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THE BOREL DIRECTION OF THE LARGEST TYPE OF ALGEBROID
FUNCTIONS DEALING WITH MULTIPLE VALUES*
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Abstract

In this paper, we prove that for algebroid functions of order p satisfying that
0 < p <400, there exists a Borel direction of the largest type dealing with multiple
values and there is a sequence of filling disks in this direction.

1. Introduction and main results

The value distribution theory of meromorphic functions due to R.
Nevanlinna (see [1], [4] for standard references) was extended to the corre-
sponding theory of algebroid functions by H. Selberg [8, 9], E. Ullrich [14] and
G. Valiron [15] around 1930. The singular direction is one of the main objects
studied in the theory of value distribution of algebroid functions. Several types
of singular directions have been introduced in [1]. Their existence and some
connections between them have also been established. G. Valiron [16] con-
jectured that there exists at least a Borel direction for any v-valued algebroid
function of finite positive order. A. Rauch [7] proved that there exists a di-
rection such that the corresponding Borel exceptional values form a set of linear
measure zeros. N. Toda [11] proved that there exists a direction such that the
set of corresponding Borel exceptional values is countable. Later Y. Lii and
Y. Gu [6] proved that there exists a direction such that the number of Borel
exceptional values is equal to 2v at most.

For algebroid functions of finite positive order defined in z-plane, D. Sun
in [10] proved the existence of the sequence of filling disks, Z. Gao proved in [2]
that for such algebroid functions there exists a Borel direction of the largest type
and there is a sequence of filling disks in this direction. In this paper, we will
consider the existence of the Borel direction of the largest type and the sequence
of filling disks dealing with multiple values.
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Let w=w(z) (zeC) be the v-valued algebroid function defined by the
irreducible equation

(1)

where A,(z),...,A4o(z) are entire functions without any common zeros. The
single valued domain of definition of w(z) is a v-valued covering of the z-plane, a
Riemann surface, denoted by R..

A point in R. is denoted by Z if its projection in the z-plane is z. The open
set which lies over |z| < r is denoted by |z] < r. Let n(r,a) be the number of
zeros, counted according to their multiplicities, of w(z) —a in |Z| < r, #!)(r,a) be
the number of distinct zeros with multiplicity </ of w(z) —a in |Z] <r. Let

A ()W + Ay (2" - Ap(2) =0,

2
/ 2n pr 1 110
S(r,w):l J Lzﬂz w:lj J M r drd,
Tz |1 4 |w(2)] lo Jo\1+ |w(re?)]
T(r,w) :% S(tl’ ") dt,
(" —
N(V, a) _ - n(ta Cl) n(07a) dt+ n(O,a) 10g r,
VJo t
B rzl) ) ")
N”(r,a) :1 n (Zaa) Zn (Oaa) d[+” (O,Ll) lOg r,
Vo
1 ) .
m(r,w) = %JI log"|w(re)| do, z=re”,

where |Z| = r is the boundary of |Z| <r. Moreover, S(r,w) is called the mean
covering number of |Z] <r into w-sphere. We call 7(r,w) the characteristic
function of w(z). It is known from [5, pp. 84] that T(r,w)=m(r,w)+
N(r,0) 4+ O(1).

The order of the algebroid function w(z) is defined by

log T'(r,w)

p = limsup log r

r—0o0

Let n(r, R.) be the number of the branch points of R. in |Z| < r, counted with the
order of branch and

N(r, RZ) !

J"n(l7 R.) —n(0,R.) log 1.
v

dt + n(0, R:)
0 t Vv

From [5] or [11], we know that N(r,R.) <2(v— 1)T(r,w) + O(1).
We define an angular domain

A0y, &) = {z||arg z — Oy| < &}, O<s<g.
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The part of R. which lies over A(6y, ) is denoted by A(6o,€). Let n(r,A(by, ), a)
be the number of the zeros of w(z) — a in A(0,&) N{|Z| < r} and n(r, A(0,¢), R.)
be the number of the branch points in the same region. Similarly, we can define
il (r, A(0y,¢),a).

Now we give two definitions.

DeriNiTION 1 ([3]).  Let w = w(z) (z € C) be the v-valued algebroid function
of order p (0 < p < +o0) defined by (1) and /(= 2v+ 1) be a positive integer.

For arbitrary ¢ > 0 (0 <e< g), if

. logt @) (r, A(6
lim sup o8 1 (1:;gr( 078)’61):/)

holds for any complex value a except at most 2v possible exceptions, then the half
line B:argz=20y (0 <0y <2x) is called a Borel direction dealing with multiple
values of w(z).

G. Valiron is the first one to introduce the concept of a proximate order p(r)
for a meromorphic function w with finite positive order and U(r) = r*"") is called
type function of f or T(r,w) such that p(r) is nondecreasing, piecewise con-
tinuous and differentiable, and

: B ) T(r,w)
}er% p(r)=p and hrrrlsolclp U
and for a fixed positive number d
. Uldr) p
)ll»n:i) U(V) =d’.

For an algebroid function w of finite positive order, we can use the same method
to get its type function U(r).

DreriNITION 2. As Definition 1, for arbitrary ¢ > 0 (0 <e< g), if

i) (r, A(0y, ), q)
lim sup ——2 237055 &)
L 10
holds for any complex value a except at most 2v possible exceptions, then the half

line B:argz=106) (0 <6 <2rn) is called a Borel direction of the largest type
dealing with multiple values of w(z).

>0

In this paper, p is a constant and satisfies 0 < p < o0, C is a positive
constant and it may be of different meaning when it appears in different position.
Our main results are

THEOREM 1. Let w = w(z) (z € C) be the v-valued algebroid function of order
p defined by (1), [(=2v+1) be a positive integer, then there exists a Borel
direction of the largest type dealing with multiple values of w(z).
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THEOREM 2. Let w=w(z) (z€ C) be the v-valued algebroid function of
order p defined by (1) and I(=2v+1) be a positive integer. If B:argz= 0
(0 < 6Oy < 27) is a Borel direction of the largest type dealing with multiple values of
w(z), then, in this direction, there exists a sequence of filling disks of w(z)

L,:{lz—zi| <ryon}, n=12...
zy = 1’ lim, . r, = 00, lim,_ a, =0 (g, > 0),
such that for any complex value o

Al (T, w = o) > Uo(

Zn|)7

except at most countable possible values enclosed by spherical circles with radius
0=U"1(|zy|) on the Remman sphere, where &, — 0 (n — o0).

2. Proof of the theorems

First we will introduce several lemmas.

Lemma 1 ([3, Theorem 5]). Suppose that w(z) is the v-valued algebroid
Sunction in |z| < R defined by (1) and I(=2v+ 1) is a positive integer. Suppose
ai,a,as, ...,a, (¢ =3) are distinct points given arbitrarily in w-sphere and the
spherical distance of any two points is no small than 6 € (0,1/2). Then for any
re (0,R), we have

CR
(R—r1)0""

—2—% S(r v)<zq:‘/)(R ~)+l+—1n(Rf?)—|—
q / W) = n 7aj i s Az

=1

LemmA 2. Let w=w(z) (ze€ C) be the v-valued algebroid function of finite

positive order p defined by (1) and I(=2v+ 1) be a positive integer. p(r) is a
precise order of w(z), U(r) =r""). For a complex number a, if

i (r,a)
n'(r,a
lim su - =0,
rﬂoop U(V)
the _
' limsu M =0
et U0
Proof. Otherwise, there exists a positive number / such that
. NO(r,a)
limsup ————~=nh
r~>ocp U(V)
So there is {r,} satisfying r, — o0 (¢ — o) such that
=)
lim NO(rg,a) _ I
g—o  U(rg)

Thus we have ¢y such that
N'(ry, a)

h
(2) 0tr,) >3 when ¢q > go.
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Furthermore,
N U(2
hrrllsogp ( 7)a) <1, VILH; U(( ;) =27,
and
i) (r, a) ﬁ”(”")rr@ <~ NVQra) (r=1)
T log2 ), t T log?2 ’ -

Then, for any positive number ¢ (0 < ¢ < p), there exists a natural number N,
such that

v

(3) il(r,a) <

29p
< 10g2(1 +¢)27U(r),

when r > Ni. By p(r) — p (r — o0), there exists N, such that
e

(4) p—e<p(r)<p+s,

when r > N,. Furthermore, there exists N3 such that

log r
log 2

5) (14820

e 1 3’

when r > N3. Put N = max{N;, N2, N3}. Suppose K > N. Then for g > g,
there exists a natural number p such that r, e (K?, KP*!). Hence we have

(ZJK D gy WK, >>
(i: (K’ a)log K + N )(K,a)>

Z U(K') 4 2i") (KPH! a)

< 1 2’ log K -
- 10g2( +¢)2" log U(KP)
N(K,a)
U(K?)
log K P 1 2a") (KP*1 a) log K 5
- . 27
< logz(ue)zv;mwﬁ UK Tog2 (1427
NY(K,
LN(K aq)

U(KP)
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log K ) 1 2i") (KP*1 a) log K

= 1 27 (1 4¢)%2”
1g2( +e) VK/’*S—1+ UKr) log2 (1+2)727
NY(K,a)
U(K?)
h 20" (KP*' a) log K 2 N(K,a)
- ’ (1 2Py 4L AT
3ty g2 T Tk

Letting ¢ — 0 in (6) we get
h - NY(K,a) log K /,Hvﬁ’)(Kf’“,a)
6~ UK?P) log2 U(K?)

Letting p — oo we obtain

h N(K,a) logK i) (KP+1 a) U(KPHY)
<l 20ty i ’
6= " k) T Tog2 VP U UK
) (g p+l
< 2/thyK? log K lim sup A(KP a)

log 2 1,,_,00 UKrtl) -

We have
a)(KP+' a) _ log2 1 h

li > — 0.
MNP TO®P) = log K K7 3v- 202
. . . il)(r,a)
This contradicts limsup,_, U0 =0 and we prove Lemma 2. O

LemMa 3. Let w=w(z) (z € C) be the v-valued algebroid function defined by
(1) and I(=2v+ 1) be a positive integer. For 0 < ¢ <¢g, 0< 0y <2m, let

Ny ={z|larg z — O] < &},
A ={z|largz — Oy| < e}.
The part of R. which lies over AN{|z| <r} is denoted by A,

. 2
S(r, A, w) = 1JJ 1—|&—in()|)|1

Then for any positive number 1 > 1, any positive integer o and any q (q > 3)
distinct points ay,az,...,ag,a;€V (i=1,2,...,q), we have

2 I+1 ~
(([—2—7> Zfl 121}’ Ao,a])—f— —|l— (1+ ) (izarvA()aRZ)

2 _ 24 log'r
_2-2)sp A
+<" 1>( s vy s el

where K is a constant satisfying 0 < k <1 and A is a constant depending only on

a; (l: 1,2,...,q).
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Proof. Putr, = A" r, = A"" u=0,1,2,...,0<k<a—1. Note that
Fuo =1, Let Q= {r,x <|z| <ruixs1} N Ao, For a fixed positive integer n,
we have {ro < |z| < ryp 1} NAy = E,f;é ZZ:O Q. The number of the branch
points in Q, ; is denoted by n(€,, ., R-). Then there exists a k (0 <k <o —1).
Without loss of generality, we assume that k = 0 such that

Z”(QH,O; Rz) <

n(rps1, Do, R2).

R | =

Let

Az ={z|largz — O] < e, ru-1,0 < |z| < ru1},
= Tyu—1,0 + ru— ruo+r,
Dy = {z| larg z — 6| Ss,w <zl < M}

Then Ag can be mapped conformally to the unit disk |{| < 1 such that

(Vﬂl.o + 1,1 o e
4

image of Z,, is contained in the disk [{| < x, where « is a constant depending only

on ¢, ¢ and A%, and is independent of 4. Since S(A,) is a conformal invariant,
by Lemma 1

,00>, the center of A,, corresponds to {=0. The

2 — q _] 0 l+ 1 <0 A
—-2-= < — .
(q 2 I)S(A”) < 2 A ] (&) + T«
Hence
2\ _ 4.1 [+1&
(7) (c] —2- 1) S OS(A) < YN ALY 4) + ; (A%)
#=2 j=1 u=2 u=2
A
+ = K(n -1
We have
> O S(Ay) = S(ray B, w) = S(r1, A, w)
u=2
Since Ag (u=1,2,...,n) overlap Q,( twice at most, we have

n(A)) < (1 + i)n(ml, Ao, R.),
n=2

where n(Ag) is the number of the branch points in Ag.
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log ry,

From r, = A", we have n = )

4, [+1 1
< ZZHI)(VnH, No, a;) +T (1 +&>”(Vn+1, Ao, R:)

N y
22V, Bw) +—— log* 1y,
+(q J)S(”’ W) T x)Tog s 8

For r >ry, there exists an n > 1 such that r,_; <r<r, From (8) and
noticing that r; = A%, rpp = A%y < A%F, 1y = 2%rp_1 <% and logr, < 2 log r,
it follows that

—2—g S(r, A w)<2iﬁ1)(iz“rA a-)—i—H_—l l—i—l n(A**r, Ao, R:)

q / ) 2 = - ) 220, U i o 3 £30, £z
2 — 24

2 S)SGA B W) T logt

+(q 1)5(’1’ W) T = Tog 2 %8 "

This inequality is certainly valid for » < A*. We have proved this lemma. []
LemmA 4. Let w=w(z) (z € C) be the v-valued algebroid function of order
p defined by (1), I(=2v+1) and m (m>1) be two positive integers. Put

27 2n
=0,y =—,... =(m—-1)—. Let
Po » 91 ma )y Pm—1 (m )m €

2
A(fﬂf)={2|largz—¢il<£} O<i<m-—1).

Then there exists a A(p;) among A(p;) (i=0,1,...,m—1) such that

i) )
lim sup AL G (V’UA((;)DI)7 )

for any value a with 2v possible exceptions.

>0

Proof. Suppose that the conclusion is false. Then for every A(g;)
(i=0,1,...,m—1) and any ¢ > 0, there exist Ry > 0 and g = 2v + 1 exceptional

values {a/} such that

i (r, 5g;), af)
9 li BN Rk f V4 Rt A
©) PO
o 2 2k
Let o, f be any two positive integers. Put ¢; , = Eni + ﬁ—r:zr’ 0<i<m-1,

0<k<p—1. For any given numbers r > 1 and 4 > 1, writing
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20
Nig=A{z|lzl <2719 <argz < ¢; 4}
Then

-1 m—1

{lzl <22} =) A

k=0 i=0

There exists a kg, without loss of generality, we may assume that ko = 0, such
that

m—1 B 1 5
Z”(Ai.mRz) =< 7”(;“2%77 R:)
=0 ' B
Put
A, = {z ?i0 42' ?i1 <arg:< ®it1,0 42' (ﬂi+1,1}’

A?:{zwi,o<argz<(p,~+1,1}7 0<i<m-1.

Since A? overlap A;( twice at most, then

m—1

~ 1 ~
Zn(lz“r, AR, < (1 +B>n(iz“r, R,).

i=0

By Lemma 3 we have

2 - ! 1 1 .
(q -2-— —) S(r, Aij,w) < 22ﬁ1>(/12“r, A a) + 1 (1 + —)n(/12“r, AV R.)
/ = / o
(g2 2)Sn By 4 2A 0w
4 I ST Tog A 1=k

Adding from i =0 to m — 1, dividing both sides of this inequality by r, and then
integrating both sides from 1 to r, thus we obtain

10 (g-2-3) 70

q m—1
<2> N NVGF A @) + ”Tl (1 + i) (1 + %)N(,l%, R.)
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where 4 = 327", 4;.  Dividing both sides of (10) by U(r) and letting r — o, by
Lemma 1 and (3), we have

2 I+ w1 1

Letting 4 — 1, o — oo, f— oo respectively we get / <2v. This contradicts
I >2v+1 and Lemma 4 follows. O

Now we begin to prove Theorem 1.

Proof of Theorem 1. By Lemma 4, for any given positive integer m, there
exists

2
DNy = {z||argz—0m| <_7z}
m
such that

i sup 2 By @)
u —
r—>oop U(r)

for any value of a with 2v possible exceptions at most. By choosing a sub-

sequence, we can assume that 6,, — 6y, when m — co. Then B:argz = 6, is of
the properties of Theorem 1. O

>0,

COROLLARY. A Borel direction of the largest type of w(z) dealing with
multiple values in Theorem 1 must be a Borel direction of w(z) dealing with
multiple values.

LemMa 5. Let w=w(z) (z € C) be the v-valued algebroid function of order
p defined by (1) and [(=2v+1) be a positive integer. If B:argz=0,
(0 < 60y < 27) is a Borel direction of the largest type dealing with multiple values of
w(z), then

S(r, (6o, 8),w)

i
Ty "
where A(6p,e) = {z|largz — 6| < e}, 0 <e< g and
2
1 !/
S(r, A0y, ), w) = —” el 5| do.
T Awo.an(a < [1 4 w(z2)]

Proof. Note that n(r, A(0y,¢),w) > al)(r, A(Op,e),w), applying a similar
argument as Lemma 3.2 ([2]), we can prove this lemma. O

LemMA 6. Let w=w(z) (z € C) be the v-valued algebroid function of order p
defined by (1) and (= 2v+ 1) be a positive integer. Put
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—1
B, ={a"" <|[z] <a”+2}ﬂ{|argz—00| <a7}, p=12,....

For arbitrarily constant ¢(€ (0,p)) and R > 1, there exists an ay(e (1,2)) such that
for any ale (1,ay)), the following assertion is true:

If B:argz=10y (0 <0y <2x) is a Borel direction of the largest type dealing
with multiple values of w(z) and

S(V,A(Go,az_ 1),w>
lim sup o0 a =b

then there exists at least a py with a” > R, such that i") (B

>0,

0, 0) = U2(a?) holds
(I+ Da*(v—1)2r+1 2 .
—|+2 bl
b log 2 |t = possivie
exceptions enclosed by spherical circles of radius § = U~/ (a?) on the Riemann
sphere, where [x] denotes the integral part of x.

for any complex value o except at most {

Proof.  Suppose that the conclusion is false. Then, for any a > 1 and any

3p(y p+1
llzggf, there exists ¢ = {(1 * 1)717 lE)vg 3 12 + %] +3 distinct complex

numbers {o; = o ( p)};’: , with spherical distance of any two of them is equal to or
larger than 6 = U~'/!(a?). Put

-1 -1
Aoz{z|argz—90|<a7}, A:{z||argz—90<a }

p>

2a

Taking r > R arbitrarily and setting T = [log r/log a], then a” <r < aT*!,
For any positive integer M, put

b=a'™  p,, =bM* =0,1,....,M—1,
Qi ={rp <|z| < rpg1} N A.

Since
M-1 T-1
fa' <l <a}nac= U U 9
=0 p=-1
then there exists a 7y (0 <# < M — 1) depending on 7', without loss of gen-
erality, we may assume that 7y = 0 such that

-1 } 1 }
,,;1 n(,0,R:) < Mn(aT, R),).

Put

<
2 <[ 2

bMp bMp-H bMp+M bM/7+M+1
e [P D
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B, = {bM < |z| < MPFMEIY N A,
Then
0 5
Bp < B, = B,.

Since {B,} overlap UpT;_ll Q, twice at most, thus

%”(Bpakz) < (1 +%>n(aT71~{Z).

p=1

Obviously, B, can be mapped conformally to the unit disk || < 1 such that
the center of Bg corresponds to { =0 and the image of Bg is contained in the
disk |{] < x < 1, where x > 0 is a constant and is independent of p. Hence, for
o (1 <j<gq), by Lemma 1 we have

2
+C'To7" + <q —2- 7) S(a®, A, w)

< TqU'"*(a™?) —|—Z+Tl (1 +%>n(r, R.)

2
+ C'TUN(aT ) + (q -2 —7> S(a*, A, w).

Taking T'(= [log r/log a]) sufficiently large, then r is sufficiently large too and

refa’,a™'). Thus we have

T-2
(11) (q —2- g) S(a=3r,A,w) < U2 (r) 4 141 (1 + i)n(r, R.)
/ ~ M

+ CIU“/IZ(’,).

Dividing both sides of (11) by r and then integrating both sides from r to 2r, we
obtain
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2 -3
(12) q—2—7 S(a=’r,A,w) log 2
1—¢/2 [+1 1 5 r7711/12
<U (2r)10g2+T 1+M NQ2r,R.,)+C'U"/*(2r) log 2
12 I+1 1
<U (2r) log2 +2—— ; 1+M (v—=1T(2r,w)
+0(1) + C'U"M'2(2r) log 2.
Dividing both sides of (12) by U(r) and letting r — oo, we have

2 1 [+1 1
—2——\|-b- <2— — — .2P,
(q 2 1) b log2<2— <1+M>(v 1)-2

Letting M — o0,
(I+ Da*(v— 12741 2

7= b log 2 Tt

(I + 1)a* (v —1)2r*! N 2
Iblog?2 /

+ 3 and we have completed our

O

This contradicts ¢ =
proof.

Proof of Theorem 2. Let en:%, R,=2". By Lemma 6, we have
1
€ <1,1 +—), pn and
n

—1
B, = {aﬁ"‘l <|z| < aﬁ"*z}ﬂ{|argz—6’o < ana }, n=12....

n

Let z, = ale™, |z,| =al" > R, =2" — o (n— o). Put
Pnt2 _ P —
r,o= a,” a,” + an 1 . aprz+2
n 2 n
ay

az—1
_apu< 2 —|—an( n—1)>

— Dabr = 4(a, — 1)|z,].

Sl-lk

Take g, = 4(a, — 1) (

) then g, — 0 (n — o0). Put I}, = {|z — z4| < guru},
then B, < I,. Let

a, — 1
lim sup S<r7A(HO’ 2 )’W) = b(ay)
r—oo U(V) a "

then b, = b(a,) > 0. By Lemma 6, #")(T},,«) > U'~%(|z,|) holds for any complex

[+ Da>(v—1)21 2 . .
value o except at most [( i )Ib l(gg 2) +J+2 possible exceptions
n
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enclosed by spherical circles of radius 6 = U~'/!(|z,]) on the Riemann sphere.
Noticing that 0 < p < 40 and b, > 0, the spherical circles in this theorem is
countable. U
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