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ON THE MULTIPLE VALUES OF ALGEBROID FUNCTIONS*
ZONGSHENG GAO

Abstract

For any v-valued algebroid function of fimite order p > 0 m |z| < oo, we prove the
existence of the sequence of filling disks and Borel direction dealing with its multiple
values.

1. Introduction

Valiron [1] conjectured that there exists at least a Borel direction for any v-
valued algebroid function of order p (0 < p < 00). Rauch [2] proved that there
exists a direction such that the corresponding Borel exceptional values form a set
of linear measure zeros. Toda [3] proved that there exists a direction such that
the set of corresponding Borel exceptional values is countable. Later Lii and Gu
[4] proved that there exists a direction such that the number of Borel exceptional
values is equal to 2v at most. However, it was not discussed whether there
exists a Borel direction dealing with its multiple values. In the present paper we
investigate this problem.

Let w=w(z) be a v-valued algebroid function in |z| < co defined by irre-
ducible equation

(1) A (2)W' + Ay (2w -+ Ay(2) = 0,

where A4,(z),...,A4o(z) are entire functions without any common zero. The
single valued domain of definition of w(z) is a v-sheeted covering of z-plane, a
Riemann surface, denoted by R.. A point in R, whose projection in the z-plane
is z, is denoted by z. The part of R,, which covers a disk |z| < 7, is denoted by
|Z| < r. Let n(r,a) be the number of the zeros, counted according to their
multiplicities, of w(z) — a in |Z| < r, i')(r,a) be the number of distinct zeros with
multiplicity </ of w(z) —a in |Z| <r. Let
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2
1 [w'(z)]
Strw) =2 ” (1 +|w(z)|2> dev,

|zl<r

T(r,w) = 1J S(r,w) dr.
Vio r
S(r,w) is called the mean covering number of |Z| <r into w-sphere under the
mapping w = w(z). T(r,w) is called the characteristic function of w(z). Let
N(r,a) = 1] n(r,a) —n(0,9) dr + n(0,4)
v]o ¥ v

logr,

2my

|2|=r

m(r,w) = = J logt|w(re®)|d0, z=re?,

where |Z] = r is the boundary of |Z| <r. We have
T(r,w) =m(r,w)+ N(r,0) + O(1).
The order of algebroid function w(z) is defined by
= log" T(r,w)
=M Togr

In this paper, we suppose that 0 < p < . Let n(r, R.) be the number of the
branch points of R, in |Z| < r, counted with the order of branch. Write

N(V, Rz) — _};J;n(rv RZ) ; n(O) Rz) dr + n(O;RZ) log r.
By [5]
) N(r,R;) <2(v — )T (r,w) + O(1).

We define angular domain:
A(60,0) = {z|largz — 0y| <8}, 0<0p<2m, 0<J< g

The part of R, which lie over A(6y,0) is denoted by A(6p,0). Let
n(r,A(6p,0),a) be the number of the zeros of w(z) —a in A(6,d)N{|Z| <r}
and n(r,A(60,0),R;) be the number of the branch points in the same
region. Similarly as above, we can define ﬁ’)(r,A(b"o,&),a).

DeriniTION. Let w=w(z) be a v-valued algebroid function of order
p (0 < p < o0) defined by (1) in |z| < o0, and / > 3 be a position integer. For
arbitrary 6 >0 (0 <d < n/2), if
T 10g+ﬁl)(r1 A(00>6)7 a)

li =
faais logr ’




MULTIPLE VALUES OF ALGEBROID FUNCTIONS 153

holds for any complex value a except at most finite possible exceptions, then the
half line B:argz=0, (0 <6y < 2x) is called a Borel direction about multiple
values of w(z).

In this paper, the Riemann sphere of diamte 1 is denoted by V, C is a
positive constant and it may be of different meaning when it appears in different
position.

2. Some lemmas

Let F) be a connected domain on V, the boundary of F is denoted by 0F,
which consists of a finite number of mutually disjoint circular curves {A,}, and
the spherical distance between any two circular curves A, and A, is d(A\,, \;) =
0e(0,1/2) (i #J).

Let F be a finite covering surface of Fj, F is bounded by a finite number of
analytic closed Jordan curves, its boundary is denoted by dF. We call the part
of OF, which lies the interior of Fj, the relative boundary of F, and denote its
length by L.

Let D be a domain on Fj, its boundary consists of a finite number of points
or analytic closed Jordan curves, and F(D) be the part of F, which lies above
D. We denote the area of F,F,,F(D) and D by |F|,|F|,|F(D)| and |D| re-
spectively. We call

|F| |F(D)|
ml SO =)
the mean covering number of F relative to F), D respectively.

Under the above hypotheses, Sun Daochun [6] estimated the constants of
Ahlfors’ covering theorem and Ahlfors’ fundamental theorem [7] on unit sphere,
and obtained the following results:

Lemma 1.

2 72
lS — S(D)l < maX{g,]ﬂ}L.
LEmMMA 2.
p*(F) = p(F1)S — 2°76°L(Fy),

where p(F),p(Fy) is Eulers’ characteristic of F, F) respectively, p* = max{p,0},
L(Fy) is the length of relative boundary of F with respect to F).

Let Dy(j=1,2,...,9) be g(q=3) disjoint circles on V, d(D;,D;) >de

(0,1/2) (i #5). N
We take off {D;} from ¥V and let Fy be the remaining surface, then

p(Fo) =q—2.
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Now F(D;) consists of a finite number of connected surfaces
D) = U B+ U E

where F'\ has no relative boundary, with respect to D;, which is called an island
and F7, has such one, which is called a peninsula.

In the following, we shall give two Lemmas for later use, their proof
methods belong to Tsuji [7].

LemMmA 3. Let F be m connected covering surfaces on the unit sphere V,
p(F) =n—m(h is a nonegative integer), {D,} be q(q = 3) disjoint disks on V,
where the spherical distance d(D;,D;) =6 € (0,1/2) (i #J).

If n; is the number of simply connected islands in F(D;), then

¢ C
(3) it on=(q-2)8-5
J=1

where C > 0 is a constant and L is the length of the boundary of F.

Proof. We take off from F all peninsulas {F,} above {D;}, and let F' be
the remaining surface:

q
-UUF;
=1k

Since the peninsulas involve only the part of the boundary of F, then
p(F') < p(F). Suppose that F’ consists of N(F') of connected surfaces, then
N(F') <m. Hence
(4) p(FY<p(Fy=n—-m<n— N(F).

Next we take off from F' all islands {F/,} above {D;} and let F" be the
remaining surface:

C-e

UF e+ F
%

J=1

F” consists of a finite number of connected surfaces:
" __ "
F'=\JF).
u
So that

q
F= QUR+UE.
=1k

Since F' is decomposed into {F/,} and {F,} by ring cuts, so its charac-
teristic not change.
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Hence
q
DN oFD)+ D p(F)
=1 k u
By (4)
q
(5) n—N( =D N p(FL)+ Y et (ED -
J=1 k U
where N(F") is the number of simply connected Flj’ .
Since

q

q
(6) SN p(E)
k

J=1
so by (5), (6) we have

(7) o =33 "pt(Fy) -
k

=S -
=1 k

q
2,
J=1

~
—

N(F"),

155

J=1 J=1 J=1
q
> YN pHE)+ D pT(F)) — N(F") + N(F') — i.
J=1 k H
We see easily that N(F') — N(F”) > 0, hence

(®) n+Zn, Zp ().

Put Fp=V - Uv Dy, then F)/ is a covering surface of Fy, by Lemma 2,
2572
©) prEL) = (= 2)S) - =L,

where S = |F,/|/|Fo| and L; is the length of the relative boundary of F, with
respect to Fp.

By (8), (9)
n+Zn, Z(q 2)S, — 2267: L,
(10)
2572
2 Sll _ LII
=(q-2) o
where S”=Z S” [F”|/|Fol, L" = Z,;L,/:-

By Lemma 1 |S — S"| < max{2/3,n?/|Fo|}L".
Since |Fy| < |V| =7, then n?/|Fp| > 1, so that |S — S"| < (2/3)(n?/|F|)L".
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Since (6/2)%q < |Fol, L” < L, we have

23 2
(11) §">8-=L
0°q
Hence by (10), (11)
q
ity n> S—%L
J=1 d
where C = 4072,
LemMMA 4. Under the same condition as in Lemma 3, let D; (j=1,2,...,q)

be q(q =3) disjoint disks with radius /3, and nj') be the number of simply
connected islands in F(D;), which consist of not more than [ sheets, then

l+1)n+lZ > (14 1)(g—2)S - (fL,

where | > 3 is a positive integer.

Proof. Let n; be the number of simply connected islands in F(D;), and n
be that of such ones, which consist of more than / sheets then

ni=n +n', S(D)=n)+ 1+ 1)n

so that
(12) S(D) = (1+ 1)) +n') = In = (I + L)n; — In).
Since |D;| = 42/9, from Lemma 1, we have

S+%£L>ﬂ ),

hence by (12), S+ (182/8°)L > (I+1)n; — I}, so that
4 1872 d
13 S+13"n) +—-qL> (1+1) .
(13) q ;;, L > ( )Z;;
Note that ¢(6/2)* <=, by Lemma 3 and (13) we have

g c
I+ Da+1> " n) )g — mS-;L
J=1

3. A fundamental inequality of algebroid functions

THEOREM 1. Let w=w(z) be a v-valued algebroid function in |z| < R
(0 < R < ), F be the Riemann surface, generated by w = w(z) on the w-sphere V,
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and Dy, D, ...,D, be q(q > 3) disjoint disks with radius 6/3 on V, d(D;,D;) > €
(0,1/2) (i #j). Suppose that n;) is the number of simply connected islands in
F(D;), which consist of not more than | sheets, then for any re (0,R)

) C R
(g —-2)S8(r) ;n +n(R,R,) + FRT

where 1 >3 is a positive integer, n(R,R;) is as in section 1.

Proof We take off D1,D2, .., Dy from the w-sphere V and let Fy be the
remaining surface, then p(Fp) =g — 2. ~

Let D, = {|zl <r}(re (0, R)) be the part of R, in |z <r, then by M
Hurwitz formula [8]

p(D,) = n(r,R;) —v.
From Lemma 4, we easily obtain

(14) (l+l)n(r,Rz)—(l+l)v+lZn > (1+ )(q—Z)S(r)—é—C;L(r),

J=1

2
_1 w'(2)]
S0 =2 ” (1 n |w(z)|2> @,

|zl <r

_ [w'(re’?)]
Lin= J 1+|w(rel¢)12rd(p'

where

|2l=r

By Schwarz’s inequality,

(15) L*(r) <2n vrd‘zg).

Put 327 1n )4 n(r,R,) ¥ N, from (14), we have
C
N > (q-2)S(r) —6—5L(r).

If (¢—2)S(r')— N >0 for all #' e (r,R), then from (15), we have

/ 2 C n _ 27%yRC dS(r')
((g=2)S(r") = N)" < 5?L2(r) < T
so that
K R ds(r') c R
R—r=| d'< RJ < —
Jr r 525 , [(q _ 2)S(r/) _ N]Z 525 (q _ Z)S(V) _N
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From this, we have

C R . . C R
(16) (‘1—2)5(’)SN+——=an)+n(r,Rz)+($E_—r,

If (4 —2)S(r') — N <0 for some r' € (r,R), then (¢ —2)S(r') <N, so that
(16) holds in general.
This completes the proof of Theorem 1.

Applying Theorem 1, we have the following

COROLLARY 1. Let w = w(z) be a v-valued algebroid function in |z| < R, and
ai,ay,...,a,(q = 3) be q disjoint points on w-sphere V, where the spherical dis-
tances between any two of them satisfy d(a;,a;) >0 € (0,1/2) (i # j), then for any
re (0,R), we have

C R

1
Raj +nRR) 525ﬁ.

MQ

j=1
where | >3 is a positive integer, i')(R,a;) is as in section 1.

4. The sequence of filling disks for algebroid functions

LemMa 5. Let w=w(z) be a v-valued algebroid function of order p
(0 < p < o0) defined by (1) in |z| < 00, and 1 >3 be a positive integer. For
arbitrarily constants ¢ € (0,p) and R > 1, there exists ay € (1,2) such that for any
a € (1,a0) the following assertion is true:

Set rp,=a" and m= 2nr,_1/(rn — rn—1)] = 2n/(a — 1), where [x]| is the
integral part of x. For integers p,q with p>0 and 0<qg<m, let 0,=
2n(g+ 1)/m, let Q, 4 be the domain {aP~! < |z| < aP*?} N {|argz — 6,| < 27r/m}
and let n’)(Qp ¢W =) be the number of distinct zeros with multiplicity <I of
w(z) — o in Q, ,. Then there exist at least a pair of integers py,qo, with a” > R,
and (Iv — 1) domains enclosed by spherical circles of radius & = a /%% on the
Riemann sphere such that ") (Qp, 40, w = ) > a®*~®) for any complex value o not
in the (Iv—1) domains.

Proof. Suppose that the conclusion is false. Then, for some ¢ e (0,p) and
R>1, and any given sequence {a;} with a;>1 and a; — 1 (i — o), there
ex%%s at least a point ae (1,q4;) for each i, such that to any integers p >
P = [logR/loga] and g €{0,1,2,...,m — 1}, there exist accordingly /v complex
numbers {a; = ocj(p,q)}jlil such that

(17) A (Qp,qw = ) < @?¥7,

where the spherical distance d(oy,a) >J = a ?7/28(j # k).
Taking r > R arbitrarily, set T = [logr/loga] (a” <r < a™*!). For any
positive integers M and N, put
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b=av,r,, =bM*  1=01,2,....M—1,

27 2nj
Lp,t={7p71S|Z| <rp7,+1}, eq’j=—q+N_;:,],l’
Ay, ={zlz] <a’,0,, <argz <6, 1}
Since
M-1T-1
{ <|Z|<aT}_U UL,t,
=0 p=—
T N-1m-1
{lz2l<a™y= U U Ay,
J=0 ¢=0

then there certainly exist a pair of #y, j,, which depend on 7, without loss of
generality, we may assume that 7 =0, j, =0, such that

T-1

- 1 -

(18) p;ln(L,,,o,Rz) < ﬁn(aT,RZ),
m—1 . 1 _

(19) qg;n(Aq,O’RZ) < Nn(aTsz)a

where n(LpYO,sz) and n(Aq,o,Rz) are the number of branch points of R, in ip,o
and A, o respectively.

Put
Mp Mp+1 Mp+M Mp+M+1
Q0 — o™ + 6™ <7 < b +b
2 2
N 0q,0 + 0q,1 <argz< 0q+1,0 + 0q+1,1 ’
2 2
Qg = {bM < |2| < MPMIIYN {0, o < argz < 04411}
Then
QO cQ,4c Qp g-
Since {Q, ,} overlap U p0and (7 — 0 4,0 twice at most, from (18), (19)
we have
T-2 m—1 _ ~ l l PU
(20) > o n(Qq,R:) < (1 +M+N> (a”,R.),

where n(Q,, q,R) is the number of branch points of R, in S:)p g

Obv1ously, ¢ can be mapped conformally to unit disk IC | < 1 such that the
center of Q g corresponds to { =0 and the image of Q is contained in the
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disk [{| < k < 1, where k > 0 is a constant, independent of p and ¢q. Hence by
Corollary 1 and (17), (20), we have

T-2 m-1

(lv— Z)S(aT—l, w) < (Iv-2) Z Z(S(ngq, w) + (Iv — 2)S(aP+2, w)
p=P+1 g=0
T-2 m-1 Iy C i
= Z Z Zn pq,W—OC,)-l-n(qu,R) TTT—
p=P+1 ¢=0 ) K

+ (v = 2)S(a?*?,w)

1 1 =
< (T-1)(p—¢) T
< IWvTma + 1+M—|—N n(a’,R;)

+ Tm——1 (_:K(aT/’/Z‘S)25 + (v =2)S(a?*?, w),

where S(QI?0 oW l/nffﬂo (|w’(z)|/(1 + w(2)|?)* do, 7, oW =0) is the

number of dlstmct ZEros w1th multiplicity </ of w(z) —o; in Q,, Taking
T(= [logr/loga]) sufficiently large, then r sufficiently large too, and re

[aT,a™*!), thus we have

(v =2)S(ra%,w) < 17761 4 (‘ 3t 11v> (7, R) + G290 4 C.

Dividing this inequality by r and integrating it, then

(Iv=2)T(ra”%,w) < r"~¢/? 4 (1 + % + l) N(r,R,) + Cr®/29 4 Clogr.

N
From (2), we have

1) (Iv=2)T(ra™2,w) < rP~ /2 4 (1 + ]lll+ )(ZV —2)T(r,w)
+ 0(1) + Cr®/2% 1 Clogr.

Suppose that p(r) is a precise order of T(r,w). Put U(r) = r*"), then
lim,_,, p(r) = p and

U@a®) 5, =—T(rw)
MU T ARG

Dividing (21) by U(r) and letting » — o0, we obtain

(Iv=2)a < (1 +A14+;]) (2v-2).
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Since a € (1,4;), thus
1 1\ »
< +—4+—]af(2v -
b 2—(1 M N)a’(v 2)

Letting i, M and N — oo respectively, we have
v < 2v.

This is contrary to the condition / > 3, and Lemma 5 is proved.

THEOREM 2. Let w=w(z) be a v-valued algebroid function of order p
(0 < p < ) defined by (1) in |z| < o0, and | = 3 be a positive integer. Then there
exists a sequence of filling disks for w(z)
Ty:{lz—z4 <rpon}, n=12,...

Zn =r1e  limr, = c0, lim o, = 0(a, > 0),
n—oo n— o0

such that for any complex value o,
ﬁl)(rn,w =a) > r’/;_en,
with some possible exceptions for o enclosed in Iv — 1 spherical circles with radius

m?* and &, — 0(n — ).

Proof. Let ¢, =p/2", R,=2". By Lemma 5, we have
1 2n 27(gn + 1)
an € (1,1'1';), my = [a,,——l]’ Py Gn, O, :—’:ln—_
and
-1 +2 27
Qg ={ar <|z| <a"™}Nq|argz - 0,,| < o (n=1,2,...).
n

Let 0, = 0,,, z, = al"e’, then r, = |z,| = a?» > R, = 2" — o0(n — ).
Take g, = 4(a, — 1) € (0,4/n), then ¢, — 0(n — o).

Let T, = {|z — zu| < ours}, then I, > Q,, 4.

Hence for any complex value o, we have

A Ty w = @) = 1) (@ g w = 2) = rf 7™,

with some possible exceptions for « enclosed in /v — 1 spherical circles with radius
5=r"" and &, — 0(n — o).
This proves Theorem 2.

5. The Borel direction of algebroid functions

THEOREM 3. Suppose that w = w(z) is a v-valued algebroid function of
order p (0 < p < ) defined by (1) in |z| < oo, =3 is a positive integer,
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then there exists a direction B :argz = 0y(0 < 6y < 2n) such that for any given
00 << m/2)

- + 1)
llm log n (r7 A(e(),a)? a) —
r—ao logr

for any value of o, with Iv — 1 possible exceptions.

Proof. By Theorem 2, there exists a sequence of filling disks of w(z)
Ty :{lz—z4| <lznlon}, |zul =tn, 0n— 0(n — 00)
such that for any complex value «,
A(Tpyw=a) > |z,|7",

with some possible exceptions for a enclosed in /v — 1 spherical circles with radius
"% on the Riemann sphere, where ¢, — 0(n — o).

Let 6y be a cluster point of {argz,}, then the direction B:argz = 6y has
the properties of Theorem 3. Otherwise, then there exists a positive number
00(0 < dp < m/2) and Iv exceptional values a;(1 < j < Iv) such that
i 1087 (1, A00,00),) _

(22) fim

Jim Togr (j=1,2,...,Iv).

On the other hand, since 6 is a cluster point of {argz,}, then there is a
subsequence of {argz,} which converges to §,. We may assume without loss of
generality that lim, . argz, = 0o(0 < 6y < 2n). Hence for sufficiently large »
we have

Iy = {z;largz — 6o| < do}.
Let & =mini<,4<n{d(a @)}, then & >0. Note that r”/**—0
(n — o0), then

—pj26 _ €0
r, / <E‘

when # is large enough.
Because {I',} are a sequence of filling disks of w(z), then there exists a
subsequence {I',, } of {I',} and an g; € {aj};il such that

.y} P—é&p,
n )(rmnw = ajo) 2 Iy *

Hence
T logﬁ’)(r, A(0o,00), aj,)
r=c0 logr

> lim logﬁl)(l"nk, w = a;)
k—o log 27,
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L P—tm,
fim (087m "
k—o log2ry,

\

This is contrary to (22) and Theorem 3 is proved.
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