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ON THE CHARACTERISTIC FUNCTIONS OF HARMONIC
QUATERNION KAHLERIAN SPACES

By YOSHIYUKI WATANABE

1. Introduction.

An analytic Riemannian space M is harmonic if every point p, is the origin
of a normal neighbourhood N such that, if p is a point of N and 2 is the dis-
tance function £2(p,, p)=(1/2)s% then the Laplacian 42, calculated for fixed p,
and variable p, is a function depending upon £ and not otherwise upon p, i.e.,
A02=7(2) where f(£) is called the characteristic function of M.

Its typical examples are the following : (1) spheres, (2) real projective spaces,
(3) complex projective spaces, (4) quaternion projective spaces and (5) the Cayley
projective planes ([8], [11]), and the characteristic functions f(£) of spheres,
real projective spaces and complex projective spaces have been found ([9], [13],
[14]). Moreover, we have already the following theorems in harmonic spaces.

THEOREM A (Lichnérowicz [9]). In any harmomic Riemannian space M of
dimension n, its characteristic function f(Q2) satisfies the inequality

FHO)+-3-(n—1)f0)=0.

The equality sign 15 valid 1f and only 1f M 1s of constant curvature.

THEOREM B (Tachibana [13]). In any harmomic Kdhlerian space M of
dimension 2 m, its characteristic function f(£2) satisfies the inequality

2 5(m+1)* -
ro+22E fg)<o.

The equality sign 15 valid 1f and only if M s of constant holomorphic curvature.

THEOREM C (Watanabe [15]). In any harmonic Kdhlerian space M of di-
mension 2 m, 1ts characteristic function f(£2) satisfies the inequality

27°(0)+(13 m+28)7(0)/(10) +7(m-+1)(m+2)7(0)=<0.
The equality sign 1s valid 1f and only 1f M 1s locally symmetric.
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A quaternion Ké&hlerian space is defined as a Riemannian space whose
holonomy gronp is a subgroup of Sp(m)-Sp(l). Its typical example is a qua-
ternion projective space. Several authors (Alekseevskii [1], Gray [2], Ishihara
[3], [4], [5], Ishihara and Konishi [6], Krainse [7] and Wolf [16]) have studied
quaternion Kihlerian spaces, and obtained many interesting results. As we
stated in the first place, a quaternion projective space is also a harmonic space.
So in the present paper, we study harmonic quaternion Ké&hlerian space by using
tensor calculus developed in [3], (4] and [5]. In § 2, we give some preliminaries.
§3 is devoted to establish some formulas in a quaternion Ké&hlerian space. In
§4, we give an equation, which plays an important role in any harmonic qua-
ternion Kéhlerian space. The last section is devoted to prove our main theorems
5.1 and 5.5.

The author wishes to express his sincere thanks to Prof. S. Tachibana and
Prof. S. Ishihara, who gave him many valuable suggestions and guidances.

2. Preliminaries.

Let (M, g) be a Riemannian space with Levi-Civita connection V. By R=
(R*jx1), we denote the Riemannian curvature tensor. Then R,=(R%,,)=(R,,) and
S=g"R,, are Ricci tensor and scalar curvature respectively. Let (;) denote
the covariant differentiation, and put VR=(R";4;;,). For a tensor field T=(T\;),
for example, we denote |T|=T,;T**. We put

a= I R | 2: ‘BzRaDCdRabuchduv and T:RaMdRaucvaudv .
Then they satisfy the following fundamental formulas (cf. [12]).
2.1) Rijent+Rigns+Rinj=0,
(@) R*'Ry"Reyar=1,
(b) RabedRanvacvdu:—“‘}I"B ’

(2.2)

(C) RadeRaucvaduv:RabodRacm’Rbudv:-A]i_‘B ’

(@ RUR S Rypou =R Ry Rouar =1 ——1F.
Lichnérowicz [10], [17] proved the following formula.
(2_3) —%—‘Aa: IVR , 2—4R”thik Jhay 'I'ZR”'Rih”R]hkl +‘B _’_47 .

Let M be a harmonic Riemannian space. Then itis well known ([9], [117)
that M satisfies the following curvature conditions:
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(2.4) Ry=—370g,, S=—310),

(25) PR, (R )=~ FOP(8,;80)
equivalently,

(2.5) R?,,q(R%1p+Rep) + RP i1eg(R%jp+ R 1) + RP, o (R jicp+ Ry )

:—%f.(O)(gugu‘{‘gikgu +8u8jx)
and

(2.6) POOR?, 4. «RYmpin—32R?, ;R R 1) =315/(0) P(G, ;811 8mn) »

where P denotes the sum of terms obtained by permuting the given free indices,
and (') means the operator taking the derivative with respect to £.
(2.4) and (2.5) give

a=—3-{ 0+ 2D Ao},

2 Sz)'

@7 ) y
O=—"5mrn (@t3,

Taking account of (2.4) and (2.7), we have from (2.3)
2

(2.8) |V R|*+-=Sa+f+47=0.

From (2.6), it follows ([15]) that

S 9S 7
2.9) 27|V R|*—32( S+ a——f+7)

=315n(n+2)(n+4)£0) .

3. Quaternion Kihlerian spaces.

Let M be a differentiable manifold of dimension 7n and assume that there
is a 3-dimensional vector bundie V consisting of tensors of type (1, 1) over M
satisfying the following conditions:

In any coordinate neighbourhood U of M, there is a local base {F, G, H}

of V such that
Fr=G*=H*=—1I;
3.1
GH=—HG=F, HF=—FH=G, FG=—GF=H,

I denoting the identity tensor field of type (1, 1) in M.
Such a local base {F, G, H} is called a canonical local base of the bundle
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V in U. Then the bundle V is called an almost quaternion structure in M and
(M, V) an almost quaternion space. Thus, an almost quaternion space is neces-
sarily of dimension n=4m(m=1).

In any almost quaternion space (M, V), there is a Riemannian metric g such
that g(¢X, Y)+g(X, ¢Y)=0 for any cross-section ¢ of V, local or global, X
and Y being arbitrary vector fields in M. Such a set (g, V) is called an almost
quaternion metric structure and the set (M, g, V) an almost quaternion metric
space. Thus a manifold M admits an almost quaternion (metric) structure if
and only if the structure group of the tangent bundle over M is reducible to
Sp(m)-Sp(1).

Let {F, G, H} be a canonical local base of the bundle V in a coordinate
neighborhood U of an almost quaternion metric space (M, g, V). Since each of
F, G and H is an almost Hermitian with respect to g, @, ¥ and 6 are local 2-
forms in U, where they are defined respectively by

(B2 OX Y)=g(FX,Y), ¥ Y)=¢(GX,Y) 06X YV)=gHX,Y),
X and Y being arbitray vector fields. However,
(3.3) o=ONQ+UANT+ONO

is also a 4-form defined globally in M.
If an almost quaternion metric space (M, g, V) satisfies the condition,

(3.4) V(UIO,

then (M, g, V) is called a quaternion Kéhlerian space and (g, V) a quaternion
Ké&hlerian structure.
The following formulas (3.5)~(3.9) were proved in [4] and [5] if m is greater
than 2:
S

35) Ryi= gy,
(3.6) RujuG =g G
R =gy Hi

s S
Ry F* —WFM,

ts____S
(37) RktshG - 4(m+2)

.S
L (=5
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Rk]LSFItF)ﬁ:Rkjih+_4_7,n(;?;Tz)(ijGih+ijth) ,

38) RususGiGa*=Rusint g (HigHon+ FigFan)
Russ B Hy*=Riugint o (Fes Frt-GayGo)
Rud P =Ry g S (— Hu G G HLY)

(3.9) Rud Gl =Rigi' G = S (— FugHM - Hig P
Rusd Hi=Rug B =S o (— G P+ FuyGLl)

We take a point p in a quaternion Kéhlerian space (M, g, V) of dimension
4m and a vector X tangent to M at p. Putting

(3.10) QX)={Y|Y=aX+bFX+cGX+dHX},

a, b, c and d being arbitrary real numbers, we call Q(X) the Q-section deter-
mined by X, where Q(X) is a 4-dimensional subspace of the tangent space of
M at p. When for any Y, ZeQ(X), the sectional curvature o(Y, Z) is a con-
stant p(X), then p(X) is called the Q-sectional curvature of (M, g, V) with
respect to X. A quaternion Kéihlerian space is said to be of constant Q-sec-
tional curvature # when any Q-section Q(X) has its @Q-sectional curvature p(X)
and p(X) is a constant # independent of X at each point p. The following
proposition is well known :

PROPOSITION 3.1 (Ishihara [4]). A quaternion Kdhlerian space is of constant
Q-sectional curvature k, if and only if its curvature tensor has components of
the form

Rkjih:%[(gkhgji*gjth)+<FkhFji_thFki"—2ijFih)
(3.11)
+(Gthji_Gthki_2ijGih)+(Hthji—Hjh.Hki_QijHih>:|

A typical example of quaternion Kdihlerian space of constant @Q-sectional
curvature is a quaternion projective space HP(m) of dimension m, whose Q-
sectional curvature is equal to 4. When m=1, HP(1) is a natural sphere with

constant curvature.
Let A=T,; T** be the square of the tensor T,;, defined by

Tkjih:Rkjih‘%[gkhgji—gjhgkt+Fkh.Fji_thFki‘ZijFih
FG G —GinGri—2G 4 ;Gint+HnH j—H  Hy —2H ;H ]
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where x:Tn—z(%—T-T' Then after some calculations, we get

. 5m—+1 2
A=a——p oS

If A vanishes identically, then M is of constant @-sectional curvature. Thus
we have

PROPOSITION 3.2. [In any quaternion Kdhlerian space M of dimension 4m,
we have

5m+1
(3.12) a—mz 5220.

The equality sign is valid 1f and only 1f M is of constant Q-sectional curvature.
Especially when m=1, M is of constant curvature.

Now, we prove two lemmas for later use.

LEMMA 3.3. In any quaternion Kdhlerian space of dimension 4m(m>1),

(3.13) RapeaR™G 4G = — -t (m}rz)z s
Proof. From (3.1) and (3.9), we get
RopouR%G 2G>
= RupseGy R™G

_ r S ay
—_{_Rabuch +’W)—(FabHuz_HabFuc)R chvb}

=RabucherbRauw+ 2m(fn+2) HavHucRauw

— aur ___S__ au [Jrd ___L__ aucv
'—Rabur{R b+ zm(m+2) H H }+ 2m(m—|—2) HavHucR

1l 1 e
=—g et mrr S
LEMMA 3.4. In any quaternion Kdhlerian space of dimension 4 m(m>1),

ibr 1 2m+1
(3.14) thGiquTquhpRp b =—2—a—m32 .

Proof. From (3.1) and (3.9), we get
thGiququkhpRpibr
:_FquthhquthRpibr
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== —lethR pibr{_th”FkS +"W;§l_{_2)—(thGrk‘_ thHrk)}

= _’HtsthRpibTthrs—I__s——'(gbpgtr+ Fszbp)Rpibr
4m(m-+2)

1 1 1 .
R o crE) a R ) )
_1 2m—+1

= 2T

4. Harmonic quaternion Kihlerian space.

In the present section, we shall give an important equality in any harmonic
quaternion Kéihlerian space. Transvecting (2.5) with F,'F,/R** we have

FalFbjR kabl{szjq(qulp+Rplkp)
(41) +Rpikq(qu;p+qulp)+Rpilq(qukp+qu;p)}

_ 45@2m+1) oz
~2mr2) VO

We now are going to show by using (3.1), (3.5), (3.6), (3.7), (3.8) and (3.9)
that the left hand side of (4.1) reduces to that of (4.2). To do so, we have by
using (2.2) and (3.13)

7 j kabdl
Fa FbJRpuqqulR

=Fa.Lqulkaabl{—Rpibrqu+W<HP‘GM_GWHM)}
— PRqklp b T s S
=RI*PR " F, {Rmst —m(HblGik_GblHik)}

S a
Ty CraCral i R

r8 S T$ T$s
=RusRy AR gy (GG +HYH)}

g Gy —Gu )RR,

s .
T gmGm gy CreCoR e R

S

1 s
= 1= Bt tmyay ReusRPG, Gl
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S r [
~ Tty HuCub T RER,
_ 1 35S 6m+1
= 11 B Tnmt T T mr 2 S

By (2.1) and (2.2), we get
Rm”R‘I,kPFazFbijau
=Ry, qRUPF Fy R***—R ,, (R4, PF, Fy R¥40
=Ryo;oR?F o Fy R

S

_Rpuqqukp{Rk”" +‘2m

leGz]}

_ 1 35 6mt1
LA e T ) Ry T e L

1 1
~ 1P gmr >
3S m*—12m—2

_ 1,5 _
= T2 P Tamt2) e mt Y
Similarly, we get
RpiquqlJpFathijaM:_-411—‘3— 2m(7§1+2) at 47r:1327(nm+-|-12)3 S
) a S F— —_
RpirgRYPFo ' Fy’ R Mz_%ﬁ— 2m(m+2) & %%2(14?3-12)32 S
2-— ——
RypuqRPFot Fy? R¥ Y = 7’_%:3_ 4mé37§z+2) a- ’gmg(ig—ian)a‘z S
and
RpilqquJpFaiFo]Rkablz 7’_%16_ 2m(7€l—}—2) a+ 47;12’(/’;”—’::2)3 S®.
Substituting these into (4.1), we get
15S 3(m*—18m—4) . 4502m+1)S
e T = e T ) Ll (T O

Thus, we obtain from (2.7)

PROPOSITION 4.1. In any harmonic quaternion Kdhlerian space of dimension
dm(m>1),

9S at 2m?—25m—4
2m(m—+2) 4m*(m+-2)*

(4.3) dy—2p= S®.
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5. Some theorems.

In this section, we give some results by combining (2.9) with Proposition
4.1. Substituting (2.4) and (2.7) into (3.12), we get

) +-224mE2E f)<o,

from which

THEOREM 5.1. In any harmonic quaternion Kdhlerian space M of dimension
4m(m>1), the nequality

2 10(m+2)* %
(5.1) PO+ =0

holds. The equality sign is valid 1f and only i1f M is of constant Q-sectional
curvature.

By (2.8) and (4.3), we get

(m+11)S

2m*—25m—4 o5
2m(m+2) 5°=0.

(5.2) IVR|*+3p8+ 8mE(m+2)°

a+

Similarly, we get

(2m—5)S 2m*—25m—4

Am(mr D) " 8mim oy > =0

(5.3) [V R|*+67+

From (5.2) and (5.3), we have

PROPOSITION 5.2. Any harmonic quaternion Kdhlerian space M of dimension
4m(m>1) satisfies the following inequalities:
S 2m*—25m—
(5.4) b= g {(mt1bat2 ot s
and
S 2m?—25m—4
(5.5) r=— 2dm(m—+2) {(2m—5)a— 2m(m+2)? Sz}'

Each equality sign is valid 1f and only 1f M 1s locally symmetric.
When S=0 in (4.3) and (5.5), (3.12) gives

2m?—25m—

___ 95 4
dr—2p= 2m(m+2) a+ 4Am*(m+2)3 S

(@m—1)(m—1) g,
S

2m*+9m—+1
= ——Sz—mzm)—s'ss

and
(resp.)
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Thus, we have 0=2y=p if S=0. Similarly, we have 2y>g it $<0. Summing
up, we have

PROPOSITION 3.3. Let M be a harmonic quaternion Kdhlerian space of di-
mension dm(m>1). Then

(1) If S=0, then 0=27r=p.
(2) If S<O0, then 2r<pB.
Next, (2.9) and (4.3) give by using (5.2)

(5.6) —32-315m(2m~+1)(m~+1)£(0)
3 2__ _
=5|FR|*+ 4(5(71;11721))5 at 2(m +1n§:?m—|—121)§m 12) g5

Thus, when S>0, we obtain from (3.12) and (5.6)

PROPOSITION 5.4. A harmonic quaternion Kdhlerian space of dimension
dm(m>1) with positwe scalar curvature satisfise

A0)<0.
Lastly, making use of (2.4) and (2.7), we can prove that (5.6) takes

144m(2m+1)
(m+2)>°

+(13m+71)(m+2)2A(0)A0)+ 14(m +1)(m+2)*£(0)} =0,

|7 R|*+ {(m?+Tm+64)7%(0)

from which

THEOREM b5.5. In any harmomic quaternion Kdhlerian space M of dimension
dm(m>1), its characteristic function f(82) satisfies the inequality

(m*+7Tm+64)*(0)+(13m+71)(m+2)*£(0)£(0)
+14(m+1)(m-+2)*/(0)=<0.

The equality sign 1s valid 1f and only 1f M 1s lodally symmetric.
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