
COMPOSITIONS OF SEMIGROUPS

BY MIYUKI YAMADA

If a semigroup S is homomorphic with a semilattice L, then there exists
a decomposition to a semilattice which is isomorphic with L ([1], [2]), i.e.,
there exists, for each element δ £ L, a subset Sδ of S, such that

(1) S = U Sδ,
δeZ.

( 2 ) Sδ Π Sβ - φ for any <*, β G L, tf φ β,

( 3 ) SαS/s C Sαβ for any a, β G L,

where SaSβ denotes the set {xy\χξ=.SΛ9 yEiSβ}.
Conversely, let L be a given semilattice and 85 be, for each δ G L, a given

semigroup. Let S be the direct sum, i.e., the disjoint sum of all Sδ; S=
δeZ,

Then let us consider the problem of constructing every possible semigroup
S ( o ) which consists of all elements of S and in which a product ° is defined
such that

!

( 1 ) for any δ G L, Sδ is a subsemigroup of S( <> ) a§ ° b% = #δ#δ

for any elements <zδ, & δ G 5δ,

( 2 ) for any <*, β G L, Sα ° Sβ C Sαβ.

We shall call such a semigroup S( ° ) a compound semigroup of {Sδ}δez (the
collection of all Sδ) 6y L.

To save repetition, we shall adhere throughout the paper to the following
notation. L will denote any semilattice and a, β, 7, δ etc. elements of L.
For each δ G L, Sδ will denote any semigroup and in § 2 it will be a semi-
group having a two-sided unit (= an identity element) but no other idem-
potent. For each δ G L, the small letters <zδ, 6δ, <?δ, Jδ etc. having an index
δ will denote elements of Sδ. S will denote the direct sum of all Sδ;
S = - 2] Sa. S( °) will denote the set S in which a binary operation o is

defined.

§ 1. Existence theorem.

The referee raises the pertinent question of how to tell, for given L and
given {Sδ}δe£ (— {Sδ|δG £})» whether a compound semigroup of {Sδ}δe/, by
L exists, and gives the following example where no compound semigroup
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exists:
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={«, β,

The author is not able to answer this question. However, at least the
following theorem shows that a compound semigroup of {Sδ}δeZ by L always
exists if each SB contains an idempotent.

THEOREM 1. // each Sδ contains an idempotent, then there exists a com-
pound semigroup of {Sδ}δfz, by L.

To prove Theorem 1, we show next a table of all semilattices each of
which is generated by different three elements a, β and 7.

( 1 . 2 } (T.3) (T.5) CT.6)
a7=β7=aβr

Proof of Theorem 1.

Take up one idempotent £δ from each Sδ. We define a binary operation
in S as follows:

da °bβ =

aa bβ if a — β,

aa ea if ^ > β, i.e., #β = «: and a φ β,

^β bβ if tf < β, i.e., tfβ = β and <x φ β,

βαβ if a ̂  β and α: $ β.

We may show the resulting system S ( ° ) to become a semigroup since the
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condition (C)is obvious by the definition of the binary operation o. Therefore
we may show only that S(°) satisfies the associative law, i.e.,

aa o (bβ o cy) = (0α ° bβ) o cy for any aa, bβ, CΊ G S( ° ) .

In case where two or all elements of a, β, 7 are just the same element, it
is easy to verify the relation in above. Therefore we prove it only in the
most complicated case where the subsemilattice generated by a, β, 7 is
constructing the type (T. 1) , because in the other cases (T. 2) ~ (T. 26) we
can prove it by the same procedure.

(a a ° bβ) o Cy — eaβ ° Cy = Caβy, da ° (bβ o Cy) = da ° ββy = £α/3γ,

whence
(aa ° bβ) ° cy — aa ° (bβ ° cy) .

REMARK. Let L be a semilattice having a minimal element and Lf be
the totality of all minimal elements of L. Then it is easy to see from the
proof of Theorem 1 that, even in case each Sξ of {Sξ}ξeL' has no idempotent,
the existence of a compound semigroup of {Sδ}δcz by L is guaranteed if
every S§ of {Ss}δeZ, except Sξ of {S&ξeL', contains an idempotent.

§ 2. Determination of all compound semigroups.

If a semigroup has two-sided unit 1 but no other idempotent, we shall
call such a semigroup a hypogroup. In this section we assume that SB is,
for each δ G L, a hypogroup, and completely determine all compound semi-
groups of {Sδ}seZ by L. Throughout this section e$ will denote, for each
δ G L, the two-sided unit of Sg. We shall write a^ β when aβ = β and
<*, β e L.

Take up a homomorphism φa,β of Sα into S/3, for each pair (#, β) of a, β G L
such that #5g β. If the totality {<£>«, β}«^/3 of all φtt)β satisfies the following
condition (A), then such a system {φa,β}a^β is called a transitive system of
homomorphisms induced by {Sδ}δeZ,.

(A) <Pa,βφβ,y = <Pa,y for a^ β^γ and ^α,α = identity mapping,

where φa,β<Pβ,y denotes a mapping such that

9>«,β ^β,v (*«) = 9>β,γ (0>α,β (0α) ) for any #α G Sα.

Let {^α,/s}α^/3 be a transitive system of homomorphisms induced by {Ss}δei..
Define a binary operation o by

(P) da °bβ =<Pa,aβ(aa)<Pβ,aβ(bβ)

for any aa, bβ G 5. Then S ( o ) is a compound semigroup of {Sδ}δei, by L.
In fact,

(1) da °ba = <Pa,a(aa)<Pa,a(ba) = #α&α,

( 2 ) da.<>bβ^ <Pa,aβ(aa)<Pβ,aβ(bβ) E.Saβ.
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The associativity of o i£ verified as follows:

aa o (6/5 o Cy) = tfα o (<Pβ,βy(bβ)<Py,βy(cy))

= 9>«,«βγ (da)<Pβy,aβy (<Pβ,βy (bβ)<Py,βy (cy) )

= <Pa,aβy(da)<Pβ)aβy(bβ)φy,aβy(Cy),

(da °bβ} °Cy=(φa,aβ(da)<Pβ,aβ(bβ)) °Cy = φa,aβy(

Conversely, assume that S( °) be a compound semigroup of {Ss}seZ by L.
Define mappings φa,β as follows:

φa,β(da) — da ° ββ fθΓ ^ ̂  β.

Then {£>α,β}αίii3 becomes a transitive system of homomorphisms induced by
{Ss}δeZ. In the first place we shall remark that ea ° eβ = eβ if a^ β.

In fact, a ̂  β implies ea ° eβ& Sβ. Hence,

(ea ° eβ) ° (gα o eβ) — ea ° (eβ ° (eα o 0/3)) = £α ° (ea ° eβ) ~ ea ° eβ.

Thus ea ° eβ is an idempotent in Sβ and hence ea ° eβ ~ eβ.
Now it is easy to verify that

<Pa,β (da o 6α) = «α ° &α ° ββ = «α ° ̂ β ό &α ° ̂ β = ^α,β («α) ° 9°α,.8 (6α) ,

Φβ,y (Φa,β (a*) ) = aa °eβ° ey = a*0 ey = φa,y (aa) ,

<Pa,a. (da) ~ da ° ^α = da .

Furthermore,

' d
a
 ° bβ ~ d

a
 ° bβ ° e

a
β = d

a
 ° β

a
β ° bβ o £

α
β = <Pa,aβ(d

a
) ° ψβ^aβ (b β) .

Thus we obtain

THEOREM 2. Let L be a semilattice and S^ be, for each δG L, a hypogroup.
Let {Sδ}δεZ. be the totality of all Sδ, and S be the direct sum of all S^. Then
every compound semigroup S(<>) of {S^δεi. by L is found as follows. Let
{ψξ^y^ n be d transitive system of homomorphisms induced by {S8}δeL. Then
S becomes a compound semigroup 0/{Ss}δe£ by L if product ° therein is defined
by the following equation (P) :

(P) #α °bβ = <Pa,aβ(da)φβ,aβ(bβ)

for any da,bβE: S.

REMARK. If we substitute the words ' commutative semigroup ', ' com-
mutative compound semigroup ', ' commutative semigroup having only one
idempotent ' and ' idempotent es ' etc. for ' semigroup ', * compound semi-
group ', * semigroup having a two-sided unit but no other idempotent (hypo-
group) ' and * two-sided unit es ' etc. respectively in above discussions, then
whole discussion holds in the same manner. Accordingly we have the
following theorems.

THEOREM V. Let L be d semilattice and S& be, for each B G L, a com-
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mutative semigroup. If each S§ contains an idempotent, then there exists a
commutative compound semigroup of {Sδ}δe£ by L.

THEOREM 2'. Let L be a semilattice and Sδ be, for each δ£ Z,, a commutative
semigroup having only one idempotent. Let {5δ}δei, be the totality of all Sδ,
and S be the direct sum of all Ss. Then every commutative compound semi-
group S( o ) of {Sδ}δeZ, by L is found as follows. Let {̂ έ }̂̂  be a transitive
system of homomorphisms induced by {Sδ}δe£. Then S becomes a commutative
compound semigroup of {Sδ}δeZ by L if product ° therein is defined by the
following equation (P):

(P) aa°bβ = φa,aβ(aa)φβfaβ(bβ)

for any aa,bβζ^ S.

Finally I express many thanks to Mr. Kaichirό Fujiwara for his kind
guidance and cooperation as to the present paper.
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