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SEMI-CONTINUOUS CHANNELS WITH A PAST HISTORY
By HirosHi NEcIsHI AND KEN-ICHI YOSHIHARA

1. Summary.

In this paper, we shall prove coding theorems for semi-continuous channels
with a past history. The main object is to generalize the results obtained by
Wolfowitz in [2], Section 6. 5.

2. A semi-continuous channels with a past history.

Let random variables X, X3, --- be input letters which are independently and
identically distributed and take their values in the set {1, ---, @}, respectively. Let
random variables Y3, Yz, --- be output letters which take their values in the real
line (R, B). Furthermore, let ¢ be a (not necessarily finite) measure such that

’

(1) P{YVieA| Vimys, Xomi}= SAw(yzlyl, Deldy) (=1, )

hold for any set AeB.
Next, let / be any positive integer. Let

Ui:(X(z—l)zﬂ, ) Xu),
(2) i=1,2,---, ad inf.
V’V:(Y(i—l)lﬂ’ - Yo,

Let @ be the probability distribution of Ui, and for w=(x1, -+, z1), v=(¥1, ***, Y1)
and v'=(y!, -+, ¥i_1, Yo) define

(3) o1, )= L1y, l1-5, %)
and
(4) go@v)= %} Q' (w)h(@|v’, ).
Suppose that
(5) (Uy, V1), (Uzy V), -+
is a Markov chain with the transition function Q’(#)A(v|v’, %) and
(6) Y, Yo, -

Received June 30, 1966.
53



54 HIROSHI NEGISHI AND KEN-ICHI YOSHIHARA

constitute a Markov chain. Thus, V, depend only on Y_i; and U, so we
have Conditional Prob. dens. {V, = »|V,_; = ¢/, U, = u} = Conditional Prob. dens.
{Vi=0|Yu_1yi=1, U,=u}, that is, A@|v’, u)=4(|y,, ).

AssumpTiON 1. For any /, each of Markov chains (5) and (6) has only one
ergodic set and has no cyclically moving sets.

Under Assumption I, we have “stationary” distribution vq.(A) (AeB) for the
Markov chain (6).

We remark here that Assumption I is satisfied for the indecomposable channel
defined in [2].

Define the random variable

(@', yo) 1 2 WV Vier, Uy) 1z MV Yy, Uh)
B _— T = log —————>—~
(0 " v B8 T TV T 2 % (Vi Ve

where Y,=y,, and put

1( h(Vlly, Uy) :”
== - rd E 1
8 c=syp sup| 7| vetani]1og % ST eVl
We assume that C is finite.
We shall prove the following
THEOREM 1. Let ¢>0 and a,0<a=1, be arbitrary. Let w(-|-, ) be the

channel probability density function which satisfies Assumption 1. Then, for any
fixed yo€R, when n is sufficiently large, there exists an (n, 2"C9, &) code for this
semi-continuous channel with w (- |-, -).

Proof. Since from Assumption I, we can apply the strong law of large number
to the Markov chain (5), so for any @’

]n(Q,y '!/0) *© h( Vlly) Ul
i “S_M”Q’(dy)E[l “2e(Viln)

holds with probability one. Thus, we can prove the theorem by the Wolfowitz’s
method used in [2].

3. A special channel.

In this section, we shall consider the strong converse theorem for a special
channel with the following assumption. (This channel is a generalization of the
channel studied by Wolfowitz in [2], Section 6. 5.)

AssumpTION II. Let g be a finite measure for which the relations (1) hold.
For each i (1=i=a), there is a constant K such that

(9) & Swlualu, DK for all 4y and 4.
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If Assumption II holds, then clearly Assumption I is satisfied.
For a (finite or infinite) sequence Z=(xy, -**, Tm, -**), We put

2™ ym: =" (" 0l 2000113, 210U Yt D) ).
LemMA 1. Under Assumption 11,
"y, 1 2) _1l<9oK2 -1 =
(10) |?WZFE =2kt (=1,2, )
hold for all x and for almost all y, z and 7 where

1
p—l—-Eu(R)>0.

Proof. By a simple modification of the usual method, we easily get the lemma.
Next, for an (/+m)-sequence u=(xy, -**, Tm1), We define

l
(11) h(m)(,y, oy W(D: u):p(m)(y’ 770: u)glw(vjlﬂj—ly x]’))
12) a8, 70, 1)= Z Q@™ (Y, 70,7V )
and

° S‘” 7™y, 9o, y©: )

™ (y, 90, 70 1) lo dno) -+ p(d
R ¥, 70, ) log 20 70, 7®) wdno) -+ p(dny)

13) TG, “)=S
where y®=(yy, *+-, 7).

LEMMA 2. Let ¢>0 be arbitrary. Let m be sufficiently lavge. Then for any Q'
1
m) = (m+1) —_Tm+1)
(14) 4™y, z) p— | TPy, ) — T+ 0(z2, u)| <e.

Proof.
4y, 2)

By, 10,22 1)

52 (2, 7o, 7D %) w(dno) -+ (dn)

log

=" T hm @
46> 70, 7 V)

qg})(zy 7o, 7}(1)) fl(dﬁo) o Au(dﬂl)

log

+S°° Sm h‘""(g/, Yoy 77(”:%)

—oc0

R(2, 90, 7P 1 1)
qg’)(Zy 7/0» 7?([)) Iﬂ(dy]o) - #(dvl)

log

_]—S S |h("”)(y, Mo, 7](l): u)_k(?ﬂ)(z, 7o, 77(1) : u)l

—o0

=I1+I2+Is-
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Let 6<0 be arbitrary. We choose s, so large that

"y, i u)
p(mo)(z’ 9: u) 1I§5

(The existence of m, is assured by Lemma 1.) From (15), we have that for all
m=my

15)

A (y, e, 791 w)
(16) 7™z, 70, 7@ 2 %) _1|

and

(m) ()

q(é"’(z, 70, 7V)

We are now in a position to evaluate I, [, and I;. Let m=m, be fixed
arbitrarily. We have that from (16) and (17)

(18) L =|log (1—9)] and L=|log (1-96)|.

On the other hand, by Assumption II, we have that 2™(y, 5o, 7% : #)<K*! and
a(y, 90, 7)=1/K¥* for all y, 9o, 7% and u. Thus, from (16), we have

R (2, 70, 7Pt 1)
43z, 70, 7°)

I@S S ™z, 70, 7 u) |log o) - )

19
=20(/+1) log K.

Combining (18) and (19), we obtain
4™ (y, Z)< {2| log (1—0)|+24(I+1) log K}

for all m=m, Thus, we have the lemma.

LemMmA 3.

o o l+m
T ™(y, z)=S S ﬂﬂ w(yjlys-1, U AYms1) -+ (dYm1)

—00 —c0 g=m
20 m
@0) ]lel w(y;1Y;-1, %5)
oo © m TRy o e 2\
X S S [Tw(y;ly;-1, x;) log 2 nffi’ > U ) w(dys) - U dym)
S e s | 2 Q' (u) le(?/ﬂyy—l, zi5)
U J=

48P0, Yms Ums1, =5 Yme1))
=4(m-+1) log K

Sfor all y and u=(xy, -+, Tms1)
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Proof. To prove this inequality, it is sufficient to show that

@1 log ]l_—_Iw(’!/J'?/J -1, Tj) —(m+1) log K
(Yo, Ym: w)
and
m+l
2 og uZ Q' (us) Elw(yjly]_l, Zi5) D) g K
422"")(110, Yms Yma1y *** Ymsr)) |

for any (o, *+, Yms1) and z.
The first inequality is the direct consequence of Assumption II. We shall
prove the second inequality. Since, by Assumption II,

Z Q' (u) H w(?/]'?/y D)
q(Qm)(?/O; ymy (ym+1; 5 Yma))

log

% Q' T sy, @)
I Q@™ Wor Ymy Ymoss -+ Ymoa): )

= log

H w(ﬂ]l?/] 1 )

L log =t —————
g ﬁ‘""(yo Ym' W)

Z Q’(u) H w(yily;—1, x7)

IIA

Z Q' (u) II u)(yjly] 1 &)

=2(m+1) log K
and
2 @) H a1y, 27
48'})('!/0, Yms Umats ***s Ym+1))

_ 1
Qg"”(yo, Ym,y (ym+1) o

—log

Ymst)) ; Q@)™ (Yo, Ymy (Ymsts ***s Ymi1): )

2™ (Yo, Ym: %)

II1 WYyl Yj-1, %)
J:

x |log =2(m-+1) log K,

so we obtain the inequality (22). From (21) and (22), we have the lemma.

LEMMA 4. Let ¢>0 be arbitrary. Then, for sufficiently large [ and m

1 h(Vlly,u)I s hKVilz w) |,
@3) Trm E[l"g PRUAD) o E[I"g PRAD) @||<
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for all Y, % u:(xl» B xL+m) and Q/-
Proof. Since

WVily, )
ED NUAD)

o}ﬂwmmqwnwmm@x

80, (23) is easily obtained by Lemmas 2 and 3, for sufficiently large / and .
To prove the theorem 2, we use the following theorem proved in [3].

THEOREM A. Let a, 0=a<1, be arbitrary. Let E be a set of inpuls and let
{(#y, By), +++, (un, By)} (uieE, i=1, .-, N) be any code. If we can choose a positive
numbey 0 such that

S h(vlm)/z(dv)§l—_-cL (=1, -+, N),
Ayi 0 2

then N must satisfy the relation

N

A

2 0
—a %

Here,

. h(v|u)
Ay(0)={v| log @) >0}, (ctf. [3D).

We now prove the strong converse theorem.

THEOREM 2. Let ¢>0 and a, 0=a<l, be arbitrary. Let w(-|-, +) be the
channel probability density function for which Assumption 11 is satisfied. For
all n sufficiently lavge, any (n, N, a) code for the semi-continuous channel with
w(- |-, ) must satisfy

N- < 2n(C+e)

Proof. At first, we choose two positive integers / and m such that Lemma 4
holds for /8. Put #;=(x¢-1asmy+1, ***s Tiasmy) and #® =(u,, ---, ;) and, similarly,
Vi=(Ya-vasmysn 5 Yiawm) and V®=(V3, -, V3).

Let #® be any sequence. Define N(#|%#‘®’) as the number of element # in %%
and define @’ by

kQ'(s6)= N(u|u®).,

Then, we have
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. V3| Vs, )
El X log ———"—"—
[z:l 08 (IQ'( Vil Vt—l)

A AV Vi, i) (V| Vi, ) |
- E[E[ ] 41
Bl ViV T (Ve |

K3 WV Vi 1)
=F log —— =2 27
[Z 8 TV

o ,0']

Yo, V(k—l)’ u(k)’ Q,]lyO; u(k)’ Ql]

A Vilyo, ur)
QQ/( Vkl?/o)

, e(l+m)
Q ]+ !

Yo, D, Q’]—I—E[log

and consequently,

Vil Vier, i)

k
E[ log =i Te=b T e, /]
o8 = Wi vy | @

C I Vilyo, ui) | ], *U+m)e
= 3 E|log | @ [+ T
_ Q H(Vilyo, u) k(l4-m)e
@ =k T Q| log PR

= k(i+m) (c+ g) RS

— k(i+m) <c+ 7)
On the other hand, since, from Assumption II,

Ilo Joalon ) | _op 4 ) t0g K,

Qo (:|v1)
so, we have
& k(ViIVz—ly us)
25 D[ log =222 2y 2 ®, r]é 2 2
(25) § A AN Q' |=16k(+m) logK)

Combining (24) and (25), we obtain

W Vi| Vi, w5)

J Vil Vios, i) i)}sl*_“
P Lzlbg PR —k(’+m’<c+z =3

for sufficiently large k.
Let {(u®, Ay), -+, (u$9), A} be a (k, M, a)-code such that, for all «

N@|u®)=N@u|u®),  j=1, -, M.

It follows from Theorem A that

26) M= -1—3— esz{ k(l-+m) <c+ %) ]
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Now the total number of @’-vectors whose components are integral multiples of
1/k is less than (k+1). For each such @’-vector (26) holds. Consequently, we can
conclude that for sufficiently large &

N< (k1™ l—fa—expz{k(urm) (c+ 5”;—) }
@)
<exp2{ P <c+ %) }

Thus the theorem is proved for sufficiently large »# of the form k(/+m).
Finally, suppose n=Fk([+m)-+t, with k£ an integer and 1=¢</+m. Then, writ-
ing n’=(k+1) ({4+m), from (27) we have that

N<2”'(C'+4a/5) <27E(1+(l+m)/”) (C+4e/5) <27L(C+5)

for n sufficiently large. This completes the proof.
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