
ON A RENEWAL THEOREM

BY HlDENORI MORIMURA

1. Introduction. Let Xt (i = 1, 2, . . .) be independent random variables
having the mean value m, and pnt Sn =S? Xt So-called renewal theorem
which is of the type as

(1.1) l imijP(*<S Λ ^* + Λ) =-A-

was proved by Feller [6,7], Tacklind [12], Doob [5], Blackwell [1,2], Chung-
Pollard [3], Cox [4], Smith [4,11], Karlin [8], etc., in the case Xt identically
distributed under the various conditions.

Recently, Prof. T. Kawata [9] showed (1. 1) replacing lim*-^ by li

J£
• -• dx and m by limw_»oo S? Έ(Xι)ln which is assumed to exist in the— 00

case, where Xt are not necessarily identical. In this paper, roughly speaking,
we shall discuss the limit of Σ»-ι (n — x/m) P(x <Sn^x + h) in the same case
as [9] by the method analogous to it.

Now, Prof. Kawata [10] discussed the convergence of

(1. 2) f] n{P(x < Sn ̂  x + h) - P(x < Sn+ί ̂  x + A)}.
n = 0

Of course ^Σl^n P(x <Sn<x + h) diverges. Our theorem will show the
appearance of its divergence in a sense.

For convenience's sake, we shall devote sections 2 and 3 for preparations.

2. Notations and assumptions. Let Xt (i = 1, 2, . . . ) be independent random
variables having the distributions Ft(x), and let us put

Suppose that

(2.1) 0<E(Xi) =m,<oo,

(2.2)

(2. 3) Mn =
n ^=l

(2.4) V'^^v'^v (n->oo),

Received October 11, 1956.

125



126 HIDENORI MORIMURA

and

(2.5) Vn==~?ΓJ:lVί~*v

where

(2. 6) E (X, -m,Y^ vl - m\ = vt.

Moreover

(2.7) lim x*dF%(x) = 0,
A-*™ JA

uniformly with respect to i and there exists an SQ such that

(2.8) lim(~Ae-'*dF>(x) =0,
.4->oo J-oo

uniformly with repect to i for 0 < s ̂  s0.
The distribution function of Sw will be denoted by <τn(χ)9 i.e.,

(2.9) σn(χ) -

Furthermore, we shall put

(2.10) fi(s)

(2.11) φu(s) = Γ e-"rf«r,,(*) = Π/4(s),
J-oo ί=«l

and

(2.12) Ψn(s)=nφn(s)+^φ'n(s).

3. Lemmas. Lemma 1 was given in [9] and we shall omit the proof.

LEMMA 1. Let y ( t ) ^ 0,

(3.1) f° e~stg(t}dt<oo for
J -co

and

(3.2)

for some positive 7 > 0, then

J t
_j(u}du~

LEMMA 2. Under the condition (2. 3) ̂  (2. 8) , ί/*£r£ e^r/si the* numbers sδ, A/",
or arbitrary small 8 > 0, such that
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(3.4) {(l

Λoβ

where φ(s) is a bilateral Laplace transform \ e~sxd<r(x) of a suitable distribu:
J-oo

tion function σ (x) .

Proof. From (2. 7) and (2. 9) , there exists a constant C1 independent of i
such that

(3.5) f~ x*dFi(x)<C1.
J-oo

Let 8 be any given positive number. Take A so large that

(3. 6) f" x*dFt(x) < ε, f ~A x*e-'o*dFt(x) < ε.
JA J-co

Now we determine Si so that

(3. 7) (~A x*e-'*dFt(x) < (~A e-'o»dFt(x) <8 for 0 ̂  s < sl < s0.

Further, we take s2 so that

(3.8)

Then we have

1 - eSA I <

fΐ(θs)

for 0 < s ̂  s2

= 1 - 5m, -I- -- υ\ + -- [/:' (0s) - // (0)], 0 < 0 < 1,

and

ι^(f +ί\JIX?>A J)»|Ξ

< j x*dFt (x) + j x*e-'*dFt (x) + [ Je^ - 1) ΛarfF« (ΛΓ)

< ε + B+(e'A- 1) Γ x*dFt(x) < ε(2 + d).

/4(s) = 1 - snii +

Hence

(3.9)

uniformly with respect to i. Write

' log /i(s)=log(l-,

(3.10) .

for 0 < s ̂  s2

sλ s
'

1 / s2

"" ~2\sπlί ~ 2 Vi~
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C2 C2

^-smt + ̂ W-mD + ̂ -St.

Then there exists an s3 such that

(3.11) ?» I < ε f or 0 < s < s3 uniformly for i,

noticing that m^ Vt are uniformly bounded.
Now we have

logφn(s) = Σ log/i(s) = - snMn + -y- V» + -|- Σ f»

Let cr (#) be a distribution function with mean m and variance v\ m, v being
those defined in (2.3) and (2.5) and let its bilateral Laplace transform be

{CO
e~SKdo-(x) which is assumed to exist. Then we have

-00

logφn(s) = nlogφ(s)

= n I log (1 -

<3 13)
I I ^ I S"* ^= n ( — sm + -y- v + —£- δ

δ < ε f or 0 < s < 54.

Hence, we have

I log φn(s) — log φn(s) I = n
(3.14)

^ nB log (1 4- s) for n > N,

and there exists an s5 such as

-hr for

i. c

This implies (3.4) directly.

LEMMA 3. Under the conditions (2.1), (2.3), (2.8)

(3.15) lim ^~ xdFi(x) =0

(uniformly with respect to i} the following relatien holds:

(3.16) lim s Σ -o- 9>» (s) = ~^T.s-*o w=ι -t^w m

Proof. Since Mn^>>m(n-+oo), C2 > Mw > C3 > 0, using the fact that for
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given 6 > 0, there exist an N and an SQ such that

φn(s) = e~"*m+*»+pn>,

(3.17) \Sn <B for n> N,

\Pn\<B 0<S<SQ,

which were given in Lemma 2 of [ 9 ], we have

- φn(S) _ * φn(s) ^ φn(s)
Sh Mn ~S£ί Mn ^S

n^+l Mn

< s N 1 1
-~CΓ ;V+S m - ε (m-26)s

Thus noticing that 8 is arbitrary, we get

(3.19) limsup s f ] φn (s) < -~.
s^o w=l ftl

Similarly since

- __ >j

*'

we get

(3.20) liminf s f j φ"^ :> —LΓ»
β-»0 rίti Mw — m2

which, with (3.19), proves the lemma.

LEMMA 4. Under the conditions (2.3) ~ (2.8),

00 Λjt

s->0 n = 1 7^2

^»(s) &^m^ the one in (2.12).

Proof. Since, using (3.10),

(3.4) will give the following relation:

(3.22) n(φ(s) - ε)w-M^(s) - e)<φ'n(s)^n(φ(s) + 8)^(^(5) + ε),
for 0 < s < sδ, n> NI.

And by Lemma 2, for 0 < s ̂  s5, w > Na, (3.4) holds, then we have

(3.23) Ψn(s}<~{Mn(φ(s} + B)+^(s) + B}{φ(s) + ε}"'1.
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On the other hand, there exist N3 and N4 such that

(3. 24) m - 8 < Mn < m + 6 f or n > N3,

(3.25) n -- ^r>0 for n > N4.til ~~" C

Putting as

(3. 26) N = max (N,, N2, N,, Nt) ,

for n > N, we have

(3.27)

where C4 ̂  |0n (s) \(n<N}. Now,

(3. 28) lim
^ O S s-+Q

And since ε is arbitrary, we get

(3.29)
s->0 n = ί

Similarly for n > N,

. (m — ε) (?*($) ~ 5) + ̂ (s) ~ ε

+ 1) ̂

and therefore

(3.30) liminf s f]φn (s) ̂  -^-.

From (3.29) and (3.30) we have (3.21).

4. Theorem. Using these lemmas we shall prove the following

THEOREM. // (2.3) — (2.8) hold, then

(4.1) In

Proof. We shall put
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(4.2) Gr = '
n

and form

Γ e—dGjr(x) = ΣJ ΓΓ e- *d{σn(x + A) - σn(x)J (n - ~^
J-oo r i=lLJ-°o V J-VJ n

-̂  + *> -

=

Now, by integration by parts

(4. 4) (" e- "<rn(x)dx = - -}- \e~s* <r*(x)]~ + -\- Γ e-nda n(x),
J — o o O L J— oo O J — oo

and the first term on the right hand of (4.4) is 0 according to (2.8). For,

Γ Ae~**dσn (x) -> 0 (A -> oo) ,
J-oo

and

where the both terms on right hand are non-negative. And hence

(4.5) lim esAo n(- A) =0.
ΛM oo

Therefore (4. 3) implies

(4.6) JV ΛM*) = !,[(,«- !)(#.(*) - -^ΛW) + -ίέ - Λw].
Since ΣΛ(s) an<^ Σ^(s) are convergent by Lemma 3 and Lemma 4,

(4.7) lim Γ e-'»dGN(x)
N^oo J - o o

exists, and we have

lim .-̂  (») = (,-- l) Σl Φn(s) + - Σl
jy-*oo J-oo Λ-I 5 n=Ί Wi

(4.8)

On the other hand,
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lim e~sxGN(x) = lim e~s* 2 (n - -»£
a;— > — oo as-* — oo τi = l \ •^•n

= lim ίΓ» il (» - -jπr) P(S» < * + A)
05-*- oo W = l \ *»^W /

(4 9)

- lim e-"

= lim (eSh-l}e-s*KN(x} + ΊΓ lim
a;_»._oo -t^Ji CB-»-oo

holds, where we denote

In the proof of theorem in [ 9 ] ,

(4.10) lim e-
SKHjr(x) =0

was showed. So we shall show a similar relation concerning KN (x) . From
Lemma 4 Σ ^w(s) converges, so we can put as

and get

Γ e-s*dKN(x] = Σ ^Λ(s)
J-oo n=l

By an argument analogue to [ 9 ] , we have

(4.11) lim e-8»Kj!r(x) = 0.
χ->-oo

Combining (4.7), (4.10) and (4.11) we get

(4.12) lim e-**GN(x) =0.
35— >— oo

And then

(4. 13) p e- 'dGrb) - s Γ e- Gf(x)dx.
J-oo J-oo

Since GN(x) increases as 7V->oo and tends to a non-decreasing function,
the existence of the limit (4. 7) , together with (4. 13) , shows that

(4. 14) lim Γ e-s*Gjr(x)dx = Γ e~sxG(x)dx
JV->00 J — 00 J — 00

exists for 0 < s < sβ, and

(4. 15) s Γ e~sxG(x) dx = Γ e~s*dG(x)
J-oo J-oo
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exists. Combining (4. 8) and (4. 15) we have

(4.16, .JV-CWΛΓ.^_^..

Thus by Lemma 1 we get

o m

which proves the theorem.

COROLLARY. // the conditions in 2 are satisfied,

(4.17) -
-Λ.

Proof. Since by Theorem in [ 9 ] ,

<4 -r ir
(4. 17) is immediate from (4. 1) .

In conclusion, I express my sincerest thanks to Professor T. Kawata who
has suggested this investigation and given valuable advices.
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