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SOME CONDITIONS FOR CONSTANCY OF THE
HOLOMORPHIC SECTIONAL CURVATURE

By SusuMU TSUCHIYA AND MINORU KOBAYASHI

1. Introduction. Let M be a Kaehler manifold with complex structure J
and Riemann metric {,). By a plane section ¢ we mean a 2-dimensional linear
subspace of a tangent space of M. If ¢ is invariant under the action of J,
it is called holomorphic section. If o is perpendicular to Jo, it is called anti-
holomorphic section. A Kaehler manifold of constant holomorphic sectional
curvature is called a complex space form. Then the following result is known.

THEOREM A (B.Y. Chen and K. Ogiue). Let M be a Kaehler manifold. If
the anti-holomorphic sectional curvatures of M are constant and i1f dim M=3,
then M is a complex space form.

In Section 2, we shall define the angle between two linear subspaces of a
vector space. Then we shall call a plane section ¢ a 0-holomorphic section if the
angle between ¢ and Jo is € and the sectional curvature for a 6@-holomorphic
section the @-holomorphic sectional curvature. It is clear that a complex space
form has constant @-holomorphic sectional curvatures. Conversely, in Section
3, we shall prove

THEOREM 3. Let M be a Kaehler mamifold. If the @-holomorphic sectional
curvatures of M are constant and i1f cos 0+0, then M 1s a complex space form.

Next, the holomorphic bisectional curvature H(o, ¢’) for holomorphic planes
o and ¢’ is defined by S.I. Goldberg and S. Kobayashi ([2]) as H(g, ¢/)=
(R(X, JX)JY,Y), where R is the curvature tensor of M and X, Y are unit
vector in ¢ and ¢’ respectively. We shall call H(o, ') a holomorphic z-bisectional
curvature if the angle between ¢ and ¢’ is 7. Then it is clear that a complex
space form has constant holomorphic z-bisectional curvatures. We shall prove

THEOREM 4. Let M be a Kaehler manmifold. If the holomorphic t-bisectional
curvatures of M are canstant and 1f z’i—g—, then M 1s a complex space form.

THEOREM 5. Let M be a Kaehler manifold. If the holomorphic —72t~-bzsectional

curvatures of M are constant and 1f dim M=3, then M 1s a complex space form.
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2. The angle between two subspaces. Throughout this section, V denotes
an n-dimensional real vector space with inner product {, ». Consider two
arbitrary k-dimensional subspaces S and T of V. We are now going to define

inductively sets
(*) Qm:{aly tty 07)1; le Tty me Y.ly STty Ym} ’ (lémék)'

where 0=6,< --- §0m§~72r—, and where X,, -, X,, and Y}, ---, Y,, are orthonormal

respectively in S and T. First we put
0,=inf {L(X,Y); XeS, YeT, X+0, Y+0},

where (X, Y) denotes the angle between X and Y. Then we can take unit
vectors X; and Y, such that X;€S and Y,eT with {(X,, Y,)=6,. Next, as-
suming that @, (1=m<k) is already defined, we put

Sn={XeS; (X, Xp>=0, (i=1,-,m)},
Tu={YET; Y, Y»=0, (i=1,-,m)}

and define 6,,,, by
Ona=inf {UX,Y); XES,, YET,}.

Then we can take unit vectors X1 ES, Y €T such that <( Xps1, Y1) =0msr-
So, we now have a set @,,,={0,, -, Ons1; Xy Xmsr; Yy, -+, Ymsil. There-
fore we can define inductively sets 0, (1=m=Fk). We can now prove that the set
{XeS; there exists YT such that (X, Y)=6}U{0} is a vector subspace of S
and hence the set {6, -, 6;} is independent of the choice of X,,---, X;=S and
Yy, -, Y. eT.

DEFINITION. The set (6, -, ;) is called the angle between Sand 7. It is
denoted by (S, T)=(0,, ---, Ox).

LEMMA. Let S, S, T, T’ be k-dimensional subspaces of V such that I(S, T)=
(S, T)=(0,, -+, 0y). Then there exists an orthogonal transformation u of V
such that u(S)=S’ and uw(T)=T".

Now, we assume that ¥V has a complex structure J and an hermitian metric
{, > in the sequel and in Theorems 1 and 2.

THEOREM 1. Let S and T be two 2m-dimensional subspaces of V. Then
<(Sy T):'(ﬂly 61! 627 627 Tty 57]&, 6m) .

THEOREM 2. If S is a k-dimensional subspace of V, then we have
(i) (S, JS)=(8: 61+, Oy Oy ) for k=2m+1,
(ii) <(Sv ]S):(al; 01, Tty 0my 0m) f07’ kzzm'
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Since Theorems 1 and 2 are established, we can put
{(S, T):(ely Tty 0m) and <(S, ]S)=(011 Tty 0m)-

If o, o/ are Jinvariant plane sections, we have <((g, 0’)=(0,)=60, where 6,=
inf {IU(X, X); Xeo, X’€0’}, and < (o, Jo)=(r,)=7, where 7,=inf {I(X, X);
Xeo, X'€Jo}.

3. Proof of Theorem 3. Throughout this section, we denote a plane
section spanned by orthonormal vectors X and Y by {X,Y}. Let X and Y be
orthonormal vectors which span a #-holomorphic section such that cos 6={JX,Y>.
We put a=cosf (={JX,Y)) and 2=K(X,Y). Then, since {X, —Y+2a/X} is
a f-holomorphic section, we have

A={R(X, =Y +2a]JX)(—Y+2a]X), X>
=KX, Y)—4a<lR(X, Y)]X, X>+4a*H(X), i.e,
) CR(X, V)X, X)=aH(X).
Similarly we have
2) (R(X, Y)]Y, Y)=aH(Y).

1 1 X o

Also, since {«/13012 X+ Vi JY, V& . Yy Y} is a f-holomorphic

section, we have

2= 1—_1@2—<R<ax+ﬂ, JX—aY)(JX—aY), aX+]Y>

(

=y (@ HOO)+ HOD)+ (@' 20+ D3

—2a(a®+1)KR(X, Y)JX, X)+<R(X,Y)]Y, Y))—2a(R(X, JX)Y, JY)}.
Hence, substituting (1) and (2) into the above equation, we have
3) (R(X, JX)Y, ]Y>=22—%(2a2+1)(H(X)+H(Y)) .
Moreover, since {aX—aJX+JY, X} and {X, aX+aJX+JY} are 6-holomorphic
sections, we have
A={R(aX—aJX+]JY, X)X, aX—aJX+]JY>
=a’H(X)—2al{R(X, JX)]X, Y>+<{R(X, JY)]Y, X},
A={R(X, a X+ajX+]JY ) aX+aJX+]Y), X)
=a’H(X)+2a{R(X, JX)]X, Y)+<(R(X, JY)]Y, X},
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from which
4 (R(X, JY)]Y, X)=2—a*H(X).

Similarly we have <R(Y, JX)JX, Y>=2A—a®H(Y). This, together with (4), implies
H(X)=H(Y). Consequently (3) reduces to

®) (R(X, JX)Y, JY>=22—Qa’+1)H(X).
Therefore, substituting (4) and (5) into the first Bianchi’s identity, we have

2A—QRa*+1DH(X)+2—a*H(X)+2=0, i.e,

4
HX= ga 11 -
Thus M is a space of constant holomorphic sectional curvature. q.e. d.

4. Proof of Theorem 4 and Theorem 5. Throughout this section, we
denote a holomorphic section determined by a unit vector X by {X} and the
angle between ¢ and ¢’ by <(o,0’). Let X and Y be orthonormal vectors
such that <L({X}, {Y})=7z. Then we may set cos 7=<{JX, Y>.

Proof of Theorem 4. We put B=cost (={JX, Y)) and p=H(o, '), where
(o, /)=7. Then, since L({X}, {—=Y+28/X})=r, we have

p=<R(X, JX)(—JY—28X), —Y+2B]X)
=(R(X, JX)]Y, Y)—4BR(X, V)JX, X)+4pH(X), i.e,
(6) (R(X, Y)JX, X>=PpH(X).
Similarly we have

) R(X, Y)JY, Y)=BH(Y).

Also, since <):({«/1§,82 X+ «/11—‘82 JY}’{«/I}—ﬂz JX «/1582 Y})zr, we have
by using (6) and (7)

#:ﬁ)T(R(,BX—F JY, BJX—Y)X(—X—BJY), JX—BY>
:ﬁ_lﬂ—z)z{—ﬂZ(Hzﬁz)(H(X)jLH(Y))+(ﬁ“+1)ﬂ+4ﬁzK<X, )},

from which

® KX, v) =B 00+ By —La.
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Similarly, since {({—\/1—2: Y——jT( V1+ 5+ ,B)JX}, {%—X—%( V14 “ﬁ)]Y})

=7, we can derive

© KX, vy=ATEER oy (VIREB pryy 1,
This, together with (8), implies H(X)=H(Y). Consequently (8) or (9) reduces to
(10) KX, ¥)=22 L gLy,

Again, noticing that X ({BX—BJX+JY}, {X})=z, we have by using (6)
p=<{R(BX—PBJX+]Y, BJX+BX—-Y)]X, X)=2B{R(JX, Y)]X, X)+p,

from which

11) R(JX, Y)JX, X>=0.
Similarly, we have

(12) (R(JY, X)]Y,Y>=0.

Hence, since J{({2BX+JY}, {1—2B)X—BY+28°JX—BJY})=7, we can derive,
using (6), (7), (8), (9), (11) and (12),

(13) (R(X,Y)]X, Y>=0.

Finally, since ({5 ¥ —B/X—Y3 v}, {(1+-£°)x+ 33 p)x+8/})=c, using
(6), (7), (8), (9), (11), (12), (13) and the first Bianchi identity, we can derive

_ 2
H(X)— ‘BZ+1 .
Thus M is a space of constant holomorphic sectional curvature. q.e.d.
Proof of Theorem 5. We put v=H(o, 0’), where <(o, o)=-—"-. Let X,Y

2
and JY be orthonormal vectors. Then, since <({V—1§(X + Y)}, {712=( JX—J Y)})

T
=5, we have
v=—(ROX+Y, JX+]Y)(—X+Y), JX—]V)
= - (—2v+K(X, Y)+ HX)+ H(Y )}

from which
(14) HX)+HY)=6b—4K(X,Y).
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Also, since S({ (XN} {J-(Y—IX)})="F-, we have
v=-t(RX—]Y, JX+Y)JY+X), Y—JX>

.—.%{2»-—4[(()(, Y)+H(X)+HY)},

from which
(15) HX)+HY)=2v+4K(X, Y).

This, together with (14), implies
K(X, Y)=-%—», H(X)+H(Y)=4y .

Hence the anti-holomorphic sectional curvature of M is a constant —%—v. There-

fore, by Theorem A, we see that M is a space of constant holomorphic sectional
curvature 2v. qg.e. d.
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