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GROUP ACTIONS ON SPHERE BUNDLES OVER SPHERES
By HiROMICHI MATSUNAGA

Introduction.

In a previous paper [8], we studied group actions on S*-bundles over S™ in
cases of (1) k<n=8, (2) k=n and (3) k=n—1, n=0 mod4. It is the purpose
of this paper to estimate degrees of symmetry of bundle spaces and to construct
group actions on semistable bundles over spheres.

Using Ku-Mann-Sicks-Su’s theorems [5], [6], we shall give some estimation
for upper bounds on degrees of symmetry in §1. In §2, we shall construct
generators of stable groups m4-1(SQ) which yield group actions on bundle spaces.
Some theorems due to Kervaire [4] provide an information on generators of
semistable groups z;(SO(n)). In §3 we shall obtain some group actions on semi-
stable sphere bundles over spheres. [ would like to thank Professor S. Sasao for
helpful conversations.

§1. Degree of symmetry.

For a closed connected smooth manifold M, the degree of symmetry of M
denoted by N(M) is defined as the upper bound of the dimensions of all com-

pact Lie groups which act effectively and smoothly on M. Then we have next
propositions.

PROPOSITION 1. Let B be an S*-bundle over S™, where n=9. Then B can
not be a homotopy sphere.

Proof. 1f B is a sphere, then by 28.2 and 28.6 in [9], we have k=n—1,
and n=1, 2 or n=0 mod 4, where the key point is that a fibre S* is contractible
to a point in B, then we can replace the standard sphere in [9] by a homotopy
sphere. Since n=4s and s=3, the space B has a cell complex structure B=
S™ W gmen.,Je®Ue?™ ! (cf. 3 in [7]), which is a contradiction.

PROPOSITION 2. Suppose that an S*-bundle over S™ admits a cross section or
k<n—1, then we have

N(B)g%n(n—I—l)-l—%-k(k—i—l) Jfor n+k=19.
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Proof. 1f the bundle B admits a cross section or k<n—1, then the cohomo-
logy group H™(B, Q) with rational coefficient is non zero. Hence by Theorem
1 in [5] we obtain the proposition.

PROPOSITION 3. Let B be an S™ '-bundle over S*, where n=10. Suppose
that B 1s not homotopically equivalent to the product S™ *XS™", then we have

N(B)=n*—1.

Proof. Suppose that N(B)>n?*—1, then N(B)>(1/4)2n—1)*4(1/2)(2n—1).
By theorem 2 in [6], B=0(D*X X), k=n-+1, where D* denotes a k-disk and X
is a compact manifold with possibly boundary.

Case of 0X=0.
Consider the homology exact sequence of the pair (D*X X, B):

—> Hiy(DFX X) —> H,1y(D* X X, B) —> Hy(B) —> H,(D*X X) —>.

We have isomorphisms H, (D*XX, B)=H,.,(S*N\(X/0X))~H,_,+:(X/0X) and
H(D*xX)=H,(X). When :=n—1, we have an exact sequence

—> Hy y(X/0X) —> Hyoo(B) —> Hyor(X) —> Hyopoa(X/0X) —> .

Since the dimension of the manifold X is less than or equal to n—1, we have
H,_ (X)=0,and H,_ ,(X/0X)=~H,_,_(X/0X)=0, because k=n-+1. Thus H,_,(B)
=0. On the other hand, if B yields a cross section then H,_,(B)=Z, and by
the proposition 1, B can not be a sphere, hence H,_,(B)#0 if B does not yield
any cross section. Thus any way we have H,_;(B)+0, which is a contradiction.
Case of 0X=0.

In this case B=S*'X X and k—1=n. By the proposition 1, B can not be a
sphere, then X is a positive dimensional manifold. Thus k—1=n and X is an
n—1 dimensional manifold. We have H,_,(X)=Z. Since H,(B)=0 for 0<:<n—1,
by Kiinneth formula, H,(X)=0 for 0<:<n—1. Hence X is a homology sphere.
Since X is simply connected it is a homotopy sphere, which contradicts the
assumption.

§2. Stable bundles.

In the previous paper [8], we studied group actions on S*bundles over S*
for k=n. Now using Barratt-Mahowald’s formula, we can construct large group
actions on these bundle spaces

PROPOSITION 4. Any S?-bundle over S adnuts an SO((1/2)(g+1))-action
tf q s odd and an SO((1/2)q)-action 1f q 1s even, where q=23.

Proof. By Theorem 2 in [2], the homomorphism 7,(SO(n))—m(SO(g+2))
is epimorphic if ¢<2(n—1)—1 and n=13, where the homomorphism is the one
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induced by the inclusion map SO(n)CSO(¢+2). The structure group of the
bundle can be reduced to SO((1/2)(g+3)) if ¢ is odd and SO((1/2)q+2) if ¢ is
even and ¢=23. By the inclusion maps

1

SO(%((]—!—S))XS‘O( . (q+1))CSO(q+2) for odd ¢,

SO(-;—q—I—l)XSO(—;—q)CSO(q—i—Z) for even g,

we have required actions.

Next we consider stable sphere bundles over S** for #=3. Here we shall
take an analogy of [1] with a view to construct actions.

Let &,: S™>S0O(8) be the map defined by e.(x)(y)=xy for x, y=S’, where
the multiplication in S7 is that of Cayley numbers. Further, let e,_;: S* '—
SO(k), k=1, 2, 4 mod 8 be the map which gives a respresentative of a generator
of the stable group n,-,(SO) by the inclusion map SO(k)—SO. Clearly the
bundle S*-'—B—S* corresponding to ¢,_; admits an S'-action for k=1,2 an
S®-action for k=4 and a G,-action for £=8 [8]. The map &,.; defines a com-
plex over the k-disk D*,

Ek-
E(er-1): 0——>D’{><Rk-k—>1D’§><Rk——>0 (cf. Lemma 10.1 in [1]).

Denote by e} ,: S¥'—SO(k) the map give-n by e} ;(x)=the transposed matrix of
ep-1(x) for x=S* 1. Let

E(ég44-1): 0 — Fy —> F, —> 0,
be the complex over D®X D* which is defined by
Fi=D*X D*X(R}QR*PR}RQQR*), Fo=D*X D* X (RP(QR*ER}QR*)

and

N ( ) 1 <1®sk-1(x2) e(x)R1
Egt+k-1{X1, Xo)=—F
k 2 G;k(xl)®1 —1Qef1(x2)

for (x,, x2)€DEX S NJSTX DE=S8%4-1,

): Se+rk-1 — SO(16k),

By (10.4) in [17, we have X(E(&gyr-1))=X(E(e,))-X(E(e}-1)), where X is the Euler
characteristic of a complex. Due to Bott periodicity X(F(&s+,-1)) gives a generator
of the group KO(S%*) and determines an S*®*~'-bundle over S®**, say BG+k 16k-D
Then we have

THEOREM 5. The bundle BE+*# %Y qadmits a Gy-action for k=1, a G,XS-
action for k=2, a GyXS3-action for k=4 and a G, X Gyaction for k=8.

Proof. Consider the case k=4. For (x;, x2)€S"XS? (y.&Qy1Dy: Ry e
R*QR*PRER?, we define an action of (g, ¢)=G,XxS* by
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(g, Pz, x3), (R 1Dy Ry}
={(g(x1), gx:07Y), (g(¥0)Qqy1¢*Dg(yDXgyoq™ M)},

then the clutching map &, is compatible with the action (cf. §1 in [8]). Re-
mainder cases £=1, 2 and 8 are treated similarly.

COROLLARY 6. The generator of me+p-(SO(16'-k)) gives a stable sphere
bundle admitting a (Gy)l-action for k=1, a (G,)'XS%action for k=2, a (Gy)'X
S2-action for k=4 and a (G.)"**-action for k=8.

Proof. These generators are given inductively by the map
1 <1®5su—1>+k—1 e,&1
2 5;k®1 _’1®é§k(1*1)+k—1

Then we can construct desired actions analogously as the theorem.

): Sei+E-1 —— SO(16%- k) .

§3. Semistable bundles.

The group structure of mg.(SO(Bs-+r—*Fk)) has given by the table in [4]
for s=1 and —1=<k<4. Here we shall give generators of these groups in order
to obtain some information for the proof of the existence of group actions. We
use the surjectivity of jx: 7:(SO(n))—r;(SO) by Barratt-Mahowald, then the
restriction s=4 is required. In order to obtain generators, we shall depend on
the followings:
(1) the homotopy exact sequence associated to the fibering SO(n—1)—S0(n)
—Sn-t

(2) boundary formulas of Theorems 1, 2 and 3, and Lemma 1 in [4]. Rela-
tions for generators of stable groups given by Lemma 2 in [4],

(3) the properties of characteristic maps given by 23.4, 24.3 and 24.5 in [9],
and the structure of tangent bundles which is given by 27.8-27.11 in [9],

(4) the distributive law in homotopy groups of spheres,

(BrtBo)o(Ea)=p1°(Ea)+fro(Ea).

Let j®" b :S0O(n—10)—SO(n) be the inclusion map. If xex;(SO(n)) yields
yer,(SO(n—10)) such that & P(y)=x, then we use a symbol x¢P for y.
Further we use the following symbols:

tn._1; the characteristic map of the tangent bundle of S”,

cys-1; one of the generators of m,;-,(SO(4s)) such that s +149(e, ;) gives

the generator of the stable group m,s-:(SOs+1)),
7a; the generator of the stable group 7,.:(S™),
f,.; the generator of the stable group 7,:(S%),
v,; the generator of the stable group m,.s(S™).

Now the generators of mg (SOBs+r—=Fk)), for —1<k=<4, 0=r=7, s=4 are
given by the following table (1).
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Table (1)
r\k —1 0 1
0 z +Z, Z, +Z, +Z, Z, +Z,
Tgsy Eg5-178s-1 5P, e85 as-1, Tes-17ss-1 €551 ss-1, (Tas-155-1) P
1 Z +Z, Z, +Z, Z, +Z, +Z,
Test1,  Sss-103s-1 &6 0ss-1,  Tsshas Tgs-108s-1, T8 Nss, 85210551
2 Z, Z, Zs
Tgs+2 ey TS5t
3 Z +Z Z Z
€gs+3,  Tss+s &5 i
4 Z, Z, +Z, Z,
Tgs+4 T8t Tgs+37)8s+3 (TgsraMasss) ™
5 Z Z, Z, +Z,
Tgs+5 Tgs+47)8s+4 Tosralssts, TSsassta
6 Z, Z, Z
Toors Tists Tsots
7T Z +Z Z Z
€gs+7,  Tss+1 ey e
Table (1)
r\k 2 3 4
0 Zp +Z, Z, Z,
Tgs-3Vgs5-3, €65 Mss-1 e85 )51 €451 Yss-1
1 Z, +Z, Z, Z,
(T85-1055-1)", €§52055-1 &6 0551 e652) 0551
2 Zy +Zs Zs Zs
Tas-1V85-10 Tioih a a“®
3 Z +Z, Z +Z, VA +Z,
essis, TasVss esstd, (55 P vss) essth, (T PP
4 Z, 0 0
Tgs+1Vss+1
5 Z, +Z, Z, Z,
TosroVasre  (TastsDesta) O Pssrs  (Tostassts) TV Nased) ™ (ToseaNssen) TP Dgord) T2
6 Z4 +Zz4d Zs ZS
(b) (¢) Tists Tssis
7 Z +Z, Z +Z, A +2Z,
essir, Tgs+4Vss+4 essih, T§5 i Vgsta edsih, (T§sthvessd) TP
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We have some relations on these generators:
sV =Tt S¥ —> U4s) ((5) of 24.2 in T9_,.
t5sth=Tlsrs: S¥* —> Ulds+1),
Tas° Oss=47555)
=Tl S¥* —> Sp(2s)  (24.11 in [9]),
T8 P(a)=6755-10vgs-1t 76510,
785 Vovgs=T ls41°0gs: S¥H —> U(4s),
Tis=Tisss: S¥H —> U(4s+2),
Tosra®Nasas =T hs5°Ngsas: SO —> U(4s+2),
Tisie =T g7 S¥H —> U(4s+3),
b=—7H+3TssrsVases,  C=Tisis—Tss+s°Vsss
&= Tie: S¥ —> Sp(2s+1),
TesisoVesra = T sr5°Vgses SO —> U(ds+2).

Now we investigate group actions on a bundle space D?xS*U,D?XS*,
where the action is to be compatible with the identification (x, y)=(x, 7(x)y)
for (x, y)eS» "X S* We describe our results as a Table (2). In the table, each
group denotes the one which is admitted by any bundle corresponding to a
characteristic map in each block on the Table (1).

Proof of the results on the table (2).

We have a decomposition 7g,-;=7z#1(S%7*): S¥=S52%S% 458 -1=524G% 4
where 7, is the Hopf map S*—S?® and 1(S*~*) denotes the identity map of S%- 4.
7. is invariant under the principal S*-action on S% then 7, is also S’-invariant.
By Satz of 6.4 in [3] we have

tss(gx)(gy)=gres(x)(y)  for (x, y)ES*XS¥, g&S0(2).
Since egs-1°7gs-1 1S homotopic to efz2engs-; in SOBs+1),
€ss-1°N5s-1(gX)Tss(8X)(gY) = 85212 ss-1(x) gTss(x)(y)
=gess o Nes-1(x0)Tss(X)(y) -

Hence the bundle space with the characteristic map 7g,4eg5-1°%3s-2 admits an
SO(2)-action. This is the result for (r, £)=(0, —1).
Similar argument is valid for (r, £)=(0, 0), (0, 1), (0, 2), (1, —1), (1, 0), (1, 1).
By the surjectivity of the homomorphism ji: mg-3;(SO(4s+1)) —
mss-1(SO(Bs—3)), we have
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+arseS TOAO J[PUNG-;_, 1S UB UO SUOIDE dNOIn

(2)0S

($8)0S X (9+58)0S  (1+$8)0S X(9+58)0S

(2)0S X (§—s¥)0S

(2)0S X(5—$7)0S

(20S X [F—S1)0S

(@)0SXF—s10S

(I+s9)0S @+s»os L

(@)0S (€—$8)0S\V(1+52)4S (1+52)4S @+spn  (9+$8)0S 9
(@)0S @)0S @0SX(1+s9)0S  (G+s8)0S g

S X(G—$8)0S v F+s90S 14

(I—=S9)0S ($Y)0S €

(9—s8)0S\V(s2)4S (s3)ds vn (@ +$8)0S [4

(@)0s (@)0S @os T

(@0S @o0Ss @0Ss @0S 0

€ 14 T 0 T— 4\

(2) @1qeL
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e85 s-1(g1x)(gey) = g6 mss-1(x)(y)  for (x, y)=S*xS¥ 4,
(g1, g2)€S0(2)XS0(4s—4).

Then we have the result for (», £)=(0, 3). Similar argument is valid for (r, k)
=(0, 4), (1, 3), (1, 4), (4, 2).

Since we can obtain similar results for {T’} and {T"”} to Satz of 6.4 in [3],
using the relations on generators, group actions are obtained in the cases of
(r, £)=02, —1), 2,0), (2, 1), (6, —1), (6, 0), (6, 1).

By the decomposition zgs-;ovgs 1 =7gs_1°(v,#1(S%°)), and the relation 7§~
T+, we have

Tos-1°Vss-1(@X) T H54 (XX gY) =Tgs-1°Ves-1(@X )N @T Fs1(x)(¥))
=gTss-1°Vss-1(X)(),
for (x, y)ES¥+x S geSp(2s)NSOBs—6),

where the action is given by g(xi, xq;t)=(x1, gxs;1t) for x,€57, x,€5;°7°,
0=t<1. Hence we have proved the cases of (2, 2) and similarly (6, 2).

Since z{;73#0, we have group actions in the cases of (6, 3), (6, 4).

We can obtain group actions for remainder cases. For empty blocks, I have
not yet obtained group actions for general bundles (cf. § 3 in [8]).
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