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THE BOREL DIRECTION OF THE LARGEST TYPE OF ALGEBROID

FUNCTIONS DEALING WITH MULTIPLE VALUES*

Zu-Xing Xuan and Zong-Sheng Gao

Abstract

In this paper, we prove that for algebroid functions of order r satisfying that

0 < r < þy, there exists a Borel direction of the largest type dealing with multiple

values and there is a sequence of filling disks in this direction.

1. Introduction and main results

The value distribution theory of meromorphic functions due to R.
Nevanlinna (see [1], [4] for standard references) was extended to the corre-
sponding theory of algebroid functions by H. Selberg [8, 9], E. Ullrich [14] and
G. Valiron [15] around 1930. The singular direction is one of the main objects
studied in the theory of value distribution of algebroid functions. Several types
of singular directions have been introduced in [1]. Their existence and some
connections between them have also been established. G. Valiron [16] con-
jectured that there exists at least a Borel direction for any n-valued algebroid
function of finite positive order. A. Rauch [7] proved that there exists a di-
rection such that the corresponding Borel exceptional values form a set of linear
measure zeros. N. Toda [11] proved that there exists a direction such that the
set of corresponding Borel exceptional values is countable. Later Y. Lü and
Y. Gu [6] proved that there exists a direction such that the number of Borel
exceptional values is equal to 2n at most.

For algebroid functions of finite positive order defined in z-plane, D. Sun
in [10] proved the existence of the sequence of filling disks, Z. Gao proved in [2]
that for such algebroid functions there exists a Borel direction of the largest type
and there is a sequence of filling disks in this direction. In this paper, we will
consider the existence of the Borel direction of the largest type and the sequence
of filling disks dealing with multiple values.

97

AMS Subject Classification: 32C20, 30D45.

Key Words: Algebroid function; Multiple values; Borel direction of the largest type; Covering

surfaces.

*Supported by the National Natural Science Foundation of China (Grant No. 10271011) and the

National Key Basic Research Project of China (2005CB321902).

Received January 20, 2006; revised July 6, 2006.



Let w ¼ wðzÞ ðz A CÞ be the n-valued algebroid function defined by the
irreducible equation

AnðzÞwn þ An�1ðzÞwn�1 þ � � � þ A0ðzÞ ¼ 0;ð1Þ

where AnðzÞ; . . . ;A0ðzÞ are entire functions without any common zeros. The
single valued domain of definition of wðzÞ is a n-valued covering of the z-plane, a
Riemann surface, denoted by ~RRz.

A point in ~RRz is denoted by ~zz if its projection in the z-plane is z. The open
set which lies over jzj < r is denoted by j~zzj < r. Let nðr; aÞ be the number of
zeros, counted according to their multiplicities, of wðzÞ � a in j~zzja r, nlÞðr; aÞ be
the number of distinct zeros with multiplicitya l of wðzÞ � a in j~zzja r. Let

Sðr;wÞ ¼ 1

p

ðð
j~zzjar

jw 0ðzÞj
1þ jwðzÞj2

" #2
do ¼ 1

p

ð2p
0

ð r
0

jw 0ðreiyÞj
1þ jwðreiyÞj2

 !2
r drdy;

Tðr;wÞ ¼ 1

n

ð r
o

Sðt;wÞ
t

dt;

Nðr; aÞ ¼ 1

n

ð r
0

nðt; aÞ � nð0; aÞ
t

dtþ nð0; aÞ
n

log r;

N lÞðr; aÞ ¼ 1

n

ð r
0

nlÞðt; aÞ � nlÞð0; aÞ
t

dtþ nlÞð0; aÞ
n

log r;

mðr;wÞ ¼ 1

2pn

ð
j~zzj¼r

logþjwðreiyÞj dy; z ¼ reiy;

where j~zzj ¼ r is the boundary of j~zzja r. Moreover, Sðr;wÞ is called the mean
covering number of j~zzja r into w-sphere. We call Tðr;wÞ the characteristic
function of wðzÞ. It is known from [5, pp. 84] that Tðr;wÞ ¼ mðr;wÞ þ
Nðr;yÞ þOð1Þ:

The order of the algebroid function wðzÞ is defined by

r ¼ lim sup
r!y

log Tðr;wÞ
log r

:

Let nðr; ~RRzÞ be the number of the branch points of ~RRz in j~zzja r, counted with the
order of branch and

Nðr; ~RRzÞ ¼
1

n

ð r
0

nðt; ~RRzÞ � nð0; ~RRzÞ
t

dtþ nð0; ~RRzÞ
n

log r:

From [5] or [11], we know that Nðr; ~RRzÞa 2ðn� 1ÞTðr;wÞ þOð1Þ.
We define an angular domain

Dðy0; eÞ ¼ fz j jarg z� y0j < eg; 0 < e <
p

2
:
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The part of ~RRz which lies over Dðy0; eÞ is denoted by ~DDðy0; eÞ. Let nðr;Dðy0; eÞ; aÞ
be the number of the zeros of wðzÞ � a in ~DDðy0; eÞV fj~zzja rg and nðr;Dðy0; eÞ; ~RRzÞ
be the number of the branch points in the same region. Similarly, we can define
nlÞðr;Dðy0; eÞ; aÞ.

Now we give two definitions.

Definition 1 ([3]). Let w ¼ wðzÞ ðz A CÞ be the n-valued algebroid function
of order r ð0 < r < þyÞ defined by (1) and lðb 2nþ 1Þ be a positive integer.

For arbitrary e > 0 0 < e <
p

2

� �
, if

lim sup
r!y

logþ nlÞðr;Dðy0; eÞ; aÞ
log r

¼ r

holds for any complex value a except at most 2n possible exceptions, then the half
line B : arg z ¼ y0 ð0a y0 < 2pÞ is called a Borel direction dealing with multiple
values of wðzÞ.

G. Valiron is the first one to introduce the concept of a proximate order rðrÞ
for a meromorphic function w with finite positive order and UðrÞ ¼ rrðrÞ is called
type function of f or Tðr;wÞ such that rðrÞ is nondecreasing, piecewise con-
tinuous and di¤erentiable, and

lim
r!y

rðrÞ ¼ r and lim sup
r!y

Tðr;wÞ
UðrÞ ¼ 1

and for a fixed positive number d

lim
r!y

UðdrÞ
UðrÞ ¼ d r:

For an algebroid function w of finite positive order, we can use the same method
to get its type function UðrÞ.

Definition 2. As Definition 1, for arbitrary e > 0 0 < e <
p

2

� �
, if

lim sup
r!y

nlÞðr;Dðy0; eÞ; aÞ
UðrÞ > 0

holds for any complex value a except at most 2n possible exceptions, then the half
line B : arg z ¼ y0 ð0a y0 < 2pÞ is called a Borel direction of the largest type
dealing with multiple values of wðzÞ.

In this paper, r is a constant and satisfies 0 < r < y, C is a positive
constant and it may be of di¤erent meaning when it appears in di¤erent position.
Our main results are

Theorem 1. Let w ¼ wðzÞ ðz A CÞ be the n-valued algebroid function of order
r defined by ð1Þ, lðb 2nþ 1Þ be a positive integer, then there exists a Borel
direction of the largest type dealing with multiple values of wðzÞ.
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Theorem 2. Let w ¼ wðzÞ ðz A CÞ be the n-valued algebroid function of
order r defined by ð1Þ and lðb 2nþ 1Þ be a positive integer. If B : arg z ¼ y0
ð0a y0 < 2pÞ is a Borel direction of the largest type dealing with multiple values of
wðzÞ, then, in this direction, there exists a sequence of filling disks of wðzÞ

Gn : fjz� znj < rnsng; n ¼ 1; 2; . . .

zn ¼ rne
iyn , limn!y rn ¼ y, limn!y sn ¼ 0 ðsn > 0Þ,

such that for any complex value a

nlÞðGn;w ¼ aÞbU 1�enðjznjÞ;
except at most countable possible values enclosed by spherical circles with radius
d ¼ U� 1

11ðjznjÞ on the Remman sphere, where en ! 0 ðn ! yÞ.

2. Proof of the theorems

First we will introduce several lemmas.

Lemma 1 ([3, Theorem 5]). Suppose that wðzÞ is the n-valued algebroid
function in jzj < R defined by ð1Þ and lðb 2nþ 1Þ is a positive integer. Suppose
a1; a2; a3; . . . ; aq ðqb 3Þ are distinct points given arbitrarily in w-sphere and the
spherical distance of any two points is no small than d A ð0; 1=2Þ. Then for any
r A ð0;RÞ, we have

q� 2� 2

l

� �
Sðr;wÞa

Xq
j¼1

nlÞðR; ajÞ þ
l þ 1

l
nðR; ~RRzÞ þ

CR

ðR� rÞd10
:

Lemma 2. Let w ¼ wðzÞ ðz A CÞ be the n-valued algebroid function of finite
positive order r defined by ð1Þ and lðb 2nþ 1Þ be a positive integer. rðrÞ is a
precise order of wðzÞ, UðrÞ ¼ rrðrÞ. For a complex number a, if

lim sup
r!y

nlÞðr; aÞ
UðrÞ ¼ 0;

then

lim sup
r!y

N lÞðr; aÞ
UðrÞ ¼ 0:

Proof. Otherwise, there exists a positive number h such that

lim sup
r!y

N lÞðr; aÞ
UðrÞ ¼ h:

So there is frqg satisfying rq ! y ðq ! yÞ such that

lim
q!y

N lÞðrq; aÞ
UðrqÞ

¼ h:

Thus we have q0 such that

N lÞðrq; aÞ
UðrqÞ

>
h

2
; when q > q0:ð2Þ
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Furthermore,

lim sup
r!y

N lÞðr; aÞ
UðrÞ a 1; lim

r!y

Uð2rÞ
UðrÞ ¼ 2r;

and

nlÞðr; aÞa nlÞðr; aÞ
log 2

ð2r
r

dt

t
a

n

log 2
N lÞð2r; aÞ ðrb 1Þ:

Then, for any positive number e ð0 < e < rÞ, there exists a natural number N1

such that

nlÞðr; aÞa n

log 2
ð1þ eÞ22rUðrÞ;ð3Þ

when rbN1. By rðrÞ ! r ðr ! yÞ, there exists N2 such that

r� e < rðrÞ < rþ e

2
;ð4Þ

when rbN2. Furthermore, there exists N3 such that

log r

log 2
ð1þ eÞ22rn

1

rr�e � 1
<

h

3
;ð5Þ

when rbN3. Put N ¼ maxfN1;N2;N3g. Suppose K > N. Then for q > q0,
there exists a natural number p such that rq A ðKp;Kpþ1Þ. Hence we have

0 <
h

2
<

N lÞðrq; aÞ
UðrqÞ

ð6Þ

<
1

UðrqÞ
Xp
j¼1

ðK jþ1

K j

nlÞðt; aÞ
t

dtþN lÞðK ; aÞ
 !

<
1

UðKpÞ
Xp
j¼1

nlÞðK jþ1; aÞ log K þN lÞðK ; aÞ
 !

a
n

log 2
ð1þ eÞ22r log K �

Pp�1
j¼1 UðK jÞ þ 2nlÞðKpþ1; aÞ

UðKpÞ

þN lÞðK ; aÞ
UðKpÞ

a
log K

log 2
ð1þ eÞ22rn

Xy
j¼1

1

K jðr�eÞ þ
2nlÞðKpþ1; aÞ

UðKpÞ
log K

log 2
� ð1þ eÞ22rn

þN lÞðK ; aÞ
UðKpÞ
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¼ log K

log 2
ð1þ eÞ22rn

1

K r�e � 1
þ 2nlÞðKpþ1; aÞ

UðKpÞ
log K

log 2
� ð1þ eÞ22rn

þN lÞðK ; aÞ
UðK pÞ

<
h

3
þ 2nlÞðKpþ1; aÞ

UðKpÞ
log K

log 2
� ð1þ eÞ22rnþN lÞðK ; aÞ

UðKpÞ
Letting e ! 0 in (6) we get

h

6
a

N lÞðK ; aÞ
UðKpÞ þ log K

log 2
� 2rþ1n

nlÞðKpþ1; aÞ
UðKpÞ :

Letting p ! y we obtain

h

6
a lim sup

p!y

N lÞðK ; aÞ
UðK pÞ þ log K

log 2
� 2rþ1n lim sup

p!y

nlÞðKpþ1; aÞ
UðKpþ1Þ

UðKpþ1Þ
UðKpÞ

a 2rþ1nK r log K

log 2
lim sup
p!y

nlÞðKpþ1; aÞ
UðKpþ1Þ :

We have

lim sup
p!y

nlÞðKpþ1; aÞ
UðKpþ1Þ b

log 2

log K

1

K r

h

3n � 2rþ2
> 0:

This contradicts lim supr!y
nlÞðr; aÞ
UðrÞ ¼ 0 and we prove Lemma 2. r

Lemma 3. Let w ¼ wðzÞ ðz A CÞ be the n-valued algebroid function defined by
ð1Þ and lðb 2nþ 1Þ be a positive integer. For 0 < e < e0, 0a y0 < 2p, let

h0 ¼ fz j jarg z� y0j < e0g;
h¼ fz j jarg z� y0ja eg:

The part of ~RRz which lies over hV fjzja rg is denoted by ~hh,

Sðr;h;wÞ ¼ 1

p

ðð
~
hh

jw 0ðzÞj
1þ jwðzÞj2

" #2
do:

Then for any positive number l > 1, any positive integer a and any q ðqb 3Þ
distinct points a1; a2; . . . ; aq; ai A V ði ¼ 1; 2; . . . ; qÞ, we have

q� 2� 2

l

� �
Sðr;h;wÞa 2

Xq
j¼1

nlÞðl2ar;h0; ajÞ þ
l þ 1

l
1þ 1

a

� �
nðl2ar;h0; ~RRzÞ

þ q� 2� 2

l

� �
Sðla;h;wÞ þ 2A

a log l

logþ r

1� k
;

where k is a constant satisfying 0 < k < 1 and A is a constant depending only on
ai ði ¼ 1; 2; . . . ; qÞ.
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Proof. Put rm ¼ lam, rm;k ¼ lamþk, m ¼ 0; 1; 2; . . . , 0a ka a� 1. Note that
rm;0 ¼ rm. Let Wm;k ¼ frm;k a jzj < rm;kþ1gVh0. For a fixed positive integer n,

we have fr0 a jzj < rnþ1gVh0 ¼
Pa�1

k¼0

Pn
m¼0 Wm;k. The number of the branch

points in Wm;k is denoted by nðWm;k; ~RRzÞ. Then there exists a k ð0a ka a� 1Þ.
Without loss of generality, we assume that k ¼ 0 such thatX

nðWm;0; ~RRzÞa
1

a
nðrnþ1;h0; ~RRzÞ:

Let

h0
m ¼ fz j jarg z� y0ja e0; rm�1;0 a jzj < rm;1g;

hm ¼ z j jarg z� y0ja e;
rm�1;0 þ rm�1;1

2
a jzja rm;0 þ rm;1

2

� �
:

Then h0
m can be mapped conformally to the unit disk jzj < 1 such that

rm�1;0 þ rm�1;1 þ rm;0 þ rm;1

4
; y0

� �
, the center of hm, corresponds to z ¼ 0. The

image ofhm is contained in the disk jzj < k, where k is a constant depending only
on e0, e and la, and is independent of m. Since SðhmÞ is a conformal invariant,
by Lemma 1

q� 2� 2

l

� �
SðhmÞa

Xq
j¼1

nlÞðh0
m; ajÞ þ

l þ 1

l
nð~hh0

mÞ þ
A

1� k
:

Hence

q� 2� 2

l

� �Xn
m¼2

SðhmÞa
Xq
j¼1

Xn
m¼2

nlÞðh0
m; ajÞ þ

l þ 1

l

Xn
m¼2

nð~hh0
mÞð7Þ

þ A

1� k
ðn� 1Þ:

We have

Xn
m¼2

SðhmÞ ¼ Sðrn;h;wÞ � Sðr1;h;wÞ:

Since h0
m ðm ¼ 1; 2; . . . ; nÞ overlap Wm;0 twice at most, we have

Xn
m¼2

nlÞðh0
m; ajÞa 2nlÞðrnþ1;h0; ajÞ;

Xn
m¼2

nð ~hh0
mÞa 1þ 1

a

� �
nðrnþ1;h0; ~RRzÞ;

where nð ~hh0
mÞ is the number of the branch points in ~hh0

m.
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From rn ¼ lan, we have n ¼ log rn

a log l
.

By (7)

q� 2� 2

l

� �
Sðrn;h;wÞð8Þ

a 2
Xq
j¼1

nlÞðrnþ1;h0; ajÞ þ
l þ 1

l
1þ 1

a

� �
nðrnþ1;h0; ~RRzÞ

þ q� 2� 2

l

� �
Sðr1;h;wÞ þ A

að1� kÞ log l
logþ rn:

For rb r1, there exists an n > 1 such that rn�1 a r < rn. From (8) and
noticing that r1 ¼ la, rnþ1 ¼ l2arn�1 a l2ar, rn ¼ larn�1 a r2 and log rn a 2 log r,
it follows that

q� 2� 2

l

� �
Sðr;h;wÞa 2

Xq
j¼1

nlÞðl2ar;h0; ajÞ þ
l þ 1

l
1þ 1

a

� �
nðl2ar;h0; ~RRzÞ

þ q� 2� 2

l

� �
Sðla;h;wÞ þ 2A

að1� kÞ log l
logþ r:

This inequality is certainly valid for r < la. We have proved this lemma. r

Lemma 4. Let w ¼ wðzÞ ðz A CÞ be the n-valued algebroid function of order
r defined by ð1Þ, lðb 2nþ 1Þ and m ðm > 1Þ be two positive integers. Put

j0 ¼ 0; j1 ¼
2p

m
; . . . ; jm�1 ¼ ðm� 1Þ 2p

m
. Let

hðjiÞ ¼ z j jarg z� jij <
2p

m

� �
ð0a iam� 1Þ:

Then there exists a hðjiÞ among hðjiÞ ði ¼ 0; 1; . . . ;m� 1Þ such that

lim sup
r!y

nlÞðr;hðjiÞ; aÞ
UðrÞ > 0

for any value a with 2n possible exceptions.

Proof. Suppose that the conclusion is false. Then for every hðjiÞ
ði ¼ 0; 1; . . . ;m� 1Þ and any e > 0, there exist R0 > 0 and q ¼ 2nþ 1 exceptional
values fa j

i g
q
j¼1 such that

lim sup
r!y

nlÞðr;hðjiÞ; a
j
i Þ

UðrÞ ¼ 0:ð9Þ

Let a, b be any two positive integers. Put ji;k ¼
2p

m
i þ 2kp

bm
, 0a iam� 1,

0a ka b � 1. For any given numbers r > 1 and l > 1, writing
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hi;k ¼ fz j jzj < l2ar; ji;k a arg z < ji;kþ1g:
Then

fjzj < l2arg ¼
Xb�1

k¼0

Xm�1

i¼0

hi;k:

There exists a k0, without loss of generality, we may assume that k0 ¼ 0, such
that

Xm�1

i¼0

nðhi;0; ~RRzÞa
1

b
nðl2ar; ~RRzÞ:

Put

hi ¼ z

���� ji;0 þ ji;1

2
a arg za

jiþ1;0 þ jiþ1;1

2

� �
;

h0
i ¼ fz j ji;0 < arg z < jiþ1;1g; 0a iam� 1:

Since h0
i overlap hi;0 twice at most, then

Xm�1

i¼0

nðl2ar;h0
i ;

~RRzÞa 1þ 1

b

� �
nðl2ar; ~RRzÞ:

By Lemma 3 we have

q� 2� 2

l

� �
Sðr;hi;wÞa 2

Xq
j¼1

nlÞðl2ar;h0
i ; ajÞ þ

l þ 1

l
1þ 1

a

� �
nðl2ar;h0

i ;
~RRzÞ

þ q� 2� 2

l

� �
Sðla;hi;wÞ þ

2A

a log l

logþ r

1� k
:

Adding from i ¼ 0 to m� 1, dividing both sides of this inequality by r, and then
integrating both sides from 1 to r, thus we obtain

q� 2� 2

l

� �
Tðr;wÞð10Þ

a 2
Xq
j¼1

Xm�1

i¼0

N lÞðl2ar;h0
i ; ajÞ þ

l þ 1

l
1þ 1

a

� �
1þ 1

b

� �
Nðl2ar; ~RRzÞ

þ q� 2� 2

l

� �
Sðla;wÞ log rþ q� 2� 2

l

� �
Tð1;wÞ

þ 2A

að1� kÞ log l
log2 r;
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where A ¼
Pm�1

i¼0 Ai. Dividing both sides of (10) by UðrÞ and letting r ! y, by
Lemma 1 and (3), we have

q� 2� 2

l
a 2

l þ 1

l
ðn� 1Þl2ar 1þ 1

a

� �
1þ 1

b

� �
:

Letting l ! 1, a ! y, b ! y respectively we get la 2n. This contradicts
lb 2nþ 1 and Lemma 4 follows. r

Now we begin to prove Theorem 1.

Proof of Theorem 1. By Lemma 4, for any given positive integer m, there
exists

hm ¼ z j jarg z� ymj <
2p

m

� �

such that

lim sup
r!y

nlÞðr;hm; aÞ
UðrÞ > 0;

for any value of a with 2n possible exceptions at most. By choosing a sub-
sequence, we can assume that ym ! y0, when m ! y. Then B : arg z ¼ y0 is of
the properties of Theorem 1. r

Corollary. A Borel direction of the largest type of wðzÞ dealing with
multiple values in Theorem 1 must be a Borel direction of wðzÞ dealing with
multiple values.

Lemma 5. Let w ¼ wðzÞ ðz A CÞ be the n-valued algebroid function of order
r defined by ð1Þ and lðb 2nþ 1Þ be a positive integer. If B : arg z ¼ y0
ð0a y0 < 2pÞ is a Borel direction of the largest type dealing with multiple values of
wðzÞ, then

lim sup
r!y

Sðr;hðy0; eÞ;wÞ
UðrÞ > 0;

where Dðy0; eÞ ¼ fz j jarg z� y0j < eg, 0 < e <
p

2
and

Sðr;hðy0; eÞ;wÞ ¼
1

p

ðð
~DDðy0; eÞVfj~zzjarg

jw 0ðzÞj
1þ jwðzÞj2

" #2
do:

Proof. Note that nðr;hðy0; eÞ;wÞb nlÞðr;hðy0; eÞ;wÞ, applying a similar
argument as Lemma 3.2 ([2]), we can prove this lemma. r

Lemma 6. Let w ¼ wðzÞ ðz A CÞ be the n-valued algebroid function of order r
defined by ð1Þ and lðb 2nþ 1Þ be a positive integer. Put
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Bp ¼ fap�1
a jzj < apþ2gV jarg z� y0j <

a� 1

a

� �
; p ¼ 1; 2; . . . :

For arbitrarily constant eðA ð0; rÞÞ and R > 1, there exists an a0ðA ð1; 2ÞÞ such that
for any aðA ð1; a0ÞÞ, the following assertion is true:

If B : arg z ¼ y0 ð0a y0 < 2pÞ is a Borel direction of the largest type dealing
with multiple values of wðzÞ and

lim sup
r!y

S r;h y0;
a� 1

2a

� �
;w

� �
UðrÞ ¼ b > 0;

then there exists at least a p0 with ap0 > R, such that nlÞðBp0 ; aÞbU 1�eðap0Þ holds

for any complex value a except at most
ðl þ 1Þa3rðn� 1Þ2rþ1

lb log 2
þ 2

l

� �
þ 2 possible

exceptions enclosed by spherical circles of radius d ¼ U�1=11ðap0Þ on the Riemann
sphere, where ½x� denotes the integral part of x.

Proof. Suppose that the conclusion is false. Then, for any a > 1 and any

p >
log R

log a
, there exists q ¼ ðl þ 1Þa3rðn� 1Þ2rþ1

lb log 2
þ 2

l

� �
þ 3 distinct complex

numbers faj ¼ ajðpÞgqj¼1 with spherical distance of any two of them is equal to or

larger than d ¼ U�1=11ðapÞ. Put

D0 ¼ z j jarg z� y0j <
a� 1

a

� �
; D ¼ z j jarg z� y0j <

a� 1

2a

� �
:

Taking r > R arbitrarily and setting T ¼ ½log r=log a�, then aT a r < aTþ1.
For any positive integer M, put

b ¼ a1=M ; rp; t ¼ bMpþt; t ¼ 0; 1; . . . ;M � 1;

Wp; t ¼ frp; t a jzj < rp; tþ1gVD0:

Since

fa�1
a jzj < aTgVD0 ¼ 6

M�1

t¼0

6
T�1

p¼�1

Wp; t;

then there exists a t0 ð0a t0 aM � 1Þ depending on T , without loss of gen-
erality, we may assume that t0 ¼ 0 such that

XT�1

p¼�1

nðWp;0; ~RRzÞa
1

M
nðaT ; ~RRzÞ:

Put

B0
p ¼ bMp þ bMpþ1

2
a jzj < bMpþM þ bMpþMþ1

2

� �
VD;
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Bp ¼ fbMp
a jzj < bMpþMþ1gVD0:

Then

B0
p HBp HBp:

Since fBpg overlap 6T�1

p¼�1
Wp;0 twice at most, thus

XT�2

p¼1

nðBp; ~RRzÞa 1þ 1

M

� �
nðaT ; ~RRzÞ:

Obviously, Bp can be mapped conformally to the unit disk jzj < 1 such that
the center of B0

p corresponds to z ¼ 0 and the image of B0
p is contained in the

disk jzj < k < 1, where k > 0 is a constant and is independent of p. Hence, for
aj ð1a ja qÞ, by Lemma 1 we have

q� 2� 2

l

� �
SðB0

pÞa
Xq
j¼1

nlÞðBp; ajÞ þ
l þ 1

l
nðBp; ~RRzÞ þ

C

d10ð1� kÞ
:

Thus

XT�2

p¼1

q� 2� 2

l

� �
SðB0

pÞa
XT�2

p¼1

Xq
j¼1

nlÞðBp; ajÞ þ
XT�2

p¼1

l þ 1

l
nðBp; ~RRzÞ þ

XT�2

p¼1

C

d10ð1� kÞ
;

q� 2� 2

l

� �
SðaT�2;D;wÞa

XT�2

p¼1

Xq
j¼1

nlÞðBp; ajÞ þ
l þ 1

l
1þ 1

M

� �
nðaT ; ~RRzÞ

þ C 0Td�10 þ q� 2� 2

l

� �
Sða2;D;wÞ

aTqU 1�eðaT�2Þ þ l þ 1

l
1þ 1

M

� �
nðr; ~RRzÞ

þ C 0TU
10
11ðaT�1Þ þ q� 2� 2

l

� �
Sða2;D;wÞ:

Taking Tð¼ ½log r=log a�Þ su‰ciently large, then r is su‰ciently large too and
r A ½aT ; aTþ1Þ. Thus we have

q� 2� 2

l

� �
Sða�3r;D;wÞaU 1�e=2ðrÞ þ

XT�2

p¼1

l þ 1

l
1þ 1

M

� �
nðr; ~RRzÞð11Þ

þ C 0U11=12ðrÞ:

Dividing both sides of (11) by r and then integrating both sides from r to 2r, we
obtain
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q� 2� 2

l

� �
Sða�3r;D;wÞ log 2ð12Þ

aU 1�e=2ð2rÞ log 2þ l þ 1

l
1þ 1

M

� �
Nð2r; ~RRzÞ þ C 0U11=12ð2rÞ log 2

aU 1�e=2ð2rÞ log 2þ 2
l þ 1

l
1þ 1

M

� �
ðn� 1ÞTð2r;wÞ

þOð1Þ þ C 0U11=12ð2rÞ log 2:

Dividing both sides of (12) by UðrÞ and letting r ! y, we have

q� 2� 2

l

� �
� b � 1

a3r
log 2a 2

l þ 1

l
1þ 1

M

� �
ðn� 1Þ � 2r:

Letting M ! y,

qa
ðl þ 1Þa3rðn� 1Þ2rþ1

lb log 2
þ 2

l
þ 2:

This contradicts q ¼ ðl þ 1Þa3rðn� 1Þ2rþ1

lb log 2
þ 2

l

� �
þ 3 and we have completed our

proof. r

Proof of Theorem 2. Let en ¼
r

2n
, Rn ¼ 2n. By Lemma 6, we have

an A 1; 1þ 1

n

� �
, pn and

Bpn ¼ fapn�1
n a jzj < apnþ2

n gV jarg z� y0j <
an � 1

an

� �
; n ¼ 1; 2; . . . :

Let zn ¼ apn
n eiy0 , jznj ¼ apn

n > Rn ¼ 2n ! y ðn ! yÞ. Put

rn ¼
apnþ2
n � apn

n

2
þ an � 1

an
� apnþ2

n

¼ apn
n

a2n � 1

2
þ anðan � 1Þ

� �

a 4ðan � 1Þapn
n ¼ 4ðan � 1Þjznj:

Take sn ¼ 4ðan � 1Þ A 0;
4

n

� �
, then sn ! 0 ðn ! yÞ. Put Gn ¼ fjz� znj < snrng,

then Bpn HGn. Let

lim sup
r!y

S r;h y0;
an � 1

2an

� �
;w

� �
UðrÞ ¼ bðanÞ;

then bn ¼ bðanÞ > 0. By Lemma 6, nlÞðGn; aÞbU 1�enðjznjÞ holds for any complex

value a except at most
ðl þ 1Þa3rn ðn� 1Þ2rþ1

lbn log 2
þ 2

l

� �
þ 2 possible exceptions
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enclosed by spherical circles of radius d ¼ U�1=11ðjznjÞ on the Riemann sphere.
Noticing that 0 < r < þy and bn > 0, the spherical circles in this theorem is
countable. r
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