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CHERN CLASSES AND THE ROST COHOMOLOGICAL INVARIANT

Nobuaki Yagita

1. Introduction

Let G be a simple simply connected Lie group G and Gk the corresponding
split linear algebraic group over a field kHC. Let p be a prime number. The
cohomological invariant Inv�ðGk;Z=pÞ is the ring of natural maps H 1ðF ;GkÞ !
H �ðF ;Z=pÞ for finitely generated field F over k. When the complex Lie group
G has p-torsion in H �ðGÞ, Rost constructed a nonzero invariant RðGkÞ A
Inv3ðGk;Z=pÞ ([Ga-Me-Se]).

In this paper, we give a short proof of the existence of the Rost invariant for
k ¼ C, by using the motivic cohomology and Chern classes of complex repre-
sentations of G.

2. Motivic cohomology

Recall that H 1ðk;GkÞ is the first non abelian Galois cohomology set of Gk,
which represents the set of Gk-torsors over k. The cohomological invariant is
defined by

InviðGk;Z=pÞ ¼ FuncðH 1ðF ;GkÞ ! HiðF ;Z=pÞÞ

where Func means the additive group of natural functions for each field F which
is finitely generated over k. (For detailed definition or properties, see the books
[Ga-Me-Se], [Ga].)

Let BGk be the classifying space ([To]) of Gk. Totaro proved [Ga-Me-Se]
the following theorem in a letter to Serre.

Theorem 2.1 (Totaro). Inv�ðGk;Z=pÞGH 0ðBGk;H
�
Z=pÞ:

Here H �ðX ;H �0
Z=pÞ is the cohomology of the Zariski sheaf induced from the

presheaf H �
etðV ;Z=pÞ for open subsets V of X . This sheaf cohomology is also
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isomorphic to the E2-term

E
�;�0
2 GH �ðBGk;H

�0
Z=pÞ ) H �ðBGk;Z=pÞ

of the coniveau spectral sequence by Bloch-Ogus [Bl-Og].
Next we recall the motivic cohomology. Let X be a smooth (quasi pro-

jective) variety over a field kHC. Let H �;�0ðX ;Z=pÞ be the modðpÞ motivic
cohomology defined by Voevodsky and Suslin ([Vo1,2]).

Recently M. Rost and V. Voevodsky ([Vo4], [Su-Jo], [Ro]) proved the Bloch-
Kato conjecture. The Bloch-Kato conjecture implies the Beilinson-Lichtenbaum
conjecture. Hence, there holds

Hm;nðX ;Z=pÞGHm
et ðX ; mnn

p Þ for all ma n:

In this paper, we assume that k contains a primitive p-th root of unity.
Then there exists an isomorphism Hm

et ðX ; mnn
p ÞGHm

et ðX ;Z=pÞ: Let t be a gen-
erator of H 0;1ðSpecðkÞ;Z=pÞGZ=p, so that

colimi t
iH �;�0ðX ;Z=pÞGH �

etðX ;Z=pÞ:
The Beilinson-Lichtenbaum conjecture also implies the exact sequences of coho-
mology theories below

Theorem 2.2 ([Or-Vi-Vo], [Vo4]). There is the long exact sequence

! Hm;n�1ðX ;Z=pÞ �!�t
Hm;nðX ;Z=pÞ

! Hm�nðX ;Hn
Z=pÞ ! Hmþ1;n�1ðX ;Z=pÞ �!�t � � �

In particular, we have

Corollary 2.3. The cohomology Hm�nðX ;Hn
Z=pÞ is additively isomorphic to

Hm;nðX ;Z=pÞ=ðtÞlKerðtÞjHmþ1;n�1ðX ;Z=pÞ
where Hm;nðX ;Z=pÞ=ðtÞ ¼ Hm;nðX ;Z=pÞ=ðtHm;n�1ðX ;Z=pÞÞ.

Corollary 2.4. The map �t : Hm;m�1ðX ;Z=pÞ ! Hm;mðX ;Z=pÞ is injec-
tive.

3. Lie groups

In this section, we assume that k ¼ C the field of complex numbers. Sup-
pose that G is a simple simply connected Lie group having p-torsion in H �ðGÞ,
namely ([Mi-To], [Ka])

ðG; pÞ ¼
G2;F4;E6;E7;E8;Spinn ðnb 7Þ for p ¼ 2

F4;E6;E7;E8 for p ¼ 3;

E8 for p ¼ 5:

8<
:
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It is well known ([Mi-To], [Ka]) that G is 2-connected and there is an
element x3ðGÞ A H 3ðG;Z=pÞGZ=p with Q1x3ðGÞ0 0 for the Milnor operation
Q1. Note that for each inclusion i : GHG 0 for above groups, we know
i�ðx3ðG 0ÞÞ ¼ x3ðGÞ. Consider the classifying space BG and its cohomology.
Denote by x4ðGÞ the transgression of x3ðGÞ in H 4ðBG;Z=pÞ, namely, x4ðGÞ
generates H 4ðBG;Z=pÞGZ=p and Q1ðx4ðGÞÞ0 0. We write by x4ðGÞ A
H �ðBG : ZðpÞÞ the integral lift of x4ðGÞ.

Lemma 3.1. The element px4ðGÞ A H 4ðBGÞðpÞ is represented by the Chern

class c2ðxÞ of a complex representation x : G ! UðMÞ for some M > 0.

Proof. We only need to prove for G ¼ Spinn, p ¼ 2 and G ¼ E8 for odd
primes. Because when p ¼ 2, there is an inclusion i : GHSpinN for some N so
that i�ðx4ðSpinNÞÞ ¼ x4ðGÞ. For odd prime cases, there is an inlusion i : GHE8,
such that i�ðx4ðE8ÞÞ ¼ x4ðGÞ.

The complex representation ring is known ([Ad]) for N ¼ 2nþ 1

RðSpinNÞGZ½l1; . . . ; ln�1;DC�;

where li is the i-th elementary symmetric function in variables z21 þ z�2
1 ; . . . ;

z2n þ z�2
n in RðTÞGZ½z1; z�1

1 ; . . . ; zn; z
�1
n � for the maximal torus T in SpinN . Let

T 1 be the first factor of T and h : T 1 HSpinN . Then it is proved (page 1052 in
[Sc-Ya]) that

h�c2ðl1Þ ¼ 4u2; h�x4ðSpinNÞ ¼ 2u2

where u is the generator of H 2ðBT 1;ZÞ ¼ Z. This implies 2x4ðSpinNÞ ¼ c2ðl1Þ.
Let a : E8 ! SOð248Þ be the adjoint representation of E8. By the construc-

tion of the exceptional Lie group E8 in [Ad], there exists a homomorphism
b : Spinð16Þ ! E8 such that the induced representation of a � b is the direct
sum of l216 : Spinð16Þ ! SOð120Þ and Dþ

16 : Spinð16Þ ! SOð128Þ. Let T 8 be the
maximal torus of Spinð16Þ. Let T 1 be the first factor of T 8 and h : T 1 !
Spinð16Þ the inclusion of T 1 into Spinð16Þ. Then it is proved (Proposition 1.2,
page 372 in [Ka-Ya]) that the total Chern class of the complexification of a � b � h
is

1� 120u2 þ � � � A Z½u�GH �ðBT 1;ZÞ:

Since 120 ¼ 23 � 3 � 5, the Chern class c2ðaÞ represents gpx4ðE8Þ for p ¼ 3; 5 in
H 4ðBE8;ZðpÞÞ, where g is a unit in Zð pÞ. (Note gx4ðE8Þ0 c2ðaÞ since Q1ðx4ðE8ÞÞ
0 0.) r

Let tC : H �;�0ðX ;Z=pÞ ! H �ðX ðCÞ;Z=pÞ be the realization map ([Vo1]) for a
variety X over kHC. Voevodsky defines the Milnor operation Qi ([Vo1,3]) also
in the mod p motivic cohomology

Qi : H
�;�0ðX ;Z=pÞ ! H �þ2p i�1;�0þpi�1ðX ;Z=pÞ
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which are compatible with the usual (topological) cohomology operations by the
realization map tC. For a smooth variety X , the operation

Qi : H
2�;�ðX ;Z=pÞ ¼ CH �ðXÞ=p ! H 2�þ2p i�1;�þp i�1ðX ;Z=pÞ ¼ 0

is zero since 2ð� þ pi � 1Þ � ð2� þ 2pi � 1Þ ¼ �1 < 0:

Theorem 3.2. Suppose that G is a simple simply connected Lie groups having
p-torsion in H �ðGÞ. Let k ¼ C. Then there is a nonzero element RðGkÞ A
Inv3ðGk;Z=pÞ.

Proof. From Corollary 2.3, we see

KerðtÞ jH 4;2ðBGk;Z=pÞHH 0ðBGk;H
3
Z=pÞG Inv3ðGk;Z=pÞ:

Hence we only need to see the existence of a nonzero element c A H 4;2ðBGk;Z=pÞ
with tc ¼ 0.

Since Q1ðx4ðGÞÞ0 0, there is no element x in H 4;2ðBGk;Z=pÞ such that
tCðxÞ ¼ x4ðGÞ, while there exists in H 4;4ðBGk;Z=pÞ from the Beilinson-
Lichtenbaum conjecture.

On the other hand, c2ðxÞ A CH 2ðBGkÞ, in fact Chow rings have Chern
classes. Since tCðc2ðxÞÞ ¼ px4ðGÞ, we see that c2ðxÞ is an additive generator of
H 4;2ðBGkÞðpÞ, so is nonzero in H 4;2ðBGk;Z=pÞ.

Consider the element

t2ðc2ðxÞÞ ¼ px ¼ 0 A H 4;4ðBGk;Z=pÞGH 4ðBG;Z=pÞGZ=p:

From Corollary 2.4, the map �t : H 4;3ðBGk;Z=pÞ ! H 4;4ðBGk;Z=pÞ is injective.
Hence tc2ðxÞ ¼ 0 in H 4;3ðBGk;Z=pÞ. r

From the construction of the representation x in Lemma 3.1, c2ðxÞ is natural
for the natural inclusion GHG 0 between simple Lie groups. Hence the invariant
RðGkÞ is natural for such embedding Gk HG 0

k.
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