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WITH A SMALL SET OF IDENTITY

Khanh Trinh Bui, Duc Quang Si and Van Tan Tran

Abstract

The purpose of this article is to show a uniqueness theorem for meromorphic

mappings of Cm into CPn with truncated multiplicities and a small set of identity.

1. Introduction

In 1983, L. Smiley [7] showed that

Theorem S. Let f , g be linearly nondegenerate meromorphic mappings of Cm

into CPn. Let fHjgqj¼1 ðqb 3nþ 2Þ be hyperplanes in CPn in general position.
Asumme that

(a) f �1ðHjÞ ¼ g�1ðHjÞ, for all 1a ja q,
(b) dimð f �1ðHiÞV f �1ðHjÞÞam� 2 for all 1a i < ja q, and
(c) f ¼ g on 6q

j¼1
f �1ðHjÞ.

Then f 1 g.

In [2]–[5], [8], [10] the authors and others extended the result of L. Smiley to
the case where the number of hyperplanes is replaced by a smaller one and
multiplicities are truncated by a positive integer bigger than 1. There are now
many di¤erent results for the uniqueness problem with few hyperplanes. How-
ever, so far, in all results on the uniqueness problem of meromorphic mappings
into CPn with truncated multiplicities, the condition (c) on the identity set in the
above theorem occurs. The main purpose of this paper is to give a uniqueness
theorem for meromorphic mappings of Cm into CPn with truncated multiplicities
and a smaller set of identity, in particular, the number of hyperplanes which
appear in the above condition (c) will become to be only ðnþ 1Þ. Our methods
are quite di¤erent from those used in the proofs of previous unicity theorems.
This comes from the fact that with only ðnþ 1Þ hyperplanes (in the condition (c)),
generally, we cannot use any more the Second Main Theorem for meromorphic
mappings and these hyperplanes.
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2. Preliminaries

We set kzk ¼ ðjz1j2 þ � � � þ jzmj2Þ1=2 for z ¼ ðz1; . . . ; zmÞ A Cm and define

BðrÞ :¼ fz A Cm : jzj < rg; SðrÞ :¼ fz A Cm : jzj ¼ rg for all 0 < r < y:

Define

d c :¼
ffiffiffiffiffiffiffi
�1

p

4p
ðq� qÞ; u :¼ ðdd ckzk2Þm�1 and s :¼ d c logkzk25ðdd c logkzk2Þm�1:

Let F be a nonzero holomorphic function on Cm. For each a A Cm,
expanding F as F ¼

P
Piðz� aÞ with homogeneous polynomials Pi of degree

i around a, we define

nF ðaÞ :¼ minfi : Pi D 0g:

Let j be a nonzero meromorphic function on Cm. We define the divisor nj as
follows: For each z A Cm, we choose nonzero holomorphic functions F and G

on a neighborhood U of z such that j ¼ F

G
on U and dimðF�1ð0ÞVG�1ð0ÞÞa

m� 2 and then we put njðzÞ :¼ nF ðzÞ.
Let n be a divisor in Cm and let k, M be positive integers or þy. Set

jnj :¼ fz : nðzÞ0 0g and

aMn½k�ðzÞ ¼ 0 if nðzÞ > M and aMn½k�ðzÞ ¼ minfnðzÞ; kg if nðzÞaM;

>Mn½k�ðzÞ ¼ 0 if nðzÞaM and >Mn½k�ðzÞ ¼ minfnðzÞ; kg if nðzÞ > M:

The counting function is defined by

aMN ½k�ðr; nÞ :¼
ð r
1

aMnðtÞ
t2m�1

dt

and

>MN ½k�ðr; nÞ :¼
ð r
1

>MnðtÞ
t2m�1

dt ð1a r < þyÞ

where

aMnðtÞ :¼
ð
jnjVBðrÞ

aMn½k�:u for mb 2; aMnðtÞ :¼
X
jzjat

aMn½k�ðzÞ for m ¼ 1

>MnðtÞ :¼
ð
jnjVBðrÞ

>Mn½k�:u for mb 2; >MnðtÞ :¼
X
jzjat

>Mn½k�ðzÞ for m ¼ 1:

For a nonzero meromorphic function j on Cm, we set aMN
½k�
j ðrÞ :¼aMN ½k�ðr; njÞ

and >MN
½k�
j ðrÞ :¼ >MN ½k�ðr; njÞ. For brevity we will omit the character ½k�

(respectively aM ) in the counting function and in the divisor if k ¼ þy
(respectively M ¼ þyÞ:
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Let f : Cm ! CPn be a meromorphic mapping. For arbitrary fixed homo-
geneous coordinates ðw0 : . . . : wnÞ of CPn, we take a reduced representation
f ¼ ð f0 : . . . : fnÞ which means that each fi is a holomorphic function on Cn

and f ðzÞ ¼ ð f0ðzÞ : . . . : fnðzÞÞ outside the analytic set f f0 ¼ � � � ¼ fn ¼ 0g of

codimensionb 2. Set k f k ¼ ðj f0j2 þ � � � þ j fnj2Þ1=2.
The characteristic function of f is defined by

Tf ðrÞ ¼
ð
SðrÞ

logk f ks�
ð
Sð1Þ

logk f ks; 1a r < þy:

For a meromorphic function j on Cm, the characteristic function TjðrÞ of j is
defined by considering j as a meromorphic mapping of Cm into CP1:

The proximity function mðr; jÞ is defined by

mðr; jÞ ¼
ð
SðrÞ

logþjjjs;

where logþ x ¼ maxflog x; 0g for xb 0. Then

TjðrÞ ¼ N1=jðrÞ þmðr; jÞ þOð1Þ:
We say that j is ‘‘small’’ with respect to f if TjðrÞ ¼ oðTf ðrÞÞ as r ! y (outside
a set of finite Lebesgue measure). Denote by Rf the field of all ‘‘small’’ (with
respect to f ) functions on Cm:

Let f , a be two meromorphic mappings of Cm into CPn with reduced
representations f ¼ ð f0 : . . . : fnÞ, a ¼ ða0 : . . . : anÞ. Set ð f ; aÞ :¼ a0 f0 þ � � � þ
an fn. We say that a is ‘‘small’’ with respect to f if TaðrÞ ¼ oðTf ðrÞÞ as r ! y
(outside a set of finite Lebesgue measure). We say that f is linearly non-
degenerate over Rf if f0; . . . ; fn are linearly independant over Rf :

Let a1; . . . ; aq ðqb nþ 1Þ be meromorphic mappings of Cm into CPn with
reduced representations aj ¼ ðaj0 : . . . : ajnÞ, j ¼ 1; . . . ; q. We say that fajgqj¼1 are
in general position if for any 1a j0 < � � � < jn a q, detðajki; 0a k; ia nÞD 0.

We state the First and Second Main Theorems of Value Distribution Theory:

First Main Theorem. Let a be a meromorphic mapping of Cm into CPn

such that ð f ; aÞD 0 then

Nð f ;aÞðrÞaTf ðrÞ þ TaðrÞ for all rb 1:

As usual, by the notation ‘‘k P’’ we mean the assertion P holds for all r > 1
outside a set of finite Lebesgue measure. For a hyperplane H : a0w0 þ � � � þ
anwn ¼ 0 in CPn with im f UH, we denote ð f ;HÞ ¼ a0 f0 þ � � � þ an fn:

Second Main Theorem. Let f be a linearly nondegenerate meromorphic
mapping of Cm into CPn and H1; . . . ;Hq ðqb nþ 1Þ hyperplanes of CPn in
general position, then

k ðq� n� 1ÞTf ðrÞa
Xq
j¼1

N
½n�
ð f ;HjÞðrÞ þ oðTf ðrÞÞ:
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3. Uniqueness theorem

Main Theorem. Let f , g be nonconstant meromorphic mappings of Cm into
CPn. Let fHjgq

j¼1 ðqb 3nþ 2Þ be hyperplanes in CPn in general position such
that

dimð f �1ðHiÞV f �1ðHjÞÞam� 2 for all i; j ð1a i < ja qÞ:
Assume that f and g are linearly nondegenerate over Rf and

(a) minfnð f ;HjÞ; ng ¼ minfnðg;HjÞ; ng, for all nþ 2a ja q, and

(b) f ¼ g on 6nþ1

j¼1
ð f �1ðHjÞU g�1ðHjÞÞ.

Then f 1 g.

In order to prove the above Theorem, we need the following Lemmas.

Lemma 3.1. Let f : Cm ! CPn be a nonconstant meromorphic mapping and
fajgqj¼1 ðqb nþ 2Þ be ‘‘small’’ (with respect to f ) meromorphic mappings of

Cm into CPn in general position. Assume that f is linearly nondegenerate over
Rf . Then

k q

nþ 2
Tf ðrÞa

Xq
j¼1

N
½n�
ð f ;ajÞðrÞ þ oðTf ðrÞÞ:

Proof. We refer to ([9], Theorem 3.1) ([6], Theorem 2.3). r

Lemma 3.2. Let f ; g : Cm ! CPn be two nonconstant meromorphic
mappings. Assume that f and g are linearly nondegenerate over Rf . Let
faigqi¼1, ðqb 2nþ 3Þ be ‘‘small’’ (with respect to f ) meromorphic mappings of
Cm into CPn in general position. Assume that the followings are satisfied

(i) k N
½1�
ð f ;aiÞðrÞ ¼ oðTf ðrÞÞ and k N

½1�
ðg;aiÞðrÞ ¼ oðTf ðrÞÞ, for all i A f1; . . . ;

nþ 1g.
(ii) minfnð f ;aiÞ; ng ¼ minfnðg;aiÞ; ng for all i A fnþ 2; . . . ; qg.
(iii) dimfz A Cm : nð f ;aiÞðzÞ > 0 and nð f ;ajÞðzÞ > 0gam� 2, for all nþ 2a

i < ja q.
Then f 1 g.

Proof. By the assumption i) we have

k N
½n�
ð f ;aiÞðrÞ ¼ oðTf ðrÞÞ and k N

½n�
ðg;aiÞðrÞ ¼ oðTf ðrÞÞ; for all i A f1; . . . ; nþ 1g:

Thus, by Lemma 3.1 and by the First Main Theorem, we have

k 2nþ 3

nþ 2
Tf ðrÞa

X2nþ3

i¼1

N
½n�
ð f ;aiÞðrÞ þ oðTf ðrÞÞ

¼
X2nþ3

i¼nþ2

N
½n�
ð f ;aiÞðrÞ þ oðTf ðrÞÞ
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¼
X2nþ3

i¼nþ2

N
½n�
ðg;aiÞðrÞ þ oðTf ðrÞÞ

a ðnþ 2ÞTgðrÞ þ oðTf ðrÞÞ:
This implies that

k Tf ðrÞa
ðnþ 2Þ2

2nþ 3
TgðrÞ þ oðTf ðrÞÞ:ð3:1Þ

On the other hand k TaiðrÞ ¼ oðTf ðrÞÞ. Hence, k TaiðrÞ ¼ oðTgðrÞÞ. So, simi-
larly we have

k TgðrÞa
ðnþ 2Þ2

2nþ 3
Tf ðrÞ þ oðTgðrÞÞ:ð3:2Þ

By (3.1) and (3.2), we have

k Tf ðrÞ ¼ OðTgðrÞÞ and k TgðrÞ ¼ OðTf ðrÞÞ:
By Lemma 3.1, for each i A fnþ 2; . . . ; 2nþ 3g, we have

k Tf ðrÞa
Xnþ1

j¼1

N
½n�
ð f ;ajÞðrÞ þN

½n�
ð f ;aiÞðrÞ þ oðTf ðrÞÞð3:3Þ

¼ N
½n�
ð f ;aiÞðrÞ þ oðTf ðrÞÞaNð f ;aiÞðrÞ þ oðTf ðrÞÞ:

On the other hand, by the First Main Theorem, we have

k Nð f ;aiÞðrÞaTf ðrÞ þ oðTf ðrÞÞ:
Hence,

k Nð f ;aiÞðrÞaN
½n�
ð f ;aiÞðrÞ þ oðTf ðrÞÞ:

This implies that

k N
½n�
ð f ;aiÞðrÞ þ

1

nþ 1
>nNð f ;aiÞðrÞaNð f ;aiÞðrÞaN

½n�
ð f ;aiÞðrÞ þ oðTf ðrÞÞ:ð3:4Þ

By (3.3), (3.4) and by the First Main Theorem, for each i A fnþ 2; . . . ; 2nþ 3g,
we have

k >nNð f ;aiÞðrÞ ¼ oðTf ðrÞÞ andð3:5Þ
k Tf ðrÞ ¼ anN

½n�
ð f ;aiÞðrÞ þ oðTf ðrÞÞ ¼ Nð f ;aiÞðrÞ þ oðTf ðrÞÞ:

Similarly, for each i A fnþ 2; . . . ; 2nþ 3g, we have

k >nNðg;aiÞðrÞ ¼ oðTgðrÞÞ andð3:6Þ
k TgðrÞ ¼ anN

½n�
ðg;aiÞðrÞ þ oðTgðrÞÞ ¼ Nðg;aiÞðrÞ þ oðTgðrÞÞ:

Set bij ¼
ð f ; aiÞ
ðg; aiÞ

� ðg; ajÞð f ; ajÞ
ðnþ 2a ia ja qÞ.
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We now show that bij A Rf . We have

k m r;
ð f ; aiÞ
ð f ; ajÞ

� �
¼ Tð f ;aiÞ=ð f ;ajÞðrÞ �Nð f ;ajÞ=ð f ;aiÞðrÞ þOð1Þ

aTf ðrÞ �Nð f ;ajÞðrÞ þOð1Þ ¼ oðTf ðrÞÞ

and

k m r;
ðg; aiÞ
ðg; ajÞ

� �
aTgðrÞ �Nðg;ajÞðrÞ þOð1Þ ¼ oðTgðrÞÞ;

for all nþ 2a ia ja q. This implies that

k mðr; bijÞam r;
ð f ; aiÞ
ð f ; ajÞ

� �
þm r;

ðg; ajÞ
ðg; aiÞ

� �
þOð1Þ ¼ oðTf ðrÞÞ:

On the other hand by (3.5), (3.6) and by the assumption ii) we have

k N1=bij
ðrÞa >nNðg;aiÞðrÞ þ >nNð f ;ajÞðrÞ ¼ oðTf ðrÞÞ; for all nþ 2a ia ja q:

Hence,

k Tbij ðrÞ ¼ mðr; bijÞ þN1=bij
ðrÞ þOð1Þ ¼ oðTf ðrÞÞ; for all nþ 2a i < ja q:

This means that bij A Rf .

Set
ð f ; anþ2Þ
ðg; anþ2Þ

¼ h. We have

ð f ; ajÞ ¼
h

bðnþ2Þj
� ðg; ajÞ ðnþ 2a ja 2nþ 3Þ:ð3:7Þ

Set

P :¼

aðnþ2Þ0 � � � að2nþ2Þ0

..

. . .
. ..

.

aðnþ2Þn � � � að2nþ2Þn

0
BB@

1
CCA;

and matrices Pi ði A fnþ 2; . . . ; 2nþ 2gÞ which are defined from P after changing

the ði � n� 1Þ th column by

að2nþ3Þ0

..

.

að2nþ3Þn

0
BB@

1
CCA. Put ui ¼ detðPiÞ, u ¼ detðPÞ:

It is easy to see that

ð f ; a2nþ3Þ ¼
X2nþ2

i¼nþ2

ui

u
ð f ; aiÞ and ðg; a2nþ3Þ ¼

X2nþ2

i¼nþ2

ui

u
ðg; aiÞ:
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Combining with (3.7), we get

X2nþ2

i¼nþ2

ui

u
ð f ; aiÞ ¼ ð f ; a2nþ3Þ ¼

h

bðnþ2Þð2nþ3Þ
� ðg; a2nþ3Þ ¼

h

bðnþ2Þð2nþ3Þ

X2nþ2

i¼nþ2

ui

u
ðg; aiÞ

¼
X2nþ2

i¼nþ2

ui � bðnþ2Þi
u � bðnþ2Þð2nþ3Þ

ð f ; aiÞ:

Thus,

X2nþ2

i¼nþ2

1�
bðnþ2Þi

bðnþ2Þð2nþ3Þ

 !
� ui � ð f ; aiÞQ2nþ3

j¼nþ2 ajtj
¼ 0;

where ajtj is the first element of aj0; . . . ; ajn not identically equal to zero

ð j A fnþ 2; . . . ; 2nþ 3gÞ. It is clear that
aji

ajtj
A Rf ði A f0; . . . ; ng;

j A fnþ 2; . . . ; 2nþ 3gÞ. Thus, since f is linearly nondegenerate over Rf

and faigqi¼1 are general position, we have bðnþ2Þðnþ2Þ ¼ � � � ¼ bðnþ2Þð2nþ3Þ. On

the other hand bðnþ2Þðnþ2Þ ¼ 1. Hence,
ð f ; anþ2Þ
ðg; anþ2Þ

¼ � � � ¼ ð f ; a2nþ3Þ
ðg; a2nþ3Þ

. This implies
that f 1 g: r

Proof of Main Theorem. Assume that f D g:
We may assume that, after a suitable change of indices in fnþ 2; . . . ; qg, we

have

ð f ;Hnþ2Þ
ðg;Hnþ2Þ

1
ð f ;Hkþ2Þ
ðg;Hkþ2Þ

1 � � �1 ð f ;Hk1Þ
ðg;Hk1Þ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

group 1

D
ð f ;Hk1þ1Þ
ðg;Hk1þ1Þ

1 � � � 1 ð f ;Hk2Þ
ðg;Hk2Þ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

group 2

D
ð f ;Hk2þ1Þ
ðg;Hk2þ1Þ

1 � � �1 ð f ;Hk3Þ
ðg;Hk3Þ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

group 3

D � � �D ð f ;Hks�1þ1Þ
ðg;Hks�1þ1Þ

� � � �1 ð f ;HksÞ
ðg;HksÞ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

group s

;

where ks ¼ q. Since f D g, the number of elements of each group is at most n.
For each i A fnþ 2; . . . ; qg, we set

sðiÞ ¼ i þ n if i þ na q;

i þ 2nþ 1� q if i þ n > q:

�
It is easy to see that s : fnþ 2; . . . ; qg ! fnþ 2; . . . ; qg is bijective and

jsðiÞ � ijb n. This implies that
ð f ;HiÞ
ðg;HiÞ

and
ð f ;HsðiÞÞ
ðg;HsðiÞÞ

belong to distinct groups.
Hence, we have

Pi ¼
ð f ;HiÞ
ð f ;HsðiÞÞ

� ðg;HiÞ
ðg;HsðiÞÞ

D 0 ðnþ 2a ia qÞ:
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Fix an arbitrary index i with nþ 2a ia q. By the assumptions (a) and (b),
we have

nPi b n
½n�
ð f ;HiÞ þ

Xnþ1

v¼1

n
½1�
ð f ;HvÞ;

outside a finite union of analytic sets of dimensionam� 2. It implies that

NPiðrÞbN
½n�
ð f ;HiÞðrÞ þ

Xnþ1

v¼1

N
½1�
ð f ;HvÞðrÞð3:8Þ

¼ N
½n�
ð f ;HiÞðrÞ þ

1

2

Xnþ1

v¼1

ðN ½1�
ð f ;HvÞðrÞ þN

½1�
ðg;HvÞðrÞÞ:

Set ni :¼ maxfnð f ;HsðiÞÞ; nðg;HsðiÞÞg. By the definition of Pi, it is clear that n1=Pi a ni.
This implies that

N1=PiðrÞaNðr; niÞ:ð3:9Þ
By the First Main Theorem, we have

m r;
ð f ;HiÞ
ð f ;HsðiÞÞ

� �
¼ Tð f ;HiÞ=ð f ;HsðiÞÞðrÞ �Nð f ;HsðiÞÞ=ð f ;HiÞðrÞ þOð1Þ

aTf ðrÞ �Nð f ;HsðiÞÞðrÞ þOð1Þ:

Similarly,

m r;
ðg;HiÞ
ðg;HsðiÞÞ

� �
aTgðrÞ �Nðg;HsðiÞÞðrÞ þOð1Þ:

Then

mðr;PiÞam r;
ð f ;HiÞ
ð f ;HsðiÞÞ

� �
þm r;

ðg;HiÞ
ðg;HsðiÞÞ

� �
þOð1Þ

aTf ðrÞ þ TgðrÞ �Nð f ;HsðiÞÞðrÞ �Nðg;HsðiÞÞðrÞ þOð1Þ:

Hence, by (3.8), (3.9) and by the First Main Theorem we have

N
½n�
ð f ;HiÞðrÞ þ

1

2

Xnþ1

v¼1

ðN ½1�
ð f ;HvÞðrÞ þN

½1�
ðg;HvÞðrÞÞð3:10Þ

aNPiðrÞaTPiðrÞ ¼ N1=PiðrÞ þmðr;PiÞ þOð1Þ
aTf ðrÞ þ TgðrÞ þNðr; niÞ �Nð f ;HsðiÞÞðrÞ �Nðg;HsðiÞÞðrÞ þOð1Þ:

Since minfnð f ;HjÞ; ng ¼ minfnðg;HjÞ; ng ð jb nþ 2Þ, we have niðzÞ � nð f ;HsðiÞÞ �
nðg;HsðiÞÞ þ n

½n�
ð f ;HsðiÞÞ a 0 on Cm (note that sðiÞb nþ 2). It follows that

Nðr; niÞ �Nð f ;HsðiÞÞðrÞ �Nðg;HsðiÞÞðrÞ þN
½n�
ð f ;HsðiÞÞðrÞa 0:
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Hence, by (3.10) we have

1

2

Xnþ1

v¼1

ðN ½1�
ð f ;HvÞðrÞ þN

½1�
ðg;HvÞðrÞÞ þN

½n�
ð f ;HiÞðrÞ þN

½n�
ð f ;HsðiÞÞðrÞð3:11Þ

aTf ðrÞ þ TgðrÞ þOð1Þ;
for all nþ 2a ia q:

This implies that

q� n� 1

2

Xnþ1

v¼1

ðN ½1�
ð f ;HvÞðrÞ þN

½1�
ðg;HvÞðrÞÞ þ 2

Xq
i¼nþ2

N
½n�
ð f ;HiÞðrÞð3:12Þ

a ðq� n� 1ÞðTf ðrÞ þ TgðrÞÞ þOð1Þ;
(note that s : fnþ 2; . . . ; qg ! fnþ 2; . . . ; qg is bijective).

By the Second Main Theorem we have

k ðq� n� 1ÞðTf ðrÞ þ TgðrÞÞa
Xq
i¼1

ðN ½n�
ð f ;HiÞðrÞ þN

½n�
ðg;HiÞðrÞÞ þ oðTf ðrÞÞ

¼
Xnþ1

i¼1

ðN ½n�
ð f ;HiÞðrÞ þN

½n�
ðg;HiÞðrÞÞ

þ
Xq
i¼nþ1

ðN ½n�
ð f ;HiÞðrÞ þN

½n�
ðg;HiÞðrÞÞ þ oðTf ðrÞÞ

a n
Xnþ1

i¼1

ðN ½1�
ð f ;HiÞðrÞ þN

½1�
ðg;HiÞðrÞÞ

þ 2
Xq
i¼nþ2

N
½n�
ð f ;HiÞðrÞ þ oðTf ðrÞÞ:

Combining with (3.12) we have

k q� n� 1

2

Xnþ1

v¼1

ðN ½1�
ð f ;HvÞðrÞ þN

½1�
ðg;HvÞðrÞÞa n

Xnþ1

i¼1

ðN ½1�
ð f ;HiÞðrÞ þN

½1�
ðg;HiÞðrÞÞ þ oðTf ðrÞÞ:

On the other hand, qb 3nþ 2. Hence, we get

k
Xnþ1

i¼1

ðN ½1�
ð f ;HiÞðrÞ þN

½1�
ðg;HiÞðrÞÞ ¼ oðTf ðrÞÞ:

This implies that k N
½1�
ð f ;HiÞðrÞ ¼ oðTf ðrÞÞ and k N

½1�
ðg;HiÞðrÞ ¼ oðTf ðrÞÞ, for all i A

f1; . . . ; nþ 1g. Then, by Lemma 3.2 we have f 1 g. r
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