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GROUP ACTIONS ON SPHERE BUNDLES OVER SPHERES

BY HIROMICHI MATSUNAGA

Introduction.

In a previous paper [8], we studied group actions on S*-bundles over Sn in
cases of (1) k<n^S, (2) k^n and (3) k = n—l, n=0 mod4. It is the purpose
of this paper to estimate degrees of symmetry of bundle spaces and to construct
group actions on semistable bundles over spheres.

Using Ku-Mann-Sicks-Su's theorems [5], [6], we shall give some estimation
for upper bounds on degrees of symmetry in § 1. In § 2, we shall construct
generators of stable groups π4s~i(SO) which yield group actions on bundle spaces.
Some theorems due to Kervaire [4] provide an information on generators of
semistable groups πi(SO(n)). In § 3 we shall obtain some group actions on semi-
stable sphere bundles over spheres. I would like to thank Professor S. Sasao for
helpful conversations.

§ 1. Degree of symmetry.

For a closed connected smooth manifold M, the degree of symmetry of M
denoted by N(M) is defined as the upper bound of the dimensions of all com-
pact Lie groups which act effectively and smoothly on M. Then we have next
propositions.

PROPOSITION 1. Let B be an Sk-bundle over Sn, where n^9 . Then B can
not be a homotopy sphere.

Proof. If B is a sphere, then by 28.2 and 28.6 in [9], we have k = n — l,
and M = 1, 2 or n=0 mod 4, where the key point is that a fibre Sk is contractible
to a point in B, then we can replace the standard sphere in [9] by a homotopy
sphere. Since n=4s and s^3, the space B has a cell complex structure B—
S n- 1U 2m i 7 l_ 1U^ nUe 2 n- 1 (cf. 3 in [7]), which is a contradiction.

PROPOSITION 2. Suppose that an Sk-bundle over Sn admits a cross section or
k<n — l, then we have

gin(n + l)+|*(Hl) forz z
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Proof. If the bundle B admits a cross section or k<n — l, then the cohomo-
logy group Hn{B, Q) with rational coefficient is non zero. Hence by Theorem
1 in [5] we obtain the proposition.

PROPOSITION 3. Let B be an Sn~ι-bundle over Sn, where nΞ>10. Suppose
that B is not homotopically equivalent to the product Sn~1xSn, then we have

Proof. Suppose that N(B)>n2-l, then
By theorem 2 in [6], B=d(DkxX), k^n + 1, where Dk denotes a &-disk and X
is a compact manifold with possibly boundary.

Case of dXφ®.
Consider the homology exact sequence of the pair (DkxX, B):

— > Hι+1(DkxX) — > Hι+1{DkxX, B) — > Ht{B) — > Ht(DkxX) — > .

We have isomorphisms Hι+1(DkxX, B)^Hι+1(SkΛ(X/dX))~Ht-k+1{X/dX) and
Hi{DkXX)~Hι(X). When ι — n — \, we have an exact sequence

—-> Hn-k(X/dX) —> Hn^B) —> Hn^(X) —-> Hn-uΛXIdX) —>

Since the dimension of the manifold X is less than or equal to n — 1, we have
^ n _ ! ( Z ) = 0 , and Hn^k(X/dX)^Hn-k-1(X/dX)=Ot because k^n + L Thus Hn-X(B)
=0. On the other hand, if B yields a cross section then Hn-1(B)~Z, and by
the proposition 1, B can not be a sphere, hence Hn-1(B)Φθ if 5 does not yield
any cross section. Thus any way we have Hn-1{B)ΦO, which is a contradiction.

Case of 3Z=0.
In this case B=Sk'1xX and k—l^n. By the proposition 1, B can not be a
sphere, then X is a positive dimensional manifold. Thus k — l — n and X is an
ft-1 dimensional manifold. We have Hn-1(X)^Z. Since Ht(B)=0 for 0<2<n — l,
by Kϋnneth formula, Hl(X)=0 for 0<z<n — 1. Hence X is a homology sphere.
Since X is simply connected it is a homotopy sphere, which contradicts the
assumption.

§ 2. Stable bundles.

In the previous paper [8], we studied group actions on S ̂ -bundles over Sn

for k^n. Now using Barratt-Mahowald's formula, we can construct large group
actions on these bundle spaces

PROPOSITION 4. Any Sq+1-bundίe over Sq+1 admits an SO((l/2)(qJrl))-actΐon
if q is odd and an SO((l/2)q)-actιon if q is even, where #^23.

Proof. By Theorem 2 in [2], the homomorphism π ς

is epimorphic if q^2{n — 1)—1 and n ^ l 3 , where the homomorphism is the one
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induced by the inclusion map SO(n)CZSO(q-{-2). The structure group of the
bundle can be reduced to SO((l/2)(?+3)) if q is odd and SO{{l/2)q-\~2) if q is
even and #^23. By the inclusion maps

2) for odd q,

(y) for even q,

we have required actions.
Next we consider stable sphere bundles over S4k for &Ξ̂ 3. Here we shall

take an analogy of [1] with a view to construct actions.
Let ε 7: S7—>SO(8) be the map defined by εΊ(x)(y)=xy for x, y^S1, where

the multiplication in S7 is that of Cay ley numbers. Further, let εk-i'.S*'1-*
SO{k), k = l, 2, 4 mod 8 be the map which gives a respresentative of a generator
of the stable group πk-i(SO) by the inclusion map SO(k)-+SO. Clearly the
bundle Sk~1-^B~-^Sk corresponding to εk-\ admits an Section for k = l, 2, an
S3-action for &=4 and a G2-action for k~S [8]. The map εk-i defines a com-
plex over the &-disk Dk,

E(εk-!): 0 — > D \ x R k - ^ D k

2 x R k — > 0 (cf. Lemma 10.1 in [1]).

Denote by ε*_i: Sk~1-*SO(k) the map given by ε*_!(x)=the transposed matrix of
Sk-iW for x£ΞSk-\ Let

£(e8+*-i): 0 — > F ! — > F 0 - ^ 0 ,

be the complex over D8xDk, which is defined by

and

S8^"1—>S0(16k),
2\ε*(x1 )®1

for (xlf x

By (10.4) in [1], we have X(E(έ8+k-1))=X(E(εΊ))'X(E(εk-1)), where X is the Euler
characteristic of a complex. Due to Bott periodicity X(E(έ8+k-i)) gives a generator
of the group KO(S8+k) and determines an 516*"^bundle over S8+k, say B(8+k'1Gk~υ.
Then we have

THEOREM 5. The bundle Bc8+k'1Gk~Ό admits a G2-actιon for k = l, a G2XS1-
action for k — 2, a G2xS3-actιon for k=4 and a G2xG2-actιon for k—S.

Proof. Consider the case k=4. For (xlf x2)^S7xS3, (y0(S)yΊS)yi(8)yΌ)^
R^R'ΘR'R4, we define an action of (g, q)^G2xS3 by
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then the clutching map έ n is compatible with the action (cf. § 1 in [8]). Re-
mainder cases k — 1, 2 and 8 are treated similarly.

COROLLARY 6. The generator of π8ι+k-i(SO(161' k)) gives a stable sphere
bundle admitting a (G2)

ι-action for k = l, a (G^xS1-action for k — 2, a (G2)
ιX

S3-actιon for &=4 and a (G2)
ι+1-actιon for k=8.

Proof. These generators are given inductively by the map

Ssi+k-i—>sθ(16I έ ) .
2\

Then we can construct desired actions analogously as the theorem.

§ 3. Semistable bundles.

The group structure of τr8s+r(SO(8s+r— k)) has given by the table in [4]
for sΞgl and — 1 ^ ^ ^ 4 . Here we shall give generators of these groups in order
to obtain some information for the proof of the existence of group actions. We
use the surjectivity of /*: πi(SO(n))-*πi{SO) by Barratt-Mahowald, then the
restriction s^4 is required. In order to obtain generators, we shall depend on
the followings:

(1) the homotopy exact sequence associated to the fibering SO(n—l)-*SO(n)
->Sn~\

(2) boundary formulas of Theorems 1, 2 and 3, and Lemma 1 in [4]. Rela-
tions for generators of stable groups given by Lemma 2 in [4],

(3) the properties of characteristic maps given by 23.4, 24.3 and 24.5 in [9],
and the structure of tangent bundles which is given by 27.8-27.11 in [9],

(4) the distributive law in homotopy groups of spheres,

Let /c».*-*>: SO(n-l)—SO(n) be the inclusion map. If x<=Ξπj(SO(n)) yields
y^πi(SO(n—l)) such that j*n>n~L:>(y)=x, then we use a symbol %c"° for y.
Further we use the following symbols:

τn-ι) the characteristic map of the tangent bundle of Sn,
ε4s_i; one of the generators of 7r4s_i(5O(4s)) such that y*4s+1>4s)(ε4s-i) gives

the generator of the stable group π48-i(SO(4s + l)),
ηn) the generator of the stable group πn+i(Sn),
θn the generator of the stable group πn+2(Sn),
vn\ the generator of the stable group πn+d(Sn).

Now the generators of π8s+r(SO(8s+r-k)), for - 1 ^ £ ^ 4 , 0 ^ r ^ 7 , s^4 are
given by the following table (1).
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Table (1)

r\k - 1 0 1

0 Z Λ~Z Z Λ-Z ~\~Z Z
_(-l) C^-DΛ
^8s > c δ s - i '

Table (1)

1 7 4-7 7 4-7 7
x ΔJ i^ Zy 2 •" 2 ι^ •" 2 " 2

9 7 7 7
u JU i ^ 4 -^8

» -T-ί-D ^.(-2)
^85+2 ^8+2 ^85+2

3 Z +Z Z Z

'•8S + 4 ^8S+4> tΓ8S+378S + 3 \^8S+378S + 3/

5 Z Z Z
Γ TV T θ T^~l) 71

6 Z 2 Z 4 Z 8

η. «T (-1) --(-2)

^85+6 ^8S+6 ^8S+6

7 Z +Z Z Z
C 8 S + 7J '-8S+7 =-65 + 7

r\*

0 Z 1 2 + Z 2 Z 2
^ 3 j ( — 4)

^ 8 S — 3*^85 — 3> &8S — l'/8S — l &8S — 1^

1 Z 2

2 7 4_ 7 7 7

(—3) (
2*85-1^85-1 ' ^8S+2 & &

3 7 4-7 7 4-7 7

4 Z 1 2 0 0

R 7 4-7 7 7

(W (c) rίίfi τ|rβ

7 Z +Z 2 Z +Z 2 Z +Z 2

c("~3) T u e>(-4) - .(-1),
=•85 + 7? ^ 8 5 + 4 ^ 8 5 + 4 £

8 S + 7> ^ 8 S + 4



500 HIROMICHI MATSUNAGA

We have some relations on these generators:

τk"-Tί,+1: Sss — > U(4s) ((5) of 24.2 in [91,.

ήslWT'iS+z: S 8 " 2 — * ί/(4s+l),

rίίfi = Tί'.+1: S 8 " 2 — > Sj>(2s) (24.11 in [9]),

/« «-»(α)=6rβ.-1.υ8,_1+τfc?>ί,

τ k " v, .=T;, + 1 . v8s: Sss+i — > £7(4s),

τ8

(ίίi = Tί,+ β : S8S+4 — * [/(4s+2),

τί.+« i7«.+4=ίT:,+6.i?8,+4: S8S+5 — > t/(4s+2),

rί.--ίi = Tί, + τ : S8 s + δ — £7(4s+3),

V—- Ϊ8S + 6 I «5^8S+3°^8s+3 > ^:=Z'^8S + 2 "^85+3 ° ^8S+3

Now we investigate group actions on a bundle space D7lxSk{JΐD
7^xSk

J

where the action is to be compatible with the identification (x, y)=(x, ϊ(x)y)
for (x, y)&Sn~1xSk. We describe our results as a Table (2). In the table, each
group denotes the one which is admitted by any bundle corresponding to a
characteristic map in each block on the Table (1).

Proof of the results on the table (2).
We have a decomposition ^-i=)?2*l(S 8 s - 4 ): S 8 β=S 8*S 8 β" 4->S 8 β- 1=S 2*S 8 '- 4,

where η2 is the Hopf map S3~>S2 and 1(S8S"4) denotes the identity map of S8S"4.
7j2 is invariant under the principal S^-action on S3, then η8s^1 is also SMnvariant.
By Satz of 6.4 in [3] we have

for (x,

Since £8s-ioyj8s-i is homotopic to ε^l^gs-i in 5O(8s + l),

ge8Ϊ-iη8si(x)τ8s(x){y).

Hence the bundle space with the characteristic map τ8s+ε88-i°yj8s-i admits an
SO(2)-action. This is the result for (r, *)=(0, -1) .

Similar argument is valid for (r, k)=(0, 0), (0, 1), (0, 2), (1, -1), (1, 0), (1, 1).
By the surjectivity of the homomorphism /#: π8s-i(SO(4s+l))—>
(SO{83)) hπ8s-i(SO{8s-3))f we have
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e(sΛ^Vss-i(gix)(g2y)^g2e(sΛvss-i(x)(y) for (x, y)(ΞSSrxSSr-*,

(gl,g2)£ΞSO(2)xSO(4s-4).

Then we have the result for (r, &) = (0, 3). Similar argument is valid for (r, k)

= (0,4), (1,3), (1,4), (4,.2).

Since we can obtain similar results for {T'} and {T"} to Satz of 6.4 in [3],

using the relations on generators, group actions are obtained in the cases of

(r, fe)=(2, -1) , (2, 0), (2, 1), (6, -1) , (6, 0), (6, 1).

By the decomposition τ8β-io^8ί-i=r8s_i<>(^4*l(S8s~6)), and the

T'ίs+u we have

for (x, ^ J G S ^ X S 8 1 " 1 , g^Sp(2s)r\SO(Ss-6),

where the action is given by g(xlf x2; t)=(xi, gx2; t) for x1<^S7, x2<^S8

s~6,

Ofgf^l. Hence we have proved the cases of (2, 2) and similarly (6, 2).

Since τfc+lΦO, we have group actions in the cases of (6, 3), (6, 4).

We can obtain group actions for remainder cases. For empty blocks, I have

not yet obtained group actions for general bundles (cf. § 3 in [8]).
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