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NOTES ON A K-SPACE OF CONSTANT HOLOMORPHIC
SECTIONAL CURVATURE

By SumMmio SAWAKI, YOSHIYUKI WATANABE AND TAKUJI SATO

§1. Introduction. Let M be an almost Hermitian manifold of dimension n
with an almost Hermitian structure (F, g), i.e. with an almost complex structure
tensor F' and a positive definite Riemannian metric tensor g satisfying F:=—1I
and g(FX, FY)=g(X,Y) for any vector fields X and Y on M where I denotes
the identity transformation. By R we denote the Riemannian curvature tensor;
R(X,Y)Z=[V,Vy1Z—Vx v:Z where V is the operator of covariant differentiation
with respect to g.

If M satisfies

(1.1) (VNxF)YY+(yF)X=0 (or equivalently (VxF)X=0)

for any vector fields X and Y on M, then M is called a K-space (or Tachibana
space or nearly Kdhler manifold). A Kihler manifold is a K-space but a K-space
is not necessarily a Kahler manifold [2].

Now, let M be an almost Hermitian manifold and 7,(M) a tangent space of
M at a point me M. Then the holomorphic sectional curvature H(X) with respect
to a unit vector X&T,(M) is defined by H(X)=—g(R(X, FX)X, FX). If H(X)
is always constant with respect to any unit vector XeT,(M), then M is said to
be of constant holomorphic sectional curvature at a point meM. Moreover, if
H(X) is of constant holomorphic sectional curvature at every point m< M, then
M is said to be of constant holomorphic sectional curvature. Since the constant
H(X) here depends on the point me M, we shall write c(m) instead of H(X).

It is well known that if a Kdhler manifold M is of constant holomorphic
sectional curvature c(m) at every point m& M, then the Riemannian curvature
tensor of M, R(X,Y,Z W)=g(R(X,Y)Z, W) is of the form

(1.2) RX,Y,Z W)
= C(Zl_) {g(X, W)g(Y, Z)—g(X, Z)g(Y, W)
+g(X, FW)g(Y, FZ)—g(X, FZ2)g(Y, FW)—2g(X, FY)g(Z, FW)}

for any vectors X, Y, Z WeT,(M) and the scalar c(n) is an absolute constant

[9].
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The purpose of this note is to prove the following theorem which is a gen-
eralization of the above result to a K-space and its some applications will be

stated in §4.

THEOREM. If a K-space M is of constant holomorphic sectional curvature
c(m) at every point me M, then the Riemannian curvature tensor of M is of the

form
(13) RX,Y,Z W)
=C(4—m){g(X, W)g(Y, Z2)—g(X, Z)s(Y, W)+g(X, FW)&(Y, FZ)
—g(X, FZ)g(Y, FW)—2g(X, FY)g(Z, FW)}
+%{g((VXF)W, (VW F)2)—g(VxF)Z, (Vy F)W)
—28(Vx )Y, (N2 F)W)}

for any vectors X, Y, Z, WeT (M) and the scalar c¢(m) 1s an absolute constant.

§2. Preliminaries. Let M be a K-space and R,,*", R;;, F," and g,; the
local components of the Riemannian curvature tensor, the Ricci tensor, the almost
complex structure tensor and the metric tensor respectively and put R;;;,=

8ankji, Fji=8aiF,* etc..
The following identities in a K-space [4], [5] are well known.

(2.1) ijih+sz]h:O ’
(2.2) ViFa+F,*F "V For =0,
(2.3) R*,;=R*,,

1 ra
where R*“”:_fF bRaanJt.

2.4) R,=F S FlR,, R*,=F°R'R¥s,

(2.5) (V,F )V F=R,,—R*,;

(2.6) (V,F,) W/ F¥=S—S*=constant =0

where S=g7'R,; and S*=g7'R*,,.

@7) VRNI=EV,SH, VR, R = (VST =0 [3],
(2.8) R, i F "F Rapin=—(T,;F.,")V .oy [17.

In this place, multiplying (2.8) by V,F’' and making use of (2.2) and (2.5), we

have

1) The Latin indices run over the range 1,2,.--, n.
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2(VFIDR = — (R —R*)V  Fyr
and then, moreover multiplying the last equation by V*F** e have

2V IV FM)R jign=— (RS — R*") (N4 F o)V F
or

2.9 V(TR i = ——5-(Ryi— R¥, ) (RF— RHY)
Next, in (2.9), by the first Bianchi’s identity, we have
(V)T FM (R, it Rynon)=—5-(Ry— R¥ ) (RY*— R¥Y)
from which we have
(2.10) V"FZS(VkFM)R]kM:%(Rji_R*ji)(R.ii_R*ii) .
Moreover, we know the following

LEMMA 2.1. (Gray [1]) Let M be a K-space. Then we have
(211)  R(X,Y, X, Y):%BQ(X—I—FY)-}—SQ(X—FY)—Q(X+ Y)
—Q(X—Y)—4Q(X)—Q(Y)}—%—H(VXF)YIIZ
for any vectors X, Y eTn(M), where Q(X)=R(X, FX, X, FX).?

LEMMA 2.2. (Watanabe and Takamatsu [8]) Let M be a non-Kihler K-space
of constant holomorphic sectional curvature. Then we have

(2.12) Ru=Sg, Reu=Srg,, S=5S%.
§3. Proof of theorem. First of all, we have
I X+ FY|*
=g(X+FY, X+ FY)*
=(g(X, X)+g(Y, V) +A(g(X, X)+g(Y, Y))g(X, FY)+4g(X, FY)*,
XY
=(g(X, X)+e(¥, Y)) +4(g(X, X)+g(Y, Y)g(X, Y)+4g(X, Y)*.
Thus, if we put Q(X)=R(X, FX, X, FX)=—H(X)||X||%, i.e. for convenient we
write H(X) instead of H(T‘;—gﬂ—), then we have

2) Our curvature tensor is different from Gray’s in sign.
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QX+FY)=—H(X+FY)|X+YF|*
=—H(X+FY){(gX, X)+g(¥, Y))*
+4(g(X, X)+g(Y, Y))g(X, FY)+4g(X, FY)*} .

Similarly, calculating Q(X—FY), Q(X+Y) and Q(X—Y), and substituting these
results into (2.11), we have

3.0 RX, Y, X Y)
= — 35 [3H(X+FY){(8(X, X)+g(Y, V)
+4(8(X, X)+8(Y, Y)g(X, FY)+4g(X, FY))
+3H(X—FY){g(X, X)+g(Y, YV))?
—4(g(X, X)+&(Y, Y)a(X, FY)+4g(X, FY)?)
—HX+Y){(8(X, X)+8(Y, V)
+4((X, X) (Y, Y)g(X, ¥)+dg(X, V)
~H(X~Y){(8(X, X)+4(¥, Y))
—4(g(X, X)+a(Y, Y)g(X, Y)+4g(X, V)?}
—4H(X)8(X, X)'—4H(Y)g(Y, ¥)*]
— 2 TLP)Y.

Hence, for the constant holomorphic sectional curvature c(m), from (3.1) we
have

(32) R Y, X, V)= (g(X, V) —g(X, X)g(Y, Y)—38(X, FY )}

— I F)Ye.
Replacing Y by Y+W in (3.2), we have
R(X,Y, X, W)
=C(4—m>{g(X, Y)g(X, W)—g(X, X)g(Y, W)—3g(X, FY)g(X, FW)}

— 28T P)Y, (VF)W)
and replacing X by X4 Z in the last equation, we have
(33) RX,Y,Z W)+R(ZY,X, W)
=—c%”l{g(X, W)elY, 2)+&(X, Y)g(Z, W)—2g(X, Z)g(Y, W)
—3g(X, FW)g(Z, FY )—3g(X, FY)g(Z, FW)}
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+3- (T FIW, (T F)Z)~g(T4F)Y, (TzF)W)} .

Interchanging X and Y in (3.3) and subtracting the equation thus obtained from
(3.3), we have

(34)  R(X,Y,Z W)+R(Z Y, X,W)—R(Y, X, Z, W)—R(Z, X, Y, W)
=%{g(){, W)g(Y, Z)—g(Y, W)g(X, Z)+g(X, Y)g(Z, W)
—g(Y, X)g(Z, W)—2g(X, Z)g(Y, W)+2g(Y, Z)g(X, W)
—3g(X, FW)g(Z, FY)+3g(Y, FW)g(Z, FX)
—3g(X, FY)g(Z, FW)+3g(Y, FX)g(Z, FW)}
+%{g((VXF)W, (NeF)Z)—g(NxF)Z, Ny F)W)—2g(VNx F)Y, VN F)W)}

from which (1.3) follows by virtue of the first Bianchi’s identity.
Now, with local components (1.3) can be written as

(3.5 Rkjih:—%@—(gkhgji_gkzgjh_l_}?kh Fji‘Fkith—ZijFih)
— AT ot (T, VPt (TaF 9V i}

Contracting (3.5) by g**, we have

(36) 4Rﬂ—(n+2)c(m)g”—3(R”——R*”):O .
Applying V’ to (3.6) and making use of (2.7), we have
3.7 2V,S—(n+2)V;c(m)=0.

On the other hand, contracting (3.6) by g7, we have
(3.8) 4S—n(n+2)c(m)—3(S—S*)=0.
Applying V, to (3.8) and making use of (2.6), we have
(3.9 4V, S—n(n+2)V,c(m)=0.
Thus, eliminating V,S from (3.7) and (3.9), we have
(n+2)(n—2)V;c(m)=0
from which it follows that V;c(m)=0 i.e. c(m) is an absolute constant. Q.E.D.
Remark. From (3.8), by (2.12) we have

S+35* 8S

(3.10) c=c¢(m)= nn+2) = 5n(n D)

and the constant>0 [6].
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§4. Some applications. In this section, making use of the main theorem
we prove the following

THEOREM 4.1. Let M be a non-Kidhler K-space of constant holomorphic sec-
tional curvature. Then we have

(4.1) Rkjithﬂh:E%)—y:constant .

Proof. Multiplying (3.5) by R*/‘* we have
(42)  Ry,uRH™
= (S+S+RYIFyFyy— RYMFy Fyp— 2R Fy Fyy)
— RSV F )T Frart RN F )T, Pyt RN F, )V )

Since Rk]thkh'Fjl—_—S* and Rkjthk]Fih:’_ZS*, by (2.9) and (2.10), (4:.2) turns out
to be

(43) RujunRH ™ =—(S+35%)+-5-(R,,— R*, (R~ R¥/Y).
On the other hand, by (2.12), we have

S—S* 4S

Rji_"R*ji:T_gji:—S?gji .

Then substituting the last equation and (3.10) into (4.3), we have (4.1). Q.E.D.
For a 6-dimensional K-space, (4.1) becomes

Riyuki=L st
This is equivalent to
{Rusin—(8un i~ 88 {R¥ ™ — (8787 — g g7} =0
from which it follows that
Rmh—?)—so(gkngﬂ—gmgm)zo .
Thus, we have the following

THEOREM 4.2. (Tanno [7]). Let M be a 6-dimensional non-Kdhler K-Space
of constant holomorphic sectional curvature. Then M 1s a space of constant
curvature.

THEOREM 4.3. Let M be a K-space satisfying

s 3(n+2)(S—S*)?+4(S43S5%)*
RyjnRH" = 8n(n+2) )

Then M is of constant holomorphic sectional curvature.
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Proof. We put
Tkjih=4Rkjih+a(gkhgji_gktgjh+ FkhFji—Fkith_ZijFih)
F(ViF OOV Fost+(VaF )V i Fis+2(V o F )N Fg
=A4R,;int+aArjintBrjin
where
Akjih:gkhgji—gkzgjh+ FknFji—Fkith“—ZijFih y
Bkjih=(viFJs)kahs+(VhF]s)vist+z(ka]s)viFhs y

a= _3(-;—13:92;;— (scalar)

and calculate the square of T .
First of all, we easily have

(4.4) Apjin AR =8n*+16n .
Next, by (2.8), we have
(VFIEFY (Y, F OV F = —(VF?)VEF Ry i — FuF " Ravi)

=—V'FP (N F )Ry jiit FolF,P N FP(V*F ) R v
=—V'F3(V*F* )Ry i1+ FF" N F X(N*F®) Rovir
=—V'FI(NF") Ry jii ' FP (VL) R g
=09,

Similarly, we have

(VPFIWF* (NG F OV Fy= (N FIV FR (N FOY L Fr=0 .
Hence, by (2.5), we have

(4.5) Bi,inB¥ " =6(R ;;— R*;;)(R*— R*7%) ,
Moreover, we easily have

(4.6) RE™A i =2S+65*,

“.n AMB =0

and by (2.9) and (2.10), we have
(4.8) RM By = ——3(R o= R¥,)(RI—R¥Y
Consequently, by (4.4), (4.5), (4.6), (4.7) and (4.8), we have
Tkjithjin: 16Rkjithjih+aZAkjihAkjih_!_Bkjithjih
+BaAkjih.Rkjih_[_zaAkjithjih"_ngjithﬁh
:16Rkﬁthjih+(8n2+16n)a2+6(Rji—R*ji)(Rji—R*ji)

3) This is verified too by purity and hybridity of VF.
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+8(25-H65F)a—12(R — R*;)(RV — R*7)
8(S-+35%)?
n(n+2)
On the other hand, since (R,i—R*;)(R*—R*) == trom the last equation,
we have

:16Rk11’th“ﬂh—G(R‘“_R*Jl)(R]l—R*]l)—

6(n+2)(S—S*)*4-8(S+3S*)*
n(n-+2) :

Thus, by the assumption, we have T, T*"<0 i.e. T};;»=0. But, as we
have seen in the proof of the main theorem, from T,;;,=0 it follows that the
scalar « is an absolute constant and therefore M is of constant holomorphic
sectional curvature. Q.E.D.

TrjirnT kjih < 16Rk]_ithjih

THEOREM 4.4. Let M be a non-Kdhler K-space satisfying

rjin—_ ON+44 o -
Ryjn R < Bn(n+-2) S? and S=5S*.

Then M is of constant holomorphic sectional curvature.
Proof. By S=5S*, we easily have

6n+44 S 3(n+42)(S—S*)*4+4(S+3S5*)*
25n(n+2) - T 8n(n+2) :

Hence, the theorem follows from Theorem 4.3.

Remark. By (2.6) and S=5S*, we see thatvS:constant.
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