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ON THE ZEROS OF SOLUTIONS OF A CLASS OF SECOND

ORDER LINEAR DIFFERENTIAL EQUATIONS*†§

Jin Tu and Xiang-Dong Yang

Abstract

In this paper, we investigate the exponent of convergence of the zero-sequence of

solutions of the second order linear di¤erential equation

f 00 þ
Xl

j¼1

QjðzÞePjðzÞ

 !
f ¼ 0;

where PjðzÞ ð j ¼ 1; 2; . . . ; lb 3Þ are polynomials of degree nb 1, QjðzÞ are entire

functions of order less than n, and obtain some results which improve and generalize the

previous results in [8, 9, 13].

1. Introduction and results

We shall assume that reader is familiar with the fundamental results and the
standard notations of the Nevanlinna’s value distribution theory of meromorphic
functions (see [7, 10]). We will use the notation rð f Þ to denote the order of
growth of meromorphic function f ðzÞ, lð f Þ to denote the exponent of conver-
gence of the zero-sequence of f ðzÞ.

For second order linear di¤erential equation

f 00 þ AðzÞ f ¼ 0;ð1:1Þ
where AðzÞ is an entire function, many authors have investigated the growth and
the convergence of the zero-sequence of solutions of (1.1), and have achieved

many results (see [1, 2, 3, 11]). When AðzÞ ¼ eP1ðzÞ þ eP2ðzÞ þQ0ðzÞ, for the fol-
lowing second order linear di¤erential equation

f 00 þ ðeP1ðzÞ þ eP2ðzÞ þQ0ðzÞÞ f ¼ 0;ð1:2Þ
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where P1ðzÞ, P2ðzÞ are non-constant polynomials

P1ðzÞ ¼ z1z
n þ � � � ; P2ðzÞ ¼ z2z

m þ � � � ; z1z2 0 0; ðn;m A NÞ:
and Q0ðzÞ is an entire function of order less than maxfn;mg. If eP1ðzÞ and eP2ðzÞ

are linearly independent, K. Ishizaki and K. Tohge have studied the exponent of
convergence of the zero-sequence of solutions of (1.2) and obtained the following
results.

Theorem A ([9]). Suppose that n ¼ m, and that z1 0 z2 in (1.2). If
z1
z2

is
non-real, then for any solution f 2 0 of (1.2), we have lð f Þ ¼ y.

Theorem B ([8]). Suppose that n ¼ m, and that
z1
z2

¼ r > 0 in (1.2). If

0 < r <
1

2
or Q0ðzÞ1 0,

3

4
< r < 1, then for any solution f 2 0 of (1.2), we have

lð f Þb n.

When AðzÞ ¼ Q1ðzÞeP1ðzÞ þQ2ðzÞeP2ðzÞ þQ3ðzÞeP3ðzÞ, for the following second
order linear di¤erential equation

f 00 þ ðQ1ðzÞeP1ðzÞ þQ2ðzÞeP2ðzÞ þQ3ðzÞeP3ðzÞÞ f ¼ 0;ð1:3Þ
in 2007, J. Tu and Z. X. Chen studied the exponent of convergence of the zero-
sequence of solutions of (1.3) and obtain the following results.

Theorem C ([13]). Let Q1ðzÞ, Q2ðzÞ, Q3ðzÞ be entire functions of order less
than n, and P1ðzÞ, P2ðzÞ, P3ðzÞ be polynomials of degree nb 1,

P1ðzÞ ¼ z1z
n þ � � � ; P2ðzÞ ¼ z2z

n þ � � � ; P3ðzÞ ¼ z3z
n þ � � � ;

where z1, z2, z3 are complex numbers.

(i) If
z1
z2

is non-real, 0 < l ¼ z3
z2

<
1

2
, then for any solution f 2 0 of (1.3), we

have lð f Þ ¼ y.

(ii) If 0 <
z2
z1

<
1

4
, 0 < l ¼ z3

z2
< 1, then for any solution f 2 0 of (1.3), we

have lð f Þb n.

Then a natural question is: what is the case if AðzÞ ¼
P l

j¼1 Qje
PjðzÞ ðlb 3Þ?

Can we get the same results as Theorem C?
In this paper, we investigate the exponent of convergence of the zero-

sequence of solutions of the following equation

f 00 þ
Xl

j¼1

QjðzÞePjðzÞ

 !
f ¼ 0;ð1:4Þ

and obtain the following results which improve and generalize the results in [8, 9,
13].
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Theorem 1. Let Q1ðzÞ;Q2ðzÞ; . . . ;QlðzÞ ðlb 3Þ be entire functions of order
less than n, and P1ðzÞ;P2ðzÞ; . . . ;PlðzÞ ðlb 3Þ be polynomials of degree nb 1,

P1ðzÞ ¼ z1z
n þ � � � ; P2ðzÞ ¼ z2z

n þ � � � ; . . . ; PlðzÞ ¼ zlz
n þ � � � ;

where z1; z2; . . . ; zl are complex numbers.

(i) If
z1
z2

is non-real, 0 < lj ¼
zj

z2
<

1

2
ð j ¼ 3; . . . ; lÞ, then any solution f 2 0 of

(1.4) satisfies lð f Þ ¼ y.

(ii) If 0 < r ¼ z2
z1

<
1

4
, lj ¼

zj

z2
> 0 and

P l
j¼3 lj < 1, then any solution f 2 0

of (1.4) satisfies lð f Þb n.

2. Notations and lemmas

To prove the theorem, we need some notations and a series of lemmas. Let
PjðzÞ ð j ¼ 1; . . . ; lÞ be polynomials of degree nb 1, where PjðzÞ ¼ ðaj þ ibjÞzn
þ � � � , aj; bj A R.

Define

dðPj; yÞ ¼ djðyÞ ¼ aj cos ny� bj sin ny; y A ½0; 2pÞ ð j ¼ 1; . . . ; lÞ;
Sþ
j ¼ fy j djðyÞ > 0g; S�

j ¼ fy j djðyÞ < 0g ð j ¼ 1; . . . ; lÞ:

Let f ðzÞ be a meromorphic function in the complex plane, throughout the
paper, Sðr; f Þ will be used to denoted any quantity that satisfies Sðr; f Þ ¼
ofTðr; f Þg as r ! y, outside possibly an exceptional set of r values of finite
linear measure. We will use M to denote a positive constant throughout this
paper, not always the same at each occurrence. We call a meromorphic function
aðzÞ a small function of f ðzÞ if Tðr; aðzÞÞ ¼ Sðr; f Þ. A di¤erential polynomial
Pð f Þ in f is a polynomial in f and its derivatives with small functions of f as
the coe‰cients (see [7]).

Lemma 1 [5]. Suppose that f ðzÞ is meromorphic and transcendental in the
plane and that

f nðzÞPð f Þ ¼ Qð f Þ;ð2:1Þ

where Pð f Þ, Qð f Þ are di¤erential polynomials in f with small functions of f as the
coe‰cients and the degree of Qð f Þ is at most n. Then

mðr;Pð f ÞÞ ¼ Sðr; f Þ:ð2:2Þ

Lemma 2 [6]. Let f ðzÞ be a transcendental meromorphic function with rð f Þ ¼
r < y, G ¼ fðk1; j1Þ; . . . ; ðkm; jmÞg be a finite set of distinct pairs of integers which
satisfy ki > ji b 0 for i ¼ 1; . . . ;m. And let e > 0 be a given constant, then there
exists a set EH ½0; 2pÞ which has linear measure zero, such that if j A ½0; 2pÞnE,
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there is a constant R1 ¼ R1ðjÞ > 1, such that for all z satisfying arg z ¼ j and
jzj ¼ r > R1 and for all ðk; jÞ A G, we have

f ðkÞðzÞ
f ð jÞðzÞ

����
����a jzjðk�jÞðs�1þeÞ:ð2:3Þ

Lemma 3 [12]. Suppose that PðzÞ ¼ ðaþ biÞzn þ � � � (a, b are real numbers,
jaj þ jbj0 0) is a polynomial with degree nb 1, that AðzÞð2 0Þ is an entire
function with rðAÞ < n. Set gðzÞ ¼ AðzÞePðzÞ, z ¼ reiy, dðP; yÞ ¼ a cos ny�
b sin ny: Then for any given e > 0, there exists a set H1 H ½0; 2pÞ that has the
linear measure zero, such that for any y A ½0; 2pÞnðH1 UH2Þ, there is a constant
R2 > 0 such that for jzj ¼ r > R2, we have

(i) If dðP; yÞ > 0, then

expfð1� eÞdðP; yÞrng < jgðreiyÞj < expfð1þ eÞdðP; yÞrng;ð2:4Þ
(ii) If dðP; yÞ < 0, then

expfð1þ eÞdðP; yÞrng < jgðreiyÞj < expfð1� eÞdðP; yÞrng;ð2:5Þ
where H2 ¼ fy A ½0; 2pÞ; dðP; yÞ ¼ 0g is a finite set.

Remark. Lemma 3 also holds when AðzÞ is a meromorphic function with
rðAÞ < n.

Lemma 4 [4]. Let f ðzÞ be an entire function of order rð f Þ ¼ a < þy. Then
for any given e > 0, there is a set EH ½1;yÞ that has finite linear measure such
that for all z satisfying jzj ¼ r B ½0; 1�UE, we have

expf�raþega j f ðzÞja expfraþeg:ð2:6Þ

Lemma 5. Let PjðzÞ ð j ¼ 1; . . . ; lÞ be polynomials of degree nb 1,

P1ðzÞ ¼ zzn þ B1ðzÞ; P2ðzÞ ¼ r2zz
n þ B2ðzÞ; . . . ; PlðzÞ ¼ rlzz

n þ BlðzÞ;
where z ¼ aþ bi, a; b A R, jaj þ jbj0 0, 0 < rj < 1, j ¼ 2; . . . ; l, B1ðzÞ; . . . ;BlðzÞ
are polynomials of degree at most n� 1. Let Q1ðzÞ2 0, Q2ðzÞ; . . . ;QlðzÞ be
entire functions of order less than n, then for any given e > 0, there exist a set E
with finite linear measure and a constant xðn� 1 < x < nÞ such that

mðr;Q1e
P1 þQ2e

P2 þ � � � þQle
Pl Þð2:7Þ

b ð1� eÞmðr; eP1Þ þOðrxÞ; r ! y; ðr B EÞ:

Proof. By definition, for su‰ciently large r, we have

mðr; eP1Þ ¼ 1

2p

ð2p
0

logþjeP1ðre iyÞj dy ¼ 1

2p

ð
Sþ
1

logþjeP1ðre iyÞj dyð2:8Þ

¼ jzjrn
p

þOðrn�1Þ:
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If y A S�
1 , then dðPj; yÞ < 0 ð j ¼ 2; . . . ; lÞ, by Lemma 3 and Lemma 4, for any

given e > 0 and for su‰ciently large r, we have

jQ1e
P1ðre iyÞ þQ2e

P2ðre iyÞ þ � � � þQle
Pl ðre iyÞja

Xl

j¼1

expfð1� 2eÞdðPj; yÞrnga1:ð2:9Þ

If y A Sþ
1 , since 0 < rj < 1 ð j ¼ 2; . . . ; lÞ, by Lemma 3 and Lemma 4, there exist

a set E with finite linear measure, for any given e > 0 and for su‰ciently large r,
we have

jQ1 þQ2e
P2ðre iyÞ�P1ðre iyÞ þ � � � þQle

Plðre iyÞ�P1ðre iyÞjð2:10Þ

b jQ1j � jQ2e
P2ðre iyÞ�P1ðre iyÞj � � � � � jQle

Pl ðre iyÞ�P1ðre iyÞj

b
1

2
expf�rsðQ1Þþegb expf�rxg; ðr B EÞ;

where rðQ1Þ < x < n. By (2.8)–(2.10), we have

mðr;Q1e
P1 þQ2e

P2 þ � � � þQle
Pl Þð2:11Þ

¼ 1

2p

ð2p
0

logþjQ1e
P1ðre iyÞ þQ2e

P2ðre iyÞ þ � � � þQke
Pkðre iyÞj dy

¼ 1

2p

ð
Sþ
1

logþðjeP1ðre iyÞj jQ1 þQ2e
P2ðre iyÞ�P1ðre iyÞ

þ � � � þQle
Plðre iyÞ�P1ðre iyÞjÞ dy

¼ ð1� eÞjzjrn
p

�OðrxÞ; ðr B EÞ:

By (2.8) and (2.11), we obtain (2.7).

3. Proof of Theorem 1 (i)

Since zj ¼ ljz2, lj > 0, j ¼ 3; . . . ; l, we have Sþ
2 ¼ Sþ

3 ¼ � � � ¼ Sþ
l , S�

2 ¼
S�
3 � � � ¼ S�

l . We see that Sþ
j and S�

j have n components Sþ
jq and S�

iq respectively
( j ¼ 1; . . . ; l; q ¼ 1; 2; . . . ; n). Hence we write

Sþ
j ¼ 6

n

q¼1

Sþ
jq ; S�

j ¼ 6
n

q¼1

S�
jq ð j ¼ 1; 2; . . . ; lÞ:

Let f 2 0 be a solution of (1.4). Suppose that lð f Þ < y. Write f ¼ peh,
where p is the canonical product from zeros of f , and h is an entire func-
tion. From our hypothesis, we have sðpÞ ¼ lðpÞ < y. From (1.4), we get

ðh 0Þ2 ¼ �h 00 � 2
p 0

p
h 0 � p 00

p
�Q1e

P1 �Q2e
P2 � � � � �Qle

Pl :ð3:1Þ
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Eliminating eP1 from (3.1) and set
Q 0

1

Q1
þ P 0

1 ¼ R, we have

2U1h
0 ¼ �h 000 þ R� 2

p 0

p

� �
h 00 þ 2 R

p 0

p
� p 0

p

� �0� �
h 0 þ R

p 00

p
� p 00

p

� �0
ð3:2Þ

þ
Xl

j¼2

ðRQj �Q 0
j �QjP

0
j ÞePj ;

U1 ¼ h 00 � 1

2
Rh 0:ð3:3Þ

Eliminating eP2 from (3.1) and set
Q 0

2

Q2
þ P 0

2 ¼ T , we have

2U2h
0 ¼ �h 000 þ T � 2

p 0

p

� �
h 00 þ 2 T

p 0

p
� p 0

p

� �0� �
h 0 þ T

p 00

p
� p 00

p

� �0
ð3:4Þ

þ ðTQ1 �Q 0
1 �Q1P

0
1ÞeP1 þ

Xl

j¼3

ðRQj �Q 0
j �QjP

0
j ÞePj ;

where

U2 ¼ h 00 � 1

2
Th 0:ð3:5Þ

We next proceed to prove that rðU1Þa n and rðU2Þa n. Since maxfrðQjÞ;
j ¼ 1; . . . ; lg < n, we choose constants x1, x2, x3 satisfying maxfrðQjÞ; j ¼ 1; . . . ;
lg < x1 < x2 < x3 < n, then we have

jQjðreiyÞja expfrx1g; Tðr;QjÞ ¼ mðr;QjÞa rx1 ; ð j ¼ 1; . . . ; lÞ

for su‰ciently large r and for any y A ½0; 2pÞ. We apply Lemma 1 to (3.1), for
any given e > 0, we have

Tðr; h 0Þ ¼ mðr; h 0Þam r;
p 00

p

� �
þm r;

p 0

p

� �
þmðr;Q1e

P1ðzÞ þQ2e
P2ðzÞ

þ � � � þQle
PlðzÞÞ þ Sðr; h 0ÞaOðrnþeÞ þ Sðr; h 0Þ;

which implies rðh 0Þa n. It follows from (3.3) and (3.5) that rðU1Þa n and
rðU2Þa n respectively.

We next show that there exists a set E0 H ½0; 2pÞ with mðE0Þ ¼ 0 such that if
y A S�

2 nE0, then

jU1ðreiyÞjaOðer x2 Þ; as r ! y; y B E0;ð3:6Þ
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where E0 denote a set of linear measure zero, not always the same at each
occurrence. If jh 0ðreiyÞj < 1, by Lemma 2 and (3.3), we have

jU1ðreiyÞja
h 00ðreiyÞ
h 0ðreiyÞ

����
����þ 1

2
jRðreiyÞjaOðrMÞ as r ! y; y B E0:ð3:7Þ

If jh 0ðreiyÞjb 1, then from (3.2), we get

j2U1ðreiyÞja
h 000ðreiyÞ
h 0ðreiyÞ

����
����þ jRðreiyÞj þ 2

p 0ðreiyÞ
pðreiyÞ

����
����

� �
h 00ðreiyÞ
h 0ðreiyÞ

����
����ð3:8Þ

þ 2 jRðreiyÞj p 0ðreiyÞ
pðreiyÞ

����
����þ p 00ðreiyÞ

pðreiyÞ

����
����þ p 0ðreiyÞ

pðreiyÞ

����
����
2

 !

þ jRðreiyÞj p 00ðreiyÞ
pðreiyÞ

����
����þ p 000ðreiyÞ

pðreiyÞ

����
����þ p 00ðreiyÞp 0ðreiyÞ

pðreiyÞ2

�����
�����

þ
Xl

j¼2

ðjRðreiyÞQjðreiyÞj þ jQ 0
j ðreiyÞj

þ jQjðreiyÞP 0
j ðreiyÞjÞjePjðre iyÞj

aOðerx2 Þ; as r ! y; y A S�
2 nE0:

Since Q and h 0 are of finite order, combining (3.7) and (3.8), we obtain (3.6).
In the following, we prove that for any y A ½0; 2pÞ,

jU1ðreiyÞjaOðer x3 Þ; as r ! y:ð3:9Þ

We note that there exist yj ð j ¼ 1; 2; . . . ; lÞ satisfying djðyÞ ¼ 0 on the rays

arg z ¼ yj þ
qp

n
, where q ¼ 0; . . . ; 2n� 1, which form 2n sectors of opening

p

n
respectively. Without loss of generality, we may assume that yj A 0;

p

n

� �
. Since

lj ¼
zj

z2
> 0 ð j ¼ 3; . . . ; lÞ, we have yj ¼ y2 ð j ¼ 3; . . . ; lÞ. Set yjq ¼ yj þ

qp

n
,

j ¼ 1; 2, if there are some integers q1 and q2 such that y1q1 ¼ y2q2 , then y1 � y2 þ

ðq1 � q2Þ
p

n
¼ 0, we have that tan nyj ¼

aj

bj
, j ¼ 1; 2. Which gives

0 ¼ tanðny1 � ny2 þ ðq1 � q2ÞpÞ ¼
a1b2 � a2b1
a1a2 þ b1b2

¼ �Im
z1
z2

:

This contradicts the assumption that
z1
z2

is non-real. Hence we see that each

component of Sþ
1 and Sþ

2 contains a component of Sþ
1 VSþ

2 . The boundaries of
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the components of Sþ
1 VSþ

2 are some of the rays arg z ¼ yjq, we fix a component
of Sþ

1 VSþ
2 , say S �. We may write

S � ¼ fy A Sþ
1 VSþ

2 : y�
1 < y < y�

2 ; d1ðy
�
1 Þ ¼ d2ðy�

2 Þ ¼ 0g
or

S � ¼ fy A Sþ
1 VSþ

2 : y�
2 < y < y�

1 ; d1ðy
�
1 Þ ¼ d2ðy�

2 Þ ¼ 0g:
Furthermore, we define

D12 ¼ fy A Sþ
1 VSþ

2 : d1ðyÞ > ð2lþ 2Þd2ðyÞg;

D21 ¼ y A Sþ
1 VSþ

2 : d2ðyÞ >
lþ 1

l
d1ðyÞ

�
;

�

where l ¼ maxflj : j ¼ 3; . . . ; lg <
1

2
. Since each component of Sþ

1 and Sþ
2 is a

sector of opening
p

n
, the rays arg z ¼ y�

1 and arg z ¼ y�
2 are contained in Sþ

2 and

Sþ
1 respectively. We prove the first case, the proof of the second case can be

obtained similarly. Hence there exist h1 > 0, h2 > 0 such that

fy : y�
1 < y < y�

1 þ h1gHD21; fy : y�
2 � h2 < y < y�

2gHD12:

Hence there exists a y A ðSþ
2k VD12ÞnE0 for any k ¼ 1; 2; . . . ; n. Set 0 <

ð2lþ 2Þd2 < r2 < r1 < d1, 0 < e11 < 1� r1
d1

, 0 < e12 <
r2
2d2

� 1, 0 < e1j <
r2

2ljd2
� 1,

ð j ¼ 3; . . . ; lÞ, by Lemma 3, we have

jQ1e
P1ðre iyÞ þQ2e

P2ðre iyÞ þ � � � þQle
Plðre iyÞjð3:10Þ

b jQ1e
P1ðre iyÞj 1� Q2

Q1
eP2ðre iyÞ�P1ðre iyÞ

����
����� � � � � Ql

Q1
ePlðre iyÞ�P1ðre iyÞ

����
����

����
����

b ð1� oð1ÞÞeð1�e11Þd1r n b ð1� oð1ÞÞer1rn ; as r ! y:

We assume that there exists an unbounded sequence frmgym¼1 such that 0 <
jh 0ðrmeiyÞja 1. From (3.1), (3.10) and Lemma 2, we get for an N1 A N

er1r
n
mð1� oð1ÞÞa 1þ h 00ðrmeiyÞ

h 0ðrmeiyÞ

����
����þ 2

p 0ðrmeiyÞ
pðrmeiyÞ

����
����þ p 00ðrmeiyÞ

pðrmeiyÞ

����
����

a rN1
m ; as m ! y:

Which is absurd. Hence we may assume that jh 0ðreiyÞjb 1 for su‰ciently large
r. It follows from (3.1) and Lemma 2, for an N2 A N

jQ1e
P1ðre iyÞ þQ2e

P2ðre iyÞ þ � � � þQle
Plðre iyÞjð3:11Þ

a jh 0ðreiyÞj2 1þ h 00ðreiyÞ
h 0ðreiyÞ

����
����þ 2

p 0ðreiyÞ
pðreiyÞ

����
����þ p 00ðreiyÞ

pðreiyÞ

����
����

� �

a jh 0ðreiyÞj2ð1þOðrN2ÞÞ; as r ! y:
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Thus, by (3.10) and (3.11) and for su‰ciently large r, we have

jh 0ðreiyÞjb eð1=2Þr2r
n

:ð3:12Þ

From Lemma 2, (3.2) and (3.12), we get

j2U1ðreiyÞja
h 000ðreiyÞ
h 0ðreiyÞ

����
����þ jRðreiyÞj þ 2

p 0ðreiyÞ
pðreiyÞ

����
����

� �
h 00ðreiyÞ
h 0ðreiyÞ

����
����ð3:13Þ

þ 2 jRðreiyÞj p 0ðreiyÞ
pðreiyÞ

����
����þ p 00ðreiyÞ

pðreiyÞ

����
����þ p 0ðreiyÞ

pðreiyÞ

����
����
2

 !

þ jRðreiyÞj p 00ðreiyÞ
pðreiyÞ

����
����þ p 000ðreiyÞ

pðreiyÞ

����
����þ p 00ðreiyÞp 0ðreiyÞ

pðreiyÞ2

�����
�����

þ
Xl

j¼2

ðjRðreiyÞQjðreiyÞj þ jQ 0
j ðreiyÞj

þ jQjðreiyÞP 0
j ðreiyÞjÞ

ePjðre iyÞ

h 0ðreiyÞ

�����
�����

aOðrN2Þ þ ð1þ oð1ÞÞ exp d2ð1þ e12Þ �
r2
2

� �
rn

� �

þ
Xl

j¼3

ð1þ oð1ÞÞ exp ljd2ð1þ e1jÞ �
r2
2

� �
rn

� �
; as r ! y:

Since d2ð1þ e12Þ �
r2
2
< 0; ljd2ð1þ e1jÞ �

r2
2
< 0 ð j ¼ 3; . . . ; lÞ, it gives that for an

N3 A N and for su‰ciently large r, we have

jU1ðreiyÞja rN3 :ð3:14Þ

Now we fix a gð¼ g2kÞ A ðSþ
2k VD21ÞnE0, k ¼ 1; 2; . . . ; n. Then we find g1; g2 A

S�
2 nE0, g1 < g < g2 such that g� g1 <

p

n
, g2 � g <

p

n
. We first show that (3.9)

holds for any y A ½g1; g�. Write g� g1 ¼
p

nþ t1
, t1 > 0, since rðU1Þa n, we have

that jU1ðreiyÞja er
nþt2 , 0 < t2 < t1 for su‰ciently large r. Set gðzÞ ¼ U1ðzÞ=

expððze�ððgþg1Þ=2ÞiÞz3Þ, then gðzÞ is analytic in the region fz : g1 a arg za gg.

Since g1 a arg z ¼ ya g, g� g1 <
p

n
, we infer that cosðargððze�ððgþg1Þ=2ÞiÞz3ÞÞbK

for some K > 0. In fact,

� p

2
< � px3

2n
a�x3

g� g1
2

a argððze�ððgþg1Þ=2ÞiÞz3Þa x3
g� g1
2

a
px3
2n

<
p

2
:
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Hence for g1 < y < g,

jgðreiyÞja U1ðreiyÞ
eKr

x3

����
����aOðernþt2 Þ; as r ! y:

It follows from (3.6) and (3.14) that for some M > 0, as r ! y

jgðreig1Þja Oðer x2 Þ
eKr

x3
aM

and

jgðreigÞja OðrN3Þ
eKr

x3
aM:

By the Phragmen-Lindelöf theorem, we obtain (3.9). Similarly we see that (3.9)
holds for any y A ½g; g2�. Hence we conclude that (3.9) holds for any y A ½0; 2pÞ.

We next need to prove that for any y A ½0; 2pÞ,

jU2ðreiyÞjaOðer x3 Þ; as r ! y:ð3:15Þ

By recalling the previous reasoning in (3.6) and (3.8), we can also obtain that
there exists a set E0 H ½0; 2pÞ with mðE0Þ ¼ 0 such that if y A S�

1 VS�
2 nE0, then

jU2ðreiyÞjaOðer x2 Þ; as r ! y:ð3:16Þ

By the similar proof in (3.9), there exists a y A ðSþ
1k VD21ÞnE0 for any k ¼

1; 2; . . . ; n. Set 0 < ð2lþ 2Þd1 < 2ld2 < r4 < r3 < d2, 0 < e21 < 1� r3
d2

, 0 < e22 <
r4
2d1

� 1, 0 < e2j <
r4

2ljd2
� 1, ð j ¼ 3; . . . ; lÞ. By Lemma 3, we have

jQ1e
P1ðre iyÞ þQ2e

P2ðre iyÞ þ � � � þQle
Plðre iyÞjð3:17Þ

b jQ2e
P2ðre iyÞj 1� Q1

Q2
eP1ðre iyÞ�P2ðre iyÞ

����
����� � � � � Ql

Q2
ePlðre iyÞ�P2ðre iyÞ

����
����

����
����

b ð1� oð1ÞÞeð1�e21Þd2r n b ð1� oð1ÞÞer3rn ; as r ! y:

We assume that there exists an unbounded sequence frmgym¼1 such that 0 <
jh 0ðrmeiyÞja 1. From (3.1), (3.17) and Lemma 2, we get for an N4 A N

er3r
n
mð1� oð1ÞÞa 1þ h 00ðrmeiyÞ

h 0ðrmeiyÞ

����
����þ 2

p 0ðrmeiyÞ
pðrmeiyÞ

����
����þ p 00ðrmeiyÞ

pðrmeiyÞ

����
����

a rN4
m ; as m ! y:

This is absurd. Hence we may assume that jh 0ðreiyÞjb 1 for su‰ciently large
r. It follows from (3.1) and Lemma 2, for an N5 A N
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jQ1e
P1ðre iyÞ þQ2e

P2ðre iyÞ þ � � � þQle
Plðre iyÞjð3:18Þ

a jh 0ðreiyÞj2 1þ h 00ðreiyÞ
h 0ðreiyÞ

����
����þ 2

p 0ðreiyÞ
pðreiyÞ

����
����þ p 00ðreiyÞ

pðreiyÞ

����
����

� �

a jh 0ðreiyÞj2ð1þOðrN5ÞÞ; as r ! y:

Combining (3.17) and (3.18), we obtain for su‰ciently large r

jh 0ðreiyÞjb eð1=2Þr4r
n

:ð3:19Þ
It follows from (3.4) and (3.19) that

j2U2ðreiyÞjð3:20Þ

a
h 000ðreiyÞ
h 0ðreiyÞ

����
����þ jTðreiyÞj þ 2

p 0ðreiyÞ
pðreiyÞ

����
����

� �
h 00ðreiyÞ
h 0ðreiyÞ

����
����

þ 2 jTðreiyÞj p 0ðreiyÞ
pðreiyÞ

����
����þ p 00ðreiyÞ

pðreiyÞ

����
����þ p 0ðreiyÞ

pðreiyÞ

����
����
2

 !

þ jTðreiyÞj p 00ðreiyÞ
pðreiyÞ

����
����þ p 000ðreiyÞ

pðreiyÞ

����
����þ p 00ðreiyÞp 0ðreiyÞ

pðreiyÞ2

�����
�����

þ ðjTðreiyÞQ1ðreiyÞj þ jQ 0
1ðreiyÞj þ jQ1ðreiyÞP 0

1ðreiyÞjÞ
eP1ðre iyÞ

h 0ðreiyÞ

�����
�����

þ
Xl

j¼3

ðjTðreiyÞQjðreiyÞj þ jQ 0
j ðreiyÞj þ jQjðreiyÞP 0

j ðreiyÞjÞ
ePjðre iyÞ

h 0ðreiyÞ

�����
�����

aOðrN5Þ þ ð1þ oð1ÞÞ exp d1ð1þ e22Þ �
r4
2

� �
rn

� �

þ
Xl

j¼3

ð1þ oð1ÞÞ exp ljd2ð1þ e2jÞ �
r4
2

� �
rn

� �
; as r ! y:

Since d1ð1þ e22Þ �
r4
2
< 0, ljd2ð1þ e2jÞ �

r4
2
< 0 ð j ¼ 3; . . . ; lÞ, it gives that for an

N6 A N and for su‰ciently large r,

jU2ðreiyÞja rN6 :ð3:21Þ
Now we fix a g 0ð¼ g 02kÞ A ðSþ

2k VD12ÞnE0, k ¼ 1; 2; . . . ; n. Then we find g3; g4 A

S�
1 VS�

2 nE0, g3 < g 0 < g4 such that g 0 � g3 <
p

n
, g4 � g 0 <

p

n
. By the same rea-

soning in (3.14), for any g3 a ya g4, we have

jU2ðreiyÞjaOðer x3 Þ; as r ! y:ð3:22Þ
Hence we conclude that (3.15) holds for any y A ½0; 2pÞ.
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To complete the proof of Theorem 1 (i), by (3.2) and (3.5), we have

U1 �U2 ¼
1

2
h 0ðT � RÞ;ð3:23Þ

since maxfrðQjÞ; j ¼ 1; 2; . . . ; lg < x2 < x3, by the theorem on the logarithmic
derivative and by (3.1), (3.9), (3.15), (3.23), we have

mðr;Q1e
P1ðzÞ þQ2e

P2ðzÞ þ � � � þQle
PlðzÞÞð3:24Þ

a 2mðr; h 0Þ þOðlog rÞa 2mðr;U1 �U2Þ þOðlog rÞ

aOðrx3Þ; as r ! y:

Since
z1
z2

is non-real, Sþ
1 VS�

2 contains an interval I ¼ ½j1; j2� satisfying

miny A I d1ðyÞ ¼ s > 0. By Lemma 3, there exists a constant R2ðyÞð> 0Þ such that
for any y A I and for any given e > 0, we have for su‰ciently large rbR2ðyÞ

jQ1e
P1ðre iyÞjb expðð1� eÞd1rnÞ;

jQ2e
P2ðre iyÞja expðð1� eÞd2rnÞ;

jQie
Pjðre iyÞja expðð1� eÞljd2rnÞ; ð j ¼ 3; . . . ; lÞ:

Hence,

mðr;Q1e
P1ðzÞ þQ2e

P2ðzÞ þ � � � þQle
Pl ðzÞÞð3:25Þ

b

ð j2
j1

logþjQ1e
P1ðre iyÞ þQ2e

P2ðre iyÞ þ � � � þQle
Plðre iyÞj dy

b

ð j2
j1

ð1� oð1ÞÞ logþjQ1e
P1ðre iyÞj dy

b

ð j2
j1

ð1� oð1ÞÞð1� eÞsrn dy

b ð1� oð1ÞÞð1� eÞsrnðj2 � j1Þ; as r ! y:

Combining (3.24) and (3.25) and recalling that x3 < n, we get a contradiction.
Hence, lð f Þ ¼ y.

4. Proof of Theorem 1 (ii)

Let f 2 0 be a solution of (1.4). Write f ¼ peh, suppose that lð f Þ < n.
From our hypothesis, we have rðpÞ ¼ lðpÞ < n. Eliminating eP1 from (3.1) and

recalling that R ¼ Q 0
1

Q1
þ P 0

1, we have
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2Uh 0 ¼ �h 000 þ R� 2
p 0

p

� �
h 00 þ 2 R

p 0

p
� p 0

p

� �0� �
h 0 þ R

p 00

p
� p 00

p

� �0
ð3:26Þ

þ
Xl

j¼2

ðRQj �Q 0
j �QjP

0
j ÞePj ;

where

U ¼ h 00 � 1

2
Rh 0:ð3:27Þ

From (3.26) and (3.27), we get

C1ðzÞh 0 ¼ C0ðzÞ;
where

C0ðzÞ ¼ �U 0 þ 1

2
RU � 2

p 0

p
U þ R

p 00

p
� p 000

p
þ p 00p 0

p2
ð3:28Þ

þ
Xl

j¼2

ðRQj �Q 0
j �QjP

0
j ÞePj ;

C1ðzÞ ¼ 2U þ 1

2
R 0 � 1

4
R2 � R

p 0

p
þ 2

p 00

p
� 2

p 0

p

� �2
:ð3:29Þ

We next show that C0ðzÞ1 0 and C1ðzÞ1 0. If C0ðzÞ2 0, C1ðzÞ2 0, by
Nevanlinna’s first fundamental theorem, we obtain

Tðr; h 0ÞaTðr;C0Þ þ Tðr;C1Þ þ oð1Þ:

Set maxfrðQjÞ ð j ¼ 1; . . . ; lÞ; lð f Þg < x2 < x3 < n, from (3.1), we obtain

Tðr;Q1e
P1ðzÞ þQ2e

P2ðzÞ þ � � � þQle
PlðzÞÞa 2Tðr; h 0Þ þOðlog rÞ:ð3:30Þ

By Lemma 5, we have

mðr;Q1e
P1ðzÞ þQ2e

P2ðzÞ þ � � � þQle
PlðzÞÞð3:31Þ

b ð1� eÞmðr; eP1Þ þOðrx3Þ; r ! y; ðr B EÞ;

where E has finite linear measure. From (3.30) and (3.31), we obtain

Tðr; h 0Þb 1� e

2
Tðr; eP1Þ þOðrx3Þ; r ! y; ðr B EÞ:ð3:32Þ

Since 0 < r ¼ z2
z1

<
1

4
, lj ¼

zj

z2
> 0 ð j ¼ 3; . . . ; lÞ,

P l
j¼3 lj < 1, we get

dðP2; yÞ ¼ rdðP1; yÞ; Sþ
1k ¼ Sþ

2k ¼ � � � ¼ Sþ
lk;

S�
1k ¼ S�

2k ¼ � � � ¼ S�
lk; ðk ¼ 1; . . . ; nÞ:
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By the same reasoning in (3.7) and (3.8), we have

jUðreiyÞjaOðerx2 Þ; as r ! yð3:33Þ

for any y A S�
1 nE0, mðE0Þ ¼ 0. Also by the same reasoning in (3.9)–(3.13), we

have

jUðreiyÞja rN3 ; as r ! yð3:34Þ

for any y A Sþ
1 nE0, mðE0Þ ¼ 0. Since rðUÞa n, by the Phragmen-Lindelöf

theorem, we have

jUðreiyÞjaOðerx3 Þ; as r ! yð3:35Þ

for any y A ½0; 2pÞ. In the following, we estimate Tðr;C0Þ and Tðr;C1Þ.

Tðr;C0ÞaT r;U 0 � 1

2
RU þ 2

p 0

p
U

� �
þ T r;R

p 00

p
� p 000

p
þ p 00p 0

p2

� �

þ
Xl

j¼2

Tðr;RQj �Q 0
j �QjP

0
j Þ þ

Xl

j¼2

Tðr; ePj Þ:

Since maxfrðQjÞ ð j ¼ 1; . . . ; lÞ; rðRÞ; rðpÞg < n, we have

Tðr;C0Þa
Xl

j¼2

Tðr; ePj ÞÞ þOðrx3Þ ¼ 1þ
Xl

j¼3

lj

 !
Tðr; eP2Þ þOðrx3Þð3:36Þ

a 1þ
Xl

j¼3

lj

 !
rTðr; eP1Þ þOðrx3Þ; as r ! y:

From (3.29) and (3.35), we have

Tðr;C1ÞaOðrx3Þ; as r ! y:ð3:37Þ

From (3.30), (3.32), (3.36) and (3.37), we get

1� e

2
Tðr; eP1Þ þOðrx3Þð3:38Þ

aTðr; h 0Þa 1þ
Xl

j¼3

lj

 !
rTðr; eP1Þ þOðrx3Þ; r ! y; ðr B EÞ:

Thus (3.38) implies

1� e

2
� 1þ

Xl

j¼3

lj

 !
r� oð1Þ

 !
Tðr; eP1Þa 0; r ! y; ðr B EÞ:
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Since 0 < r ¼ z2
z1

<
1

4
, 0 <

P l
j¼3 lj < 1, we get a contradiction. Hence C0ðzÞ1

C1ðzÞ1 0. From (3.28), we obtain

Xl

j¼2

ðRQj �Q 0
j �QjP

0
j ÞePj ¼ U 0 � 1

2
RU þ 2

p 0

p
U � R

p 00

p
þ p 000

p
� p 00p 0

p2
:ð3:39Þ

We assume that
P l

j¼2ðRQj �Q 0
j �QjP

0
j ÞePj 2 0, if

P l
j¼2ðRQj �Q 0

j �QjP
0
j ÞePj

1 0, since lj ¼
zj

z2
> 0 ð j ¼ 3; . . . ; lÞ and 0 <

P l
j¼3 lj < 1, by Lemma 3 and by a

simple calculation, this is a contradiction. From (3.39), by Lemma 5, we obtain

ð1� eÞTðr; eP2Þ þOðrx3Þa
Xl

j¼2

Tðr; ðRQj �Q 0
j �QjP

0
j ÞePj Þð3:40Þ

aT r;U 0 � 1

2
RU

� �
þ Tðr;UÞ þ Tðr;RÞ

þ T r;
p 0

p

� �
þ T r;

p 00

p

� �
þ T r;

p 000

p

� �
þ oð1Þ

aOðrx3Þ; r ! y; ðr B EÞ:

From (3.40), we have rðeP2Þ < x3 < n, we get a contradiction. Hence lð f Þb n.
Thus, we complete the proof of Theorem 1.
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