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SOME ALMOST PRODUCT STRUCTURES ON MANIFOLDS
WITH LINEAR CONNECTION

By StERE IaNus

Differentiable manifolds with almost product structure were investigated by
G. Walker [9], Willmore [10], Yano [12], [13] and others. The main purpose of
the present paper is to study two special linear connections with respect to which
an almost product structure given globally is parallel. These special linear connec-
tions have been determined in terms of local coordinates by Schouten [6] and
Vranceanu [8].

In §3 and §4, we treat the case of the tangent bundle, using the theory of
prolongation of tensor fields and linear connections to tangent bundles [1], [5], [11].

§1. Let M be an n-dimensional differentiable manifold®. Let M, be the tan-
gent space at each point x of the manifold M. A mixed tensor field defines an
endomorphism on each tangent space M,. If there exists a mixed tensor field P
which satisfies

(1.1) Pi=],

we say that the field P gives an almost product structure to the manifold and we
call the manifold an almost product manifold. Then the manifold M carries two
globally complementary distributions ¢ and ¢’. If we denote with ¥V and V’
respectively the projection tensor fields corresponding to the two distributions 9
and g9’, we have

1.2) VV'=V'=0, V+V=I V=V, V3=V’

We say that X is a vector field which belongs to the distribution @ if, for every
point x of manifold M, we have X,€ 9.(M), where @.(M)=V(M,).

Let F be a linear connection on manifold M. Then we say that the distribu-
tion ¢ is parallel with respect to the connection F if, for every vector field X
which belongs to the distribution &), the vector field F¥X belongs to the distribu-
tion @ for every vector field Y of the manifold M.
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1) The manifolds, functions, tensor fields and connections appearing in the discussion
will be supposed to be of the differentiability class C=.
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§2. On a manifold M we consider a linear connection ¥ and an almost product
structure P. We define two linear connections 7 and F respectively by

2.1) PxY=VixVY+V'PxV'Y,
2. 2) VY=VlhxVY+V'VrxV'Y+VIV'X, VY]+V'[VX, V'Y]

ProposiTiON 2.1. The distributions of almost product structure P arve both
parallel with respect to the connections V and V defined by (2.1) and (2.2), for
every connection V.

Proof. Let Y be a vector field which belongs to the distribution ¢ of the
almost product structure P. Then we have V’Y=0 and hence, by the formulas
(2.1) and (2. 2),

(2. 3) V'PxY=0, V' xY=0
for every vector field X on the manifold M.

PrROPOSITION 2. 2. The connection V is equal to the comnection V if and only if
the distributions of almost product structure P arve parallel with respect to the
connection V.

Proof. If the connections 7 and F are equal, then by virtue of (2.1), we get

2.4) Vi V'Y+V'PxVY=0
and by (1. 2)
(2.5) Vi V'Y=0, V'rxVY=0.

Consequently, the distributions of P are parallel with respect to the connection 7.
The converse can be verified immediately.

ProrosiTION 2. 3. If the linear connection V is symmetric and the almost pro-
duct structure P is integrable, then the commection ¥ is symmetric.

Proof. Denoting by T' the torsion tensor of the connection 7, we have
2.6) VIX, V)=VlxVY+VIV'X, VY-Vl VX—V[V'Y, VX]—VIX, Y]

for any two vector fields X, Y in M. Now, taking account that F is symmetric,
we get

2.7 VIX, V)=VIVX, VYI+VIV'X, VY1-VI[V'Y, VX]-VI[X, Y]
and, as a consequence of (1. 2),

(2.8) VIX, Y)=VIV'Y, V'X]

for any vector fields X, Y in M. Analogously, we find
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2.9) V'T(X, Y)=V'[VY, VX]

for any vector fields X, Y in M. Thus, taking account that P is integrable, we
get

(2. 10) Vvi=v'T=0.
Therefore the torsion tensor 7° is null.

THEOREM 2. 4. Let a manifold M be with the almost product structure P and
a linear connection V. Then the formulas (2.1) and (2. 2) define respectively linear
connections V and V. If one of them is symmetric, then the almost product structure
P is integrable.

Proof. The structure P is integrable if the distributions ¢ and ¢’ are in-
volutive, that is, if

(2.11) V'[VX, VY]}=0, VIV'X, V'Y]=0

for any two vector fields X, ¥ on the manifold M. If the connection 7 is sym-
metric, we have

(2.12) PxY—-FyX=[X Y]

Then, the first relation in (2. 11) is equivalent to the condition
(2.13) VPyxVY—V'Tyy VX=0.

This condition is verified by the Proposition 2. 1.

§3. Let TM=U .M, be the tangent bundle of the manifold M, = the natural
projection and ry its differenaial. Let Y be a vector field on M and X,eM,. If
we consider Y as a map Y: M—TM, we get the image Y. (X,) of X, by its
differential Yy: TM—TTM. The connection map K: TTM—TM is determined by

3.1 KY(Xo)=Vx,Y

for any X,eM, and any vector field ¥ on M (for the details see [1)).

For a vector field X on M, there are two vector fields on 7M, one called the
vertical lift and the other horizontal lift of X and denoted by X° and X" respec-
tively, such that

KX'=X, 14 X°=0,
3.2
KX"=0, e X=X,
The almost product structure P of TM defined in [3] and [4] is as follows:

3.3) wP=K, KP=r,.
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Yano and Ishihara [11] defined the horizontal lift /'* of a linear connection V by

Vn Yr=(Fx Y )", Y =(FxY),
3. 4)
Pho Y0 =0, P V°=0.

THEOREM 3. 1. The distributions of the almost product structure P defined by
(8. 3) are parallel with respect to the horizontal lift V* of the comnection V.

Proof. The projection tensor fields corresponding to the two distributions of
the almost product structure P are

3.5) P=t(UtP),  Pop(-P)

(See [13]). We have, by (3.2) and (3. 3),
(3. 6) PXr=X", PX'=X".
Now, the theorem is immediate by (3. 4), (3.5) and (3. 6).

It is known that the connection F* is symmetric if and only if F is locally flat
[11]. Thus we get

CoroLLARY. The almost product structuve P is integrable if and only if the
connection V on M is locally flat.

PrOPOSITION 3. 2. Let V be a linear connection in M and P the almost product
structure of tangent bundle TM defined by (3.3). Then the linear connection 7
associated with the almost product structure P and the hovizontal lift V" of the
linear conmection V coincide to each other.

Proof. We have to demonstrate that there are satisfied the relations

Vxn Ye=(FxY)", PanY°=xY),
3.7
Vo Y?=0, Vxo Y?=0.

For every vector field X on M, we have
3. 8) PXh= %(X’%X”), PXh= %(X”—X”)
directly from (3.5) and (3.6). From (2.1) and (3. 8), we find

1 _
Pan¥h= (P Y4 P ¥7) + % P Yr—Fhn YY)

and consequently, by the definition of the horizontal lift F* and (3. 8), we get
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Pxn Y=k Y",
Similarly, we can prove the other relations.
§4. Let & be a vector field and 5 a 1-form on the manifold such that
@1 H&=1.
Now we define a mixed tensor field P on TM by

KPX =n, X — g X)e—n(E R,
4. 2)
74 PX = KX — (e X)e— (K X)e,

where X is an arbitrary vector field on TM.

ProrosiTioN 4.1. The mixed field P defined by (4.2) is an almost product
structure on TM.

Proof. From (4.2), we get by direct calculation
KPPX=KX, mxPPX =m, X.

For the vertical lift X" and horizontal lift X* of an arbitrary vector field X,
the almost product structure P is characterized by

PX’=X"—p(X)E°—n(X)E",
4.3)
PXh=X"—p(X)E"—n(X)éM.

THEOREM 4. 2. Let M be a manifold and V a linear connection on M. The
almost product structure P on TM defined by (4. 2) is parallel with respect to the
horizontal lift V* of V if and only if the mixed tensor field yQ¢& is parallel with
respect to the connection V.

Proof. If P is parallel with respect to the connection F*, we have
449 rLPY=Priy
for any vector fields X and ¥ on 7M. If X=x"TV=Y" we get
Vi Yr =V Y — (Y ) n gt — (Y ) in &
4. 5) — XY )E"— X (Y ))E",
PPl Yrh=P%n Y ' —y(Px Y )er—p(Fx Y )E°

for any vector X, Y on M. From (4. 4) and (4. 5), we have
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4. 6)
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XM Y NE"+ (Y ) n " =n(Px Y )E",

XM YN +n(YWin & =n(Px Y )E°

for any vector fields X, Y on M. Therefore we get

4.7

)Y )E+ (Y ) xE=0

for any vector fields X, Y on M. Consequently, the mixed tensor field Q¢ is
parallel with respect to the linear connection /.
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