dxl

dt

dt
i1���ip
j1���jq
dt

¼ 0:

8>>>>>>>>>><
>>>>>>>>>>:

ð6:8Þ

Also, the second equation in (6.8) can be written the following

d2t
v1���vp
r1���rq
dt2

¼ 0:ð6:9Þ

Thus the first equation in (6.8) and (6.9) give the last result.

Theorem 14. Let ~gg be a geodesic on T p
q ðMÞ with respect to the metric

connection ðMÞ‘̂‘ of Sgf . Then the projection g of ~gg is a geodesic with respect to
the Levi-Civita connection ‘ on M and the tensor field t

v1���vp
r1���rq ðtÞ defined along g

has vanishing second covariant derivative if and only if f ¼ Cðconst:Þ.
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