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Abstract
By using normalized multiple sine functions we show expressions for special values
Our result reveals the

of zeta functions and L-functions containing ((3), {(5), etc.
Properties of

importance of division values of normalized multiple sine functions.

multiple Hurwitz zeta functions are crucial for the proof.

1. Introduction
The normalized sine function
S1(x) = 2 sin(nx)
has the basic importance in number theory. This is expressed as
Si(x) =T (x) "' (1—x) 7!

)
s=0

with the normalized gamma function

ri() = exp( 7 {50

where
* ¢
s, x) =Y (n+x)""
n=0
In fact, Lerch’s formula says that

is the Hurwitz zeta function.
_I'(x)

INkx) =—=
1( ) \/2—7_[
for the usual gamma function I'(x).
We know that the special value of S)(x) at a rational number x € Q with

0 < x <1 is an algebraic integer
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Sl (X) _ (efnix _ em'X)l-

_ |1 _ eZm'x|.

(Since S1(1/3) = /3, the factor “2” is needed in Sj(x) to assure the integrality.)
This algebraic integer is intimately related to the cyclotomic unit, and at the same
time it appears in the socalled the class number formula of Dirichlet

- N-1 7(k)
L(1, g = -2 log<H si(y) )
k=1

where

0

L(s,x) =Y x(mn™

n=1

is the Dirichlet L-function for a non-trivial primitive even Dirichlet character y
modulo N and

()= a(k)e N

is the Gauss sum. We notice that the Dirichlet’s formula is written also as

0. = _ L (’i—f e\ ®)
L'(0,y) = —= log Sl<—>
2 ot N

via the functional equation.

The purpose of this paper is to generalize such a formula to the case of L(r,y)
for r > 2 containing the Riemann zeta case y = 1 by using the normalized multiple
sine function S,(x), which was constructed and studied in the previous paper [KK]
(see §2 for a survey). We recall the construction. For wy,...,®, > 0 and x > 0,
the multiple Hurwitz zeta function is defined by Barnes [B] as

o0

Ls,xs (o, 0)) = Y (moy+ -+ o+ x)7

ny ..., =0

in Re(s) > r. This has the analytic continuation to all s € C as a meromorphic
function, and it is holomorphic at s = 0. Then the normalized multiple gamma
function is defined as

‘\‘—0> .

This is a constant multiple of multiple gamma function T2(x; (wy,...,®,)) of
Barnes [B]:

0
rr(x7 (wla s 7wr)) = exp(ggr(& X3 (CI)], s 7wr))
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L (x; (o1, ...,0,)) = TE(x; (01, ..., 0.)/p, (o1, ... o).
Now, the normalized multiple sine function is
Si(xi (@1, ) = T @1, ) Ty1 4 o = xi (o, 00)
Hence, by the zeta regularized product (see Manin [M]), we can write

Se(x; (15 ., )

0 0 =n~!
= H (maw +--~+n,w,—|—x)< H (maw +--~+n,w,—x)> .
m

For example

S1(x, @) = I (x, w)71F1 (v — x, a))71

= 1 (nw+x)ﬁ(na)—x)
0

n= n=1
= 2 sin(zx/w)
since we have
I (x, 0) = (27) T (x/w)w™* 12
from
(s, x, ) = 0 (s, x/w).

To simplify the notation we put S,(x) = S,(x;(1,...,1)), I(x) = T(x; (1,...,1))
and {,(s,x) = (s, x;(1,...,1)). Hence

S,(x) = L(x) T (r— x)

)

This normalized multiple sine function S,(x) has good properties similar to
the usual sine function S)(x) =2 sin(zx). We refer to §2 for details. For ex-
ample, it has the periodicity and the duplication formula:

S(x+1) = 8,(x)S, 1 (%)

and

[, (x) = exp (% & (s, x)

and

r (x)
S.(2x) = 11:[0 S, <x + ’;) .

Moreover S,(x) satisfies the following differential equation:
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I~ = Q,(x) cot mx

with Q,(x) = (=1)"'z(*=]). So, S,(x) is a solution of the algebraic differential
equation

S/'(x) + (1Q:(x) ™" = 1)S/(x)*S,(x) ™" = 0;(x) Q(x)7'](x) + 70, (x)S, (x) = 0.

We also note that S,(x) has the Weierstrass product expression similar to

For example

and

, R o0 X n?/2+3n/2+1 X n%/2—3n/2+1 R
§3(x) = 2me < D e O | (1 47) (1 _Z> ¥ /23

n=1

/ 0 X 31111 X 3H,,,
= ;e () e /A=) H (1 + _) (1 - _) e /r3x
n=1 h n

(see §2).
Our main results are as follows. The first result expresses the values of the
Riemann zeta function at positive odd integers.

THEOREM 1.1. Let n=1,2,3,..., and for k=1,2,....n put
k
2n+1
a@2n+ 1,k) = )
(2n+ ; k1)

which is a positive integer. Then we have:

(1)
C/(—zn) = _10g<ﬁ S2n+] (k)a(2n+l,k)>.

k=1
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1 "*122n+1n2n n am
consny =S o] log<HSan<k> . “*’”).
(2n)! k=1

Example 1.2. We have

(L.1) {(3) = 4n° log S(1),
(1.2) C@:i§MQMMW%
(1.3) aw%%mmmmﬁww%.

The above formula (1.1) was proved in [KK] previously.

Remark 1.3. By the formula

el k-1 !
(1.4) S,(k) = [T Sy

=0

for 1<k<r (cf. §2), we can also express ((2n+1) in terms of S;(1)
2<i<2n+1):

| n—122n+1 n 2n+1
(2n+1)= ()ﬁn 10g<H Sl(l)b(2n+1,l)
(2n)! 12

with b(2n+1,1) e Z.

Example 1.4. Since Ss5(2) = Ss5(1)S4(1)™" (see §2),

- 4z 12 —11
{(s) = -3 log(Ss(1) “S4(1)" ).
Next, let y be a non-trivial primitive Dirichlet character modulo N, and
(1.5) L(s,x) =Y x(mn™
n=1

the Dirichlet L-function. Then the values L(r,x) for r =1,2,3,... are classified
as

L(r.7) {n’ - (x-Bernoulli number) --- y(—1)=(-1)"
ry) = )
“difficult” (=) = (=)

Here “difficult” means that these values have not been calculated explicitly yet
except for the r =1 case appearing in the Dirichlet’s class number formula.
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We generalize Dirichlet’s result to some difficult case.

THEOREM 1.5. Let y be a primitive odd character modulo N. Then:

(1)
L'(~1,y) = —% log]kii[: (Sz (%)NSI (%>k>x<k).
L2.7) = 27m Jkﬁll (Sz( )NSI (%)k>ﬂk>,

) s s 0))
()

H ()2 (s () ()50) s Q))
5 (s() )

where we used the following relations (see §2):

SH(1 —x) = So(1 4 x)7"
= (S2(x)S1 (%))~

= Sz(x)7151 (x)
THEOREM 1.7. Let y be a non-trivial primitive even character modulo N.
Then:
(1) “
1 N-1 k 2N K 2Nk—3N? k K2\ X
L'(=2,7)=—31 - - ~ _
(=20 =—5 ogg<ss(N) 52<N) Si (N)

(2)

o -2 1 (s () s (s ()
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Example 1.8.

(0 (2))= 2 s (1) s () 5 () ()
s(3) s (@) (@) o) 6@
S, (%)28852 <%>164Sl <%)121>.

Thus the values S,(a) for a € Q satisfying 0 < a < r are quite interesting in
relation to zeta values. We formulate our expectation as

EXPECTATION 1.9. S.(a) € Q for ae Q satisfying 0 < a < r.

The situation would become transparent when we generalize it as below:

ExpecTtaTION 1.10. S,

<k1w1+-..+k)‘w)‘_w>e(j for N:l’2’3,... and
ki=0,1,...,N — 1.

N y =

It is easy to see that Expectation 1.9 is contained in Expectation 1.10 for
w=(1,...,1), and Expectation 1.10 clearly indicates that we are studying di-
vision values of multiple sine functions.

We note that Shintani [Sh] deeply studied S>(x, (1,¢)) for a fundamental unit
¢ of a real quadratic field. In particular, he showed its appearance in the ex-
pression for a special value of a suitable L-function, and he obtained certain
algebraicity such as

14vV2D 3420

1 € 24 2¢ 2 2
Sz<§,(1,8))52<1+§,(1,8)>S2< 3 7(178)) - 2
for e = #ﬁ, which is the fundamental unit of Q(v/21). Moreover, Shintani

studied Kronecker’s Jugendtraum for a real quadratic field by using S>(x, (1,¢))
(he denoted it by F(x;(1,¢))”"). It might be valuable to report the following
general product formula

N-1
H s, (k1w1 + -+ ko, (o, ,w,)) N

ki, k=
(ki sy k) #(0,...,0)

for an integer N > 2. (See §2.)
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THEOREM 1.11. (1) Expectations 1.9 and 1.10 are valid for r = 1.
(2) Expectations 1.9 and 1.10 are valid for r =2 with N =2. Actually

(6)] r
Sz<2l;c_o) Sz<22;Q) =2

and

Remark 1.12. This paper was referred to in [KK] as a preprint in 2001.

2. Multiple sine functions
The basic properties of multiple sine functions were proved in [K] and [KK].
Here we recall some of them.

THEOREM 2.1 [KK, Theorem 2.1]. The multiple sine function S,(x,®) sat-
isfies the following identities:

(a) For @ = (w1,...,w,) € R" put o(i) = (o1,...,0r1,0i1,...,0,) e R
then we have
(2.1) SHx + 1, @) = S,(x, @)1 (x, (i),
where we put Sp(x,-) = —1.
(b) For a positive integer N, we have
k-
(2.2) SNAM;Q)::O I1 s;<x+»1;2,@>,
<ki<N-1
where the product is taken over the vectors k = (ki,..., k).
(©)
k-
S} <—waa_)> =N
0<k<N-1 N
k#0
(d)
S:(0,0) =0

(e) We have for any ¢ >0 the homogeneity
Sy(ex, cw) = S, (x, ).

THEOREM 2.2. (a) For r > 2 we have

Sp(x+1) = Sp(x)S_1(x) "
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_ HS,(HI;)“).

(©) Put O,(x) = (—1)"'n ’r‘ 1), then

n=1

0 3H” 3H—u
= 2 () x ¥ /4= (/2)x H 1+2 -2 o123 )
n=1 n n

Proof. The assertions (a) and (b) are immediate consequences from [KK,
Theorem 2.1]. The differential equation (c) is proved in [KK, Theorem 2.15].
We compute from (c) that

© n?/24+3n/2+1 n2/2—3n/241
S3(X) = 27‘[67(( o ?/4—(3/2)x H<< ) (1 _ z) €x2/23x>

(00 %m)' _ (ot m)

T

sin’ 7x
= —n(cot?(nx) + 1)

—n<(Qr<x>1§f<x>)2 N 1>,

which gives the proof of (d). Finally (e) and (f) are deduced from [KK, Ex-
amples 3.6], where we express the normalized multiple sine functions S,(x) in
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terms of primitive multiple sine functions which are defined by the Hadamard

product. ]

3. The Riemann zeta function

LemMmA 3.1.  There exist uniquely determined integers a(r,k) such that

(3.1) x' = ia(r,k),l—[x_k
k=1
(x—k+4+r—-1)--(x—k+1)
(r—=1)!

with H_j =

for an indeterminate x. Indeed a(r, k)

are given as follows:

. k=lgr—1( T
(3.2) a@k%z%}—w l (k—l)
Moreover,
(3.3) a(r,r—k) = a(r, k).

Proof. The existence of a(r,k) follows from the fact that the (r — 1) poly-
nomials ,H, 4 (k=1,...,r—1) are linearly independent over Q. By putting
x =k in (3.1), we have

krlMnu<k+’2>+4na<k+r3)+~.+anm.L

r—1 r—1

This leads to

a@k):k“l—ifdnﬁ(k+r_l_j)

= r—1

Thus (3.2) is proved by induction on k. Next, from (3.1)

r—1
(_x)r_l = Za(r, k)erxfk
k=1

and
(=x—k+r—1)---(—x—k+1)
(r—=1)!

oy = = (_l)rqu—le(rfk)a

SO
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r—1

1
- :Za(r,k), Zarr— H, .

,
k=1 k=1
Hence, by the uniquenes of a(r,k) we have a(r,r — k) = a(r,k). |
Example 3.2. For x=neZ and r=2,3,4,5 we have
n=H,,

n* =3H, \ +3H,

n = 4Hy i +44H, > + 4H, 3,

}’14 =sH, 1+ 11sH, 5 +11sH, 3 + sH,_4.

Proof of Theorem 1.1. For r>2 we have by Lemma 3.1

g(s+1_r):§m:”_

n=1 n
r—1 0
rHu i

= > a(rk) Z pr

k=1 n=1

r—1

a(r, k)¢, (s, k),
k=1

where {.(s,k) is the multiple Hurwitz zeta function

Z n+k

n:O

Thus we have

{(1—r) = 3 a(r, k) log T (k).
1

~
Il

In case r =2n+ 1, it follows that

2n
{'(=2n) =" a(2n+ 1,k) log Tay1 (k)
k=1

= — a(2n + l,k) 10g S2n+1(k)
k=1

_ _10g<H S2n+] (k)a(2n+1,k)>’

k=1
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where we used Sy1(k) = F2n+1(k)711"2n+1(2n +1- k)f1 and a(2n+1,2n+

1 —k)=al2n+1,k). |
Example 3.3. We saw in [KK, Theorem 3.8(c)] that
{(3) = 4n” log S3(1).

Combining this with the fact that
1\ 43
S3(1) = V2583 <2> ,

which can be obtained by the facts

Si(1) = S5 (2%)
_ s G) S3(1)383 (%)353(2)
= S5(1)*S; (%)452 G)3

and that S»(1) = v2, we have

-1
£(3) = 2o log<S3 (;) 23/8>

which was proved in [KK, Theorem 3.8(b)] by another method (using a “prim-

itive multiple sine function™).

4. Dirichlet L-functions for odd characters

We prove the formula for L(2,y) for odd characters.

Since our method

follows a proof for Dirichlet’s result on L(1,y) for even characters, we first recall
it. We show the formula for L'(0,y). Then the result on L(1,y) follows via the

functional equation.

Let y be a non-trivial primitive Dirichlet character modulo N. We have

N-1 0 1
L(s,x) = - x(k) ’;m

|
=

- z:lx(k)é(& %)

k=1
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where

- 1
{(s,x) = Z::W

m=0

is the Hurwitz zeta function. Hence

L(0,x) = Zz_::x(k)c(o%)

and
/ N-1 ok N-1 k
L'(0,y) = (k)" 0,— | — (log N k)| 0,—
(0.) ;A( )¢ ( N) (log )k:lx( )C( N)
= =102 (0.45) ~ (tog ¥)L(0.2).
=1 N
When y is even, it holds that L(0,y) = 0 (this is the reason of “difficult”), so we

have

This gives the Dirichlet’s result.

Proof of Theorem 1.5. We prove (1), then (2) is obtained via the functional
equation. Since

0

N n+x n+1 - !
5(5—173‘):Z(n+x)szz(n+x)3+(x_1>Z(”+X)s

n=0 n=0 n=0

O(s,x) + (x — 1) (s, x),
we have
{'(=1,x) = 5(0,x) + (x — 1){{(0, %),
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as {i(s,x) ={(s,x). Now that y is odd and that L(—1,y) =0, we compute

N1 k
L(-17)=N ;W{)C’(—LN)
N §x<k>c§ (0.5)+ ZZ_:N‘) (F-1)a(ox)
_N j_: 2(k) log (Fz (%) I (%)k““)
_ . « . k k/N-1
= % j_: (k) log . (1(N]>];> N <1<N>;>k/1v
k
) g Nl L0 1o b (ﬁ> I (;) N <1 - f,) )k/N_l

KK/
V)
N V=l KRN
= ——= ){(k) IOg (Sz <—) S1 —) s
2 kZ;T N
k N—k .
where we used the fact S <N) =S <N> with (N — k) = —y(k). |

5. Dirichlet L-functions for even characters

Proof of Theorem 1.7. We again show (1), then (2) is obtained via the
functional equation. Since

(n+ x)* = 23H, + (2x — 3)2H, + (x — 1) Hy,

we have

S

(s-2.0=Y <””§S = 25 (5,) + (2 — 3)als, ) + (x — 1)1 (5, ).

)
+
=
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Therefore we have
{'(=2,x) = 205(0,) + (2x — 3)25(0,x) + (x — 1)L} (0, %).

Now that y is even and that L(-2,y) =0, we compute

N—1 2
k k k k k
_ 2 ! -~ R ! e R !/ _
_N > 1(k) <2<:3 (0,N> + <2N 3) ¢ (0,N> + (N 1> ¢ (o,N)>
N-1 2 2%/N-3 (k/N=1)?
k k k
_ N2 - - _
=N 2 }((k) log <F3 (N) I, (N) I <N) )
2 _an2 2\ 2(k)
1 N-1 k 2N k 2Nk—3N k K2\~

6. Division values of normalized multiple sines

Proof of Theorem 1.11. Since S)(x,w) = 2 sin (72:) by [KK, §2], we have

M (kﬁw,a)) = 2sin (%) = —i(ei”k/N - e_[”k/N) €qQ,
which leads to (1).
Recall that

Dy(w) + o — x, (w1, m))
FZ(xv (6()1,602))

S (x, (w1, m)) =
First
o) + o
F2<7] 3 2,(6017602))

=1.
w1 + w
F2< 12 27(601,602))

w1 +w
S2< 12 2,(6()170)2)):

Secondly

w
I <—1+w2, (601,602)>
w1 2
S5 <27 (wlawZ)) =
o)
1—‘2 (7a (COl,COz))
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Here we use ([KK, §2])

I (x + wy, (01,m7)) = Ta(x, (01, 02)) T (x, a)l)*l.

-1
1) 1) 1)
I, (71-5-602, (601,602)) =1 (717 (wth))rl (71,601> .

-1
1) 1)
52(217@1,602)) =1 <2l7601> .

Then

Hence

Now (KK, §2])

")
I (X, CO) @ x/wfl/Z,

RV,
SO
1
)0
2 V2 V2
Thus

S (%,(wl,w2)> =2, |

Remark 6.1. A suitable restriction on the form of division points such as
made in Expectation 1.10 will be needed as the following example shows:

(6.1) $5(2,(1,V2)) ¢ Q.

By this example, we must seriously look at S.(a¢jw) + - -+ + a,0y; (w1, . .., w,)) for
general a; € Q. The proof of (6.1) is given by

$(2,(1,v2))  S(1+1,(1,v2) L
SH(1,(1,v2)  $i(1,(1,v2)) =Si(1,V2) —(

1
2 sin %) ¢ Q,

where

T . .
28N — = —1i e™/V2 _ omin/V2
7 ( )

= —i((~1)" (=)'

and we used the transcendency result of Gelfond-Schneider (—1)1/ ﬁqé(_).
Moreover we appeal to the following facts:
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Sh (w1, (01, 02)) =

SEREIE

Ss (2, (w1, 02)) =

In particular
$H(1,(1,v2)) =214 € Q.
Thus we obtain (6.1).
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