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ON THE SOLUTION OF THE FUNCTIONAL
EQUATION f-g(2)=F(2), IV

By Mitsuru Ozawa

In our previous paper [2] we discussed the transcendental unsolvability of the
functional equation fog(z)=F(z) with three entire functions f,¢ and F. In this
note we shall consider the functional equation feg(z)=F(z) in a case that F is a
given transcendental meromorphic function, f an unknown transcendental mermor-
phic function and ¢ an unknown transcendental entire function. Our main interest
is concerned with the unsolvability criteria of the functional equation in the above
sense, which are based upon an elegant theorem due to Edrei [1] and which are
extensions of our earlier results in [2].

Edrei’s theorem may be stated in the following manner:

Let f(2) be an entire function. If there exists an unbounded sequence {a,} such
that almost all equations f(z)=an, n=1, 2, --- have their roots on a single straight
line, then f(2) is a polynomial of degree at most two.

Here and in the sequel the term “ almost all ” means “all but excepting a finite
number ”. We shall use the notations p; and ¢, as follows:

_ o log T(r, ) . - loglog T(, f)
or= 152 log » and or= P_,IE log »

THEOREM 1. Let F(2) be a meromorphic function of finite order. Assume
that there are two values A and B such that almost all the roots of F(z2)=A are
lying on a straight line l4 and almost all the roots of F(2)=B are lying on a
straight line lg. Then the functional equation fog(2)=F(2) is transcendentally un-
solvable, that is, any transcendental mervomorphic function f and any transcendental
entire function g do not satisfy the functional equation fog9(z)=F(z).

Proof. If f(w)=A has an infinite number of roots {w,}, then ¢(z)=wy,, n=1, 2,
--- have roots on the straight line /4, with the exception of a finite number of
indices. Hence we can use Edrei’s theorem. Then g¢(z) must be a polynomial.
This contradicts the transcendency of ¢(z). The same holds for f(w)=B. Hence
two equations f(w)=A and f(w)=DB have only a finite number of roots, respectively.
Therefore we have
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Sw)—A

m = R(w)eL®

with a rational function R(w) and an entire function L(w). Therefore

F@)—A

2 T R . pLeg(®
Fe)—B Rog(2)-e .

Here the order of Rog(z) is equal to that of ¢, but the order of exp (L-g(z)) must
be infinite by Pdlya’s theorem. Hence the order of F' must be infinite, which is a
contradiction.

This theorem 1 contains the following corollary.

COROLLARY 1. Let F(2) be a meromorphic function of finite order with two
Picard exceptional values. Then there is no pair of transcendental solutions f and
g of the functional equation foq(2)=F(z2).

THEOREM 2. Let F'(z) be a meromorphic function with a finite pp. Assume
that there are two constants A and B such that almost all the roots of two equa-
tions F(2)=A and F(2)=B lie on two straight lines l4 and I, respectively, and the
maximum of ovders of N(r; A, F) and N(r; B, F) is greater than pr. Then the
Sunctional equation fog(z)=F(2) is transcendentally unsolvable.

Proof. By the proof of theorem 1 we may assume that each of two equations
F(z2)=A and F(2)=2B has only a finite number of roots. Then

F@)—A

M T — R «pLeg(®
F@—B Rog(z)- X0

with a rational function R(w) and an entire function L(w). By our assumption and
by an elementary consideration we have

Or< max (0nc, 4,7, PN B.FY)=pq
However by the form of F' we have that gr=p, which is really a contradiction.

THEOREM 3. Let F(2) be a meromorphic function of finite ovder. Assume that
almost all the zeros of F'(z2) lie on a straight line and almost all the poles of F'(z)
lie on a straight line. Then the functional equation fog(2)=F(z) is not transcen-
dentally solvable.

Proof. We consider the derived functional equation f’-g(z)-¢9’(z)=F’(z). If
f'(w)=co has an infinite number of solutions {w,}, almost all equations ¢(z)=w, has
roots lying on a straight line. Indeed at any such root F’(z)=co, which is shown
in the following manner: Denote ¢(z)=wyn+c(z—2n;)*i+--- around z,, and

A
)= o e

(w_wn)qn
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around w, Then

B
ez (14+0(z—2zz5)

F'(z)=1"9(2)-9'(2)= G-z

around z,,. By Edrei’s theorem ¢(z) must be a polynomial, which contradicts the
transcendency of ¢(z). The same holds for f(w)=0. Hence we have

J'(w)=R(w)e™ ™
with a rational function R(w) and an entire function L(w). Therefore
F/(2)=Rog(2)el9® -g'(2).

By this form the order of F’(z) and hence that of F(z) must be infinite, which
contradicts the assumption.

THEOREM 4. Let F'(2) be a meromorphic function of finite hyper-order pr'.
Assume further that almost all the zeros of F(2) lie on a straight line and almost
all the poles of F(z) lie on a straight line and the maximum of ihe orders of
N(r; 0, F') and N(r; oo, F') is greater than pr. Then the functional equation
fog(2)=F\(2) is not transcendentally solvable.

We shall omit the proof.
We shall give another extension of corollary 1.

THEOREM 5. Let F(2) be a meromorphic function. Assume that F(z) has two
Picard exceptional values A and B both of which are taken at least once by F(z).
Then the functional equational fo9(2)=F(2) is not transcendentally solvable.

Proof. If f(w)=A has at least two solutions w, and w,, at least one of g(z)=w,
and ¢(z)=w. has an infinite number of roots, since g¢(z) is transcendental entire
function. This is a contradiction. Further, if f(w)=A and f(w)=B have two roots
w1, w, altogether, ¢g(z)=w, or ¢(z)=w. has an infinite number of roots, which is
again a contradiction.

THEOREM 6. Let F(2) be a mevomorphic function with pr.<1. Assume, further
that 0, oo are two Picard exceptional values of F'(z) and that F'(2)=oco has at least
one root. Then the functional equation f-9(z)=F(2) is not transcendentally solvable.

Proof. Consider the derived functional equation f’-g(z)-¢’(z)=F"'(z). We simil-
arly have

I (w)=(w—w) e ™
with a positive integer # and an entire function L(w). Further we have

9(z)=w,+ P(z)e™® and 7' (2)=Q(2)eV®
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with polynomials P, @ and entire functions M, N. Therefore
Fl(z):__P(Z)—ne—nM(z)eL°(w1+P(Z)eM(Z))Q(Z)eN(z).
By its form we have g»=1, which is a contradiction.

THEOREM 7. Let F(z) be a meromorphic function with pr<l. Assume that
F(2) is not entire and it has co as its Picard exceptional value. Then the functional
equation fo9(2)=F(2) is not transcendentally solvable.

Proof. Consider the equation f(w)=oco. It has just one root w.. Further g(2)
has w, as a Picard exceptional value. Therefore we have

Jw)=w—w)" *w),  g9@=wtP(2)e"?
and
F(2)=P(z) e " 2@ *o(wi+ P(2)e™®),

where f*(w), L(z) are entire functions and P(z) is a polynomial. Hence by its form
we have prz=1, which is a contradiction.

By a similar consideration we can prove the following theorem.

THEOREM 8. Let F(2) be a meromorphic function with pr<l. Assume that
F'(z) is not entive and it admits oo as a Picard exceptional value. Then the func-
tional equation foq(z)=F(2) is not transcendentally solvable.

Let us use Ny(r; 0, F) as the N-function of simple zeros of F.

THEOREM 9. Let F(2) be a meromorphic function which attains all the values
in the Riemann sphere and has oo as a Picard exceptional value. Assume further
that the order of N(r; 0, F') {or more precisely that of Ny(r; 0, F) assuming that
there is at least ome simple zero} is less than 1. Then the functional equation
fog(2)=F\(z) is not transcendentally solvable.

Proof. We shall prove this under the {---} part. It should be firstly remarked
that the order of Ny(r; 0, a+Pexp (M)) is equal to that of exp (M(z)), where « is
a non-zero constant and P(2) is a polynomial. Of course we need the second funda-
mental theorem in order to prove the above fact. Now f(w) must have the following
form

(w—w) ™" *w),

where f* is a transcendental entire function and # is a positive integer and w, is
only one pole of f(w). Further ¢g(z) must have the form

9(2)=w,+ P(2)e”®

with a non-constant polynomial P and an entire function M. Hence
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F(Z) =fog(z) = P(z)—ne—-nM(z)f* ° (wl_l__P(z)eM(z)).

Consider f*(w)=0. Then there is at least one simple root w. (xw,;). Then by the
above remark we have

ONy(r; 0, wy—wo+P exp (M)) — PeM,
which is not less than 1. On the other hand
NZ(T; Oy F)=N2(7’; Oy f*°(w1+PeM))’

which is not less than that of P(z)exp (M(2))+w,—w.. Therefore we have arrived
at a contradiction.

LeMMA. Let F(2) be a transcendental entive function of the form P(2)e”®
with a polynomial P and an entive function M. Assume that theve is a complex
number ax0 for which almost all the roots of F(2)=a lie on a straight line. Then
P(2) is a constant and M(2)=az+p.

Proof. Edrei proved the following theorem in [1]: Let f(z) be an entire func-
tion the zeros of which are real. Furthermore, assume that for some integer #(=0),
the zeros of f™(2)—1 are all real. Then the order of f(z) is finite and does not
exceed one.

By this theorem we have firstly that the order of F does not exceed 1. Hence
M(z) must be of the form az+p and the equation reduces to

P2)e*t=aq.

Assume P(2)=Anz"+--+A¢, An>x0. In this case we may assume that a=1 and
P(z)=z"+---+A,. Now consider z in a sector Sy: —r/2+e=argz=n/2—e for an
arbitrary positive e. When z tends to oo in S,,

P(2)e*—co

uniformly. Let S; be the sector which is symmetric to S, with respect to the origin.
When z tends to oo in S,

P(z)e*—0
uniformly. Hence almost all the roots of the equation
@™+ A=A
must lie on a vertical line. Assume it is z=x,+iy. Then
{@ot-iy)" -+ Aol ¥ = A

holds for an infinite number of values {y;} of y. However this does not hold, since
taking the absolute values of both sides we have the equation
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[(@o+iy)" -+ Ao||e™ | =] A]

and then the left hand side term tends to infinity. This is a contradiction.
This implies that Ap=--=A;=0 and A,%0, that is, P(z) is a constant. This
is the desired result.

TuEOREM 10. Let F(2) be a meromorphic function whose image covers the
Riemann spheve. Assume that oo is a Picard exceptional value of F and almost
all the zevos of F(2) lie on a straight line 1. Then the functional equation fog(z)
=F\(2) is not transcendentally solvable.

Proof. Firstly we have
f)=w—w) " *w),  9@E@)=w+P(z)e®

with entire functions f*, M, a positive integer » and a polynomial P(z). Now con-
sider f*(w)=0. If it has an infinite number of roots, g(z) must be a polynomial as
in theorem 1, which is a contradiction. Hence f*(w)=0 has only a finite number
of roots, which implies that

f*(w) —_ Q(w)el'("’).

Here Q(w) is a non-constant polynomial and L(w) is entire. Let w, be a zero of
Q). In this case w,>w;. Then consider the equation

we=w,+P(2)eM®,

almost all the roots of this equation lie on /. Hence by Lemma P(z) must be a
constant C and M(z)=az+pf. Then in this case we have

F(2)=C-"e "D Qo(w,+Ce™*F)pLe wr+0em*h
Hence F(z) is an entire function, which contradicts the assumption.
Similarly we have the following

THEOREM 11. Let F(2) be a meromorphic function. Assume that oo is a Picard
exceptional value of F' and almost all the zeros of F'(z) lie on a straight line [ and
Jurther F' covers the Riemann sphere. Then the functional equation fog9(2)=F(z)
is not transcendentally solvable.

THEOREM 12. Let F(z) be @ meromorphic function almost all whose A-points
lie on a straight line for an A. Assume that

— N(r; A, F)
lim

lim — oy >0

Then the functional equation F(2)=f-g(2) is not transcendentally solvable.

Proof. As in theorem 1 the number of roots of f(w)=A is finite. Let w;, -,
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wy be its roots. In this case # must be positive. If this is not the case, there is
no A-points of F, which is evidently a contradiction. Then

N(r; A, F)= f_.‘N(r; w,, )=nm, g).
1

If we can prove that

m(7, 9)
lim 77y =0

we have a contradiction. Now returning to the expression of f(w) we have
n 1
—A=J]w—w;)  ——,
where f*(w) is an entire function. Hence we have

F(z)—A= ﬂ (9(2) —wy)- e g(z)
By this form and by Pélya’s method we have
m(r, 9)=o0(m(r, *-q))

and
T(r, F)=m(r, f*g)(1+e¢), lim ¢=0.

This implies the desired result:

Tm m(r, g)
T—r00 T( F)

Similarly we have the following theorem.

THEOREM 13. Let F(2) be a mevomorphic function. Assume that almost all
the roots of F(2)=0 lie on a straight line and that
T N(@; 0, F")
T, B

Then the functional equation F(z)=f-9(2) is not transcendentally solvable.

>0.
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