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SOME ISOSPECTRAL PROBLEMS
By YHUJI SHIBUYA

§0. Introduction
In the previous paper [7], we proved the following theorem.

THEOREM 0.1. Let M®***(c) be a compact Sasakian space from of a constant
@-sectional curvature ¢ of dimension 2n-+1=5,7, 9, 11 or 13, and let M* be a com-
pact Sasakian manifold. If M**+(c) and M* are isospectral with respect to the
Laplace operator, then M* is a 2n-+1 dimensional Sasakian space form of a con-
stant ¢-sectional curvature c¥*=c. (c+#31 when 2n+41=13)

In this paper, we study isospectral problems not only of Sasakian manifolds
but of their submanifolds. In addition, by using the similar methods, we study
isospectral problems of quaternion Kaehler manifolds and some submanifolds of
Kaehler manifolds.

§1. Special Classes of Sasakian Manifolds

Let M?"*(¢) be a 2n+1 (=5) dimensional Sasakian manifold with structure
tensors (4, &, 7). In [7] we proved the following two propositions, which give
the characterizations of Sasakian space forms and C-Einste:n manifolds in terms
of equalities involving curvature tensors.

ProPOSITION 1.1. A Sasakian manifold M?*"*' satisfies an inequality

2 o 4Gn+D) dn(3n+1)2n+1)
n(n—{—DS n+1 S+ n+1 ’

where S 1s the scalar curvature of M**'. Equality holds if and only 1f M***!
s a Sasakian space form.

(L) [R[*=

PrROPOSITION 1.2. A Sasakian manifold M*"** satisfies an inequality

(S5—2n)*
2n

Equality holds 1f and only 1f M?®**! s a C-Einstertn manifold.

(1.2) |Ricci|?= +4n?,

See [7] for notations and definitions of Sasakian manifolds.
Received March 13, 1980.
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We defined two more classes of Sasakian manifolds in [7]. A Sasakian
manifold M*"*! is said to have the %-parallel Ricci tensor if the Ricci tensor of
M2+t gatisfies

(1.3) (Vy Ricci)(¢ X, ¢Y)=0

for any vector fields X, Y and V on M*®*"*!, And a Sasakian manifold M?**!is
called a /locally D-symmetric space if the curvature tensor of M?*"*! satisfies

for any vector fields X, Y, Z, V and W on M?2"*i,

The geometric meaning of the z-parallel Ricci tensor was explained from
the view point of fibering. (See also Kon [4], Shibuya [8]) By using the similar
point of view, we know the geometric meaning of locally D-symmetric spaces.
(We have had the notion of locally D-symmetric spaces for a long time. Inde-
pendently Takahashi studied the same notion, which he called locally ¢-symmetric
spaces, and made same qualitative observations in his paper [9].)

In this section we establish two inequalities on Sasakian manifolds, which
give the characterizations of Sasakian manifolds with y-parallel Ricci tensors
and locally D-symmetric spaces respectively.

By using the curvature properties of Sasakian manifolds, we have
(1.5) (Vy Ricci)(@ X, ¢Y)

=(Vy Ricei)(X, Y)—2np(X)g(¢V, Y)+9(X) Ricci (¢V, )
—2nyp(Y)g(¢V, X)+n(Y) Ricci (¢V, X)
and
(1.6) (WwRX9X, oY, ¢Z, gW)
:<VVR><X) Y! Z: W)
—(XNR(Z, W, V, o)+ O(Z, Y)gW, V)—OW, Y)g(Z, V))
+p(YIR(Z, W, V, X)+8(Z, X)gW, V)—0W, X)g(Z, V))
—(Z)R(Z, Y, V, W)+OX, W)g(Y, V)=, W)g(X, V))
+yW)RX, Y, V, Z)+0(X, 2)g(Y, V)—0, Z)g(X, V))

for any vector fields X, Y, Z, V and W on M?2*"*!,
Taking the squares of the lengths of both sides of (1.5) and (1.6), we have

1.7 |V Ricci|*=2|Ricci|*—8nS+16n°+8n?

+(length of (Vy Ricci)(¢ X, ¢Y))*
and
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(1.8) |VR|?=4|R|*—16S+32n%*+16n
+(length of (VwR)(¢X, ¢Y, ¢Z, gW))*.

Thus we have the following two propositions.

ProposITION 1.3. A Sasakian manifold M*®*"** satisfies an inequality
(1.9) |V Ricci|*=2|Ricci|*—8nS+16n°+-8n®.
Equality holds 1f and only if M?*"*™* has the n-parallel Ricct tensor.

ProprosITION 1.4. A Sasakian manifold M*"** satisfies an wnequality
(1.10) [VR|*=24|R|*—16S+32n*+16mn .
Equality holds if and only if M®*"** is a locally D-symmetric space.

As an application of (1.9), we give an alternate proof of a theorem of Oku-
mura [5].

COROLLARY 1.5. A Sasakian manifold M*"** with parallel Ricci tensor is an
Einstein manifold.

Proof. We first note that on a Riemannian manifold of dimension 2n--1
we have

. 1
. 2> 2
(1.11) |Ricei|2= o IS ,

where equality holds if and only if the Riemannian manifold is an Einstein
manifold. Combining the assumption, (1.9) and (1.11), we have

(1.12) |Ricci|?=4nS—8n®—4n?
_ 25(4n*+2n)—An*+2n) - 1 2
2n+1 =2n+17"°
that is,

0=52—25Un?+2n)+{@n>+2n)*=(S—4n+2n))*=0.
Therefore in (1.12) the equality must hold. Q.E.D.

By using the similar technique, we see that (1.10) gives an alternate proof
of one of other theorems of Okumura in [5].

COROLLALY 1.6. If a Sasakian manifold M*"*' 1s a locally symmetric space,
then M®** s a space form.
§2. Isospectral Problems of Locally D-Symmetric Spaces

Special classes of Sasakian manifolds discussed in § 1 are related as follows :
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{Sasakian space forms} C {Locally D-symmetric spaces}

{C-Einstein manifolds}  {Sasakian manifolds with
»-parallel Ricci tensor}

In this section we consider a weaker version of Theorem 0.1. Namely we prove
the following theorem.

THEOREM 2.1. Let M?*** be a 2n-+1 (=5) dimensional compact locally D-
symmetric C-Einstein manmifold and let M* be a compact C-Einstein manifold. If
M?" Y and M* are 1sospectral with respect to the Laplace oprator and

SM R'LhutRutk"Rk]ihvg:gM R*ihuLR*utk]R*kjihV*g' ’
then M* 1s a 2n+1 dimensional locally D-symmetric space.

Proof. By regrouping each term of a;, which is is the 4-th coefficient of
the asymptotic expansion

@2.1) 3 exp (—t2)~(r) " S agtt, > 0F
with spectrum {2,} of the Laplace operator, we have
1
(2.2) =57 SMng )
where

f:—%([VRIZ-—MR |+ 165 —32n* — 161)

—-%g(w Ricci|?—2|Ricci|?*4+-8nS—16n°—8n?)

2 i 2 o (S=2m
S SIR| 35(lech| . 4n)

n
5 3 4 2 2
+ 58— 5 (IRI*=4S+8n*+4n)
_ 2
—%chci]z— LSZ%L —4n®)+ %~n(5—2n?+n)

_ 2 52 (S zn)z 2 _8_ u k ih
<3 S ’63‘><’ on 4”) o1 R RutRa,

8 ) 20 , 4
— 3 Rein RS R — (- R R R¥ — = R/R R

If we put the assumption of C-Einsteinness, f is given by



SOME ISOSPECTRAL PROBLEMS 5
(2.3) f:—%(IVR|2~4|R|2+165*32n2~16n)
26 T T . .
—@-(W Ricci|?2—2|Ricci|?+8nS—16n2—8n?)

—%S\R}2+%S3-%(l R|*—4S-+8n*+4n)

+ 20 n(S—ant ) o Rt R R

— f—(alR( —|—4nb)—|— (a52+4nab)———((a—{—b)3—|—2na“)

where a= ii* nd b= 2n——3-12ﬁ .
2n 2n

Now back to our particular case, first we easily see that dim M*=2n+1
and volume of M=volume of M*. From the assumption, the scalar curvature
S and S* of M and M* respectively are both constants. Hence a,=a,* implies
that S=S*. In general a, is expressed as

24) aZ:?é-O—SM[ZlR|2—-2<|Ricci|2— (5-'2%’33?-——4;12)
+550—2( L5 2’” ) o

Thus in our case a,=a,* gives SM |R Izvgzgw | R*|%*,.. Summing up these facts,
JM*

we see that a,=a,* is simplified to

25) 0={ [~ 5 (TR¥ 4] R*|*+165*—32n*~16n)

— —égqv Ricei* |*—2|Ricci* I2+8n5*—16n3——8n2)}v*g*

Using Propositions 1.3 and 1.4, we conclude that M* is a locally D-symmetric
space. Q.E.D.

Theorem 2.1 is a Sasakian version of Sakai’s theorem [6]. In order to
simplify the assumption, Sakai used the Euler characteristic. However he to
sacrifice the dimension. In our case we do not know yet what assumption sim-
plifies our theorem.

§3. Isospectral Problems of Submanifolds of Sasakian Manifolds

It is well known that the spectrum of the second variation operator O gives
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some geometric characterizations of minimal submanifolds.

Suppose M™ is a minimal submanifold of dimension »n isometrically immersed
in the Riemannian manifold M™ of dimension m. The second variation operator
0O is defined by

3.1 OW=DW+RW)—tAAW), Wel(TM"),

where Dy is the Laplace operator in the normal bundle to M", A is the second
fundamental tensor, I'(T M*) denotes the space of smooth sections to the normal
bundle and R: I'(TM*)— I'(TM*) is the partial Ricci transformation given by

(32) ROW)=3 (Res, We)",  Wel(TM?)

for e,, -+, en an orthonormal basis of TM, ( )¥ denoting the normal part to M™.
If we consider the asymptotic expansion (2.1) with spectrum {2;} of the
second variation operator, we have

THEOREM 3.1. (Gilkey [2])
3.3) a,(0)=r volume of M™,

al(D)=—g—SM SUg—§M<Tr<R‘>— R

where r=m—n= codimension of M™ in M™ and |h| 1s the length of the second
fundamental tensor h.

Next, before examining our problems, we review some theory of submani-
folds of Sasakian manifolds. (For more detail, see Yano and Kon [10])

Let M be a 2m-+1 dimensional Sasakian manifold with structure tensors
(#, & 5). A submanifold M in M is called a Sasakian submanifold if the char-
acteristic vector field £ is tangent to M everywhere on M and ¢X is tangent
to M for any tangent vector X to M. Obviously, M is a Sasakian manifold of
dimension, say 2n+1, n<m, with respect to the induced structure tensors.

By checking the property of the second fundamental form, we have

PROPOSITION 3.2. Any Sasakian submanifold 1s a munimal submanifold.
From the Gauss equation, we have

PROPOSITION 3.3. Let M be a Sasakian submanifold n a Sasakian space
form M(c) of a constant @-sectional curvature c. Then M is a totally geodesic
submanifold of and only 1f M is of a constant ¢-sectional curvature c.

ST SEmE (n<m) 1s an example of a totally geodesic Sasakian submanifold.

If an n dimensional submanifold M immersed in a Sasakian manifold M2™+!
satisfies 9T ,MCT ,M* for each peM, where T,M* is a normal space to M at
p, then M is called an anti-invariant submanifold. Since the rank of ¢ is 2m,
we see that n<m-1. In the case of n=m-+1, the characteristic vector field &
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is necessarily tangent to M.

Now we go back to our problem. Let M®*"*' be a Sasakian submanifold in
a Sasakian space form M?™*!(¢) of a constant ¢#-sectional curvature c. We
compute the scalar curvature S of M?*"*! by using the Gauss equation and an
orthonormal basis ey, -, e, dey, =+, den, & of T,M for any peM*"*'. We
have

(34) S=%(n(2n+1)(c+3)+n(c—l))— |h[*+@2n+DIH|?,

where H is the mean curvature vector, which is in our case 0 because of Pro-
position 3.2.
Next, by direct computation, we have

(3.5) E(W)=--i—((2n+1)(c+3)—(c—1))W, wWeTM*.
Hence
3.6) TrHR)=— §<<2n+1><c+3>—<c—1>> ,

where r=02m~+1)—(2n+1)=codimension of M2"**! in M2™+1(¢),
Substituting (3.4) and (3.6) into (3.3), we have a,(00) in our case.

3.7) al<m>=§M[{2—<n<2n+1><c+3>+n<c—1>>

+ (@t e+~ (e— )+ (1= 5 ) 1717

THEOREM 34. Let M and M* be compact Sasakian submanifolds in a Sasa-
kian space form Me). If M and M* are sospectral with vespect to O and M 1s
a totally geodesic submanifold, then M* s totally geodesic unless the codimension
of M* in M) is 6.

Proof. The asymptotic expansion (2.1) with spectrum of {2;} shows that the
codimension of M and M* are equivalent. The equivalence of a,(0) reduces to

_r 0, (1T TP

(38) (=), 1rlme=(1= ) 11

Since M is totally geodesic, the left side of (3.8) vanishes. Hence if r+#6, M*
is also totally geodesic. Q.E.D.

Noting Proposition 3.3, we have

COROLLARY 3.5. Let M and M* be compact Sasakian submanifolds in a
Sasakian space form Mc). If M and M* are 1sospectral with respect to O and
M 1s a Sasakian space form M(c), then M* s also a Sasakian space form M*(c)
unless the codimension of M* mn M(c) is 6.



8 YHUJI SHIBUYA

By applying the similar method to anti-invariant submanifolds in a Sasakian
space form, we have

THEOREM 3.6. Let M and M* compact orientable anti-invariant minumal
submanifolds in a Sasakian space form M(c). If M and M* are wsospectral with
respect to O and M is totally geodesic, then M* is totally geodesic unless the
codimension of M* in M(c) s 6.

§4. Isospectral Problems of Anti-Invariant Submanifolds of
Complex Manifolds

Donnally [1] proved an isospectral problem of Kaehler submanifolds in a
complex space form by using the second variation operator.

Anti-invariant submanifolds of complex manifolds constitute another interest-
ing class of submanifolds in complex manifolds.

By slightly modifying Donnally’s proof, we easily prove

THEOREM 4.1. Let M and M* be compact orientable anti-invariant mznmmal
submanifolds n a complex space form M(c). If M and M* are isospectral with
respect to O and M 1s totally geodesic, then M* s totally geodesic unless the
codimension of M* in M(c) 15 6.

§ 5. Isospectral Problems of Quaternion Kaehler Manifolds

First we review the definition and some properties of quaternion Kaehler
manifolds. (For more detail, see Ishihara [3))

A 4n dimensional Riemannian manifold M** is said to be a quaternion
Kaehler manifold if and only if the holonomy group if a subgroup of Sp(n)-Sp(1)
=Sp(n)RSp(l)/{*+1}, where Sp(n) is the real representation of the symplectic
unitary group acting on C?". In other words, there exists a 3 dimensional vector
bundle V consisting of tensors of type (1, 1) over M*" such that in any co-
ordinate neighborhood U of M*", there is a local basis {F, G, H} of V satisfying

(5.1) FP=—1, G*=—I, H*=—1I,
GH=—HG=F, HF=—FH=G, FG=—GF=H,

and

(5.2) VxF= r(X)G—q(X)H,

VxG=—r(X)F +p(X)H,
VxH= q(X)F—p(X)G,

for the Riemannian connection ¥V of M**, where X is any vector field on M*,
b, g and r are certain local 1-forms defined in U. {F, G, H} is called a canonical
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local basis of the bundle V over U. Suppose {F’, G’, H’} is a canonical local
basis over U’, where UNU’=0, we have

(5.3) F=s5,F+5,,G+s;3H,
G =531 F+85,G+53H ,
H =53 F453,G+ 5331

with functions s;; in UNU’. A (3, 3) matrix (s;;) belongs to the proper or-
thogonal group SO(3) of dimension 3. Thus any quaternion Kaehler manifold is
orientable.

We take a point p in a quaternion Kaehler manifold M*" of dimension 4n
and a tangent vector X of M*" at p. Then the 4 dimensional subspace Q(X)
of T,M*" defined by

QX)={YeT ,M*"*:Y=aX+bFX+cGX-+dHX, a, b, ¢, d= R}

is called the Q-section determined by X. For any Y, ZQ(X), if the sectional
curvature o(Y, Z) is a constant p(X), p(X) is called the Q-sectional curvature
with respect to X at p. Moreover if we suppose that p(X) is a constant ¢=c(p)
independent of X at each point of p, then the quaternion Kaehler manifold M*"®
is said to have a constant Q-sectional curvature c(p).

The following two theorems are well known.

THEOREM 5.1. A quatermion Kaehler manifold of dimension =8 s of a con-
stant Q-sectional curvature c=c(p) 1f and only i1f its curvature tensor has the
components of the form

1
(5.4) Rk]ih:Zc(gjzgkh—gkigjh+FJiFkh_Fk1th_2Fk]Fih

+G;iGen—GriGn—2G1,Gin+H;iHpn—HypHyn—2H ) H,y)

THEOREM 5.2. For a quatermon Kaehler mamfold of a constant Q-sectional
curvature c=c(p), pEM, the function c(p) s constant in M 1f dim M=8.

A quaternion Kaehler manifold M*" with a constant @Q-sectional curvature
¢ is called a quaternion space form M*"(c). The Ricci tensor R,; and the scalar
curvature S of a quaternion space form are given by

1
(55) R]z:'z—c(zn—5>g]i ’

(5.6) S=2nc(2n—>5).

The quaternion projective space is an example of a quaternion space form
of ¢=4.

Let M** be a quaternion Kaehler manifold of dim M**=8. We now define a
tensor D in U which may correspond to the Bochoner curvature tensor in Kaehler
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manifolds. The components of D in U are given by

G.7 Drjin=Rrjin— Tnl_l:ﬁ(l?ﬁgm—f?kigjh+gjiRkh—ngjh
+ Ry F,) Frn— Ry Fil Fin—2R; F' Fip
S FyuRniFaim FyuRyiF,—2F R
+Ri:G, G rp—RitG 1 G —2R ;G ' Gy
+GjiRuG e —G Ry G, —2G ;R 4, Gt
+RyH,) Hy—RiyH " Hiy— 2R H Hyy,
+Hu Ry Hy'—Hp Ry H,)—2H Ry H,Y)

S
+ m(gjigkh_gkigjh+FjiFkh

—FeiF i —2F4;Fi04+ GG an—Gr:iGjn
—2G1;Gin+HjHpn—HyiHjn—2H i Hi)

Because of (5.3), we see that D is actually a global tensor on M**, It is easily
checked that if D=0 and M*" is Einstein, then M*" is a quaternion space form.
On the other hand if M*" is a quaternion space form, then M*" is Einstein and

D=0. However we have

THEOREM b.3. Any quatermion Kaehler manifold of dimension =8 is an
Einstein manifold.

Hence D is reduced to
S
(5.8) Dkljh:Rkjih—WZ‘S(gjigkn“gkigjn+FjiFkn'Fkian—ZijFih
+Gjinh'_GkiGjh‘_ZijGih+Hjinh'_HleiHjh—2ijHih)-

By using the curvature properties of quaternion Kaehler manifolds found in
Ishihara [3], we see that

2 2 Y Q2
(5.9) | DIP= R P S

Therefore we have

THEOREM 5.4. Let M*" be a quatermon Kaehler manifold of dimension =8.
An nequality

5n+1
2> 2
(5.10) |R|2= In(n oy S
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holds on M**. Equality holds 1f and only 1f M'™ 1s a quatermon space form
S
2n(2n—>5)

Now we consider an isospectral problem of quaternion Kaehler manifolds by
using the asymptotic expansion (2.1) with the spectrum of the Laplace operator.

M*(¢c), where c=

THEOREM 5.5. Let (M*™(c), g) be a compact quaternion space form of a con-
stant Q-sectional curvature ¢ of dimension 4n=8, and let (M*, g*) be a compact
quaternion Kaehler manifold. If Spec (M*™(c), g)=Spec (M*, g*), then M* is a
quaternion space form of constant Q-sectional curvature c*=c of dimension 4n.

Proof. From (2.1) we easily see dim M*=4n and the volume of M**(c)=
volume of M*, Since both M**(¢) and M* are Einstein manifolds by Theorem 5.3,
the scalar curvature S and S* are constants. Hence the condition a;=a,* im-
plies that S=S*. Using the Einsteinness we can express a, as

- L
~ 360

=300 2IRI=+ (5= 5)5)1s

G1D S‘[(2lR[2—2]Ricci|2+552)vg

20n*+78n°+77n—7

_ 1 o ontl L 20n° T80+ TTn—T ,

~ 360 SMZ(‘RI In(n+27 > )”g+ 36051»1 in(nioy  Ove
Therefore a,=a,* in our case implies

?P@iﬂw 2 — * 2_,,,5@,—;:1, *2),,%
(.12 dn(nt2n Sgaz”g“SM‘Z(lR = 2 S

20n*+78n*+7Tn—7 ., «
dn(n-+2)? S SM*U &
Because of Theorem 5.4, we see that M* is a quaternion space form, and (5.6)
shows c*=c. Q.E.D.
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