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TOTAL ABSOLUTE CURVATURE
OF IMMERSED SUBMANIFOLDS OF SPHERES

By KAzuYUuKI ENOMOTO

Let M be an m-dimensional compact differentiable manifold and f be an
immersion of M into S™**, Let peS™** and =, be the stereographic projection
from p onto the tangent plane of S™** at —p. If p&f(M), x,-f is an immer-
sion of M into the (m-+k)-dimensional euclidean space. Let ¢ be the inclusion
of S™** into E™***!  In general, z(x,-f), the total absolute curvature of 7,-f,
is not necessarily equal to z(i-f), the total absolute curvature of i-f. If m=l,
however, T. Banchoff showed in [1] that the average value of z(x,-f) over all
possible base points is equal to z(i-f). In this paper we generalize this theorem
to immersions of m-dimensional compact differentiable manifolds into S™*#,
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1. Preliminaries.

Let M be an m-dimensional compact differentiable manifold and F be an
immersion of M into E™**. Let v} be the unit normal vector bundle of F with
the total space N% and the projection = : Ny — M. For any e=N%, we denote
by S(e) the second fundamental tensor of F with respect to e. S(e) is an
endomorphism of T, M. Let G(e)=det S(e) and we call G(e) the Lipschitz-
Killing curvature of F with respect to e. N§L is an (m-+k—1)-dimensional
orientable Riemannian manifold with the metric naturally induced from E™*%,
Let du be the volume element of Ni.

Set

(F)=(enus-) ', 1G@ldp(e)

where ¢n.,-1 i the volume of S™*#-1,
We call 7(F) the total absolute curvature of F.

Let Ny(x) be the fibre of N% at x€M. NL(x) has the natural metric of the
sphere S*7* and we denote its volume element by do%.
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Set

(0, D=(enasd ), | 1G@Idote)

We call =(F, x) the absolute curvature of F at x.

We now assume that M is orientable and let dV be the volume element of
M with respect to the metric induced from E™** by F. Then there is a dif-
ferential form w of degree £—1 on N} such that its restriction to Nk (x) is equal
to do% ! and dp=wAdV. Thus it holds that

c(F)= SM o(F, X)dV(x)

When M is non-orientable, there is a double covering of M, 7 : M — M such
that M is orientable. Then we have ¢ (F-7)=27¢(F).

We now consider a stereographic projection on S™. Let p&S”® and =7,
Sr—{p} — T_.,S™ be the stereographic projection from p. Then for any ¢ in

Sr—{p}, wp(@)=p+k(g—p) where k= l‘—?%]—pf' Let (zp)«: T, S™— E™ be the
differential of 7, at ¢. Then we have the following:

LEMMA 1. Let qeS*—{p} and X&T,S". Then we have

(m e (X=X + 5 (X, p)(g—p)

and
(7 p)s (XD=RIX]

that 1s, @, 1S a conformal mapping with the scale function k.

Proof. Let o(t) be a C'-curve in S™ with ¢(0)=¢ and ¢’(0)=X. Let k() :
=k )= g5 Since (@ (D=(x,-0)(0)

(e (=2 0+ ) (& O P))ewo
ko (0)+¥(0)(g—p)

=X+ X, 5 ()
Since g—p, g—p>=2(1—(g, pH)="5 and (g, X>=0,

(e (X, (e (XD=RCX, XY—RCK, DY <X, Db, 4=

=kXX, X). q.e.d.
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2. Main theorem.
We now state the main theorem of this paper.

THEOREM. Let M be an m-dimensional compact differentiable manifold and f
be an vmmersion of M wnto S™*. Let 1 be the wclusion of S™* into E™'**,
Then

t(mp ) do™ *(p)

Sm+k

e f)=(en)|

where do™** 1s the standard volume element of S™**.

Note: The function p—z(m,-f) is defined almost everywhere in S™**
(in fact it is defined in S™**— f(M)) and continuous there.

We first consider the absolute curvature of i-f. Let N%(x) be the unit
normal vector space of f at xeM. Let e=N%(x) and a,(e) (1=:1=m) be a
system of principal curvatures of f with respect to e. Let X,(e) be (unit)
principal vectors of f with respect to ¢ with the principal curvatures a;(e) res-
pectively. For convenience, we use the same notation x for the image of x by
f, f(x). If ¢ is a unit normal vector of i-f at x, ¢=xsin p+ecosp for some

eeNy(x) and pe[—5, 5.

LEMMA 2. X,(e) are the principal vectors of i-f with respect to & with the
principal curvatures sin p+-a;(e)cos p respectively.

_ Proof. Let S, be the second fundamental tensor of f with respect to e and
S the one of i-f with respect to . Since S.(X;(e))=S.(X;(e))=a,(e) X;(e),
5% (X.(e))=sin p S, (X;(e))+cos p S (X, (e))
=(sin p+a;(e)cos p) X, (e)
g.e.d.

Let G (&) be the Lipschitz-Killing curvature of i-f with respect to . Then
we have C(é)=ﬁ(sin p+a;(e)cos p). Hence, denoting by de¢' the standard
volume element of S?,

2(f, D=(mn) |, 1G(OIda*@)

1
Nz-f(

= (cmk)-lgm S ﬁ |sin p+a,(e)cos plcos* ' pdpAda*(e)

- 1 -
/2 Nf(.z:) 1=1
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Now we consider the absolute curvature of z,-f. For peS™ —f(M),
define a mapping 4, N,(x)—> Nipr(x) by 2p(e): =1/k(x,)x(e) (e€N¥(x)).
Let ¢:=2,(¢e) and let S (&) be the second fundamental tensor of 7,-f with
respect to ¢. Then we haVe the following lemma :

LEMMA 3. 1/k(X;(e)) are the principal vectors of wp-f with respect to é=
2,(e) with the principal curvatures 1/k(a;(e)+k/2{e, p)) respectively.

Proof. In this proof we identify M with its image by f. Let a(!) be a
Clcurve in M with a(0)=x and a’(0)=X,(e). Take e(i)=e(a(!)), a normal
vector field of f along «(f), such that e(0)=e. Let ()7 Tr, s E™F— To M
be the tangential projection of z,-f. Since

3@(5 %) =1 (S0l

where ¢(t)=24» ¢ (i), denoting

2

@, Y

k(e (t))=

k (t)

%@ (3 %) =5 (L (cw+ 5 e, py@-p)| )

:%(e’(O)—I— k/éo) <e, p}(x—p)—i—%(e’(O), p> (X‘—p)

+E e px@)
Since ((mp)«(e’(0)))'=S.(X;(e))=a;(e) X:(e),

8@ (3 %) =1 (3@ )
+ 2 e (5 X))

(a )+ <e, p>)( X, (e))
q.e.d.

Let 51,(5) be the Lipschitz-Killing curvature of z,-f with respect to &=
Ap(e)ENt,.,(x). Since 5p(é)=ﬁ(ai(e)+k/2<e, p») and 2, is an isometry of
¥(x) into Nz,.r(x),
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(e fy D= (mesd |, 16,@ldo?"(@)

np-s ¢

Lm ii az(e)+§<e, py|do*7i(e)

:(Cm+k—1)_lg

1
Nf(

Proof of Theorem.

We now assume that M is orientable. When M is non-orientable, the proof
of the theorem can be reduced to the orientable case through the double cover-
ing of M.

Let dV be the volume element of M with respect to the metric induced
from E™**** by ¢-f and dV, be the one with respect to the metric induced
from E™** by z,-f. Then we have dV,=k™dV. Since

G:)={ 265, DAV and c@yeN={ s, DAV,

by (1) and (2), it is sufficient for the proof of the theorem to show the following
equality (3) for any x€M and eeN%(x):

SW ﬁ |sin p+a;(e)cos plcos* o dp
=1

—/
=/

az(e)-i—%(& lde™ R p) e 3)

=(emer0 T

We parameterize S™** by p=(sin®*#,—cos*, sinb,, sinb, cosd,(1+sinb,), cosb,
cosf,sinf,, cosd,cost,cosf,sinb,, -+ , cosf,cosly -+ C0SOmip-1SiN0,.,, COSO,
COS By «+eer C0SOmik-1C08 my) (—m/250,, - s Onsr1=0/2, —m=0p, =),

The volume element of S™** in terms of this coordinate system is

----- COSOmyn-1dONdOy -+ NdOpmsr-1N\NdOpys

We may assume x=(1, 0, --+--- ,0) and e=(0,1,0, -+ ,0). Then k/2{e, p)
=tan#,. Hence

[nes I [an@+ 5o, p5]dom2(p)

/2 /2 £ m .
:S ------ S S 11 la.(o)+tan0,|cos™*~16, (1+sinf,)

-%/2 J-%

X cos™TE 260, cos™TET3G, unenn Cc0S0mp-1d0,d0y - dOmir
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la,(e)+tanb,|cos™ *710, db,

w2 m
=1

= Cm+k—1S
~m2 1

m/2 m .
:cm”_lg ) II Isinf,+a,(e)cosf;|cos* 16, db,
-r/2 1=1

Thus the equality (3) is shown and the proof of the theorem is completed.
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