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ON THE MULTIPLE VALUES OF ALGEBROID FUNCTIONS*

ZONGSHENG GAO

Abstract

For any v-valued algebroid function of finite order p > 0 in \z\ < oo, we prove the

existence of the sequence of filling disks and Borel direction dealing with its multiple

values.

1. Introduction

Valiron [1] conjectured that there exists at least a Borel direction for any v-
valued algebroid function of order p (0 < p < oo). Rauch [2] proved that there
exists a direction such that the corresponding Borel exceptional values form a set
of linear measure zeros. Toda [3] proved that there exists a direction such that
the set of corresponding Borel exceptional values is countable. Later Lu and Gu
[4] proved that there exists a direction such that the number of Borel exceptional
values is equal to 2v at most. However, it was not discussed whether there
exists a Borel direction dealing with its multiple values. In the present paper we
investigate this problem.

Let w = w(z) be a v-valued algebroid function in \z\ < oo defined by irre-
ducible equation

(1) Av{z)wv + Λ - i (z)wv~ι + • + A0(z) = 0,

where Av(z),... ,Ao(z) are entire functions without any common zero. The
single valued domain of definition of w(z) is a v-sheeted covering of z-plane, a
Riemann surface, denoted by Rz. A point in Rz whose projection in the z-plane
is z, is denoted by z. The part of Rz, which covers a disk \z\ < r, is denoted by
\z\ <r. Let n(r,a) be the number of the zeros, counted according to their
multiplicities, of w(z) — a in \z\ < r, nι\r,ά) be the number of distinct zeros with
multiplicity </ of w(z) — a in \z\ < r. Let
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S(r, w) is called the mean covering number of \z\ < r into w-sphere under the
mapping w = w(z). T{r,w) is called the characteristic function of w(z). Let

vJo r v
m(r'w) = ά J

\z\=r

where \z\ = r is the boundary of \z\ <r. We have

Γ(r, w) = m(r, w) + N(r, oo) + 0(1).

The order of algebroid function w(z) is defined by

r^oo logr

In this paper, we suppose that 0 < p < oo. Let n(r,Rz) be the number of the
branch points of Rz in \z\ < r, counted with the order of branch. Write

By [5]

(2) #(r,Λz) < 2(v - l)Γ(r, w)

We define angular domain:

The part of ^ z which lie over Δ(0o><?) is denoted by Δ(^o,^) Let
n(r,A(θo,δ),a) be the number of the zeros of w(z) — a in Δ(#o,<5) Π {|z| < r}
and n(r,Δ(θo,δ),Rz) be the number of the branch points in the same
region. Similarly as above, we can define nι\r,A(θo,δ),a).

DEFINITION. Let w = w(z) be a v-valued algebroid function of order
p (0 < p < oo) defined by (1) in \z\ < oo, and / > 3 be a position integer. For
arbitrary δ > 0 (0 < δ < π/2), if

— log+^)(r,Δ(g0,c5),α) =

r-*co logr
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holds for any complex value a except at most finite possible exceptions, then the
half line B : arg z = θo (0 < θo < 2π) is called a Borel direction about multiple
values of w(z).

In this paper, the Riemann sphere of diamte 1 is denoted by F, C is a
positive constant and it may be of different meaning when it appears in different
position.

2. Some lemmas

Let F\ be a connected domain on F, the boundary of F\ is denoted by dF\,
which consists of a finite number of mutually disjoint circular curves {Λy}, and
the spherical distance between any two circular curves Λ* and Λy is d(/\ti Λy) >
^ e (0,1/2) {iΦj).

Let F be a finite covering surface of Fi, F is bounded by a finite number of
analytic closed Jordan curves, its boundary is denoted by dF. We call the part
of dF, which lies the interior of F\, the relative boundary of F, and denote its
length by L.

Let D be a domain on F\, its boundary consists of a finite number of points
or analytic closed Jordan curves, and F(D) be the part of F9 which lies above
D. We denote the area of F,FUF(D) and D by |F|, |Fi|, |F(Z>)| and \D\ re-
spectively. We call

S'WV S{D)~ \D\

the mean covering number of F relative to F\,D respectively.
Under the above hypotheses, Sun Daochun [6] estimated the constants of

Ahlfors' covering theorem and Ahlfors' fundamental theorem [7] on unit sphere,
and obtained the following results:

LEMMA 1.

LEMMA 2.

p+(F)>p(Fι)S-25π2δ-3L(Fι),

where p(F),p(F\) is Eulers' characteristic of F, F\ respectively, ρ+ =max{/?,0},
L{F\) is the length of relative boundary of F with respect to F\.

Let jD/(y= 1,2,...,^) be q{q > 3) disjoint circles on F, d(DhDj) >δe
(0,1/2) {iφj).

We take off {Dj} from F and let Fo be the remaining surface, then
)
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Now F(Dj) consists of a finite number of connected surfaces

where Fι

k has no relative boundary, with respect to Dj, which is called an island
and Fz

k has such one, which is called a peninsula.
In the following, we shall give two Lemmas for later use, their proof

methods belong to Tsuji [7],

LEMMA 3. Let F be m connected covering surfaces on the unit sphere V,
p(F) = h — m(h is a nonegatiυe integer), {Dv} be q(q > 3) disjoint disks on V,
where the spherical distance d{D^Dj) > δ e (0,1/2) (i φj).

If nj is the number of simply connected islands in F(Dj), then

(3) fι + ^

7=1 °

where C > 0 is a constant and L is the length of the boundary of F.

Proof We take off from F all peninsulas {Fz

k} above {Dj}, and let F' be
the remaining surface:

7=1 k

Since the peninsulas involve only the part of the boundary of F, then
p(Ff) <ρ(F). Suppose that F' consists of N{F') of connected surfaces, then
N{Ff) < m. Hence

(4) p(F')<p(F)=h-m<h-N(Ff).

Next we take off from Ff all islands {Fjl

k} above {Dj} and let F" be the
remaining surface:

7=1 k

F" consists of a finite number of connected surfaces:

" = \JF».
μ

So that

J=l k

Since F' is decomposed into {Fι

k} and {Fjj} by ring cuts, so its charac-
teristic not change.
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Hence

1

7=1 k

By (4)

(5) h - N(F') > p(F') = Σ Σ ^ * ) ! * ) +

7=1 k μ

where N(F") is the number of simply connected Fff.
Since

q

7=1 k 7=1 k 7=1

so by (5), (6) we have

q q q

(i) y,nj= y^y^p \Fj\k)•
7 = 1 7 = 1 k y = l A:

q

>YYp+(F k) + γP'
7 - 1 Λ /<

We see easily that N(F') - N(F") > 0, hence

(8) h + ΣnJ^ ΣP+<<FP'

Put FQ = V — {J^χDv, then Fff is a covering surface of FQ, by Lemma 2,

(9) />+(O >

where S'^ = \F^\/\F0\ and L^ is the length of the relative boundary of Fjf with
respect to FQ.

By (8), (9)

(10) J=l

where 5" = Σ ^ ' = | ίΊ/ lo | , Σ ^
By Lemma 1, |S - S"\ < max{2/^π2/|i;Ό|}ί'"
Since |F 0 | < \V\ = π, then π2/|^o| > 1, so that \S - S"\ < {2/δ)(π2/\F0\)L".
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Since (δ/2)2q < \F0\, L" < L, we have

(11)

Hence by (10), (11)

7=1

where C = 40π2.

LEMMA 4. Under the same condition as in Lemma 3, let Dj (j = 1,2,..., q)
be q(q > 3) disjoint disks with radius δ/3, and n} be the number of simply
connected islands in F(Dj), which consist of not more than I sheets, then

y- /) C

7=1 δ

where / > 3 is a positive integer.

Proof Let rtj be the number of simply connected islands in F{Dj), and n
be that of such ones, which consist of more than / sheets, then

so that

? + «f) - bif = (I + l)/i- - In?(12) S(Dj) > ( / + l)(nj> +n)1) - l n ) } = ( / + l)/!y - l n ) ] .

Since |Z>7 | >S2/9, from Lemma 1, we have

S+l^L>S(DJ),
o

hence by (12), S+(18π2/δ3)L > (/+!)«/ - In'), so that

(13)

Note that q(δ/2)2 < π, by Lemma 3 and (13) we have

7=1

3. A fundamental inequality of algebroid functions

THEOREM 1. Let w = w(z) be a v-valued algebroid function in \z\ < R
(0 < R < oo), F be the Riemann surface, generated by w = w(z) on the w-sphere V,
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and D\,D2,. . ,Dq be q(q > 3) disjoint disks with radius δ/3 on V, d(Di,Dj) >δe

(0,1/2) (/ Φ j). Suppose that n- is the number of simply connected islands in

F(Dj), which consist of not more than I sheets, then for any r e (0,7?)

(q - 2)S(r) < Σ ? + {* * ) + §
7 = 1

where / > 3 is a positive integer, n(R,Rz) is as in section 1.

Proof We take off D\,D2,... ,Dq from the w-sphere F and let F$ be the
remaining surface, then p(Fo) — q — 2.

Let Z>r = {\z\ < r}(re (0,R)) be the part of Rz in \z\ < r, then by M.
Hurwitz formula [8]

p(Dr)=n(r,R2)-v.

From Lemma 4, we easily obtain

(14) (l+l)n(r,Rz)-(l+l)v + ι

7=1

where

w'{re'ψ)\

[ + \w(rel(f>)\χ

\z\=r

By Schwarz's inequality,

(15) L2(ή<2π2-
Ul

Put Σ]=ιnf +n(r,Rz)
d= N, from (14), we have

N>(q-2)S(r)-y5L(r).
o

If (q - 2)S(rf) - N > 0 for all r' e (r,R), then from (15), we have

so that

_ ίR C n[
R dS{r') C R

R~r~l - P i [{q-2)S(r>)-N}2- S25(^
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From this, we have

(16) {q

If (q - 2)S{r') - TV < 0 for some r' e (r,R), then (q - 2)S(rf) < N, so that
(16) holds in general.

This completes the proof of Theorem 1.

Applying Theorem 1, we have the following

COROLLARY 1. Let w = w(z) be a v-valued algebroίd function in \z\ < R, and
a\,ci2,... ,aq(q > 3) be q disjoint points on w-sphere V, where the spherical dis-
tances between any two of them satisfy d{a^aj) >δe(0,1/2) (/ Φ j), then for any
re (0,R), we have

7=1 °

where / > 3 is a positive integer, nι\R,aj) is as in section 1.

4. The sequence of filling disks for algebroid functions

LEMMA 5. Let w = w(z) be a v-valued algebroid function of order p
(0 < p < oo) defined by (1) in \z\ < oo, and I > 3 be a positive integer. For
arbitrarily constants ε e (0,/?) and R > 1, there exists ao e (1,2) such that for any
ae(l,ao) the following assertion is true:

Set rn = an and m = [2πrn-\/(rn — rn-\)] = [2π/(a — 1)], where [x] is the
integral part of x. For integers p, q with p > 0 and 0 < q < m, let θq =
2π(q + l)/ra, let Ωp,q be the domain {ap~ι < \z\ < ap+2} Π {|argz - θq\ < 2π/m}
and let ήι\Ω.p^, w = α) be the number of distinct zeros with multiplicity <l of
w{z) — α in Ω.p^q. Then there exist at least a pair of integers pQ,qo, with aPo > R,
and (Iv - 1) domains enclosed by spherical circles of radius δ = a~Pop/26 on the
Riemann sphere such that nι\Ω,Pθ:qo,w = α) > aPo^p~ε^ for any complex value α not
in the (Iv — 1) domains.

Proof Suppose that the conclusion is false. Then, for some εe (0,/?) and
R > 1, and any given sequence {«/} with at > 1 and aι —> 1 (/—> oo), there
exists at least a point a e ( l , ^ ) for each i, such that to any integers p >
P = [logiΐ/logtf] and q e {0,1,2,... ,ra — 1}, there exist accordingly Iv complex
numbers {ty = <Xj(p,q)}}Lι s u c h that

(17)

where the spherical distance d(oLj,aLk) > δ = a~pp/26(j φ k).
Taking r > R arbitrarily, set T = [logr/loga] (aτ < r < aτ+ι). For any

positive integers M and N, put
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Aqj = {z; \z\ < aτ,θqj < argz < θq,J+x}.

Since

M-\ T-\

ί=0 p=-\

N-\ m-\

j=0 q=0

then there certainly exist a pair of to, y'o, which depend on 71, without loss of
generality, we may assume that to = 0, j 0 = 0, such that

T-\ 1

(18)

m-\ Λ

\y*) 2-/ ^ ^'°' z^ - A? ^ ' z '̂

where n(Lp,o,Rz) and «(Δ9)o>^z) are the number of branch points of Rz in L^o
and Aq o respectively.

Put

Mp i ^M/7+l foMp+M

< |z| <

i , i )

2 ~ & 2

ζlpq = {hMP < \z\ < bMp+M+ι}O{θq,0 < argz < θq+lΛ}.

Then

Since {Ω^^} overlap (J =_ιLPio and {Jm

=0 Aq^ twice at most, from (18), (19)
we have

Γ-2w-l _ / i

p=\ q=0 v Ψ^

where n(Ω.Piq,Rz) is the number of branch points of Rz in Ω M .

Obviously, Ω^Λ can be mapped conformally to unit disk \ζ\ < 1 such that the
center of Ω^ corresponds to C = 0 and the image of Ω^ q is contained in the
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disk |C| < K < 1, where K > 0 is a constant, independent of/? and q. Hence by
Corollary 1 and (17), (20), we have

T-2 m-\

(h-2)S(aτ-\w)<(lv-2)

p=P+\ q=0

T-2 m-\ / Iv

* Σ Σ[

M N

(/v - 2)S(ap+2, w),
l - κ v '

where S(Ω£ ,w) = 1/πJJ^o (|w'(z)|/(l + |vφ)|2)2<fo, nι\Ωp,q,w = α,) is the

number of distinct zeros with multiplicity </ of w(z) — α, in Ωp)9. Taking

7'(= [logr/loga]) sufficiently large, then r sufficiently large too, and re

[aτ,aτ+ι), thus we have

(/v - 2)5(ra"2, iv) < r^-^2) + Λ + i - + l % ( r , ^ 2 ) + C/2 5/2 6^ + C.
Y M TV/

Dividing this inequality by r and integrating it, then

(/v - 2)Γ(m~2,M;) < r^"^2) + Λ +-L + iΛtf(r,Λz) + Cr(25/26)/? -h Clogr.
\ M TV/

From (2), we have

(/v - 2)Γ(ra"2, w) < r^(ε/2) + Λ + -L + i") (2v - 2)Γ(r, w)
(21)

( 2 5 / 2 6 ) Clogr.

Suppose that ρ(r) is a precise order of T{r,w). Put U(r) = rp^r\ then

w o o p(r) = p and

r ^(^" 2 ) -in τ^T(r,w) Λ

}™-ΊJW= ' }^-UtrY=L

Dividing (21) by U(r) and letting r —> oo, we obtain
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Since a e (l,α;), thus

Letting z, M and N —> oo respectively, we have

/v < 2v.

This is contrary to the condition / > 3, and Lemma 5 is proved.

THEOREM 2. Let w = w(z) be a v-valued algebroid function of order p
(0 < p < oo) defined by (1) in \z\ < oo, and I > 3 be a positive integer. Then there
exists a sequence of filling disks for w(z)

Γn : {\z-zn\ < rnσn], n= 1,2,...

z» = rne
iθ", limrw = oo, lim σn = 0(σn > 0),

n—KX) n—>oo

that for any complex value α,

with some possible exceptions for a enclosed in Iv — 1 spherical circles with radius
r~p/26 and εn -> 0(n -^ oo).

Let εn = />/2", i?n = 2". By Lemma 5, we have

. , 1\ Γ 2π

and

Ω?.,* = K"" 1 ^ |z| < < » + 2 } n { | a r g z - ^ | < ̂ } ( « = 1,2,.. .)•

Let flrt - ^ B , zn = aζ»eiθ», then rw = \z»\ = aPn

n > Rn = 2n -> co(n -• oo).

Take σn = A{an - 1) e (0,4/w), then σw -> 0(n ^ oo).
Let Tn = {|z - zΠ| < σwrw}, then Γw =? ΩPHigH.
Hence for any complex value α, we have

nι\Γn,w = α) > ^ ( Ω ^ ^ w = α) > r£"*,

with some possible exceptions for α enclosed in /v — 1 spherical circles with radius
δ = r~p/26 and εn -> 0(/i ̂  oo).

This proves Theorem 2.

5. The Borel direction of algebroid functions

THEOREM 3. Suppose that w = w(z) is a v-valued algebroid function of
order p (0 < p < co) defined by (1) in |z| < oo, / > 3 is a positive integer,
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then there exists a direction B : argz = θo(O < θo < 2π) such that for any given
δ(O<δ< π/2)

r^oo logr

for any value of α, with Iv — 1 possible exceptions.

Proof By Theorem 2, there exists a sequence of filling disks of w(z)

Γn : {\z - zn\ < \zn\σn), \zn\ = rΛ, <jΛ -> 0(n -+ oo)

such that for any complex value α,

with some possible exceptions for α enclosed in /v — 1 spherical circles with radius
rnP on the Riemann sphere, where en —> 0(n —• oo).

Let #o be a cluster point of {argzrt}, then the direction B : argz = #o has
the properties of Theorem 3. Otherwise, then there exists a positive number
<So(O < δo < π/2) and Iv exceptional values 0,(1 < j < Iv) such that

(22) E

On the other hand, since θo is a cluster point of {argzrt}, then there is a
subsequence of {argzw} which converges to θo. We may assume without loss of
generality that limw_oo argzw = #o(O < ^o < 2π). Hence for sufficiently large n
we have

Let εo = mmι<ι^J<ιv{d(ai,aj)}, then εo > 0. Note that r« —> 0
(n -+ oo), then

when n is large enough.
Because {Γn} are a sequence of filling disks of w(z), then there exists a

subsequence {Γnk} of {Γn} and an aj0 e {aj}jL{ such that

nι)(Γnk,w = ajo) >rn~ε"k.

Hence

lim Λ

r̂ oo logr

> lim
A:-oo log2r M ,
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> lim
\og2r

n/c

This is contrary to (22) and Theorem 3 is proved.
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