ON A NON-NEGATIVE SUBHARMONIC
FUNCTION IN A HALF-PLANE

By Masatsucu Tsujt

1. We shall prove

THEOREM 1. Let u(z) = u(x + iy) = 0 be a non-negative subharmonic function
in a half-plane x > 0, which vanishes continuously on the imaginary axis.
Let

m(r) =m(r,u) = szzu(re“’) cos@df, 0<yr<oo,

then
(i) m(»)/7 is a continuous non-decreasing function of r and is a convex
Sunction of 1/r*. Hence
lim—mﬁ—r—)—=c, 0<ec= oo,
r—>oo

exists.
If 0 < ¢ < oo, then

(i) wle) = kx— | IOglé—j—z'dMa), k=2,

R(ar>o0

where w is a positive mass distribution in x > 0, such that

S R(a)
R@)y>0 la 12

dp(a) < oo,

(iii) Except a set of @ of logarithmic capacity zero,

lim Ji(’fL) = kcos 0

7—>00

exists.

That m(7)/r is a non-decreasing function of 7 is proved by Ahlfors [ 1] and
the proof is simplified by Dinghas [2]. (iii) is proved by Ahlfors and
Heins [3].

As a special case, we have

THEOREM 2. Let f(2) be regular in x > 0 and continuous and |f(2)| <1 on
the imaginary axis. Suppose that log* |f(z)| = 0 and let
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SUBHARMONIC FUNCTION IN A HALF-PLANE 135

mir) = (" log*| fre)|cos 0 a8,  0<7< oo,

then m(r) /v is a continuous non-decreasing function of r and is a convex func-
tion of 1/72.

2. First we shall prove some lemmas.

LeMMmA 1. Let u(z) be subharmonic in a domain Dy and D be a subdomain

of Do, such that DC D,, whose boundary T' consists of a finite number of
analytic Jordan curves and G(z,a) be the Green's function of D. Then

u(e) = 5o | w@)2CE2 ar| (| Geayana),  zeD,

where v is the inner normal of I' at § and p is a positive mass distribution
in Do.
Proof. By F. Riesz’ theorem, there exists a positive mass distribution w
in D,, such that for any subdomain D; of D,, such that D, C D,,
u(z) = v1(2) — S Gi(z,a)dp(a), zE D,

where v,(z) is harmonic in D; and G;(z, @) is the Green’s function of D,, If
we choose D;, such that D C D, C D,, then if z € D,

o ) 2GR g

= o )25 ar 1= 5 an@| Guie.a 2O ar

(1)
= 0@) — 57 | @] G, 9 2CL2 ag |

27 Jo,
=u@+ [, Gloadp@ — 5 | an@] 66,020 jar ),
If @ € D, — D, then since G;(z, @) is harmonic in D,
(2) 2m SPGI(§ a)—m[dé’l Gi(za), a€ D~

If acs D, let I'(a): |{ —a|=r be a circle about @ and I'(2): | —z| =7 be
that about z, such that I'(¢) and I'(z) are contained in D. By the Green’s
formula,

[(61(2.0) 2CE2 6z, 5200 4y |
+ ], (616 2CL2 g,z 20lL0 ) 4

+ [, (65,0 2C 2 _Gr,) 200 ) gp =,
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If we make » — 0, then since G({,z) =0 on I', we have
(3) o G0 ar = Gaa - Ga), aD.
Hence

sDIGl(z, a)du(a) — ”Q%Spld"‘(a)SPGl(é‘,a)—aG—gj—z)—Idfl
= SDlGl(z, a)dp(a) — XDI_DGI(Z, a)du(a) — ~LGl(z, a)dp(a) + SDG(z, a)du(a)
= SDG(z, a)dp(a),

so that by (1),

u(e) = oo | w(©)2CL 2 1ar |~ ( Glaa)ant@), zeD.

27

LeMMA 2. Let 4,: |z| < p, R(2) >0 be a half-disc and Cp: |2| = p, R(z2)
=0 be a semi-circle and

. -
Go(2,a) = log’ z+a z"‘+§:zll

be the Greew's function of 4o. Then if r < p,

9 i
(i) PaGp(pgv,re") = 4(X cos @ cos § + A*sin 29 sin 26

+ A%cos3@pcos30 + ), A=7r/p <1,

where v is the inner normal of Co at z = pe'®.

(ii) Siijza—a’%d;—mMp cos 0dO = 2rr cos P,
Proof. If z= pe*, a=re', then
G - n(e (2545
=§R( z-:l—zd + zia + pzz—c-iza' + p”fza)
(1) =§R( zjl-zd + zia + szfzd_— szj:za)

1 1
= ZER( T— RO 7 T4+ neieF )
= 4(A cos @ cos § + A?sin 2@ sin 20 + A3 cos 3@ cos 39 + ).

Since
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Sw cos?6d@ = —7[;, Sﬁ " sin 2@ cos 8d@ = 0,
_zi2 2 _al2

|" cos(2n +1)6 cos 646 =0, (n=1,2-),
L P L0
(2) g_:/z OG"(PSD’ re'®) p cos §df = 27;1, cos @.

LemMma 3 [3]. Let

G(z, log\ z+a R z = 7e'f, a = ret,
be the Green’s function of x >0, then
(i) G(z,a) < G(e'f, "),
(ii) If |101=< 0y < 7/2, then
Claa) S K(B) TN A-GeHe) + 1), K(By) = 55

Proof. Since (i) can be proved easily, we shall prove (ii). Let R(z) =
R(a) = &, then x= 7 cos 6,.

_ 4xE 2x& 2rE
(1) G(z,a) = log<1+ i )g Z—ap < Z—af

If Iz—a[gﬁ%seo, then

8rR(a) - 8rR(a)

(2) G(za) = cos?@,[af = cos*d,|al (G(e'?, e) + 1),

If \z—ajé%sﬂ, then }—%—— —1,- < 0372010’ so that
Sz -T2

hence

(3) Claa) =G, e) = - 200 (G, ) + 1),

Hence by (2),(3),

_ 8
cos?@, *

Gla.a) = K(0)TT3 - (Gle,e) 1), K(fy) =

3. Now we shall prove the theorem, We extend the definition of # for
x < 0 by putting # =0 for x < 0, then since # = 0 on the imaginary axis, «
becomes a non-nagative subharmonic function for [z| < co. Let u be the
positive mass distribution, defined by #, then since # =0 for x <0, £ =0



138 MASATSUGU TSUJI

for x < 0. Let 4p: [2] < p, R(2) > 0 be a half-disc and Cp: |z] = p, R(z)=0
be a semi-circle and Lp: z =iy (— p<y < p) be a segment on the imaginary
axis, then I'y = Cp + L, is the boudary of 4, and

_ z+a p*—za
(1) G (2,a) = log i—a  p'Tza

is the Green’s function of 4,. Since # =0 on L,, we have by Lemma 1,

(2) u(2) =vp(2) —wp(2) in 4o,
where
)2 i@
(3) 06 (2) = 5| w(petr) PEPIEELE) pgg,
(4) we(2) = |, Grlz.)dn(@),
P
Let
|2 |2
m(r,vp) = Sui,zvp (7e'?) cos 046, m(r,wp) = S.—ﬂ/z?/f)p (ret®)cos 6d49,
then
(5) m(r,u) = m(r,vp) — m(r,wp).
By Lemma 2,
7 |2 £14 1]
m(r,vp) = —Z%Z—S_ﬂlzu(pe“’)dtpf_m aGP(p;y . 7e'?) p cos 0d6

_ r (" i@ _ rm(p,u)

= j*mu(Pe ) cos pdp = o
so that
(6) ’”(’r’”") = ’”(’;’“) , 0<r<p).
Now

242 lap(a) - | tog| -L2E2 |au(a) = w) (@) — w; (o).

wp (2) = L log
[

P P —za

If z = 7¢%%, a = 7€', then we can prove similarly as Lemma 2, that if 7<r<p,

Sn/z log. z+a cos §df = ZTCOSP _ 7R (a) ,
—nl2 l r r

and if yr <7< p,

12 z+a zrcos® _ mrR(a)
g_mlo i 2 'cos 6dg = TTP = T
hence
7 mir,up) _ m R@)dua)
( r r? S]a!< R(a)dp(a) + ”jré{w,’<9 lal?
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Since
2 1+ (r7/p2)eio+9 T _ wrRk(a)
S-mlog 1— (r7/p?)ei =" ’COS 0dg = P COSP =
we have
(8) mrw) _ = [ R@duia
4 P* Ja<e ’
so that

’ ER d
M_ = %SlaKrm(a)d#’(a) + ”S@JMQ:%)—

_.Z SMKPER(a)d,u(a).

pT
Hence if we put
(9) e = R@du),
then by the partial integration, we have easily
) m(r,we) P Q(t)dt

(10) L) o S
so that by (5), (6), (10),

m(r,u) _ mp,u) _, (° _2()dt
11) nu _mis 27r§r i 0<7=<p.

Hence m(7,u)/r is a continuous non-decreasing function of » and since

d(m(r,u)/7)
d(1/r?)

m(r,u)/r is a convex function of 1/»2, From (11),

Z”S" 2(t)dt = m(p, u)

= —7[‘.9(7’),

r B P ’
so that

° 2(t)dt m(p,n)
12 = .
(12) o LA < P

Since m (7, u)/r is a non-decreasing function of 7,

m (7, u)

(13) lim—#r—— =c, 0<Lc=< oo,
r—>oco
exists.
If 0 < ¢ < oo, then by (11),
m(r,u) (= 2()dt
(14) T =C Z”Sr t3 b
and from (12),
(15) 24{?%”— <ec.
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Hence
.. 2r . 2
(16) tim -2 0, 1im-2U)0 o,
and from this, we have
R(a)_ = o 2Mdt _ ¢
(17) Sm@ apdr@) ~2§0 = fcw,

By Lemma 2, if z =7¢??, A =7/p <1, then

1 (v iy 9Ge (pet®, re'®)
S_”/Zu(Pe ) o pdp

ve(2) = 5 —

= 72—;-5” g u(pe'’) (;— cos @ cos § + 0(_,7) )dgn,

-7/ 2
so that
LaP i®
(18) limo,(z) = 27986 tim (™ P ospdp = kx, k=2,
preo poo J—m/2 P T
Since
P+ za _‘__ 1 4p2xE _ 2piE 2|z| &
tog | £ 2550 | = g tos(1 + )= Tt = — )

x=§R(Z), E =§R(Cl),

. 2iz] __2]zlp*  2(p)
w) (&) < 5y RO (@ = 2 - S

hence by (16),
lim w) (z) =0,

p—>oo

so that in x > 0,
(19) u(z) = kx — w(z),
where
(20) w(z) = SI - logl zt+a Idu(a
Next we shall prove that, except a set of @ of logarithmic capacity zero,
(21) lim _wirel®)

r—>o00 v

By Lemma 3, if || 6y < 7/2 and arg a = @, we have for any 7, > 0,

w(re®) 1 i0 1 )
(22) 7 ; 7 S|a|<roc<re ,a)d'u'(a) + r Sr0§la|<°°G<re ,a)dy(a)

= | e, Glre a)duia) + K(60) |

R(a)

To§1a|<°° l a IZ

(G(e?, ') + 1)du(a).
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Hence if we put

w(ret®)

(23) X(9) = lim =",
then if (9] < 6, < =/2,
R(a) i0 ,i¢
(24) X(6) gK(eo)Smé]aKw [aP (G(e®, ) + 1)dp(a).

Suppose that X(g) > 0 on a set E of positive logarithmic capacity on |z| =1,
then by taking a suitable closed subset, we may assume that E is a closed
set, contained in |arg z|< 9, < #/2. Let v be the mass of equilibrium dis-
tribution of E and
—ig
UG = | 10g| 2T |av o), v(E) =1
B

z— et
be the conductor potential of E, such that U(z) <V < o for any z. Then
_R(a)dp(a)

roSlalle |(112

| X@av6) = K00 (v +1)f

Since S, . ﬁw—l)g'l‘:(—a) < oo, the right hand side tends to zero, if 7y— oo,
)< oo

hence
| x@®ar@) =0,

which is absurd. Hence X () = 0, except a set of § of logarithmic capacity
zero, which is equivalent to (21). Hence

u(ret?)

lim = kcoséd,

r—>o0

except a set of @ of logarithmic capacity zero.
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