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Abstract

Let M be a compact hypersurface in the Euclidean space with cohomogeneity

2. We show that if the scalar curvature is constant, then M is a standard sphere. This

gives a partial positive answer to a problem presented by Yau.

1. Introduction

In the famous problem section of the book [14], Yau posed the following
problem:

Yau’s problem. Classify compact hypersurfaces in RNþ1 which have
constant scalar curvature. Are they isometric to SN? If they are convex, then
the answer is yes and was proved by Cheng-Yau.

In 1988, Ros [10] solved this problem a‰rmatively when the hypersurfaces
are embedded. So there remains the case when the hypersurfaces are immersed.
This situation is very similar to the Hopf ’s conjecture about constant mean
curvature hypersurfaces. Hopf ’s conjecture asks whether compact hypersurfaces
M in RNþ1 which have constant mean curvature are only round spheres. When
the hypersurfaces are embedded, Aleksandrov [1] proved M is a sphere in 1958.
25 years later, Hsiang-Teng-Yu [5] constructed nonspherical compact immersed
hypersurfaces with constant mean curvature of dimension Nb 3 and solved the
conjecture negatively (soon after this, Wente [13] constructed an immersed torus
with constant mean curvature in R3). The technic they used in [5] is the method
of equivariant di¤erential geometry. They assume a large isometry group acts
on M, and reduce the constant mean curvature equation to a system of ordinary
di¤erential equations.
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It is natural to try to construct immersed compact hypersurfaces with
constant scalar curvature by using the same method. But unfortunately, we
cannot expect such an example to exist because the following theorem holds
which is the main result of this paper.

Theorem 1.1. Let M be a generalized rotational closed hypersurface in the
Euclidean space with cohomogeneity 2. If the scalar curvature is constant, then M
is a standard sphere.

To end this introduction we cite a recent paper of Cheng [2] which proved
that Yau’s conjecture is true in the class of compact oriented locally conformally
flat hypersurfaces in Rnþ1.

The author would like to express his hearty thanks to the referee for in-
dicating several mistakes.

2. Preliminaries

Let ðG;F;Rnþ1Þ be an orthogonal transformation group with codimension
two principal orbit type. They are classified completely by Hsiang-Lawson [4].
They are exactly those isotropy representations of symmetric spaces of rank 2.
Following [3] we give some basic facts.

(i) There exists a 2-dimensional linear subspace, R2, which is the fixed point
of a chosen principal isotropy subgroup H of ðG;Rnþ1Þ and intersects
every G-orbit perpendicularly.

(ii) The Weyl group, W ¼ NðH;GÞ=H, acts on R2 as a group generated by
reflections and Rnþ1=GFR2=W . Therefore, the orbit space Rnþ1=G
can be identified with the Weyl chamber of ðW ;R2Þ and the orbital
metric is flat, namely, a linear cone of angle p=d, d ¼ 1; 2; 3; 4 or 6.

Let g ¼ gðsÞ ¼ ðxðsÞ; yðsÞÞ be a curve in R2=W (s: arc-length). Let Mg be a
G-invariant hypersurface generated by g. We call this hypersurface a generalized
rotational hypersurface with cohomogeneity 2. We have the following lemma [5]
which reduce the computation of the mean curvature of Mg to that of g in R2=W .

Lemma 2.1.

nH ¼ x 0y 00 � y 0x 00 � q

qnx
log j;ð2:1Þ

where jðx; yÞ is the volume of the principal orbit through ðx; yÞ, x is the unit

normal vector of g in R2=W such that fg 0; xg has a positive orientaition, and
q

qnx
is

the directional derivative in the direction x, that is,
q

qnx
¼ �y 0 q

qx
þ x 0 q

qy
. H is the

mean curvature of Mg in the direction n which projects to x.

To compute the scalar curvature, we use the following variational formula of
Reilly [9] (see also [11]).
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Lemma 2.2. Let M be an oriented hypersurface in Rnþ1. Let n be a
unit normal vector field normal to M and let V ¼ f n be a vector field along M
for some smooth function f on M. Let Ct : M ! Rnþ1 be a variation of M with
C0ðxÞ ¼ x for x A M and dCtðxÞ=dtjt¼0 ¼ VðxÞ, for all x A M. Then

d

dt

����
t¼0

ð
M

nH dv ¼ �
ð
M

fS dv;ð2:2Þ

where H and S are the mean curvature and the scalar curvature of M respectively.

Now we have the following useful lemma.

Lemma 2.3. The scalar curvature S of Mg is given by

S ¼ �2ðx 0y 00 � y 0x 00Þ q

qnx
log jþ q

qnx
log j

� �2

þ q2

qn2x
log j:ð2:3Þ

Proof. Let f ðsÞ be a function on g with compact support. We can natu-
rally consider f as a function on Mg. Set gtðsÞ1 ðxðs; tÞ; yðs; tÞÞ1 ðxðsÞ; yðsÞÞþ
tf ðsÞð�y 0ðsÞ; x 0ðsÞÞ and consider a G-invariant hypersurface Mgt generated by
gt. Thus we have a variation Ct : M ! Rnþ1 satisfying C0ðMÞ ¼ Mg and
dCt=dtjt¼0 ¼ f n. Note that s is not an arclength parameter except for t ¼ 0.
From Lemma 2.1 (or from the first variational formula of area) we obtain

nHðtÞ ¼ x 0 y 00 � y 0x 00

fx 02 þ y 02g3=2
� 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

x 02 þ y 02
p �y 0 q

qx
þ x 0 q

qy

� �
log j;ð2:4Þ

where HðtÞ is the mean curvature of Mgt and we used ‘‘ 0’’ for di¤erentiation with
respect to s. Therefore

d

dt

����
t¼0

ð
M

nHðtÞ dv ¼
ð
g

d

dt

����
t¼0

fnHðtÞjðgtÞg dsð2:5Þ

¼
ð
g

d

dt

����
t¼0

fnHðtÞgjðgÞ þ nH
d

dt

����
t¼0

fjðgtÞg
� �

ds

¼
ð
g

"
d

dt

����
t¼0

x 0y 00 � y 0x 00

fx 02 þ y 02g3=2

( )
j

� d

dt

����
t¼0

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x 02 þ y 02

p
( )

�y 0 q

qx
þ x 0 q

qy

� �
log j � j

� � d

dt

����
t¼0

y 0 q

qx
þ d

dt

����
t¼0

x 0 q

qy

� �
log j � j

� �y 0 q

qx
þ x 0 q

qy

� �
d

dt

����
t¼0

log j � j� f � ðnHÞ2 � j
#
ds;
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because s is the arclength of g. Now we compute each terms of the right hand
side of (2.5) separately. By using ðx 0Þ2 þ ðy 0Þ2 ¼ 1, x 0x 00 þ y 0y 00 ¼ 0 we obtain

d

dt

����
t¼0

fx 0y 00 � y 0x 00gð2:6Þ

¼ d

dt

����
t¼0

x 0
� �

y 00 þ x 0 d

dt

����
t¼0

y 00
� �

� d

dt

����
t¼0

y 0
� �

x 00 � y 0 d

dt

����
t¼0

x 00
� �

¼ �ð fy 0Þ 0y 00 þ x 0ð fx 0Þ 00 � ð fx 0Þ 0x 00 þ y 0ð fy 0Þ 00;

d

dt

����
t¼0

fx 02 þ y 02g ¼ �2f ðx 0y 00 � y 0x 00Þ:ð2:7Þ

Therefore by using integration by parts we get

The first term of R:H:S: of ð2:5Þð2:8Þ

¼
ð
g

f�f fðx 00Þ2 þ ðy 00Þ2g þ x 0ð fx 0Þ 00 þ y 0ð fy 0Þ 00

þ 3f ðx 0y 00 � y 0x 00Þ2gj ds

¼
ð
g

½�2f fðx 00Þ2 þ ðy 00Þ2gj� f 0ðjxx 0 þ jyy
0Þ

þ 3f ðx 0y 00 � y 0x 00Þ2j� ds:
The 2nd term of R:H:S: of ð2:5Þð2:9Þ

¼
ð
g

�f ðx 0y 00 � y 0x 00Þ q

qnx
log j � j ds

¼
ð
g

�f ðx 0y 00 � y 0x 00Þð�y 0jx þ x 0jyÞ ds:

The 3rd term of R:H:S: of ð2:5Þð2:10Þ

¼
ð
g

ð fx 0Þ 0 q
qx

log jþ ð fy 0Þ 0 q
qy

log j

� �
j ds

¼
ð
g

fð fx 0Þ 0jx þ ð fy 0Þ 0jyg ds:

The 4th term of R:H:S: of ð2:5Þð2:11Þ

¼
ð
g

y 0 q

qx
� x 0 q

qy

� �
q

qx
log j � d

dt

����
t¼0

xþ q

qy
log j � d

dt

����
t¼0

y

� �
j ds

¼
ð
g

y 0 q

qx
� x 0 q

qy

� �
� q

qx
log j � fy 0 þ q

qy
log j � fx 0

� �
j ds
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¼
ð
g

(
�f � ðy 0Þ2 q2

qx2
log j� f � ðx 0Þ2 q2

qy2
log j

þ 2 � f ðx 0y 0Þ q2

qxqy
log j

)
j ds:

Combining (2.5), (2.8), . . . , and (2.11), by an easy calculation, we obtain

d

dt

����
t¼0

ð
M

nHðtÞ dvð2:12Þ

¼
ð
g

"
�2f fðx 00Þ2 þ ðy 00Þ2gjþ 3f ðx 0y 00 � y 0x 00Þ2jþ f

(
�ðy 0Þ2 q2

qx2
log j

� ðx 0Þ2 q2

qy2
log jþ 2ðx 0y 0Þ q2

qxqy
log j

)
j� f � ðnHÞ2 � j

#
ds

¼
ð
g

"
f ðx 0y 00 � y 0x 00Þ2jþ f

(
�ðy 0Þ2 q2

qx2
log j� ðx 0Þ2 q2

qy2
log j

þ 2ðx 0y 0Þ q2

qxqy
log j

)
j� f � ðnHÞ2 � j

#
ds:

Comparing this equation with (2.2), we get

S ¼ ðnHÞ2 � ðx 0y 00 � y 0x 00Þ2ð2:13Þ

þ ðy 0Þ2 q2

qx2
log j� 2ðx 0y 0Þ q2

qxqy
log jþ ðx 0Þ2 q2

qy2
log j:

Let l1 ¼ x 0y 00 � y 0x 00, l2; . . . ; ln be the principal curvatures of Mg. From (2.1)
we get

l2 þ � � � þ ln ¼ � q

qnx
log j:ð2:14Þ

Plug this into (2.13) we obtain

S ¼ x 0y 00 � y 0x 00 � q

qnx
log j

� �2

� ðx 0y 00 � y 0x 00Þ2ð2:15Þ

þ ðy 0Þ2 q2

qx2
log j� 2ðx 0y 0Þ q2

qxqy
log jþ ðx 0Þ2 q2

qy2
log j:

¼ �2ðx 0y 00 � y 0x 00Þ q

qnx
log jþ q

qnx
log j

� �2

þ q2

qn2x
log j;

which proves Lemma 2.3. r
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3. Proof

Suppose Mg is a generalized rotational closed immersed hypersurface of
cohomogeneity 2 with constant scalar curvature S. Since Mg is compact, it is
easy to see that S > 0. Let l1 ¼ x 0y 00 � y 0x 00, l2; . . . ; ln be the principal cur-
vatures of Mg. From (2.1) we get

l2 þ � � � þ ln ¼ � q

qnx
log j:ð3:1Þ

From Lemma 2.3, by using S ¼ 2
P

i< j lilj we obtain

l22 þ � � � þ l2n ¼ � q2

qn2x
log j:ð3:2Þ

If there is a point such that
q

qnx
log j ¼ 0, by (2.3) we obtain S ¼ q2

qn2x
log j at the

point. From (3.2) we get Sa 0, which contradicts with the assumption S > 0.
Thus we have proved the following lemma.

Lemma 3.1. If Mg is a compact immersed hypersurface with constant scalar

curvature S, then
q

qnx
log j never vanishes.

We examine the condition
q

qnx
log j0 0 for 14 types of cohomogeneity 2

orthogonal transformation groups ðG;Rnþ1Þ [4], separately.

1) ðG;Rnþ1Þ ¼ ðSOðn� 1Þ;RnþlÞ.
It is easy to see that a compact SOðn� 1Þ-invariant hypersurface with

constant scalar curvature is a round sphere (see, for example, [6]).
2) ðG;Rnþ1Þ ¼ ðSOðmÞ � SOðlÞ;RmþlÞ.
Since j ¼ cxm�1yl�1, we have

q

qnx
log j ¼ �ðm� 1Þ y

0

x
þ ðl � 1Þ x

0

y
ð3:3Þ

¼ �ðm� 1Þ sin a

x
þ ðl � 1Þ cos a

y
;

where we set ðx 0; y 0Þ ¼ ðcos a; sin aÞ. Now we put y=x ¼ tan y. Then 0 < y

< p=2. From (3.3) the condition
q

qnx
log j ¼ 0 becomes

C : ðl � 1Þ cos a cos y� ðm� 1Þ sin a sin y ¼ 0:ð3:4Þ

It is easy to see that each connected component of C is a graph over y-axis and
each connected component of C is p apart in the vertical direction (see Figure
1). If g has a self-intersection gðaÞ ¼ gðbÞ, then the total change of a from gðaÞ
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to gðbÞ is greater than or equal to p. Therefore g must intersect with some
connected component of C (see Figure 1). This contradicts with Lemma 3.1.

3) ðG;FÞ ¼ ðSOð3Þ;S2r3 � 1Þ; ðSUð3Þ;AdÞ; ðSpð3Þ;L2n3 � 1Þ, or ðF4; 1Þ.
Then j ¼ cfyð3x2=4� y2=4Þgk for k ¼ 1; 2; 4; 8, respectively.

1

k

q

qnx
log j ¼ �sin a � 6x

3x2 � y2
þ cos a � 1

y
� cos a � 2y

3x2 � y2
:ð3:5Þ

The condition
q

qnx
log j ¼ 0 becomes

C : cosðaþ 2yÞ ¼ 0:ð3:6Þ
So the rest of the proof is the same as the case 2).

4) ðG;FÞ ¼ ðSOð5Þ;AdÞ, ðSOð2Þ � SOðmÞ; r2 n rmÞ, ðSðUð2Þ �UðmÞÞ;
½m2 nC mm�RÞ; ðSpð2Þ � SpðmÞ; n�2nH n�mÞ, ðUð5Þ; ½L2m5�RÞ or ðUð1Þ � Spinð10Þ;
½m1 nC Dþ

1 �RÞ.
In this case j ¼ cðxyÞmðx2 � y2Þk for some m A N and some kb 1. The

condition
q

qnx
log j ¼ 0 becomes

C : sin yfðmþ 2kÞ cos2 y�m sin2 yg sin að3:7Þ

� cos yfm cos2 y� ðmþ 2kÞ sin2 yg cos a ¼ 0:

Set

Figure 1
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f ðy; aÞ ¼ sin yfðmþ 2kÞ cos2 y�m sin2 yg sin að3:8Þ

� cos yfm cos2 y� ðmþ 2kÞ sin2 yg cos a:

Then

fa ¼ sin yfðmþ 2kÞ cos2 y�m sin2 yg cos að3:9Þ

þ cos yfm cos2 y� ðmþ 2kÞ sin2 yg sin a:

Suppose that f ¼ fa ¼ 0. Since ðsin a;�cos aÞ, ðcos a; sin aÞ are linearly inde-
pendent, we obtain

sin yððmþ 2kÞ cos2 y�m sin2 yÞ ¼ cos yðm cos2 y� ðmþ 2kÞ sin2 yÞ ¼ 0:ð3:10Þ
Since 0 < y < p=2, we obtain ðmþ 2kÞ cos2 y�m sin2 y ¼ 0, m cos2 y �
ðmþ 2kÞ sin2 y ¼ 0. Thus mþ 2k ¼ m. This contradicts with the assumption
kb 1. Therefore each connected component of C is a graph over y-axis and is p
apart in the vertical direction. The rest of the proof is the same as 2).

5) ðG;FÞ ¼ ðG2;AdÞ or ðSOð4Þ; � �1 3Þ.
In this case j ¼ cfxyð3x2=4� y2=4Þðx2=4� 3y2=4Þgk for k ¼ 2; 1. The

condition
q

qnx
log j ¼ 0 becomes

C : f5 cos4 y� 10 cos2 y sin2 yþ sin4 yg sin y sin að3:11Þ

� fcos4 y� 10 cos2 y sin2 yþ 5 sin4 yg cos y cos a ¼ 0:

It is easy to see that each connected component of C is also a graph over y-axis,
and this finishes the proof of Theorem 1.1.

Remarks.
1. By using Lemma 2.3, we can compute constant scalar curvature equations

for generalized rotational hypersurfaces of cohomogeneity 2. By analyzing these
ODE systems we can construct noncompact complete hypersurfaces with constant
scalar curvature in the Euclidean spaces. We will discuss this in the future. See
[7] for the most easy case.

2. For construction of complete hypersurfaces with 0 scalar curvature, see
the works by Palmas [8] and Sato [12].
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