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SURFACES OF CURVATURES 2=#=0 IN E*

By KATSUHIRO SHIOHAMA

Introduction. A complete surface of Gaussian curvature G=0 in Euclidean
space E® of dimension 3 is a cylinder. This fact was proved by W. S. Massey.
The purpose of this paper is to prove the following theorem:

THEOREM. A complete surface M?* in Euclidean space E* of dimension 4 with
the curvatures A=p=0 is a cylinder.

The definition of a cylinder in an Euclidean space is given by the following:
Through each point of a curve on it, there passes a straight line which has the
constant direction and the curve is not equal to one of these straight lines. The
method of the proof is due to the idea of the Frenet-frames given by Professor
Otsuki. In §1, we study the local properties of M? in E* without completeness.
A global study of complete surfaces of the curvatures A=p=0 is given in §2 with
the aid of the universal covering space. The above theorem will be proved in this
section. The author expresses his deep gratitude to Professor Otsuki who encouraged
him and gave him a lot of useful suggestions.

§1. In the following we consider 2 dimensional, connected, oriented and class
C* Riemannian manifold M? immersed in E£* with the principal and secondary
curvatures A=p==0. By the definition of the Frenet-frame (p,es,e,, €5, ¢s) for any
surface M? in E*4, we have the following:

1.1) dp=e,0:+F e, desa=2wae;tosestoues, A=1,2,3,4, j=1,2,

1.2) 013\ o+ 013 A\ W25=0,
1.3) W13\ O3 =Aw; \ W2, W14\ W24= pw1 \ Wy,
1. 4) AHp=G, izp,

where w;, w, and ;3= —w,; are the basic forms and the connection form of M? re-
spectively, 2 and g are the principal and secondary curvatures of the surface respective-
ly, and G is the Gaussian curvature of M2 In our case we cannot define the
uniquely determined Frenet-frame, but we suitably take such a frame (p, ei, ;, e, €4)
from the first. Putting w;,,=2A,;0, where i,7=1,2, r=3,4 and A,,=A,; we get
by the hypothesis

(1.5) rank (Asij)él, rank (A4“)§1

Then we could define the two sets:
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(1. 6) Mo={peM?: rank (As,(p))=rank (A p))=0},
1.7 Mi={peM?:rank (As (p))=1, or rank (Ay;(p))=1}.

It is clear that M, is closed and MM, is open.

Now suppose that Mi=¢, and peM; and rank (A«;(p))=1. Any tangent vector
v is written as v=2v%;. Then we can define the unique direction at p as follows:
YAgupr=0. This direction is called the asymptotic direction with respect to e..
The asymptotic lines with respect to e, are defined by the integral curves of the
field of unit vectors with this directions. Let e; be one of the unit tangent vectors
at p with the asymptotic direction with respect to e,, and we select the unit tangent
vector e, at p orthogonal to e; so that the orientation of (e;, e;) is coherent with
the one of M2 Then we can define a field of such frames in a neighborhood U,
of p. According to the definition of the frame, we have

(1. 8) (A41:j)= (8 2), or w14=0, W24 =AWy,
where « is a continuous everywhere non-zero function defined in U,. By (1.1)
and 2=0, we get

1.9 13=0, W23= fws,

where B is a continuous function defined in U,. Since the second fundamental
form with respect to any unit normal vector e=e; cos 0+e,sin 6 at p is given as

(1. 10) d*p-e=(B cos 0+a sin O)w.ws,

the asymptotic direction at p is independent of the choice of the unit normal

vector at p.
By using (1. 8), (1. 9) and structure equations we have the following:

(1.11) W12=7 Wy, w1=du, ws=df,

where 7, u, f are continuous functions defined in U,. Putting e¥=e;cos ¢+e,sin ¢,
ef=—e;sin p+e,cos o, we get of=<{de¥, ef>=d(f+¢). By selecting e;, es such that

1.12) ¢=—f--const.,
we have the torsion form ws;=0. Using only such es; e, we get the following:

dp=-e,du-+ew,,

de;= 7202,

(1.13) de,=(—re, + Bes+aews,
des= — Bezw,,
de,= —aeyw;.

The above equation shows that any asymptotic line is a straight line or its segment
and all the tangent planes are constant along it.
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Lemma 1. Suppase that M@, then any asymptotic line extends to infinitely
or to the boundary of M? in E“.

Proof. By virtue of the structure equations, (1.8), (1.9) and (1. 11), we have
along an asymptotic line as follows:

_ a(0)
(1.14) a(s)= A0S +17
B(0)
10 15 T ————
@19 A= o5 1
1.1 __1®
(1.16) = s 1’

where a(0), B(0), (0), are the values of e, B, 7, at peM; (u=0) respectively. Since we
can consider that U, is a convex neighborhood we can define the Frenet-frames in
a neighborhood of an asymptotic line with vanishing torsion by virtue of (1.12).
Now let / be the asymptotic line through p and be written as x=x(s), s=#-const.,
and 0=<s<s,, z(0)=p. Suppose that lims;s, z(s)eM?, we get at once limsys, 2(s)eM,
by (1.14). This impolies a contradiction.

For any set A, A means the largest open set contained in A.

LEmMma 2. If ]loloﬂvgb, then each connected component of ]\040 is a piece of plane.

Because we can select e; and e, such that wss=0, e; and e, are constant vectors.
This fact implies the lemma.

§2. In this section M? is supposed to be complete. A point of a cylinder is
called proper if there does not exist any neighborhood of the point which is con-
tained in the plane. A cylinder is called proper if all the points of it are proper.
The completeness and Lemma 1, implies that each asymptotic line is a full straight
line. Then (1.16) hold for —co<s<oco, but since y is continuous we must have
r=0, i.e,, de;=0. On the other hand we have de,=(Be;+aes) w.50. Then we have
the following lemma:

Lemma 3. If Mix@, then M, consists of proper cylinders.

Let us denote by M, the set of all boundary points of AM; in M? Since M?
is complete and G=0, the universal covering space of M* is a Euclidean plane E?,
and the covering map is written as n. A connected open set contained in the
plane is called stripe if for each point of the set, there exists a straight line which
has the constant direction and is contained entirely in the set.

LemMma 4. If MoﬂFgﬁ, then ]\olo consists of stripes in E*°.
Proof. If M,>x¢, then M? is a plagle in E*. Suppose that M;=¢. Since =~(M;)

consists of parallel stripes in E2?, E2—=~'(M,) also consists of parallel stripes in E®.
On the other hand we have by the property of covering map,
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—— = o
21 E2—rn~ (M) =r"Y(M,)=r"*(M,).

Let V be a connected component of M, Since wn~'(V) consists of parallel stripes
in £2, V must be a stripe in £* by Lemma 2.

LemMA 5. If MIx¢, then for each point of M| there exists a unique straight
line contained entirely in M.

Proof. Because = is local isometry, we get the following;
2.2) T (M= (" (M)

Let ¢ be any fixed point of M/, then there exists a sequence {¢x}. in M; such that
lim g,=q. Let § be a point in E? such that =(§)=gq, and §, be a point of E? such
that lim §,=4, n(§)=g». There exists a unique straight line /, through each ¢, in
=~Y(M,) with the fixed direction such that =(I,) is the asymptotic line of M? through
dn. Now let [ be a straight line through ¢ in E? which is parallel to /,, then we
have the following:

2.3) (@@ (MY

Because 7 is local isometry =(]) is a geodesic in M? and the above discussion shows
that the arclength of (/) between ¢ and rex(]) is equal to the distance between g
and 7 in E*, i.e., =(]) is a straight line in E*.

Let us prove the theorem. We have proved that for each point of M? there
exists a unique straight line contained in M2 We can take a coordinate system
(x,y) in E? such that all the images of y=const. under = are these straight lines
in M2 We can define a unit tangent vector field & over M? such that

@ 4 él=dn(i>,

ox
where dr is the differential map of =. Then we get by Lemma 3,
2.5) d(@ym,)=d(e))=0,

because &= 4e;. By virtue of Lemma 4, we get
(2.6) o€y fr0)=0.

Therefore we have d(é,)=0 in M=
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