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ASYMPTOTIC BEHAVIOR OF PERIODIC SOLUTIONS
IN BANACH SPACE

By JONG YEOUL PARK

1. Introduction.

We consider the following problem:

du(t)
dt

u()=x, (1)

+Au®)2 /@), t<(0, ),

where A is an m-accretive operator in Banach space X and fe L} (0, «o; X) is
T-periodic. Let {C,}:20 be a nonempty closed convex subset of a Banach space
and let U={U(t, s): 0=s=t} be a nonexpansive operator constrained in {C.},
i.e., U is a family of mappings U(t, s): C,—C, such that

ue, s)uGs, =0, r), Ulr, n=I,
U, s)x—UG, s)yl=|x—yl

for all 0=<r<s<t and x, y=C,. Such an evolution operator U is said to be
T-periodic (T>0) if

Ciur=C, and UQG@+T, s+T)=U(, s)

for all 0<s<t. Then, a function u: [0, co)>»X is an almost semitrajectory of
U if
lim sgp lu@)—=U(t, s)u(s)|=0.

§—oc0 L
In what follows, let U={U(t, s): 0<s<t} be a T-periodic nonexpansive
evolution operator constrained in {C,} and we take u(t)=U(t, 0)u(0) for ¢=0.
We shall denote u(nT+t) by u,(t).
If FU,)={x:U(T+t, t)x=x for 0<t<T} is nonempty, then we can take
zeFU,), and we see that

lim | u,(t)—z| =p(t)

exists. It is well known [1] that (1) has a unique integral solution U(¢; s, x)
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whenever xeD(A) and by setting U(t, s)x=U(t; s, x), we see that {U(, s): 0
<s<t} forms a T-periodic nonexpansive evolution operation operator constrained
in {C,}.

The present paper is concerned with the asymptotic behavior of the T-
periodic integral solution of (1). We prove that if » is an almost semitrajectory
of U and u,(t)=u(nT+1t), then the closed convex set

QFO'{un(f): n=k}NFU,)
consists of at most one point, where co{u,(t): n=k} is the closed convex hull
of {u,(): n=k}. This result is applied to study the problem of weak con-

vergence of the sequence {u,(t): n=0}. We also prove that if P is the metric
projection of X onto F(U,), then the strong lim Pu,(t) exists. Our proofs employ
N —o0

the methods of Lau-Takahashi [6] and W. Takahashi-J. Y. Park [7].

2. Lemmas.

LEMMA 1. Let X be a uniformly convex Banach space with a Fréchet dif-
ferentiable norm and u is an almost semitrajectory of U. Let

FU)#¢, yeFU,), 0<a<p<l and r=7lbi£n|un(t)—y|.
Then, for any >0, there exists n,=0 such that
[ U(mT +t, ) (Aun(t)+0(1—2)y)—AUMT +t, Hu()+1—2)y)| <e

for all n=n,, m=0 and A& R with a<1<B.

Proof. Let r>0. Then we can choose d>0 so small that

(r+ d)(l—cﬁ(H_Ld»err

where 0 is the modulus of convexity of the norm and
c=min{24(1—2): a<A<B}.
Let a>0 with 7,+2a<». Then we can choose 7,=0 such that
lun)—yl=Zr—a and |unen@O)—UmT+t, Hua )| <a

for all n=n, and m=0 because u is an almost semitrajectory of U. Suppose
that
|UmT +t, ) Aun()+(1—=2)y)—QAUmT +t, Hu.@)+1—y| =¢

for some n=n,, m=0 and AR with a<i<fB. Put u=(1-DU0mT+t, t)z—y)
and v=AUmT +t, Hu,&)—UmT+t, t)z), where z=Au,(t)+(1—2A)y. Then |u|<
AL=Du)—y| and |v| LA u(t)—z|=21—2A)|u(t)—y|. We also have that
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lu—v|=|UmT+t, )z—QAU(mT +t, Du()+1—2)y| =e
and
Aut+(1—Dv=21=)UmT +t, Hu,(t)—y).

So by using the Lemma in [5], we have

AA=DNUMT+t, Huat)—y|=[Au+(1—2v]

<AA—Dlun—y| (1—22(1—2)5(m)>

<2A=2r+ (1= 57))
=A(1—2)r,
and hence |UmT +t, Hu,(t)—y|<r,. This implies
[nem® =Y | S Unem®—=UnT +1, Du) +1UnT +1, Hua(t)—y|
sa+r,<r—a.

On the other hand, |u,()—y|=r—a for all n=n,, this is a contradiction.
In the case when »=0, let yeF(U,) and AR with 0211,

[UmT +t, ) Aunt)+A—=3)—=AU M T +t, Hua)+(1—2)y)]
S2|UmT +t, HAun()+A=0y)—UmT +t, Hun(1)]
+A=DIU T +t, ) AunO)+1—Dy)— |
S 2O+ 1=y —ua®)| +1=D] AuO)+(1—-Dy—y|
S22 =D]uat)—y!.

So, we obtain the desired result.
Let x and y be element of X, then we denote by [x, y] the set {Ax+
(1=2)y:0Z4L1}).

LEMMA 2 [6]. Let C be a closed convex subset of a uniformly convex Banach
space X with a Fréchet differentiable norm and {x,} a bounded set in C. Let
zE Qﬁ{xa: azB}, yeC and {y.} a net of element in C with y,=[y, x.] and

|yo—z|=min{lu—z|: uc[y, x.J}.
If y,—y, then y=z.

LEMMA 3. Let X be a uniformly convex Banach space with a Fréchet dif-
ferentiable norm and u is an almost semitrajectory of U. Let F(U,)#¢,

zE€ fk\c—o{un(t): nzk}NFU,)
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and yEF(U,). Then, for any >0, there is n,=0 such that

un)—y, Jy—2h=ely—2z|
for all n=n,.

Proof. Let ze Qﬁ{un(t): n=kINFU,), yeFU,) and ¢>0. If y=z, this

lemma is obvious. So, let y#z. For any n=0, define a unique element y,
such that v,€[ly, u,®] and |y,—z|=min{|u—z| : ucly, u(]}.

Then, since y#z, by Lemma 2 we have y,#y. There exists ¢>0 such
that for any n=0 there is n’=n with |y, —y|=c. Setting

Y =apup@)+1—az)y, 0=a,<1.
We also obtain ¢,>0 so small that a, - =c¢,. In fact, since
Sy —yl=awlun)—y|
San UG 0)x—y],

we may put c,=c¢/|U(t, 0)x—y|. Since the limit of |u,()—y| exists, putting
k=}limlun(t)—yl, we have k2>0. If not, we have u,(t)—y and hence y,—y,

which contradictions y,-#y. Let » be a positive number such that e>» and
k>2r. Choose a>0 so small that

(R+a)(1-0( %)) <R.

where § is the modulus of convexity of the norm and R=|z—y|. By Lemma
1, there exists n,=0 such that

[UMT +1, t)coun&)+A—co)y)—(clUmT +t, Hu,@)+1—co)y| <a (2)

for all n=n, and m=0. Fix n’'=0 with n'=n, and |up+.()—y|=2r and
| Umen (B)—U(mT +t, Hu, (@) <r for all m=0. Then since

coun'(t)+(1_co)ye[y’ an’un’(t)‘*“(l-‘an')y]:[yy yn’]
Hence
[ o ®)+A—co)y—z| <max{|z—y|, [z2—yn |}

=|z—y|=r.
By using (2), we obtain
leU(mT +t, Huw @)+(1—co)y—z|
S|UT+t, t)cothn O)+1—co)y)—2z] + | cU(mT 42, t)un (t)
+(1—co)y—=UmT +t, t)(cotbn () +(1—co)y |
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S|UMT+t, H)(coutn @)+1—co)y)—2z| +a
Sleoun @+1—c)y—zl+a
=R+a
for all m=0. On the other hand, since |y—z|=R<R+a and
[clU(mT +t, Dt @)+1A—co)y—y|
=co|UmT +t, Hup (H)—y]
ZCo(lUmen =Y = Umen O—UMT +t, Hun@)])
Z¢o(|Umin )=y —7)
=Cor

for all m=0. By uniform convexity, we have

|3 (U T+, Dt O+ (1= c)y =2+ —2)

<(R+a)(1-5( chf_’a ))<R

for all m=0, and hence

—CZ—"U(mTth, t)un/(t)+(1~%’)y—2| <R

for all m=0. This implies that if u,=(c/2)UmT +t, )un @)+(1—(co/2))y, then
| Um+a(y—un)—z|=|y—2z| for all a=1. By Theorem 2.5 in [4], we have

{hmta(y—un)—y, J(y—2)>=0

and hence {un—y, J(y—2)>=<0. Then <UmT+t, Hun(t)—y, J(y—2)»<0. The-
refore
man ()=, J(y—2)

Suman@O—UmT+t, Dun O y—2z]|
+HUMT+t, D ()—y, J(y—2)0
Sely—z|

for all m=0. This completes the proof.

3. Theorems.

THEOREM 1. Let X be a uniformly convex Banach space with a Fréchet
differentiable norm and u be an almost semitrajectory of U. If F(U,)#¢@, then
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for any nEN, the set
(eolua®): nzk}NFU)

consists of at most one point.

Proof. For any neN, let y, z€ Q%{un(t):nzk}mF(U,). Then, since

(y+2)/2)e F(U,), it follows from Lemma 3 that for any ¢>0, there exists 7,=0
such that

(uatn— 235, J(2TE—2))
<2

for all n=n,. Since yeco{u,{t): n=k}, we have

(-2 K-

2 2

and hence <{y—z, J(y—2z)»)<2|y—z|. Thus |y—z|<2e¢. Since e is arbitrary,
consequently y=z.

THEOREM 2. Let X be a uniformly convex Banach space with a Fréchet
differentiable norm and u be an almost semitrajectory of U. If F(U)+#¢ and
o(u,))TF(U,), then the sequence {u,(): nEN} converges weakly to some z&
F(U,), where au(t)={yeX: u,,#)—y with n;—~o0 as n—oo}.

Proof. Since F(U,)#¢. {u,(t): neN} bounded. So, the sequence {u,()}
must contain a subsequence {u,,(#)} of {u,()} which converges weakly to some
zeC,=D(A). Since w(u,())CF(U,) and z< Qﬁ{un(t): n=k}, we obtain

ze Qﬁ{un(t) nzkINFU,).

Therefore, it follows from Theorem 1 that {u,(!): n=N} converges weakly to
ZEF(U@).

THEOREM 3. Let X be a uniformly convex Banach space and F(U,)#¢. Let
P be the metric projection of X onto F(U,). Then the strong 11zim u,(t) exists and

Lim Pu,(t)=z,, where z, is a unique element of F(U,) such that
Liml Un(t)—2o! =min{}tim| u,(t)—z\|: z&FWU,)}.

Proof. Since F(U,)#¢, we know that {u,():neN} is bounded and
%ifn] u,(t)—z| =p(z) exists for each ze F(U,). Let R=min{p(z): ze F(U,)}. Then,
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since p is convex and continuous on F(U,) and p(z)—co as z—oo, there exists
z,€F(U,) such that p(z,)=R; see [2: p 79]. On the other hand, since |u,(t)—
Pu,®)| < u,(t)—y| for all neN and yeFU,), we have

lim|u,(t)—Pu,(t)| £R.

Suppose that lim|u,(t)—Pu,(t)| <R. Then we can choose ¢>0 and 7,=0 such
that
|un(t)—Puy(t)| <R—e  for all n=n,.

We observe that
[ tns1(t)— Pbnir(8)| < [ un(t) — Pua(t)| for all n=0.
Thus, there exists 7,=0 such that
[ Uns1() = Pnar()| = | un(t)— Pua(d)|
<R—¢

for all n=n,. Thus lim|u,()—Pu,()|<R. This is a contradiction. So we
n->00

conclude that

We claim that lim Pu,(t)=z,. If not, then we have |Pu,(t)—z,]=¢ for some

¢>0 and n—oo. Let d denote the modulus of convexity of X. There is a
positive a such that

a
R+a
We also have |u,(t)—Pu,()|<R+a and |u,(t)—z, <R+a for all large enough
n. Therefore

(R+a)(1-3(-55—))=R.<R.

Pu,@t)+z,
2

é(R+a)(l—5<Rj_a))

:R1<R_5.

Since the points w,=(Pu,(t)+2z,)/2 belong to F(U,), also, there is 7n,=0 such
that
| un+1(t)_wn+l(t)| §. l un(t)—wn(t)l

<R—e<R

for all n=n,. Thus we obtain p(w,)<R. This is a contradiction. Therefore
}Lim Pu,(t)=z,. Consequently, it follows that an element z,&F(U,) with p(z,)=

min{p(z): z& F(U,)} is unique.
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4. Remarks.

Fix t[0, T], let G={0, 1, 2, ---} and S(n)=U?, neG where U,=U(T+t, t):
D(A)—D(A). Then, {S(n): neG} is nonexpansive semigroup on D(A) and F(S)
=FU,;)+¢.

Next, we define u(n)=u,()=UnT+t, 0)x, fix t€[0, T], then u:G—X is
an almost-orbit of {S(n)}.

In fact,

u(n)=un(t)

=UnT+t, 0)x

=UmT+t, U, 0)x

=UmT+t, t)z, z=U(t, 0)x

=Utz=5(n)z.
Thus we have

lu(n+m)—S(n)u(m)| =|S(n+m)z—S(n)S(m)z|
=|S(n+m)z—S(n+m)z|=0.

Hence u: G—X is an almost-orbit of {S(n)}. Therefore, by [5]

THEOREM 1-3.
”Qoﬁ{u(n): n=zmNFU,)

consists of at most one point.
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