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ON THE FIRST EIGENVALUE OF MINIMAL SUBMANIFOLDS

QING CHEN

§1. Let (M, g,;) be a Riemannian manifold. Given a compact domain DCM
with C!-boundary, the first eigenvalue of D of the Laplacian under the Dirichlet
boundary condition is defined to be the smallest positive number 4, such that, for
some non identically zero function f, f|s»=0 and Af+A4,f=0, where A is the
Laplacian of M and action of A on functions is defined by

_ 1 0 [ — af e .
A= Taeng) & ox {vietg. g5, (@)=(g)™

The first eigenvalue of domain D is denoted by A,(D) in this paper. For
the first eigenvalue of minimal submanifolds in a space form, S.Y. Cheng, P. Li
and S.T. Yau [CLY] proved

Let M— N(c) be a minimal immersed n-dimensional submanifold, N(c) is a
space form of constant curvature c¢=1,0 or —1. Suppose D is a C? compact
domain in M. If DCB(a), a geodesic ball of radiusa in N(c), if ¢=1 then assume
asm/2, otherwise a<-+oo, then

A(D)z24(Ba(n, ©),

where B(n, ¢) is a geodesic ball of radius a in an n-dimensional space form of
constant curvature c.

Motivating by a paper of V.G. Tkachev [T], we generalize above theorem
as following.

THEOREM 1. Let N be a Riemannian manifold with the sectional curvature
bounded from above by a constant c¢. Denote B,(p) the geodesic ball of N of
center p and radius a, i(p) the injective radius of N at p.

Let M be an n-dimensional immersed minimal submanifold in N. Suppose D
is a compact domain with C*-boundary in M. If DT B.(p) for some pM, assume

either a<<i(p) when ¢<0 or a<min@i(p), ©/2+/ ¢) when ¢>0. Then
A(D)ZA(Ba(n, ¢),
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where By(n, ¢) is a geodesic ball of radius a in an n-dimensional space form of
constant curvature c.

When the domain D has C?*boundary, the theorem can be obtained easily
from the heat kernel comparison theorem of S. Markvorson [M], see the remark
in section 2.

Theorem 1 gives a lower bound of the first eigenvalue of minimal submani-
folds which only depends on the upper bound of sectional curvature of ambient
manifold. Recently Coghlanand and Itokawa [CI] obtained a lower bound of
injective radius of submanifolds which also depend on the upper bound of
sectional curvature of ambient manifold.
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§2. Let M be an n-dimensional minimally immersed submanifold in N.
Denote the covariant derivative of N and M by D and V respectively. The
second fundamental form A of M is a symmetric linear map from TMQTM
to the normal bundle of M, defined by

(1) AX, Y)=—DxY+VyY, for X,Y=TM.

M is said to be minimal if tr A=0.

Denote » the distance function of N with respect to a fixed point p,. Sup-
pose the sectional curvature of N is bounded from above by a constant c¢. For
any point p in cut locus of p,, # is smooth at p, and the Hessian comparison
theorem ([CE]) reads

(2) DX, 1)2(Leer Y)I X=X, DrY),

for any XeT,M. Where ¢.(2) is the solution of following

¢ @)+ co(1)=0,
(3) {so @
0(0)=0, ¢(0)=1,
ie.
1 . .
ﬁsm«/?t, if ¢>0;
(4) e O=(t, if ¢=0;

V%Sinhv lelt, if ¢<0.
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In the following, 7|, is still denoted by 7.

PROPOSITION. We have, in MNBip(po),

(5) Ar>= ¢, (n—|Vr(?,
(5or)
where A is the Laplacian of M.

Proof. For a point peMNB,,,(po). Choose ey, e, ..., e,, an orthonormal
basis of T,M, then

AV:Z (Vzr)(eu ez)
22{(027)(% e,)+A(e, e,)}

’

z5(Leer)lelr—ce, DY

c

(9% \ir_ U2
—(ch r)(n |Vr|?).
This prove the proposition.

Before proceed further we recall some well known facts about eigenfunction
of space form. We denote A, the Laplacian of n-dimensional space form N™(c)
of constant curvature ¢, and p the distance function of N"(c) with respect to a
fixed point. It is well known

(6) Ap=(n—1)%%p,
0 0P

Suppose f is a first eigenfunction of domain B,(n, ¢)CN™(c). We can write
f=f(p) since f is rotationally symmetric. Then by (6), A.f+4(Ba(n, ¢))f=0
and flsp,m.0=0 imply that f satisfies

{ @) f" )+ (n—Dei@) f' )+ 2(B(a(n, ) ) f=0
f(0)=f(a)=0,

and f(t)>0 for t<[0, a). (If there were b [0, a) such that f(b)=0, then f would
be a first eigenfunction of B,(n, ¢), contradicts with By(n, ¢)>B.(n, ¢)).

(7)

LEMMA 1 (Corollary 1 of Theorem 4 of [SY]). Given any compact domain
D in M with C'-boundary, for any positive C? function f defined on D,

wDz ot (—21).
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Proof of Theorem 1. Let f be the solution of (7) and put F=f-r. Then
F is a smooth function on the domain DC B,(p) and F is positive in interior of
D. We have

(8) AF=f'orAr+ f"or|Vr|2.

We shall show in next section (Theorem 2) that f’ and f’¢¢—f”¢. are both
negative in (0, ¢). Submitting (5) into (8) we obtain

(9) AFé(n—|V7’|2)(%)°r+|‘7r|2f”or

=(<ﬂ—1>f—;fé—+f”)or+<1— |vr|2>(L9”5;cfﬂ)or

IA

—A(Bo(n, €)fer
—A(Ba(n, ))F,

where the last inequality is followed by |V7|2<|Dr|?=1. Thus the theorem is
followed by the Lemma 1.

Remark. 1. When D is of C%boundary, Theorem 1 is an easy corollary of
a result of Markvorson [M], we show this as follow :

Let p(t, x, ¥) and p(¢, x, y) be the heat kernels of D and the corresponding
domain in the space form respectively. Then by the result of Markvorson [M],
we have

P, x, =P, x, y).

Let ¢, be the first eigenfunction of D, and Z,, ¢,, the i-th eigenvalue and i-th
eigenfunction of the corresponding domain in the space form. Then

el (x)P < P, %, %)

=p( 0)

=3 e tity(x)".
If A,<2,, then

Pi(x)P ST et A0tg(x) —> 0
as t— +oo, it contradicts to the fact that ¢,(x)#0 in the interior of D. So
=2,
2. By Hopf’s maximal principle, Lemma 1 holds when D is a compact

domain with piecewise smooth boundary. Hence Theorem 1 is still valid in
this case.
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§3. Consider following equation with two parameters 2, A

OB f"O+Fpp:) f/ O+ 20D f)=0, [0, a),
10) f0)=5>0, f'(0)=0,
L ¢#>0.

Let f be the solution of (10), we have
LeEMMA 2. If f is positive in (0, a) and 2>0, then f’ is negative in (0, a).
Proof. Since ¢:(0)=1 and ¢.(t)/t—1 as t—0, by (10)

—n . Pet) o,
0=f (0)+,Ll ltl_{x‘)lmf B+25

(
=f"0)+pf"(0)+ 2%,
i.e.
" —_ 260
(11) f7(0)= 1+;1<0'

Thus f(t) is strictly decreasing in some neighbourhood of origin, since f/(0)=0.
If f take a local minimum at ¢{,&(0, a), then f’(f,)=0 and by (10) f”(te)=—2f(ts)
<0, a contradiction. So f is non-increasing function in (0, @), i.e. f’<0 in (0, a).

To prove the lemma we suppose there is a t,=(0, a) such that f’(t,)=0, then
t; is a local maximum of f’(f) which implies f”(¢,)=0. Using equation (10) again
we get f(t,)=0, contradiction. This proves the lemma.

LEMMA 3. If f(@t) is a solution of (10), then fi()=f'(t)/p.(t) is a solution of

(10) with two new parameters f=p+2, A=A—c(p+1) and

— % o=
F1(0)= RS f10)=0.
Proof. As in the proof of Lemma 2
. e Ao
ltlfol f(®==f"0)= PESR
Differentiation of equation (10) yields
(12) Ocf"+(p+Dpe f "+ pod f'+Ap. f'+Apc f=0.
Divide (12) by ¢ and put ¢ —0, since
/4
lim,g_oﬁ(_t)_zc limgpc—(t).:c’
t-0 t=0

and ¢40)=1, f(0)=0, we get
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f”(t);f”(()) 12 f(t)—f(O))

= /"O-+lim((z+1) .

=(z+2)"(0),
ie.

(13) f"(0)=0.
On the other hand we compute directly that
=) f"(O)+ ) f' (D)

; t = 2, ’
(14) Ji® ﬂoc(t)
f”(t)= _Sog(t)fﬂl(t)+2S00(t)§0£(t)f”(t)+((Pc(t)§0g(t)—2(¢2(t))2)f’(t)
‘ P0) -
So that
s — i — P f )+ ) f' ()
f 1(0)—15% 0
—1im LE QS O+ et) f7O— " Op ) — " Bpe®)
t=o 2¢(t)pe(?)
1 m J—
=—5/"0=0,
and

o f1+H(pu+2)pe f14+A—c(p+1D)pf1
1 ’ ’ r 4 ren
=E{—<p%f "+20cp: [ +(pepd — 2@ [+ (p+2)(00) /' —(p+2)pcpe f}
—(@—c(p+1)f’
g P n g (PN PE ,
=—fr—p—f"+p ) [+ +(c(pg+1)—A)
[r=pl f () £ el f
_.___C_i_ ” §0é ’ ’ ﬂ ’ _ ’
=g A )F A+ e DE et D=2 f
=0,
where the last equality is followed by equation (10) and ¢f+c¢.=0. This com-
plete the proof of the lemma.

Combining with Lemma 2 and Lemma 3 we have

THEOREM 2. Let f be a solution of (10) with p=n—1 and A=2A,(B.(n, ¢)),
and f is positive in [0, a). If ¢>0 we assume a<w/2+/c. Then f' and —o.f”
+of’ are both negative in (0, a).
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Proof. The negativity of f’ is followed from Lemma 2. By Lemma 3,
fi=—f"/¢. is a solution of (10) with y=n-+1 and A=4,(B.(n, ¢))—cn, and f,
is positive in [0, a). Notice 4,(B.(n, ¢))—cn>0, since when ¢>0 by assumption
(cf. [Ch]),

A(Bg(n, C))>21(B%(n, ¢)=cn.

So by Lemma 2 again we see (d/dt)f,<0 in (0, a), which implies —¢.f”+¢if’
<0 in (0, a), we complete the proof.
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