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§0. Introduction.

This is exactly a continuation of Part (VI) ([20]) with the same title written
by the present author which proved the following conjecture is true for
4.5<n<5. He aimed at giving the proof of it for 3<n<5 but found that the
method by using computors in it was not so effective, when n comes near 3
and we know that the method used until now does not work well for the proof
of Conjecture C for 2<n<3 by Lemma 8.1 of Part (I) ([13]). We shall show
that this conjecture is also true for 2.4<n<4.5 in the present paper by taking
a new way. As the previous ones, we shall use the numerical data obtained
by means of computors in the verification. We shall also use the same notation
in the previous papers (I )-(VI).

The period T of any non-trivial solution x(¢) of the non-linear differential
equation of order 2:

dx dx \?
NN St _ o_1)—
(E) na(l—x) E +(5) H1—a)nat—1)=0
with a constant n>1 such that x*+x/2<1 is given by the integral:
(= dx
0.1 T—«/ncsxo xV(n—x){x(n—x)*"1—c}’

where x,=n{minx()}?, x;=n{maxx(®)}? 0<x,<1<x,<n and c=x(n—xy)"*
=x(n—x)""

CoNJECTURE C. The period T as a function of tv=(x,—1)/(n—1) and n is
monotone decreasing with vespect to n (>2) for any fixed t(0<r<1).

§1. Preliminaries.

Setting T=48(z, n), we have the formulas

02z, n) _ v 21 (1—x)vVx(n—x)""'—c
@D an 2(B—c)n\/75x0 #(n—zx)" Vix, xdx
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((7.4) and Proposition 3 in (1)), where B=(n—1)""! and

Bl £ (-t}

X2/ n—XF,(X) 5
(X—1y {A(X)—4(x1)}

~{ 3xfo(x) 271%2(3*(#(16))}
(x—12*vn—x (x—12vn—x

BB 2n X Bg))
(X—1¥v/n—X (X—=12vn—X

(1.2) Vix, x)="2

+

(1.3) fo(2):=@2n—1—2z)B—(n—2z)""{n—z+(n—1)z%},

(L.4) Fi@) :=— PAe)B+(n—2)"Py2),

(L5) Pi2) :=@n+1)2"—2(2n* +5n—4)z+ 16n* — 16743,

L  P@i=—(n—DAH @ —Tnt8)2 - (n—3)dn—L)z+3n@n—1),
w7 @) :=log(n—2)+ % I(z) i =2(n—z2)**,

(L8) i@)=1- -2 2((2:5) =1og(n—z)+<—zf_—_l-)1;,

and X=X,(x), 0<x<1<X<n, defined by ¢(x)=¢(X).
By Lemma 8.1 in (1), we know the following:

FAcT 1. For 0<x<1, V(x, x,) is increasing with wvespect to x, in X,(x)
=x.<n;

FacTt 2. We have

A9 Ve Xy b= R G 10— X))

near x=0, which implies V(x, X,(x)) is negative near x=0, when 2<n<——-
=2.151387819--- ((8.10) in (I));

5+\/13

Facrt 3. We have

n@2n—1)(n*—n—3)
6(n—1)°+/'n—1

near x=1, which implies V(x, X,(x)) is negative near x=1, when 2<n<

=2.302775638--- ((8.22) 7n (II)).

(1.10) V(x, Xa(x))/B= (1=x){1+01—-x)},

1++13
2

Since we have from (1.7) and (1.8)
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A—Kay= 2 U i) Kw),
M= Fx) = A=),

introducing an auxiliary function

3z%fo(2) 2nz*{B—¢(z)} n zFy(2)
AN 9, m) = S = T v n—z | n—1 —1pvn—z"

we obtain from (1.2)

12 Vi, xl)—-"-‘f("T—")’?&mx) A(xo))

X*vn—XF,

+ (X—l)s (X) {E(X)—Z(xx)}—ﬂ(x, n)+1)(X, n),

and

W13 Ve, Xo)=EYAZERED 00— 200} =z, mi9(X, w),

Furthermore, we have

n(x, n)= ﬁ\/—[&m(x) 2nx(x—1{B—g(x)} +—"7 Fz(x)]

and

Fy(x)

Bxfu(x)=2nx(x—D{B—g(x)} +
=3x2n—1—x)B—3x(n—x)" " {n—x+(n—1)x%}

—2nx(x—1{B—x(n—x)"*"

(= Pix) B+ (n— )" P(x)

=B[332n—1—x)—2nx(s— D~ — " Pix)|
+(n—x)"- 1[ 3x{n—x+(n—Dx*}+2nx*(x— l)—l— Ps(x)]

—Py(x, m)B+(n—x)"Byx, n)],

where
ﬁz(x, n):=@Un*+2n—3)x*—@Un*+18n*—19n+43)x +n(16n*—16n-+3),
By(x, n):=—(n—1)2n—3)x*+2n*—9In?+13n—3)x*

+2n(2n*—8n+3)x+3n*@2n—1),
hence
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x B n-1p
7(x, n)= D —DVi—x [—FP(x, n)B+(n—x)"""Pyx, n)].

Since we obtain easily
Pyx, m=(n—x)q,(x, n) and Pi(x, n)=(n—2)Qx(x, n),

where

~

(1.14) Qx, n):=—Un*+2n—3)x+16n*—16n-+3,

~

(1.15) Q:(x, n):=(n—1)2n—3)x*+@n*—10n+3)x+3n(2n—1),

we have

xv/n—x
(n—1)x—1)°

n—x
n—I1

(1.16)  5(x, n)/B= [—@l(x, m+(-—2)"Gux, n)].

Our principle of the verification of Conjecture C, this time, is that investi-
gating the behavior of x(x, n), we shall show that

P Xa(x), n)—7n(x, )>0  for 0<x<1

5++/13
1
2 S . ~
"—‘/?l—_—";%(ﬁ)—{z(xn(x))—z(x)} in 0<x<1, we shall show that V(x, Xu(x))>0
for 0<x<1 with n=2.4. Then by Fact 1, we see that

with n> +0.011 and using the properties of the positive function

Vix, x)>0 for 0<x<1, X,(x)<x.,<mn,
which implies

‘m%’-’l@ for n=2.4 with 0<z<1.
§2. Properties of 7n(x, n)(0<x=<n).

In order to guess the behavior of %(x, n), we show here the graphs of
p(x, 2) and 5(x, 3) as examples.

i)y plx, 2)=—x+2—x.
X=2—x,
X, 2)—n(x, 2)=—+v/x2—x)V2—x —4/%)<0 for 0<x<1.

3(10x%—33x+18)
44/3—x ’

i) 7px, 3)=—§—x(2x—3)\/3-—x, 7'(x, 3)=—

7(0)=7(3/2)=7(3)=0, 1;(1)—;_37\/2’
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rO=—232, yu=5Y2,
3(11—+/4T) _ 314D
S —0.6895 -, S =2.6104 -+,
3(11—vAD)\_ /31D ,
”(“—_20 )=—2.5484 ., 77(——2—0——)_5.427%-,
x(3—x)=X(3—X)3,
v 5427+
3
y 4
0 Iy 2,
0
-+ 301=441) 301+441
= 1.2) =4 2 4
y=062
—7 —4*/—67/9 0 1 %_ 2 3
-z i y=19(x3)
2 "
—2.548¢ -
Fig. 1. Fig. 2.

We may imagine as
(X, 3)—n(x, 3)>0

for 0<x<1 at this stage.

LEMMA 2.1. We have

d 3 1 ~ n—x \n-1
Q1) gt /B= g G, W= (225) G, ]

where

~

2.2) Qs(x, n):=(4n*4+-2n—3)x*—8(n—1)n*+5n—3)x*
+3(16n*—40n*4-24n—3)x +2n(4n—1)(4n—3),

~

2.3) Qux, n):=(n—1)2n—1)2n—3)x*+(2n—3)2n*—13n+8)x*
+3(8n*—26n°+21n—3)x2+n(28n*—52n+15)x +6n2(2n—1).

Proof. From (1.16), we have
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Az, B

_ 3x*—(4n—3)x—2n ,. !~
T 2n—1D)(x—1yvn—x Qz]

@
+(nxl)(x 1)3[ G+ (5= 1)n 1@_<%)n-262]
-

(3x%—(4n—3)x —2n)Q,—2x(x —1)(n—x)Q;

Z(n 1D(x— 1)“\/71 x

—l—( Z:ch )n— {(B3x2—(4n—3)x—2n)0,

+2x<x—1><n—x>@;—2<n—1>x<x—1>éz}].

Computing separately the terms in the brackets, we have
—3x'—(4n—3)x—2n)Q,—2x(x —1)(n—x)Q;
=(B8x*—{Un—3)x—2n){(4n*+2n—3)x —(16n*—16n+3)}

+2x(x—1) (n—x)4n*+2n—3)
=@n*+2n—3)x*—8(n—1)(n*+5n—3)x*
+3(16n*—40n2+24n—3)x+2n(dn—1)4n—3)=04(x, n)

and
—Bx*—(@4n—3)x—2n)@,—2x(x —1)(n—x)Q4+2n—1)x(x — 1),
=(2n—5)x24+@2n—1)x+2n){(n—1)2n—3)x2+@n*—10n+3)x+3n(2n—1)}
+2x(x2—(n+1Dx+n){2(n—1)2n—3)x +4n*—10n+3}
=(n—1)(2n—1)2n—3)x*4+(2n—3)2n*—13n+8)x*
+3(8n2—26n2+21n—3)x2+n(28n2—52n+15)x +6122n—1)=0 (x, n),
from which we obtain (2.1). Q.E.D.

LEMMA 2.2. We have

i) 750, n)=y(n, n)=0,

i) limg.,n(x, n)=—%n(n—1)”‘2~5,

iii) 5’0, m)=(n—1""2v/n{(dn—1)(4n—3)—3e,-,n2n—1)} <0
S

5++13
4 b

iv) limg.p-on'(x, n)=—co for n>
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v) limg..p’(x, n)— n(2n D(n*—n—3)(n—1)""3%>0

1-1—\/13 l+x/13

for n>=—-—and <0 for 2=n<—7—

Proof. 1) is evident from (1.16). In order to prove ii) we set x=14y.
From (1.14) and (1.15) we have

0.1+, n)=—@An*+2n—3)y+6(n—1)2n—1),
Gz(l—l—y, n)=n—12n—3)y*+8n*—20n+9)y+6(n—1)2n—1)

_; )n-]z

from which we obtain easily

and

net n—2 . (n—2)n—-3) ,
) =1 T =D Y T =1 2T

@4 (=

~Q+y, (1= 27) @y, m=— g 06

near y=0. Hence we obtain from (1.16)

- _ n(n—1)n-2-5
11m77(x n)=—(mn—1)"2vn—1 (_1) 3

Regarding iii), we have easily from (2.1)
(n___l)n~z
2v'n
=(n—1)""Vn {(4n—1)4n—3)—3e,_,n(2n—1)} .

7’0, n)= {2n(dn—1)Ydn—3)—e,_,6n*@2n—1)}

In order to prove the negativeness of this quantity for n=2, we show that

3n@2n—1) ( n

n-1 .
(4n—1)(4n—3) n—l) N\ in 2<n<4co.

We have

d 3n2n—1) n-1
E?1°g{(4n-n—1)7z4n—3)(nn—1) }

12 4 4 1
=Gt ot Tt ) sty )

2 4 4 n
S on—1 dn—1 dn—3 1108,

I —0 (as n—+o0),

and
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a 3n(2n—~1) /s n \n»-!
dn? log{(4n—1)(4n—3)\n—1> }

4 16 16 1
=T @n—1¢ T Un—1¢ T @n=3¢ am-D
__8wBntl | 1602°—32n+10
T an—12n—1) (16n2—16n-+3)°

____8N+1 +16(32N—I—10)_ 128N*—8N—9
~  N@N+1) (16N+3)* ~ NMAN+1)(16N+3)?

(N=n%*—n)

>0,

which implies

d 3 — -1
—En—{@ni(f;&nl_)g))(n_n_l) }<0 for n=2.

and

3n(2n—1)
(4n—1)4n—3)

(nﬁl)""\ in 2<n<+oo.

Using this fact, we obtain

(4: f(f)ré;,l_)g) (-24)" >3e/8=10198556 - >1,

which implies the inequalit~y of iii).
Next, from (2.1) and Q,(n, n)=—n(n—1)*(4n*—10n+3) we obtain

e,y Bt —100+3)
A )= 2An—12vn—x

near x=n, which implies iv).
Finally, setting again x=1+y, from (2.2) and (2.3) we have

{1+-0(n—x)}

~

Q:;(1+y, n)=@n?+2n—3)y*—(8n*+20n*—70n+33)y?
+(32n*—172n%+4-206n —66)y +72n°—180n%+144n — 36,

~

Q(+y, n)=(n—1)2n—1)2n—3)y*
+@2n—3)(10n2—25n+12)y°+3(20n°—82n2+98n —33) y*
+2(n—1)(52n*—124n+51)y +36(n —1)*2n—1),

from which we obtain

~

Ju1+y, m—(1——2=

n—l1

20 Gy, m= RIS e oy

near y=0. Hence we obtain from (2.1)
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. . B n(2n—1)(n?*—n—3)
’ — 0 ,
lm 7 Ce, W)=l v —i—y ) +0w)}
—,~l_. — 2 __ 4y _1\n-8.5
=717 n@2n—1)(n*—n—3)(n—1) ,
which is positive for n>1+g/13 and negative for 2§n<1+§/13. Q.E.D.

Remark. From Lemma 2.2 we see that x(z, n) and %’(z, n) are complex
analytic with a removable singular point at z=1 and regular on a domain
containing the real half line x<n.

LEMMA 2.3. When n=2, we have

i) Qulx, n)>0 for —co<x<+oo,

il) Qux, n)>0 for 0<x <40,

Proof. First, from (1.15) the discriminant of Ou(x, n) as a quadratic poly-
nomial of x is

An®—10n+3)*—12n(n—1)(2n—1)2n—3)=—(32n*—64n*+-8n*+24n—9)
and
32n*—64n°+8n+24n—9=8n2+24n—9>0 for n=2,

which implies i). N N
Second, we set x=nt and S(¢, n)=Qnt, n)/n?, then we have

S, n)y=n*n—1)2n—1)2n—3)t*+n2n—3)2n*—13n+8)*
~+3(8n°—26m2421n—3)t*+(28n*—52n+15)t+6(2n—1).

Putting n=2, we have

§4(t, 2)=12t*—20t*— 312+ 23t +18
and
(12¢4—2083—3¢2)” =6(24¢*— 20t —1),
(12t4—20¢° —3t2+23t)’' =48t*— 601> — 6t +23
5 62 133
T3t
133
6

=(24t2—20t—1)(2t—

62 ><5-]—«/31

3 12

v

-+

= %(244—31\/31)>0 for t=0.

Hence
1214 —20t*—3¢2+23t+18¢ " in 0<t<+o0
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and so we obtain
8., 2)=18 for =0.
Then, we have

a5.t, n)

on =(20n*—48n°4-33n*—6n)t*4-(16n°—96n°+4-110n —24)t*

+3(24n*—52n+21)*+4(14n —13)t 412
(setting n=m+2)
=20m*+112m*+225m*+190m~+56)t+ (16m*—82m —60)t*
+3(24m*+-44m+13)t*+4(14m+15)t+12
=mi[(20m°+112m*+225m+190)t*+2(8m* —41)t*

+12(6m+11)t-+56]
4561 —60t°+39¢>+60t+12.

On the other hand, we see that

(56t*—60t2+39¢%)" =6(1122—60t+13)>0 for —oo<t<+o00
and so
(56t — 602+ 3924 60t)’ =2241*— 180¢2+ 78t 460

in —co<t<+4o00 and =60 for t=0. Hence we obtain
56t4—60t°+39t24-60t+12=12 for t=0.
Next we have
(20m®+112m*+4-225m+190)t*+2(8m* —41)t* +12(6m +11)t +56
=mi[(20m*+112m+-225)t*4-16mt4-72]4-190¢> — 821>+ 132t +56 .

We see that

(1902 —82t2+132t)’ =570t2—164t+132>0 for —co<t<+c0
and so
190£2—82t2+132¢t+56=56 for t=0.

Hence we see that
(20m3+112m2+225m+190)¢*+2(8m*—41)t>+12(6m~+11)t+56 >0

for m=0 and ¢=0.

From these evaluations, we obtain
fs‘*gliw for 120 and n=2,

and hence
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S.¢t, n)>0 for t=0 and n=>2. Q.E.D.

1++/13
2

a and B such that 0<a<l and 1<B<n and y(x, n) takes its minimum at & and

its maximum at B and is monotone in 0<x<a, a<x<p and B<x<n, respectively.

PROPOSITION 1. When n> , 9'(x, n)=0 (0<x<n) has two solutions

Proof. By means of Lemma 2.2, it is clear that %’(x, n)=0 has roots in

1++/13

each interval 0<x<1 and 1<x<n, when n> 5 Let @ be the minimum

one and B the maximum one. Any root x of 73’(x, n)=0 is characterized by
the condition :

~

Qs(x, n) (n—x\r-1_
@ Qu(x, n) Gm1) =0

b~y Lemmii 2.1 and Lemma 2.2. We know that the real analytic function
Qi(x, n)/Qyx, n)—((n—x)/(n—1))""*! is negative at x=0 and x=n and equals to

M=) e o 1) ~
Ste—T V'O =D near x=1,
and hence we see that
L 63(": n) n—x \n-2 -
=0 dx Qux, n) +( n—1 ) =0 or =0

at this root x, if it changes the sign from negative to positive there as a or
from positive to negative there as f, respectively. Using (2.5), (2.6) is clearly
equivalent to

2.7 (n—x){0yx, n)Qu(x, n)—Qy(x, 1)Qi(x, n)}
+n—104x, n)0,(x, n)=0 or <0.

Next by a little long computation we obtain
Qi(x, MQu(x, n)—Qu(x, M)Qi(x, n)
={34n*+2n—3)x2—16(n—1)(n2+5n—3)x +3(16n°*—40n>+24n —3)}
X{(n—1)2n—1)2n—3)x*+2n—3)(2n*—13n+8)x°
+3(8n*—26m>+21n—3)x*+n(28n*—52n+15)x +6n*2n—1)}
—{(4n*+2n—3)x*—8(n—1)(n*+5n—3)x*
+3(16n2—40n°4-24n—3)x +2n(dn—1)4n—3)}
X {4(n—1)2n—1)(2n—3)x*+32n—3)(2n*—13n+8)x*
+6(8n*—26n%+21n—3)x +n(28n2—52n +15)}
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=—(n—1D[4n*+2n—3)4n*—8n+3)x"°

—16(n —1)(n*+5n—3)(4n*—8n+3)x°®

+(544n5—2592n*+5280n°*—5548n°+4-2964n —630) x*

+4(224n°—1352n*+2868n°—2634n2+999n — 108) x*

+(1760n°—7984n*+11216n°—6144n>+1206n —81)x*

+12(144n°—344n*+-272n*—78n*+9n)x

+2(160n°—256n*4108n°—18n?)]=—(n—1)(#),

where (#) denotes the polynomial in the brackets. Then, we obtain furthermore

where

n—x

1 10, mQux, m)—Qulx, iz, n))

+Qu(x, MQu(x, M=(x—n)(#)+0s(x, m)Qulx, n)
=(16n*—24n°—16n%+30n—9)x"
—(80n°+104n*—992n°+4-1438n*—777n+-144)x°
~+(647n°+672n°— 356874466881 °—63161°+31081n —630)x°
—(544n°—3488n°4-10688n*—17020n°+ 135007 °—4626n +432) x*
—(896n°—7168n°+19456n*—21752n°+10140n°*—1638n +81)x°
—(1760n°—9712n°%+15344n*—9408n°+2142n*—189n) x*
—(1728n°—4448n°4-3776n*—1152n°4-144n%)x
—320n°+4-512n°—216n*+36n°
+{(4n*+2n—3)x*—8(n—1)(n*+5n—3)x*
+3(16n%—40n%+24n—3)x +2n(dn—1)(4n—3)}
X{(n—=1)2n—1)2n—3)x*+(2n—3)(2n*—13n+8)x*
+3(8n®—26n2+21n—3)x2+n(28n2—52n+15)x +6n%2n — 1)}
=n[(4n’+2n—3)4n’—8n+3)x"—(32n°496n*—328n°+-56n°+240n —108) . °
+(224n°—160n*—736n°+636n°+324n—270)x°
—(416n°—928n*—216n°+1232n°—168n —252)x*
=+(160n°—1040n*+8007°+680n—498n —81) x*
+(2567°54-256n*—752n°+168n*+216n)x*
—(256n°—160n*—120n°+180n%)x +64n°—64n*+48n°]
=n(x—1)°*P,(x, n),
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(2.8 P(x, n):=2n—1)2n—3)(4n*+2n—3)x*
—(32n°+48n*—256n°+104n>+150n —81)x*
+4n(32n*—88n°+26n°+93n —54)x*
+4n*(16n°+8n:—66n+45)x —16n°(dn*—4n+3).

Thus, we obtain a rule for roots 7y of 7’(x, n)=0 as follows, which we
denote here by (R): .

Case 0<y<1. Py, n)Z0, if gjgi: :; —( Z-__ch )n ' changes its sign from
negative to positive at x=y as «, otherwise Py(y, n)=0.

Case 1<y<n. Py, n)=<0, if this function changes its sign from positive to
negative at x=y as 8, otherwise Pi(y, n)=0.

Now, for the above biquadratic polynomial P,(x, n) of x we have the
following :

P, 0, n)=—16n°*Un?*—4n+3)<0 for n>1,
Py(1, n)=0961°— 288" +24n°+432n> — 3367 +72
—24(n—1)2n —1)2(n*—n—3)>0 forn>1+‘/13,

Pi(n, n)=—16n%+56n"—48n*—2n°+13n*—3n?

= 3 (n—1)2n—1)2n+1)dn*—10n+3)<0 for n>5+‘/13

and 2n—1)2n—3)(4n%+2n—3)>0 for n>3/2, from which we see that P,(x, n)=0
has a unique root @, and B, in 0<x<1 and 1<x<n, respectively, when

>1i2‘1§. Thus, we see that when n>1+;/ 13 9 3027756, then

2.9 { P(x, n)<0 for 0=<x<a, and B, <x=n,

P(x, n)>0 for a,<x<fB, 0<a,<1<B,<n,

which implies 0<a=<a, and B,<8<n. By means of the above mentioned rule
(R), we see that 5’(x, n)=0 has no solutions in 0<x<a and f<x<n and %9(x)
is monotone in a<x<§f. Q.E.D.

We shall show the approximate values of a=a(n) with other related con-
stants with step 1/100 in Table A on the final page. Here, we can show
roughly the graph of y=7(x, n) with n>l+T\/1—3 as in Fig. 3. Then, we see

that n(x, n) is decreasing in 0<x<a(n) and B(n)<x<n, and increasing in

1+§/13’ let z(n) be the unique solution of

a(n)<x<B(n). Thus, when n>
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(x, n)=0
in 0<x<n.

y=1(x.n)

0 aln) 1 2(n) x
Bn) n

nn— Z)n—2'5
(n>-1—_‘_:2@)

Fig. 3.

PROPOSITION 2. When 5+Z/13<n<1+§/13, 7/(x, n)=0 (0<x<n) has two

solutions a and B such that 1<a<S<n and n(x, n) takes its minimum at a and
its maximum at B, and is monotone in 0<x<a, a<x<f and B<x<n, respectively.

Proof. By means of Lemma 2.2, we see easily that »’(x, n)=0 has at least
two solutions in 1<x<n. Let a and 8 be the minimum and the maximum of
them. Any root y of %'(x, n)=0 satisfies the rule (R) in the proof of Prop-
osition 1. Since Oy(x, n)/Q.(x, n)—((n—x)/(n—1)"* changes its sign from
negative to positive at a and from positive to negative at 8, we see that

Pya, n)=0 and P8, n)<0.

Since P,(0, n)<0 and P,(n, n)<0 and P,(1)<0 in this case, we see that P,(x, n)=0
has two roots a@,, 8, in 1<<x<n, such that

P,(x, n)<0 for 0=<x<a, and B,<x=n,
Pi(x, n)=0 for a,<x=p,,

and 1<a,=a=<B,<=pB<n. On the other hand, if ’(x, n)=0 has roots in 0<{x <1,
then at some y of them it must be P,(y, n)=0 by the rule (R), which contradicts
to the fact Py(x, n)<0 for 0<x<1. Furthermore, if there exist roots other
than @ and 8 in 1<x<n, then at some 7, and 7y, (a<7:<7,<B) of them we
must have

Py, n)<0 and Py, n)=0,
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from which we have 7,<8,<7, and hence y,=p8,=y,, which implies that 5(x, n)
is monotone increasing in a<x<f. We can use the same argument for the
intervals 1<x<ea and g<x<n. Q.E.D.
5+Z/13<n<1+§/13
as in Fig. 4. Then, we see that 7(x, n) is decreasing in 0<x<a(n) and
B(n)<x<n and increasing in a(n)<x<fB(n). In this case, we can also define
z(n) of the unique solution of

Here, we can show roughly the graph of y=7(x, n) with

(x, n)=0
in 0<x<n.

y

0 1 a(n) z(n)/N x
Bn) n
y=7(x,n)

—n_(@;/l)—n—'_’ﬁ
- (———5+F << dtLIS +§’1_3 )

Fig. 4.

5++/13

4
1<a<n and 9 takes its minimum at @ and is monotone in 0<x<a and a<x<n,
respectively.

PROPOSITION 3. When 2<n< , 9'(x, n) has a solution a such that

Proof. By means of Lemma 2.2, 5(x, n) takes its minimum in 1<x<n at
some points in 1<x<n. Let @ be the minimum of them. By the rule (R), we
have P,(a, n)=0. Now, from (2.8) we obtain

P(2n, n)=—32n%*8n*—16n2—2n%+10n—3)<0,
because
8nt—16n—2n2+10n—3=n—2)B8n®*—2n+6)+9=9 for n=2.
Since we have

Pin, n)>0 for 2§n<%.

Hence, P,(x, n)=0 has roots in n<x<2n and 2n<x<-+oo. Thus, we see that
P,(x, n)=0 has only one.root a, in 0<x<n and 1<a,<n, and
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P(x, n)<0 for 0=Zx<a,,
P (x, n)>0 for a,<x=n,

and a,=<a. Using the rule (R), we see easily that 5’(x, n) has no solution in
0<x<1 and a<x<n and p(x, n) is monotone decreasing in 0<x<a and

increasing in a<x<n. Q.E.D.
Here, we can show roughly the graph of y=7(x, n) with 2§n<5+z/ﬁ as
in Fig. 5.
y
0 1 a(n) n  x
e 1)1 25 y=1(xn)
2
(25n<5—+-§1~i)

Fig. 5.

§3. Some auxiliary constants depending on 7.

On the constant z(n) defined at the end of §2, we obtain by Proposition 1
and Proposition 2 the following

LEMMA 3.1. When n>5+2/13, a constant b(1<b<n) is greater than z(n)
if and only if
~ n—b\n-1 ~
(3.1) —Que, m+(5=1)" Gt m>0.
Now, looking over the data of z(n) computed in 1+—§/1§<n <5 by a com-

puter (Table A) the following inequality will be assumed

(3.2) e

LEMMA 3.2. (3.2) holds for 2.4=<n<10.

7(n—1) 3n—71

= . . btai
5151 —32) — 2(15n—32)" from (1.14), (1.15) we obtain

Proof. For b=1+

n—1

. B .
Qu(b, )=y (3320°—962n+405),
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~ _ n—l1 - . _
Q.(b, n)-—————4 ({5n—327 (12578n°—59607n2+-83434n —28755)

and

—by\n- 30n—T71 \»-
(:—1> 1:(.2(1;—32)) g

By Lemma 3.1, (3.2) is equivalent to

30n —64)n-1 12578n°—59607n°+-83434n — 28755
30n—71 2(15n —32)(332n*—962n +-405)

Now, we first show that

3.3)

n —=2.36<n<+co.

30n—64\n-1 .71
n ) N i

30n—71 30
In fact, its logarithmic derivative is
30n—64 34 41
08 30, =71 T 3n—64  som—71 0 (@ noteo).

Furthermore, the derivative of this function of » is

30(15750n —35266)
(30n —64)*(30n —71)* ’

71 ( 35266 2519

which is positive for n> 30\~ 15750 — Tl—zg=2.2391).

Hence we obtain
d (3071—64

~d (30n—64 71
dn \30n—"71 0°

n-1
) <0 for n>—3—

Then, we show that the right hand side of (3.3) is also decreasing in 2.18<
n<4oco. In fact, we have

d 712578n°—59607n"+-83434n —28755)
dn \  2(15n—32)(332n>*—962n +405)

=—(18286352n*—96222364n°4-1661319171°—104157900n
+21424095)/ {2(15n —32)*(332n°—962n +405)*} ,

which is negative for n>=2.18, because we see easily that
18286352n*—96222364n°+166131917n%—104157900n + 21424095

is increasing in 2.13<n<-+4oo0 and =2031.8772 at n=2.18.
On the other hand
30n—64

n-1
OURT % — T30 —
lim (3= =er0=1.262802343
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and

. 12578n°—59607n*+-83434n—28755 _ 12578 _
I 2(15n 3332 —062n+405)  2x15x33z - 0RPH06

Denoting the left hand side and the right one of (3.3) by L(n) and R(n), re-
spectively, and computing their values with steps 1/1000 and 1/10000 in the
following intervals, we see that

L(n)<R(n+0.001) in 2.400=n=<2.580

and
L(n)<R(n+0.0001) in 2.5800<7<10.0000,

which implies
L(n)<R(n) for 2.4<n<10

by means of the decreasing property of L(n) and R(n). Q.E.D.

We have the following proposition which is important for the purpose of
this work in order to use the same method as the one in the proof of Lemma
3.2 and will be proved in another paper [22].

PROPOSITION 4. z(n) is decreasing in 5+2/13+ 1(1)(1)0 <n<22, and hence

5++/13 11 for 5+«/13+ 11 <n<22.

2 71000 ) 1000 =

z(n)<

We have more sharp evaluations as follows:

i) z(n)<2.1 for 2.250=n <2.400,

ii) z(n)<2 for 2.300<n<2.550,

iii) z(n)<1.85 for 2.50<n<3.00,

iv) z(n)<1.65 for 2.80=<n<3.80,

v) 2z(n)<1.38 for 3.60<n<6.10,

vi) z(n)<l.l for 6.0=n<22.

PROPOSITION 5. w(n):=X;'(z(n)) s increasing in 5+Z/13+%<n<22.

Proof. For z=z(n) and w=w(n), we have w(n—w)"'=z(n—z)""!, from
which we obtain by differentiation with respect to »

nl—w) ,  n-L , 1 1 n—z
3.4) wn—w) w= z(n—z) 2+ 1)(11—2 n——w)+log n—uw
By means of Proposition 4, we see that
_nk=D 5+413 , 11 _
2n—z) 2 70 for T+ g0 =n =2
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Setting T=(1—w)/(n—1) and S=(z—1)/(n—1), we obtain

—Zz
—w

(n—1)( ~)+log 2

1 1 1-S
I W R

n—z n—w

=(1+ 3 S 25t +m—njl—sm+ )
(g T = 2T D B )

:%(SQ—TZ)—l»%(SS—i—Tﬁ)—I-%(S‘*—T4)+

+ 27; 1 (Szm sz)_l_ 22+1 (SZm+1+T2m+I)+ >0
since we have S>T by Proposition 4 in (IV) for n>2. Q.E.D.

Remark. The monotony of z(n) and w(n) with respect to n was proved for

5+Z/13+——1(1)(1)0 <n<22, and the right end 22 may be replaced by 4o, but the

left end cannot be replaced by 5+‘/13+—l-— which will be shown in [22].

100’
As started in § 1, we wish to prove the inequality
3.5 P(Xn(x), n)—n(x, n)>0
for 0<x<1 and n>5+2/13+m By means of Proposition 1 and Proposition

2, we see easily that (3.5) holds for

0=x=w(n) and n>%.

LEMMA 3.3. If a(m)=w(n) for n>1+‘/13 then (3.5) holds for 0<x<L1.
Proof. By means of Proposition 1, 5(x, n) is increasing in a(n)<x<z(n),
hence we have for wn)<x<1
N(Xa(x), n)>n(x, n)

because a(n)Swn)<x<X,(x)<X,(w(n))=z(n). Therefore, combining this with
the fact mentioned above, we obtain this lemma. Q.E.D.

On the other ‘hand, by means of an analogous way in the proof of Proposi-
tion 4 we can prove the following proposition ([22]).
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PROPOSITION 6. a(n) and B(n) in Proposition 1 are decreasing and increasing

1++/13
2

The right end 22 may be replaced by -+co. Now, looking Table A we find
as follows:

<n<22, respectively.

n

a(3.23)=0.644034 --- , w(3.23)=0.643027 --- ,
a(3.24)=0.642357 ---, w(3.24)=0.645647 ---,
a(3.25)=0.640700 --- , w(3.25)=0.648237 --- .

Hence, we obtain from Propositions 5 and 6 and Lemma 3.3 the following
LEMMA 3.4, When 3.24=<n<22, (3.5) holds for 0<x<1.

In the following, by virtue of Lemma 3.4 we shall treat mainly values of
n such
wn)<a(n)
and
-1i§“—1§<n<3.24

For such n we define x=2(n) by

a(n)<Zn)<z(n)
and
(3.6) n(w(n), n)y=n(Z(n), n).
y
wn) an) Zn) x
0 1 z(n) n
\ " [ y=nten)
Fig. 6.

LemMMA 3.5. If wn)<a(n) and Z(n)<1, then (3.5) holds for 0<x<1.

Proof. By means of Proposition 1, for w(n)<x<1 we have

(x, n)<n(, n)<p(Xa(x), n).
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Hence, we obtain this lemma. Q.E.D.

Now, we consider the case: w(n)<a(n) and 1<Z(n)<z(n)). We wish to
show that Z(n) is decreasing with respect to n. Differentiating (3.6) with respect
to n we obtain

92, mz'=20 w, mow+- P, -2z, w),

where w=w(n) and Z=2Z(n).
Since we have —ai(w, n)<0, a_”.(z’ n)=0 and w’>0 for n>5+«/13+ 11
ox ox 1000

by Propositions 1, 2 and 5, we can claim Z’<0 if we have
ay oy
— < 4

3.7 o (w, n)= o (Z, n).

Since we have from (1.16)

g%(x, n)=——"—m—1"n—x

(x 1)3
x{(—ddn—log(n—1>n-2+ Z(nl—x))x<_§l+( o )"'162)
+ (0 (220"}

=1](x, ")%‘log(n_l)n_z'{‘ W:A(x n),

where we set

(3.8) A, myi==Qux, m+ (2=

)H@z(x, n)

+2(n~x)%{—§1(x, n)+( 7711:)16 )n_l@(x, n)},

using (3.6), (3.7) is equivalent to

wAtw, n) . ZAMZ, n)
(w—13vVn—w = (Z=1*n—

Now, by (1.14) and (1.15) we obtain

(3.9)

(310)  Ale, m=—{0:Cr, MA2n—2) 20, m)

+( Z:’lc )n—l{éz(x, n)+2(n—x)%§z(x, n)

+2n—x)Qux, m)(log T 1+ — )

n—x
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=—{4(dn+1)x>—5(An>+14n—T7)x +80n—48n 43}
+(%)""{—2(4n—5)x3+(10n2—31n+23>x2
+(20n2—54n +9)x +3n(10n —3)+2(n — x)0s(x, 1)

Kox =+ =)

LEMMA 3.6. Regarding A(x, n) we have the following :
i) A0, n)>0 for n=2,

i) AQ+Hn—Dp, my=— 27208 2 DU Bt 9+ 2)

+ - near x=1,
i) limg.n-od(x, n)=(n—1)4n*—10n+3).

Proof. i) From (3.10) and (1.15), we obtain

A0, )=—(80n*—48n+3)+(—"1)"

n 1
x3n{10n —3+2n(2n—1)(log L b

Since we have
n 1 1 1 3n+2

n—1 n 2w’ 3t 7 e

log

A0, n)>0 is implied from the inequality :
)" 30 {1003+ Ln—1n+2) b>0

—(80n*—48n+3) +(-"

n—1 3n®
i.e.
n \m1_ n(80n*—48n+3)
@.11) o) 30ni—3nitn—z A0

We shall prove that (3.11) holds for n=2. First of all, we see that

[( n )n-l]n=2=2>h(2)___ 2x227

n—1 228

and
im (—")" o o> i =8
Jim (F57)" =e=2.71828 - > lim h(n)== .

If (3.11) does not hold for 2<<n<-+oo, there exist 2<n,<n,<+oo such that

fn)=g(ny) and f(n,)=g(n,),
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where

n

n 1

n—1 n

)

finrm o () =

(n)——d—lo h(n)= 1200n*—20n°—519n%+192n —6
B =gy OB = B0n — 48+ 3)30n —3n*+n—2)
We shall show that f(n)>g(n) for 2<n=<34.9. f(n)>g(n) is implied from

1 1 1
JE— R _— >
2nt + 3nd + 4nt z8(n),

which is equivalent to

4n-+3 . 1640n*—1352n°+601n°*—111n4-6
12n* = 2(80n*—48n+3)(30n°—3n’+n—2)’

and hence
—240n°48592n°—7390n4+740n°—291n%+273n—18=0.

The left hand side of the above inequality
>148.4n*+740n°—291n%+273n—18>0 for 2=<n<34.9,

since we have 8592/2X%240=17.9.
Next, we shall show that f(n)<g(n) for 36=<n<+o0. f(n)<g(n) is implied
from
1 1 1
- <
2n® + 3n® ~l_4n3(n—l) =8(n),
which is equivalent to

dn—1 _ 1640n‘'—1352n°+601n*—111n+6
12n(n—1) = 2(80n>—48n+3)(30n*—3n2+n—2)’

and hence
—240n°+8832n°—8782n*+3090n°—89n*—87n+6=0

The left hand side of the above inequality
<—1870n*+30907n°—89n*—87n+6
=<—2312369n*—87n+6<0 for 36=n<-+co

Thus we see that 34.9<n,<n,<36.
On the other hand, we have
1200n4—20n2—519n2+192n—6
(B0n®*—3nt4+n—2)*

and hence for 33<n <36 we have

h'(n)= >0 for n=2
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(;":T)"’lz(g—g)séz.emggo

> h(36)=2.629539 - = h(n),

which contradicts to the existence of »n; and n,.
ii) On the expressions in (3.10), setting x=14+(n—1)t, we have

4(4n+1)x*—5(4n’+14n—7)x +80n*—48n+3
=(n—1{4{dn+1)n—1)*—(20n*+38n —43)t+6(10n—7)},
—2(4n—5)x*+(10n*—31n +23)x°+(20n*—54n +9)x +3n(10n —3)
=(n—1){—2(4n—5)(n—1)*t*4+(10n*—551n4-53)(n —1)*
+(40n*—140n+-85)t+6(10n —7)},

~

Qs(x, n)=(n—D{2n—3)(n—1)*+(8n*—20n+9)t+6(2n—1)},
(n—x)n—lr—‘(l-—t)""l

n—1

6

(n=1)(n—2(n—3\n—4) ,
N ” o,

n—x x—1
n—1 + n—x>

=(n—1{(1—1) log (1—5)+1}
1 1 1 1

J— . 42 43 T 44 5 e
—=(n 1){2t+2.3t+3.4t+4’5t+ b

(n—x)(log

from which we obtain

(3.12) A+(n—1t, n)=_("—1>2+—2>t3
+ n(n—1)2(10n3—25n2+19n +2) “y

0 --~near x=1.

iii) Since we have
[4(4n+1)x2—5dn*+14n—T)x +80n2—48n+3] .-,

=—4n’+14n*—13n+3=—mn—1)4n*—10n+3),
and
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. n—x x—1
xErl;I}o(n_x)(IOg n—1 + n—x)
1 1 1 1
—(n—l) {—§+ﬂ+ﬂ+ﬁ+ ~-}——n—1 .
We obtain easily
(3.13) linol Alx, n)=(n—1)4n*—10n+3).

Q.E.D.

Remark. From Lemma 3.6, we see that when n>2, A(x, n) is negative for

x>1 sufficiently near 1 and when n>5—i_——~2/~1—3, A(x, n) is positive for x<n

sufficiently near n. For 0<x<1, we have the following proposition which will
be proved also in [22].

PROPOSITION 7. When n=2, we have
Alx, n)>0 for 0=x<1.

Now, considering (3.9) and Lemma 3.6, we define an auxiliary real analytic
function I'(x, n) by
( xA(x, n)
(x—1*vn—x
n—2
T (n—DA/n—1

for 0<x<n, x#1,

(3.14) I(x, n):=
for x=1.

LEMMA 3.7. We have

0 _ 10n*—25n°+13n*4+17n—6
[WF(X’ n>]x=1_ 12("“‘1)2'\/71—1 >0 for ngz.
Proof. Setting x=1+(n—1)t, we obtain from (3.12) and (3.14)

(n—1vn—1v/1—t

- <n—1>2<n—2> L n—1700n :22511 +19n+42), -}

from which we obtain

(n—1)%(10n*—25n2+191n +2)
+ 12 ]
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_ 10n*—25n*+13n’+17n—6
- 12(n—1)*+/n—1
Next, we have

10n*—25n°+13n°+17n—6=(n—2)(10n*—5n°+3n +23)+40=40

for n=2. Q.E.D.
In the following, we want to show that /'(x, n) is monotone increasing in
. 5+«/ 13, 11
wn)<x<Z(n) with +1000_ n<3.24.

Differentiating I '(x, n) with respect to x, we obtain from (3.10)

d xA(x, n) _ 1
E‘{ (x—1)3«/n—x}_Z(x—l)“(n—x)«/n—x M, n),

where

I (x, n)=2x(x—1)(n—x)%/1(x, n)+ {5x2—@n—1)x—2n} A(x, n)

=2x(x—1)(n—x)<—8(4n+1)x+5(4n2—|-14n—7)

+(B=D)" [ -64n—5)x*+2(10n" ~31n+23)x +20n*—54n +9

+2(22n*~5n-+3)x +4n* — 10n+3)(n —x)(log T=E 4+ 2= i)

—2{2@2n*—5n+3)x"+(4n"—10n+3)x+6n°—3n}log Z:ﬂ

_<’,1:’f n-z[—2(4n—5)x3+(10n2—31n+23)x2+(20n2—54”+9)x

+30n2—9n+2{2n*—5n+3)x+(4n*—10n+3)x +6n*—3n}(n—x)

% (log 2t Z_i>]>+{5x2—(4n——l)x—2n}

< 4(4n-+1)x*+5(4n*+ 14n—T)x —(B0n*—48n +3)+ (1—7) "

><[—2(471—5)x3+(10n2—31n+23)x2

+(20n*—54n+9)x+3n(10n—3)+2(n—x){(2n*—5n+3)x?

- . n—x  x—1 >
+n* = 10n+3)x+6n"—3n} (log = +-—)]),

which can be arranged by a long computation as follows:

=

(3.15) II(x, n)=Adx, n)—l—(Z
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n—x+ x—l)}’

{Butx, m—2B.(x, m)n—x)(log 7 =7 + 23—
(3.16)  Ayx, n):=—4(4n+1)x*+-5(12n°+26n—25)x®
—8(5n°+4-48n*—68n +15)x*+(240n°*—552n°+200n —3)x
+2n(80n*—48n+3),
(3.17)  Byx, n):=(n—1)2n—1)2n—3)x*+(4n*—32n*4-55n —24)x*
+3(8n°—26n%+21n—3)x2+n(28n*—52n+15)x +6n*(2n—1),
(3.18)  By(x, n):=2(12n°—24n+11)x*—(20n°*—60n°+139n —107)x*
—(20n°—240n°+-367n —102)x*—(120n°*—402n2+271n —21)x®
—n(140n%—228n +39)x —6n2(10n—3).
LEMMA 3.8. On Alx, n) we have the following:
i) When 5—-'%3<n§2.84, Aux, n)>0 for 0=x=n and convex upward in

0<x<1 and decreasing in 1<x<n.
ii) When 2.84<n =5, Ax, n)>0 for 0=x=<1.6 and convex upward in 0<x<1
and decreasing in 1<x<1.6.

Proof. From (3.16) we have
%A/’(x, n)=—24(4n—+1)x*+15(12n°+426n —25)x —8(5n°+48n*—68n+15) .

We see easily that
15(12n2+26n—25) _ 5

ox2A@n+1) ~ 2 for n=2.

We have
A1, n)=2(—40n°—204n%+838n—519)<0 for n=2.05,

hence
A/ (x, n)<0 for 0=<x=<1 with n=2.05

and so A,(x, n) is convex upward in 0<x<1 with n=2.05. We have
A/ (n, n)=2(44n°*—18n2+16972—120)>0 for n=2.
Next, we have
Ai(x, n)=—16(4n+1)x*+15(12n%+26n —25)x*

—16(5n°+48n%*—68n+15)x +240n°—552n +200n —3 .
We see easily
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A0, n)=240n°-552n>+200n—3=56n—3=109 for n=2,
Ai1, n)=160n°*—1140n°41614n—634<0 for 2=<n<5.3,
Ai(n, n)=36n*—154n*+161n*—40n—3<0

for 2=n<2.848 and >0 for 2.849<n<+co

and
Ai(1.6, n)=112n°—1320n2+2677.056n —1412.536 <0 for 2=<n<9.

Last, we have
A0, n)=2n80n*—48n+3)>0 for n=2,

A1, n)=36(n—110n—7)>0  for n=2,

Adn, my=n(n—17(n*—1004+3>0  for n>3TY13

and
A,(1.6, n)=441.6n°—1716.48n%+2146.2624n —850.2144>0 for n=2.

Taking account of these facts, we obtain the claim of this lemma. Q.E.D.

Remark. The reason of noticing the value 1.6 is
z(n)<2(2.84)=1.579536 --- for n=2.84
and z(2.8)=1.602411 --- (see Table A).

LEMMA 3.9. When n=2, B,(x, n) 1s positive for 0Sx<n and increasing in
0<x<n.

Proof. We have from (3.17)
Bu(x, n)=(n—1)(2n—1)(2n —3)x*-+(2n—3)(2n— 130 +8)x*
+3(n—1)8n*—18n +3)x*+n(2n —3)(14n —5)x +6n°@n—1),
Bi(x, n)=4n(n—1)2n—1)2n —3)x*+3(2n —3)2n*—13n +8)x"
+6(n—1)8n*—18n +3)x +n(2n—3)14n—5),
=B (x, m)=2n—1)(2n—1)2n—x*

+(2n—3)2n*—13n+8)x +(n—1)8n*—18n+3),
from which we see

B0, n)=6n*2n—1)>0 for n>0.5,
B0, n)=n(2n—3)(14n—5)>0 for n>1.5.
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The discriminant D of B,”(x, n)/6 as a quadratic polynomial of x is given by
D=(2n—3)*(2n*—13n+8)*—8(n—1)*(2n—1)(2n—3)(8n*—18n+3)
=—(2n—3)(120n°—492n*+4667n°4-259n2—512n 4-168) .
Since we have
(120n°*—492n*+466n°+259n%)”
=2(1200n°—2952n°+1398n+259)>0 for n=2,

(120n°—492n*+466n°+259n —512n)’

=600n*—1968n°+1398n%+518n—512 " in 2<n<+oo,

=—28 at n=2 and =7.49875--- at n=2.02
and
—124 at n=2,

120n°—492n*+466n°+259n*—512n +168={ —4.77919 --- at n=2.31,

5.18081 --- at n=2.32,
we see that

D<0 for n>2.31:-- and D>0 for 2<n<2.31---.
Therefore we see that when n>2.31--- we have

B, (x, n)>0 for —co<x<+c0
and so
Bi(x, n)>0 and By(x, n)>0 for 0=x<+co,

Next, we consider the case such that D=0. Regarding B,”(x, n)/6 we see

(2n—3)(2n*—13n+8) 2n°—13n+8

0<— dn—D2n—102n—3) 4n—1)(2n—1)

<1 for 2=n<5

and
B, (n, n)=6(8n°*—20n*—2n°+23n*—3n—3)

/" in 2<n<4o0, =218 for n=2,
On the other hand, we have

Bi(x, n)—%B.,”(x, n)=(2n—3)(2n*—13n+8)x?

+4(n—1)8n*—18n+3)x+n(2n—3)(14n—>5)
and
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2(n—1)(2n—1){B;(x, n)—%B{’(x, n)}—(2n2—13n+8)%34”(x, )
=(120n°—492n*+466n°+259n°—512n +168)x
+(n—1)(96n*—124n°—140n%+4153n —24) .
For the big root x of B,”(x, n)=0, we obtain from the above expression
2(n—1)2n—1)Bi(x, n)=(120n°—492n*4-4667n°+259n°—512n +168)n
+96n°—220n*—16n°4-293n*—177n+24
=120n°—396n°+246n*+243n°—219n*—9n 24 ,

which is increasing in 2<n<+4oco and =18 for n=2. Hence, taking account of
B0, n)>0 for n=2, we have also

Bi(x, n)>0 for 0=<x<+oco
and so

B,(x, n)>0 for 0<x<-+o0.
Q.E.D.

LeMMA 3.10. By(x, n) has the following
i) B0, n)=—6n*10n—3)<<0, Bs(1, n)=—36(n—1)*(10n—7)<0,
By(n, n)=n*(n—1*4n*—1)>0 for n>1.

ii) When 2<n<2.33 -+, Bs(x, n) is convex downward in 0<x<1 and /" in
1<x<n.

iii) When 2.33 -+ <n<4.17, By(x, n) is \, in 0<x<1 and N\, in 1<x<n.
In ii) and iii), 2.33--- denotes the greter root of the equation: 260n*—796n 443
=0, 7.e. (1994-+/10806)/130=2.330399 ---.

Proof. From (3.18), we obtain easily i), the discriminant of B¥(x, n)/24
becomes

(20n®*—60n%+139n—107)*4+5(12n2—24n+11)(20n3—240n2+367n—102)
=400n°—12007n°—7640n*4309607°—31199n%+2679n+5839 ,

which is negative for 2<n=<4.17 and positive for 4.18<n <400, as it is shown
by observing its derivatives. Hence, we obtain that when 2<n<4.17

B¥(x, n)>0 for —co<x<+c0,

and B,’(x, n) is increasing in —oo<x<+co,
Next, we have
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Bs"(0, n)=—2(120n*—402n*+271n—21)
>0 for 2<n<2.4 -, and <0 for n>24 .-,
Bs"(1, n)=—2(300n*—1722n%+2686n—1189)
>0 for 2<n<3.5---, and <0 for n>3.5---,

By"(n, n)=2(120n°*—180n*—14n*—57n2+35n+21)>0 for n=2,
and
B0, n)=—n(140n>—228n+39)<0 for n=2,

Bi(1, n)=—520n°4-2112n°—2478n+-886
=—2(n—1)(260n>—796n +443)

199—1-1«/3010—806_2 230399 ..

199+4-4/10806
130

Bi(n, n)=n(n—1)40n*—20n°+14n*+51n—3)>0 for n=2.

>0 for 2=<n<

and <0 for <n<+oo,

Thus, we can imagine the shape of the graph of y=Bj(x, n) as shown in Fig.
7 and obtain the claims ii) and iii). Finally, we obtain easily from (3.18)

B0, n)=—6n*(10n—3),
B(1, n)=—36(n—1*(10n—7),

y y y
1 L 1
OI/ l l/r/ W
25n<2.33
<n<2d- 24+ <n<3.5 -
y y=B;'(xn)
1[ 2
0 : j x
1
l
3.5 <ns4.17
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Bs(n, n)=n*(n—1)*4n*—1).
Q.E.D.

Now, doing a long elaborate computation, we obtain

(3.19) H1+(n—1t, n)= %(n—1)3(1071“—257134—13112—1—1771—6)1‘4

+6lo(n—1)8(8On5—346n4+479n3—171n2—48n+36)t5—l-
and we see easily
10n*—25n°+13n°+17n—6=40 for n=2

(see Lemma 3.7) and
80n°—346n+479n°—171n*—48n+36
is increasing in 2<n<+4oo and =112 for »n=2. Finally noticing that
n—x  x—
(n— x)(logn T+

n>1, since we have

1) is decreasing in 0<x <1 and increasing in 1<x <n with

= i)-—log e

and making use of Lemmas 3.8-3.10 and taking account of (3.19), we have in-
vestigated the sign of II(x, n) by a computor. We computed approximately the
values of II(x, n) for 0<x<n with step 1/100 and for 2.2<n <5 with step 1/50,
and then found out for 2.8<n<5

—<n x)(log T+

(3.20) II(x, n)>0 for wn)<x<n, x+1,

which can be proved by the same way as used in the previous papers, here we
cite some data as follows.

n=2.6: I1(0)=—44.12098, 171(0.49)=0.03175, I1(2.59)=27.05419,
w(2.6)=0.38252, 2(2.6)=1.73948;

n=2.8: I1(0)=—55.80181, 77(0.48)=0.01790, I7(2.79)=>57.55155,
w(2.8)=0.49188, z(2.8)=1.60241;

n=3.4: I1(0)=—103.05941, 17(0.47)=0.05794, II(3.39)=293.78317,
w(3.4)=0.68373, 2(3.4)=1.36120;

n=>5: I1(0)=—344.70200, 17(0.45)=0.09335, 71(4.99)=4169.85710,
w(5)=0.86576, z(5)=1.14391.
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Thus, we see that

(3.21) I'(x, n) is increasing in w(n)<x<n, with 2.8<n<5.
Then, we compute approximately the values of I'(x, n) in order to prove
(3.9) for 5+\/13+—1W=n<2 8. First, regarding the expressions in (3.10) we

have the following
LEMMA 3.11. Setting m=(5++/13)/4=2.15138 ---, we have:
i) 4@n+1)x*—5An*+14n—T)x+80n>—48n+3

is decreasing in 0<x<2.5 and =0.38443
for 0=<x<m with n=m+0.011.

i) —2(n—5)x*+(10n*—31n+23)x*+(20n*—54n+9)x
+3n(10n—3) is positive for 0<x<m with n=2
and N\, in 0<x<m with 2&n<2.521 +--
and /N, in 0<x<m with 2.521 -+ <n=3.66 --- (2.521 --- =(27+34/61)/20).
iii) (jz(x, n)=(n—12n—3)x*+@Un*—10n+3)x+3n2n—1)
7s increasing in 0<x<-4co with n=m.

Proof. i) We see easily that
5(4n®*+14n—7)
8(dn-+1)

hence this polynomial of x is decreasing in 0<x <2.5. Since we have 4m*—10m-+3
=0, at x=m this polynomial is equal to

>2.5 for n=2,

(80—20m)n*—30(m+-2)n+45m
>36.97224n%—124.54164n4-96.81245>0.38443 for n=m-+0.011.
ii) Regarding the derivative of the cubic polynomial P of x:
Q=—6(4n—5)x*4+2(10n*—31n+23)x +20n*—54n+9,

we see that its discriminant >0 for n=2,
10n2—31n+23

6(4n—>5)
1 10 59

=18 at n=2, 21 at n=3, &6 at n=4,

is increasing in 2<n<4oo,
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and Q becomes at x=2

60n*—274n+221<—3 for 2<n<3.5,
and hence it is negative at x=m when 2<n<3.5, and

2743+/61

20n*~54n+9<0 for 2<n< 20

=2.52153 -+,

27+34/61

>0 for 20

<n<+4oo.

By solving the quadratic equation on n:
—6(4n—5)m*+2(10n*—31n+23)m—+20n*—54n+9=0,

we get the bigger root n=3.66786---. Next, we compute the value of P at
x=m as follows. Using 4m*=10m—3, we have

—2(4n—5m*+-(10n°—31n+4-23)m*+(20n*—54n +9)m+30n°—9n
=(45m+22.5)n*—(175.5m—29.25)n+121.5m —36
=4(45m+22.5)—2(175.5m—29.25)+121.5m — 36
=—49.5m+-112.5=6.00630 --- >0 for n=2.

Hence, from these facts we see that this cubic polynomial P is positive for
0= x<m, with n=(2743+4/61)/20=2.52 ---. When 2=<n <(27-+34/61)/20, we have
to invextigate its sign at x=ux,: the smaller roof of

—6(4n—5)x*+2(10n°—31n+23)x +20n*—54n+9=0.
Since we have
3P—xQ=(10n*—31n+23)x*>4+2(20n*—54n+9)x +90n*—27n ,
6(4n—5)3P—xQ)+(10n*—31n+23)Q
>2(100n*—140n°*—475n°+410n+259)x

+200n*+1000n2—1124n2—711n+207
and
100nt—140n°—475n%+410n+259 is increasing in 2<n<+co,

=—-13.82063 --- at n=2.47 and 1.68313 --- at n=2.48,
and

10n*—31n4-23 - 7.624
6(4n—5) T 29.52

for 2<n<2.48, we obtain

0<x,< =0.25826 --- <0.26,
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[18(4n—5)P]4-z,>2X0.26(100n*—140n°—475n+410n+259)
+200n¢+1000n2—1124n*—711n+-207
=252n4+927.2n*—1371n*—497.8n4-341.68>0 for 2=<n<2.47 ---.

From these facts, we can show the graph 0f~y=P(x, n) as Fig. 8.

iii) is easily checked from the expression of Q,(x, n). Q.E.D.
y
y=P(,n)

e
1 2 3
b s

mn x 0 m x
262+ <n<3.66 -
Fig. 8.

Then, we computed approximately the values of I'(x, n) for 0=x<n with
step 1/100 and for 2.15<n<2.19 with step 1/100 and for 2.2=<n<2.9 with step
1/10 and find out

(3.22) Twn), n)<I'(Z(n), n) for 2.152<n<2.8,
which can be proved, using Lemma 3.11 and developing a special method for n

near 5+;/13, which is ommited here to describe, since it needs a large space.

Thus, we obtain the following

PROPOSITION 8. Z(n) is decreasing in 2.152<n=<22.

§4. Positiveness of 7(X,(x))—n(x, n) and V(x, X,(x)).

Noticing the arguments developed in §3, we define inductively a series of
constants z;(n) and w;(n), 1=1, 2, ---, as follows:
zy(n):=z(n), wi(n):=wn),
4.1)
z(n):=Z(n), wy(n):=X7'(2x(n))
and, supposing z;(n) and w;(n) are defined for i>2 as
z2(n)>zy(n)> -+ >z4(n)>1,
4.2)

wi(n)<wy(n)< - <w(n)<1,
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Z.+1(n) and w,.,(n) are determined by

4.3) { 7(Zoea(n), n)=n(w:(n), n) with 1<z,,(n)<n,

Wor1(n) :=X7MzZe11(n)) .
When n>(1+4+/13)/2=2.30277 ---, by means of Proposition 1, if w;(n) satisfies
n(n—1)"-2

p(wq(n), n)> RS ey i

then z,,,(n) can be defined by (4.3) and
1<z (n)<zi(n),

because 0<w,-,(n)<wy(n)<a(n) and the behavior of y(x, n) as shown in Fig. 3,

and
1>w, () >w,(n),

which is evident from (4.3) and the property of X,(x). Considering these facts,
we continue the above process to define z.;,(n) and w,.,(n) as long as (4.4) is
satisfied for 7+1.

PROPOSITION 9. If zi(n) and wyn), i=1, are defined in some interval of
n>(1++/13)/2, then z,(n) s decreasing and w,(n) increasing there.

Proof. zy(n), wi(n) and z,(n) have these properties in (54+/13)/44-0.011<
n=22 by Propositions 4, 5 and 8. Observing the arguments in the proofs of
these propositions, we see that the arguments are also available for z;(n) and
wy(n), i=2. Hence the statement is true. Q.E.D.

y=nlx,n)

2.5

nin—1)""
24

Fig. 9.

PROPOSITION 10. When n>(1++/13)/2, we have
(Xalx), n)—7p(x, n)>0 for 0<x<1.



122 TOMINOSUKE OTSUKI

Proof. If wi(n)=a(n), the above inequality holds by Lemma 3.3. So, we
suppose w,(n)<a(n) and
n(n—1)"-?
< Nt S
n(win), n)s——57———,
then
N(Xn(x), m)—n(x, n)>0

for 0<x<w(n), since we have

p(x, n)<0<n(Xu(x), n).
Next, we suppose
n(n—1)*-2?
n(wi(n), n)>— o1

and

__1 n-2
P(Wori(n), n)<— ﬂ%/ni—l

for a fixed 7>1. Then, we see w(n)<a(n) and
N(Xa(x), n)—px, ;)>0  for win)SxSwen(n).

And by (4.2) it holds also for 0<x=<w,(n). Next, for w,+;(n)<x<1, we have

P(Xa(x), n)>*%i >xn(x, n).

Q.E.D.

The length of series of z;(n) and w;(n) is depend on n. For each n>
(1++/13)/2 we determine j(n) as follows: If

—1)r-2
g, m=—

then j(n)=1, otherwise j(n)=:+1 by

n(n—1)-* n(n—1)-*
Nwin), m>——57m = and  p(w.,(n), M= ——5 e

We computed the values of z,(n), w.(n) by a main frame computor and found,
for example,
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n J(n) n j(n) n j(n)

2.303 81 2.38 6 2.47

.310 30 .39 6 : 3
.32 18 2.40 5 2.55
.33 13 A1 5 2.56

.34 11 42 5 : 2
.35 9 2.43 2.80
.36 8 : 4 2.90

.37 7 2.46 : 1
5.00

Now, we try to prove the positiveness of V(x, X,(x)), by using numerical ap-
proximation by computors. Regarding the expression of V(x, X,(x)) by (1.13),

. . . X n—x
we have studied »(x, n) thus far. We know the following facts: i) W

is increasing in 0<x <1 with n>1(Lemma 3.2 in (VI)); 1ii) Fy(x) is decreasing
in 0<x<1 with n>2 and positive there (Lemma 3.1 in (VI)).

LEMMA 4.1. When n=2, A(X,(x))—A(x) s decreasing 1n 0<x <1 and positive
there and
lim {2(Xa(x)—2(x)} =+o0.

Proof. Setting X,(x)=X(x), we have

—fx—{z(X(x))—a"(x)}
_ X=Di{n+(n-—DX} dX (x—Dint+m—1Dx}
- n—DX*n—X) dx (n—1x*(n—x)
by Lemma 7.1 in (II) and

_cg__ 1—x ) X(n—X)
dx = x(n—x) 1-X 7

hence

X2

X

aexn /1 1
=Dt (§—5)<0 for 0<z<1.

Since we have
lirrll{i(Xn(x))—i(x)}=0,

this function is positive for 0<<x<1.
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Next, we have from (1.8)

lim (A(X(2)—3(x))

= lim {log(n—X)—

T-+0

1
—log(n—xH- (n—_l)}*}

1
(n—1X

. 1 1
—lelglo{log(n——X)—i— —Dx }— Wn—1) —logn, X=X,(x).

From x(n—x)"*=X(n—X)*"!, we have

1

log(n—X)+ n=Tx

1
(n—Dx

:{log(n—A)Jr (logx—logX)}+

n—1

log X,

1 xlogx+l 1
N rss

hence we have

=-co,

. 1 _ n—2 . xlogx+1
lim {log(n——X)—I— (n——l)x}_ n—1 logn+£Lr£10 x

Z-+0

from which we obtain
lim (A(X,(0)—A(x)h =o0.

Q.E.D.

Taking account of these facts, we computed approximately the values of
V(x, Xo(x))/(n—1)*"* for 0<x<1 with step 1/100 and 2.30<n<5.00 with step
1/50 by a computor and found that

V(x, Xa(x))<0

for some interval of x as follows:

n=2.30: 0.20————0.99
2.32: 0.25————0.96
2.34: 0.29————0.91
2.36: 0.35————0.85
2.38: 0.43————0.77
and when 2.40<n<5.00
(4.4) Vix, Xp(x))>0 for 0<x<1,

which can be proved by the same ways which have been used for the verifica-
tions of certain propositions in (VI)-(VlI), in fact, we have prepared so far also
many lemmas and propositions for this purpose.
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Combining the above result with the ones in (IV)-(Vll), we obtain the main
theorem of this paper as follows.

THEOREM C. The period T as a function of v=(x,—1)/(n—1) and n is
monotone decreasing with respect to n=2.4 for any fixed t(0<r<1).

Remark. By the fact disclosed in this paper, we see that, to prove Theorem
C by means of (4.4), n=2.4 is nearly the lower limit of the available interval of
n. Therefore, we have to develope completely different methods from the ones
used until now for 2=<n<2.4.

At last, we cite the table of the constants used in the arguments in the
present paper.

Table A
n a w z VA

2.16 1.136433 0.003389 2.151726 2.146321
2.17 1.125524 0.009526  2.148953  2.136309
2,18 1.114824 0.016968  2.144188  2.123337
2.19 1.104334 0.025294 2.137989  2.108150
2.20 1.094053 0.034253 2.130695  2.091227
2.21 1.083979 0.043671 2.122543 2.072922
2.22 1.074113 0.053421 2.113711  2.053505
2.23 1.064450 0.063405 2.104338 2.033198
2.24 1.054989 0.073547 2.094537 2.012180
2.25 1.045726 0.083788  2.084398 1.990601

2.26  1.036659 0.094080 2.073995  1.968586
2,27 1.027785 0.104383 2.063391 1.946244
2.28 1.019098 0.114666 2.052638 1.923664
2.29 1.010597 0.124905 2.041781  1.900926
2.30  1.999410 0.135077 2.030856 1.878095
2.31 0.994133 0.145167 2.019895 1.855231
2.32  0.986165 0.155161 2.008925 1.832382
2.33  0.978365 0.165048 1.997968  1.809591
2.34 0.970731 0.174819 1.987044 1.786895
2.35 0.963259 0.184468 1.976170 1.764327

2.36  0.955044  0.193988 1.965360 1.741912
2.37 0.948783 0.203377 1.954625 1.719676
2.38 0.941773  0.212631 1.943976 1.697637
2.39 0.934909 0.221748 1.933421 1.675812
2.40 0.928188 0.230726 1.922968  1.654217
2.41 0.921607 0.239565 1.912623 1.632864
2.42 0.915161 0.248265 1.902390 1.611761
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2.43
2.44
2.45

2.46
2.47
2.48
2.49

1
2
3
4
5
6
7
8
9
0
1
2
3
4
5
6
7
8

9
0
84

2

2

2

2

2

3

3.
3.
3.
3.
3.
3.
3.
3.
3.
4.
4.
4.
4.
4.
4.
4.
4.
4.
4.
5.
2.
3.24
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0.908847
0. 902663
0. 896604

0. 890667
0. 884850
0. 879150
0. 873562
0. 868085
0. 818805
0.777915
0. 743593
0. 714475
0. 689531

0. 667975
0. 649199
0.632727
0.618184
0. 605268
0.593735
0. 583388
0. 574062
0. 565621
0. 557953

0. 550963
0. 544568
0. 538702
0. 533303
0. 528323
0.523717
0.519447
0.515479
0.511785
0. 508339

0.731385
0. 642357

5++/13

4

1++/13

2

0. 256827
0. 265249
0. 273535

0. 281684
0. 289699
0. 297581
0. 305332
0. 312954
0.382522
0. 441509
0. 491885
0. 535272
0. 572949

0. 605919
0. 634976
0. 660745
0. 683731
0.704341
0. 722906
0.739702
0. 754955
0. 768857
0. 781570

0. 793229
0. 803953
0. 813842
0. 822982
0.831451
0. 839313
0. 846627
0. 853444
0. 859809
0. 865761

0. 510000
0. 645647

1
1
1

1
1
1
1
1
1
1

1
1
1

=

O e e e e e

. 892274
. 882278
. 872405

. 862656
. 853034
. 843538
. 834171
. 824932
. 739489
. 665843
. 602412
. 547598
. 500000

.458442
421960
. 389763
. 361204
. 335751
. 312964
. 292480
273994
. 257251
. 242034

. 228162
. 215476
203845
193151
183296
174193
. 165765
. 157946
150679
. 143911

. 579536
. 408606

=2.151387819--,

=2.302775638:--.

1.590919
1.570343
1. 550039

1.530012
1. 510264
1.490797
1.471613
. 452713
. 279068
. 131452
. 006263
. 000051
. 000040

. 000038
. 000030

et bt et et et

—

1.000070
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