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INTRINSIC CHARACTERIZATION OF CERTAIN CONFORMALLY
FLAT SPACES

By KENTARO YANO, CHORNG-SHI Houn AND BaNG-YEN CHEN

If V, is a conformally flat hypersurface of a conformally flat space V,.,;, then
V. is a quasi-umbilical hypersurface, that is, there exists a non-zero vector field
v; on V, such that the second fundamental tensor % is given by kj=agj+pvv;
for some functions «, 8 on V,, here g; is the metric tensor on V, (See [1]). If
Va1 is a space of constant curvature 2, Chen and Yano showed in [1] that the
curvature tensor Ki;" is given by

0.1) Kijit = (k+a®)(0kg j:— 0%g1.) + a B0k j — 0501)0s + (020 7~ V192 )0"].

In the present paper, the authors would like to consider an instrinsic charac-
terization of a Riemannian manifold V, with curvature tensor K;* given in the
form of (0.1). In fact we shall prove the following

THEOREM. Let V, be an n-dimensional Riemannian manifold® with a wunit
vector field u*. Then the necessary and sufficient conditions for V, having the
properties:

(1) The curvature operator Ky v*w! associated with two vectors v* and w
orthogonal to u* annihilates u™:

(0. 2) Kk,-i"v"wfu’——*O;

() Sectional curvature with respect to a section containing u* is a constant,
(M) Sectional curvature with respect to a section orthogonal to u® is a constant
is that the Riemann-Christoffel curvature tensor of V, has the form

0.3) Koy = A0 ji — 0%qis) + e[ (00— %00 )0ts + (U ji — g 10) 26" ]

Jor some functions 2 and p. In this case, Vy is a conformally flat space for n>3.

§1. Preliminaries.

Let V., be an n-dimensional Riemannian space with metric ds®*=gdydy,
h,i,7,--=1,2,---,n, where {5} is a local coordinate system. We denote by {;*;}
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the Christoffel symbols formed with ¢; and by F, the operator of covariant
differentiation with respect to {,*}. We denote by Ki;" the Riemann-Christoffel

curvature tensor of V,:
h h h ¢ h ¢
I z'Hf e

where 0y =0d/dy*. Then the Ricci tensor and the scalar curvature are given
respectively by

1.1 Ky =0

(1. 2) qu;=Ktj1;t
and
(1 3) K=gjin1;,

where ¢7* are contravariant components of the fundamental metric tensor.
We define a tensor field L;; of type (0,2) by

Kji + ngi

@9 L= e P =

The conformal curvature temnsor Cyz" is then given by
(1.5) Crji" = Ky ji* +0¢L i — 0 Lys+ Li"g ji— L gk

where 6 are the Kronecker deltas and Li*=Lg™.
A Riemannian manifold V, is called a conformally flat space if we have

(1.6) Ciii*=0
and
(1. 7) Viji—Vij:O.

It is well known that (1.6) holds automatically for =3 and (1.7) can be derived
from (1.6) for »n>3.
If there exist, on a conformally flat space, two functions a and j such that «

is positive and

0.'2

(1.8) Li=——

g}t+/3(7ja)(7ia))
then the space V, is called a special conformally flat space.

§2. Proof of the theorem.

If the curvature tensor of V, has the form (0.3), then it is trivial to see that
properties (1), (II) and (II) are satisfied.
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We now assume that V, with a unit vector field #* satisfies (1), (II) and (II).
We take n—1 linearly independent vectors By*, a,b,c, ---1,2, ---, n—1, ortho-
gonal to #" and let B%, u; be determined in such a way that

2.1) (Bo, uh)y'=(B%, us).
Then we have

B*B%+utu; =%
or

Bu"B*, =0%—wu;u".

The condition (1) is expressed as

B.*By/ Ky ji*ur=0.

Transvecting B°,B% to this we find

(0%, — t4mt®*)(0] — s0104%) Ko ji" 06 =0

or
K6t — Ko i e — K" utunur =0,

from which

(2.2) Kkﬁhszk"uj—M/‘uk

where

(2.3) M= Ky ul.

M satisfies
2.4) My un=0, Miru*=0,  M;=M;,,
where Mj;;=M,'g,.. From condition (II) we have
(2.5) K jintt*vIuro® =constant
for any unit vector »* orthogonal to #*. (2.5) can be written as
(2.6) M;v7v*=constant.
Thus we have
BByt M;i=2g.o-
Transvecting B°,B? to this we find

(68, — Umet?) (0% — s00a®) My = A(gmi— Umta),
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from which using (2.4)
2.7 My =29 ji— wus).
Thus (2.2) becomes
2.8) Ko it = A(8%a ;— o).
From condition (III) we have
K jinBa*Be! By* Bo" = k(g aagcr — geagan)-
Transvecting B%B°,B*B*, to this we find
K jin(0% — usta®)(0% — vr207) (0% — 14que®) (0 — 14 5"
=kl(gsp— tsttp)(grg — trtg) — (9rp— Urthp)(gsg — Usthy)],
Kirgp— Ksrqntb"thy— Ksropth*tbg— K jq ot 1ty — Kierq ptd*tts
+ M ptbrthg + My qthsty— M, pttsteg— Migttrtt
=k[(gspgrq—Grpsa) — (Gspler — Grpths)tig— (Grqlhs — gsqlhr)t ).
Substituting (2.2) into this, we find
Kirqp+ (Miqoty — Myqaes)otp — (Mspter — My ptts)ttg + (Masthp— Mipsttg)rr
— (Mgrttp— Mprtug)tts + M pttrteg + Myqtestey— My pitsteg— Mgty st
=kl(gsp0rq— 0rp0sq) — (Gspthr — Grpths)ttg — (Grqlhs — Gsq¥ir)tp),
from which using (2.7)
Kisrgp A gsqgthr — grqths)thp— XN Gsplhr — Grpths)thq
= k(05907 = 0rp0sq) = (Gsplr — Grpths)thq— (Grqths — Gsqthr)tp)
and consequently
2.9 K1 =k(0}g ji — 0%gis) + (A— R)[(ku s — Olyser) e + (g jithr — grite 5™ 1.

This is the form of (0.3).
Now we shall show that V, with Kj;* given by (2.9) is conformally flat for
n>3. From (2.9), we have

(2.10) Kji=Knj"=[(n—2)k+2g s+ (A—k)(n—2)u;us,
2.11) K=g¢g"K;=(n—1)[(n—2)k+24].

Substituting (2.10), (2.11) in (1.4), we find
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(212 Ly=— o koG~
(2.13) Lr=— %—kﬁ}—(l—k)u .

Substituting (2.9), (2.12) and (2.13) in (1.5), we find
Crji*= Kkjih + kL “5?[11;1‘ + Litg s — L]’Lgm

=k(0kg ji — 00 1) + (A — R)(02e; — Ouar ) + (A — B )(g st — gritt )"
o k a7 R
+ 0% —7gji—(2—k)ujut —()j —fgki—(l—k)ukui]

+| - giag—(z-k)ukuh]gﬁ—[— —g—ﬁ’}—(l—k)uju"]gm

=0
Hence V, is conformally flat. This completes the proof of the theorem.

CoROLLARY. Let V, be a simple connected n-dimensional Riemannian manifold
with a unit vector field u* and satisfies (1), A1), (III). Furthermore if the constant
k required in (II1) is k>0 and w" is the vector field given by

(2.14) wn = AWp()

for some functions 2 and ¢. Then V, can be isometvically immersed in a Euclidean
space E™' as a hypersurface.

Proof. If un=2Vwp(k)=224'(k) VE V", VE with k>0, then L,, takes the form
of (1.8):
Lyy=~% kot B7) VBT V/F.

Thus V, is a special conformally flat space. By theorem 1 of [1] V, can be iso-
metrically immersed in a Euclidean space £™*' as a hypersurface.
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