COMPOSITIONS OF SEMIGROUPS
By Mivuki YAMADA

If a semigroup S is homomorphic with a semilattice L, then there exists
a decomposition to a semilattice which is isomorphic with L ([1], [2]), i.e.,
there exists, for each element § & L, a subset S5 of S, such that

(l) S: U S5,

SelL
(2) SsNSsg=¢ for any a,BEL, a=p,
(3) S.SgC Sup for any «,BEL,

where S.Sp denotes the set {xy|x & S, y € Ss}.
Conversely, let L be a given semilattice and S; be, for each 8§ € L, a given
semigroup. Let S be the direct sum, i.e., the disjoint sum of all S;; S= -%S 5-
Se

Then let us consider the problem of constructing every possible semigroup
S( o) which consists of all elements of S and in which a product o is defined
such that

(1) for any- 8§ & L, S5 is a subsemigroup of S(o); a5 obs = asbs
(C) for any elements as, bs € Ss,
(2) for any a, BE L, Sa ° Sp C Sas.

We shall call such a semigroup S( o) a compound semigroup of {Ss}ser (the
collection of all S;5) by L.

To save repetition, we shall adhere throughout the paper to the following
notation. L will denote any semilattice and «, 3, v, § etc. elements of L,
For each 8 € L, S5 will denote any semigroup and in § 2 it will be a semi-
group having a two-sided unit (= an identity element) but no other idem-
potent. For each 8 € L, the small letters as, bs, ¢, ds etc. having an index
8 will denote elements of S;. S will denote the direct sum of all Ss;
S = -BELSS. S (o) will denote the set S in which a binary operation o is

defined.

§ 1. Existence theorem.

The referee raises the pertinent question of how to tell, for given L and
given {Ss}sez (= {Ss|6 € L}), whether a compound semigroup of {Ss}scr by
L exists, and gives the following example where no compound semigroup
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exists:
L={a, B, v}; a*=a, B*=B, v*=7, aB=Ra=y, ay=vya=v, By=vB=".
S.={e}; e*=e.
Sp={e'}; e?=¢.
S'y={C, 02, c? —e, o ...}; ct-cl=cttr,

The author is not able to answer this question, However, at least the
following theorem shows that a compound semigroup of {Ss}s.z by L always
exists if each S contains an idempotent.

THEOREM 1. If each S; contains an idempotent, then there exists a com-
pound semigroup of {Ss}yscr by L.

To prove Theorem 1, we show next a table of all semilattices each of
which is generated by different three elements «, B and 7.

(T.1) (rz (T.3) (T 4) (T.5) (T.6)
apr =7 Br=aBY A7=0p7 ap=ar-0p7  Ar=Pr-087
ap "% wropy a7 aB 7 a5 7 A@ aﬁ<\
a; 7 7T a B a 7 a B 7 a B 7 a B 7
(T.8) (T.9) (T.10) (T 1D (T12)

as =/37= ﬂ7 AB=BT=A7=0B7 Q=AB=0V-0BY T=B1=A7-0BT B=BI-0B-0BY Q-Q¥-BI-0p=ABY

m
tup ar
a /9 B 7 & B a 7
(T (T14) (T.15) (T.16) (T.17)
7=0p =W QBT B-ap-BT-07-0BY  gp-gr-apy QrBIABY  QQTBY
e’ . am® ity A B a_ 7 a s
Qp-QI-08T  ar-Elagr apEaET rar-fagr  7-distasy B0 S sy
=7 A -
4 g f A 7 / BY Bt-ap a}=a5 T4-ar
N
(T24) (T.26) a B a
a-cp-ar-apr  B- aB 57 apr  a-ap-ar-agr
77 a{_a”/ BY=BY
7 7

Proof of Theorem 1.
Take up one idempotent e¢; from each S;. We define a binary operation
o in S as follows:
a.bg if a=904,
dues if aa>P, ie, ap=a and a=F=p4,
esbs if a<pB, ie, aB=B and a=Ff,
e.p if aLpP and azB.

We may show the resulting system S(o) to become a semigroup since the

.o bp =
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condition (C)is obvious by the definition of the binary operation o. Therefore
we may show only that S(o) satisfies the associative law, i.e.,

@o o (bpocy) =(a.obp) ocy for any a., bs, cyE S(°).

In case where two or all elements of «, 3, v are just the same element, it
is easy to verify the relation in above. Therefore we prove it only in the
most complicated case where the subsemilattice generated by «, B, v is
constructing the type (T.1), because in the other cases (T.2)~ (T.26) we
can prove it by the same procedure.

(@a o bs) oCy = €apocy = €apy,  @uo (bpoCy)= daoepy = eapy,
whence
(@u 0 bB) oCy = @a © (bpocy).
ReMARK.  Let L be a semilattice having a minimal element and L’ be

the totality of all minimal elements of L. Then it is easy to see from the
proof of Theorem 1 that, even in case each St of {S¢}zcz- has no idempotent,
the existence of a compound semigroup of {Ss}sez by L is guaranteed if
every S; of {Ss}scz, except S¢ of {St}ec1, contains an idempotent,

§ 2. Determination of all compound semigroups.

If a semigroup has two-sided unit 1 but no other idempotent, we shall
call such a semigroup a hypogroup. In this section we assume that S; is,
for each 8 & L, a hypogroup, and completely determine all compound semi-
groups of {Ss}scz by L. Throughout this section e; will denote, for each
8 € L, the two-sided unit of Ss. We shall write « < 3 when af = 8 and

a,BE L.

Take up a homomorphism @, g of S, into Sg, for each pair («, 8) of ¢, BE L
such that « < 8. If the totality {®@a.,s}.<p of all @, g satisfies the following
condition (A), then such a system {®,,s}.=p is called a transitive system of
homomorphisms induced by {Ss}ser.

(A)  Pu,8Ppy = Pa,y for a=B=7v and @.,. = identity mapping,
where @. g @,y denotes a mapping such that
Pa,B P8,y (aa) = P8,y (cpu,ﬂ (aa)) for any a.& S..

Let {®a,s}a=p be a transitive system of homomorphisms induced by {Ss}seL.
Define a binary operation o by

(P) Aq © bﬂ = ¢a,uﬂ (aa)q)ﬂ,aﬂ(bﬁ)

for any a., b8 €S. Then S(o) is a compound semigroup of {Ss}s.z by L.
In fact,

(1) Ao © ba = ¢a,a (aa)¢a,a (ba) = aubay
(2) Qo °bp = Pa a8 (@) P8,u8(b8) E Sas.



110 MIYUKI YAMADA

The associativity of o if verified as follows:
@a © (bg o cy) = aa o (Ps,sy (bB) Py,sy (Cy))
= Pa,apy (@) PBy,a8y (P8,37 (DB) Py,8v (cv))
= Pu,aby (@a) P8,y (D8) Pv,aBy (Cy),
(@a 0 b8) © Cy=(Pa,u8(@a) PB,a8(bB)) © Cy = Pa,apy (@) P8,apy (b8) Py,a8v (Cy).

Conversely, assume that S(o) be a compound semigroup of {Ss}s.L by L.
Define mappings @.,s as follows:

Pa,p(@a) = aa o ep for a=pB.

Then {@.,s}.<p becomes a transitive system of homomorphisms induced by
{Ss}sez. In the first place we shall remark that e¢.cep =ep if & < (3.

In fact, « < B implies e, o es & Ss. Hence,

(ea 0ep) o (€aoep) =e.o (eso° (€aoep))=€ao (€aoep)=eacep.

Thus e, o eg is an idempotent in Sg and hence e, o eg = ep.

Now it is easy to verify that

g)a,ﬁ (au o ba) = Qo °© ba 0€eB = Ao ©€B° ba cep = ¢a,ﬂ(aa) o q’a,ﬂ(ba),
tpﬁ,Y ((pa,ﬁ (da)) = Qo ©°€B° ey = Qa ° eY = q)a,*/ (da),
Pa,a(@a) = Ga © €a = Qa.

Furthermore,

" @uobp=auobpoe.p =auoeapobpoeip = Pa,upl(a) o Pp,ap(bs).
Thus we obtain

THEOREM 2. Let L be a semilattice and Ss be, for each SE L, a hypogroup.
Let {Ss}s.L be the totality of all Ss, and S be the divect sum of all Ss. Then
every compound semigroup S(eo) of {SstseL by L is found as follows. Let
{Pe m}e<n be a tramsitive system of homomor phisms induced by {Ss}scr. Then

S becomes a compound semigroup of {Ss}tser by L if product o therein is defined
by the following equation (P):

(P) Ao 0 bp = Pa,ap(@a) Ps,ap (b8)
for any a.,bg € S.

REMARK, If we substitute the words ‘ commutative semigroup’, ‘com-
mutative compound semigroup’, ‘commutative semigroup having only one
idempotent’ and ‘idempotent e;’ etc. for ‘semigroup’, ¢ compound semi-
group’, ‘semigroup having a two-sided unit but no other idempotent (hypo-
group)’ and ‘two-sided unit es’ etc. respectively in above discussions, then
whole discussion holds in the same manner. Accordingly we have the
following theorems.

THEOREM 1. Let L be a semilattice and Ss be, for each & L, a com-
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mutative semigroup. If each Ss contains an idempotent, then there exists a
commutative compound semigroup of {Ss}ser by L.

THEOREM 2.  Let L be a semilattice and S; be, for each 8 € L, a commutative
semigroup having only one idempotent. Let {Ss}serL be the totality of all Ss,
and S be the direct sum of all Ss. Then every commutative compound semi-
group S(o) of {Ss}ser by L is found as follows. Let {P¢ n}t<n be a transitive
system of homomor phisms induced by {Ss}scr. Then S becomes a commutative
compound semigroup of {SstseL by L if product o thevein is defined by the
Sollowing equation (P):

(P) Qo © bﬁ = q)a,aﬂ(aa)¢3,as(bﬁ)
for any a.,bg E S.

Finally I express many thanks to Mr. Kaichir6 Fujiwara for his kind
guidance and cooperation as to the present paper.
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