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NOTE ON BP-THEORY FOR EXTENSIONS OF CYCLIC
GROUPS BY ELEMENTARY ABELIAN »-GROUPS

NOBUAKI YAGITA

Introduction

Let BP*(—) be the Brown-Peterson cohomology theory and K(m)*(—) the
Morava K-theory. It is conjectured [K-Y], [H-K-R], [H] that BP°(BG)=
K(m)°44(BG)=0 for finite groups and even compact Lie groups G. In this note
we show that the conjecture is affirmative for the cases G are extensions

0.1) 0—(Z/p)" — G —> Z/p* —>0.

We first show H°¥(BZ/p®; BP*(B(Z/p)*)=0 and hence BP°¥(BG)=0. Using
a result of Tezuka-Yagita [T-Y], we next see K(m)°4(BG)=0.

This note is motivated by the Kriz’ study K(m)*(BG) for p=3, n=4 and
s=2. (Recently he announced the similar result as above.) The author thank
to Bjon Schuster and Geoffrey Falk for some arguments.

§1. BPXB(Z/p)")

It is well known [L], [J-W] that BP*(B(Z/p)")=Q"sp+BP*(B(Z/p)) and
BP*BZ/p)=BP*[[y]1/([p](y)) where [pJ(y)=y+pp+ - +rpy=py+v:y?+ -
is the p-th sum of the formal group law for BP-theory with the coefficient BP*
=Z vy, ...J. We will study more detail in this section.

Recall the Milnor operation Q,=f, Q.=Q._.0?" '—p?"'Q,-, (for p=2,
Q°=S¢", Q.=Q_1S¢*"—5¢*"Q,-,) and let us write H¥XBZ/p; Z/p)=Z/[y]Q
A(x), Bx=y (for p=2, let y=x?. Then Q,x=y?". Recall P@)*(—) is the
complex oriented cohomology theory with the coefficient P¢)*=BP*/(p, ..., Va_1)
=Z/p[Wa, ...] (see [J-W] for details). In the spectral sequence

Ef *=H*X; P(i)*) = P()%X),

the first non zero differential is d;p:-(x)=v;QQ.(x) for all xe H*(X; Z/p).
Consider Atiyah-Hirzebruch spectral sequences

E$*(X)=H*X ; BP*) = BP*(X)
E¥*(XXBZ/p)=H*XxBZ/p; BP¥) = BP¥XXBZ/p).
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LEMMA 1.1. Assume that there is a filiration such that gr E¥*(X)=
P APE+H1D)*Qo - Q:G, for some G,CH*(X; Z/p). Then there is a filtlation
such that

gr EX*(XXBZ/p)=@Di= PG+1)*Q0 -+ QG

with Gi=G,QZ/p{l, y, ..., y*""" N BGC:-.QZ/plyl{x} here Z/pla, ...} means
the free Z/p-module generated by a, ....

Proof. Consider the spectral sequence
EE¥*=H*BZ/p; gr EXx* X)) == gr E¥* XX BZ/p).

The EE,term is a direct sum of PG+1)*QQ, - Q:G:RZ/p[y]RA(x). Since
Aapr+11X=0;,QQ, 1 ¥=v;,,y?*"" in the above P(;+1)*-module, we get

grEX¥*(XXBZ/p)=EE¥%*
=@L(PG+D*{L, ..., y*""" Y DPC+2*[[y]1{y?""'=Q,11x})Q0 -+ Q.G,.
Therefore taking G’ as stated in this lemma, we have

gr EX*=@L, PG+1)*Q, -+ Q:G:. g.e.d.

Let us write H¥(B(Z/p)"; Z/p)=S.Q®A, with S,=Z/p[y,, ..., y,] and A,
=A(xy, ..., xz) With fx;=y,.

COROLLARY 1.2. gr BP¥(B(Z/p)")=®Pt% PE+1)*(Im Q, -+ Q;:N\S,).

For non negative sequence /=(i,, ..., 7,), denote by v, the element yi!--- y;*
in H¥B(Z/p)"; Z/p) or in BP*(B(Z/p)"). Define length /(I)=m if there is a
subsequence (Zsg, ..., fsm)C 1 such that p*<i,, for all 0<k<m. Since

Qo+ Qul%y+ Xm)=319F -+ ¥85 module {y;|i(I)<m},
we can easily prove

{yrD)=m}=Im Q, - QuN\S, modulo {y;|I(I)<m}.
LEMMA 1.3. Taking filtration by I(I), we have

gr BPX(B(Z/p)")=@i= PG+D*{y | iI)=i}.

§2. BP*BG)
We consider the spectral sequence

@1 E¥*=H*B(Z/p%); BPXB(Z/p)") == BP*(BG).
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induced from the extension (0.1). Let b be the generator of Z/p°. The action
of b on (Z/p)" is represented by an element in UCG L,(Z/p); upper triangular
matrices with diagonal entry=1. Moreover changing basis in (Z/p)", the action
b is represented as a Jordan’s normal form, that is,

(2.2) byi=y:, by;=y;+spe,y,-1 for i=2 and ¢;=0 or 1.
The E,-term of the spectral sequence (2.1) is expressed as

Ker(1—b) for ;=0
E}*={ Ker(1—b)/InN for j=even>0
Ker N/Im(1—b) for j=o0dd>0

where N=1+b+ - +b?*-1. We will prove;
LEMMA 2.3. Ker N/Im(1—b)=0.

For the proof, we prepare some notations. Given an element x&
BP*(B(Z/p)"), we can uniquely write it from Lemma 1.3 as

2.4) x=a;y; with 0#a,;ePUUI)+1)*

For each sequence I=(,, ..., i), define the moment by |I|=i,+ --- +i, and
define the lexicographic order />I’ if there is % so that 7,>7; and 7,=:; for
all j>k. Let J be the maximal order in which moment ||J| are smallest of

in (2.4), namely,
(2.5) x=azsy; modulo (BMSO)

where (BMSO)=(bigger moment and smaller order elements)={axyx||K[|>|J]]
or (|/II=IK]| and J>K)}.

Proof of Lemma 2.3 for the case n<p, s=1 and ¢;=1 for 2<i. First note

that
byz+1:yz+l+BPyi=yt+l+y1 mOd {alyl |”I“>p}

So it is immediate that

(b—=Dyi=n+y.)—yi=7yi71y, mod (BMSO).
By the definition of the order, we can easily show if 7,%0 mod p, then
(2.6) (b—1)yr=i,9:(y:/y:) mod (BMSO).

Suppose xKer N. By inductive assumption on 7, we suppose j;#0. From
(2.6), we can take adequate X BP*(B(Z/p)") such that

2.7) 1—b—1)X=as;y, mod (BMSO), with jo,=p—1 mod p.
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Suppose the above element is non zero, that is O0#a,=P((J)+1)*. Let yy(p)=
Tlic./p b*y. so that this element is invariant under b. Let y,” be element made
from y; exchanging factors y? by y.(p), that is,

Vo' =y(va(P)/ yE)V PI=y{1yy(p)2/ PIyP -1y ds e yin,
Then we have

Ny, =, /98 @ et 307+ o (e H(p—1)y1)P )
=(y,/y2 (=P mod (BOMS).

Since (¥ (¥:/¥)? H=(ys), we know
NXar;yr=a;95,91/9)?"'#0 mod (BMSO).

This is a contradiction to x&Ker N. qg.e.d.

Proof of Lemma 2.3 for the case p+1<n<p? s=2 and ¢;=1 for 2<:. Also
suppose x=Ker N and j,#0. Notice that (b*—1)y,,,=y: mod (BM) and (b*?—1)y,
=0 for /<p+1. Hence we can take X and X’ so that j,=j,,,=p—1 mod p and

1—(b—-DX—0b?—1X'=a,;y,” mod (BMSO)

where ¥, =ys(Yp41(0)/ ¥ p+)V 24P (p5(p)/ 9812 P1 and v ,.1(p)=Tliceip 0" Y par.
Let us write N’=14b+ - +bP"'. Then N=(1+4b?+ --- +bPP-D)N’, By
the arguments similar to the proof for the case n<p, we see

N'y; =y, (—y:/y1)?"* mod (BMSO).
So we have
Ny, =—1+bP+ - +b7 P D)y (y1/ )"
=37(931/9:95+)?™" mod (BMSO).

The length [ of the above term is smaller or equal to I(y,), we also have Nx #0
and this is a contradiction. q.e.d.

Proof of Lemma 2.3. The case p™+1<n<p™*!, s=m+1 and ¢;=1 for ;=2
are proved by the similar arguments. Taking X so that j,:,,=—1 mod p for
0<t<m and

x—(b—1)X=a,;y,” mod (BMSO)

with 3, =3, TV pe+1(D)/ ¥Be )PP +1/2) and vye,1(p)=Tlics/p b””typm. Then we
can prove

Ny,/'=y, (37 ys -+ Ypre)?P %0 mod (BMSO).

So we see Lemma 2.3 for these cases. The cases with some ¢;=0 are proved
more easily by using induction on 7. q.e.d.
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Since E %44 *=(), the spectral sequence (2.1) collapses. Thus we get

COROLLARY 2.8. For groups G in (0.1), BP°44BG)=0 and BP*®**(BG) is
multiplicatively generated by elements induced from BP*(B(Z/p)")?'?* and y,=
BP¥BZ/p®).

§3. Km)*(BG)

_ At first we consider the cohomology theory ﬁ(m)*(—) with the coefficient
Pm)*=BP*/(vy, ..., Vm-1)=2Z [Vm, ...]. Note that Bm)*)(p)=P(m)* and PQ)*
=BP* We can easily prove the P(m)*-version of Lemma 1.1 and Lemma 1.3.
The arguments in §2 also work for ﬁ(m)*«theory. Hence we can prove
E,°4 %(B(m))=0 for the spectral sequence

Ef*(Bm)=H*BZ/p*; Pm)*(B(Z/p)") == Bm)*(BG).
Using fact that ﬁ(m)*(G) is torsion free if E,°d¢ *(ﬁ(m)):o, we get the follow-
ing;

THEOREM 3.1 (Tezuka-Yagita, Theorem 2.6 in [T-Y]). Suppose that there
is an extension

1—-G —G—Z/p*—0

such that Pmy*(BG')=P(m)*QspsBPXBG’) and HYBZ/p*; P(m)*(BG')=0
for all m=1. Then Pm)*(BG)=P(m)*QRpp+BP*(BG) and K(m)*(BG)=K(m)*
R pp+BP*(BG) for all m=1.

Thus we get

THEOREM 3.2. For groups G in (0.1), there are isomorphisms

BP°4(BG)=0, Pm)*(BG)=P(m)*Qsp+BP*(BG)
and
Km)*(BG)=K(m)*Qpp+BP*(BG)

for all m=1.
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