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ZETA FUNCTIONS AND NORMALIZED MULTIPLE SINE

FUNCTIONS

Shin-ya Koyama and Nobushige Kurokawa

Abstract

By using normalized multiple sine functions we show expressions for special values

of zeta functions and L-functions containing zð3Þ, zð5Þ, etc. Our result reveals the

importance of division values of normalized multiple sine functions. Properties of

multiple Hurwitz zeta functions are crucial for the proof.

1. Introduction

The normalized sine function

S1ðxÞ ¼ 2 sinðpxÞ

has the basic importance in number theory. This is expressed as

S1ðxÞ ¼ G1ðxÞ�1G1ð1� xÞ�1

with the normalized gamma function

G1ðxÞ ¼ exp
q

qs
zðs; xÞ

����
s¼0

� �
;

where

zðs; xÞ ¼
Xy
n¼0

ðnþ xÞ�s

is the Hurwitz zeta function. In fact, Lerch’s formula says that

G1ðxÞ ¼
GðxÞffiffiffiffiffiffi
2p

p

for the usual gamma function GðxÞ.
We know that the special value of S1ðxÞ at a rational number x A Q with

0 < x < 1 is an algebraic integer
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S1ðxÞ ¼ ðe�pix � epixÞi

¼ j1� e2pixj:

(Since S1ð1=3Þ ¼
ffiffiffi
3

p
, the factor ‘‘2’’ is needed in S1ðxÞ to assure the integrality.)

This algebraic integer is intimately related to the cyclotomic unit, and at the same
time it appears in the socalled the class number formula of Dirichlet

Lð1; wÞ ¼ � tðwÞ
N

log
YN�1

k¼1

S1
k

N

� �wðkÞ !
;

where

Lðs; wÞ ¼
Xy
n¼1

wðnÞn�s

is the Dirichlet L-function for a non-trivial primitive even Dirichlet character w
modulo N and

tðwÞ ¼
XN�1

k¼1

wðkÞe2pik=N

is the Gauss sum. We notice that the Dirichlet’s formula is written also as

L0ð0; wÞ ¼ � 1

2
log

YN�1

k¼1

S1
k

N

� �wðkÞ !

via the functional equation.
The purpose of this paper is to generalize such a formula to the case of Lðr; wÞ

for rb 2 containing the Riemann zeta case w ¼ 1 by using the normalized multiple
sine function SrðxÞ, which was constructed and studied in the previous paper [KK]
(see §2 for a survey). We recall the construction. For o1; . . . ;or > 0 and x > 0,
the multiple Hurwitz zeta function is defined by Barnes [B] as

zrðs; x; ðo1; . . . ;orÞÞ ¼
Xy

n1;...;nr¼0

ðn1o1 þ � � � þ nror þ xÞ�s

in ReðsÞ > r. This has the analytic continuation to all s A C as a meromorphic
function, and it is holomorphic at s ¼ 0. Then the normalized multiple gamma
function is defined as

Grðx; ðo1; . . . ;orÞÞ ¼ exp
q

qs
zrðs; x; ðo1; . . . ;orÞÞ

����
s¼0

� �
:

This is a constant multiple of multiple gamma function GB
r ðx; ðo1; . . . ;orÞÞ of

Barnes [B]:
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Grðx; ðo1; . . . ;orÞÞ ¼ GB
r ðx; ðo1; . . . ;orÞÞ=rrðo1; . . . ;orÞ:

Now, the normalized multiple sine function is

Srðx; ðo1; . . . ;orÞÞ ¼ Grðx; ðo1; . . . ;orÞÞ�1Grðo1 þ � � � þ or � x; ðo1; . . . ;orÞÞð�1Þ r :

Hence, by the zeta regularized product (see Manin [M]), we can write

Srðx; ðo1; . . . ;orÞÞ

¼ II
y

n1;...;nr¼0

ðn1o1 þ � � � þ nror þ xÞ II
y

n1;...;nr¼1

ðn1o1 þ � � � þ nror � xÞ
 !ð�1Þ r�1

:

For example

S1ðx;oÞ ¼ G1ðx;oÞ�1G1ðo� x;oÞ�1

¼ II
y

n¼0

ðnoþ xÞII
y

n¼1

ðno� xÞ

¼ 2 sinðpx=oÞ

since we have

G1ðx;oÞ ¼ ð2pÞ�1=2Gðx=oÞox=o�1=2

from

z1ðs; x;oÞ ¼ o�szðs; x=oÞ:

To simplify the notation we put SrðxÞ ¼ Srðx; ð1; . . . ; 1ÞÞ, GrðxÞ ¼ Grðx; ð1; . . . ; 1ÞÞ
and zrðs; xÞ ¼ zrðs; x; ð1; . . . ; 1ÞÞ. Hence

SrðxÞ ¼ GrðxÞ�1Grðr� xÞð�1Þ r

and

GrðxÞ ¼ exp
q

qs
zrðs; xÞ

����
s¼0

� �
:

This normalized multiple sine function SrðxÞ has good properties similar to
the usual sine function S1ðxÞ ¼ 2 sinðpxÞ. We refer to §2 for details. For ex-
ample, it has the periodicity and the duplication formula:

Srðxþ 1Þ ¼ SrðxÞSr�1ðxÞ�1

and

Srð2xÞ ¼
Yr
k¼0

Sr xþ k

2

� � r
kð Þ
:

Moreover SrðxÞ satisfies the following di¤erential equation:
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S 0
rðxÞ

SrðxÞ
¼ QrðxÞ cot px

with QrðxÞ ¼ ð�1Þr�1p x�1
r�1

� �
. So, SrðxÞ is a solution of the algebraic di¤erential

equation

S 00
r ðxÞ þ ðpQrðxÞ�1 � 1ÞS 0

rðxÞ
2
SrðxÞ�1 �Q 0

rðxÞQrðxÞ�1
S 0
rðxÞ þ pQrðxÞSrðxÞ ¼ 0:

We also note that SrðxÞ has the Weierstrass product expression similar to

S1ðxÞ ¼ 2px
Yy
n¼1

1� x2

n2

� �

¼ 2px
Yy
n¼1

1þ x

n

� �
1Hn

1� x

n

� �
1H�n

 !
:

For example

S2ðxÞ ¼ 2pxe�x
Yy
n¼1

1þ x

n

� �nþ1

1� x

n

� ��nþ1

e�2x

 !

¼ 2pxe�x
Yy
n¼1

1þ x

n

� �
2Hn

1� x

n

� �
2H�n

e�2x

 !

and

S3ðxÞ ¼ 2pe�z 0ð�2Þxex
2=4�ð3=2Þx

Yy
n¼1

1þ x

n

� �n2=2þ3n=2þ1

1� x

n

� �n2=2�3n=2þ1

ex
2=2�3x

 !

¼ 2pe�z 0ð�2Þxex
2=4�ð3=2Þx

Yy
n¼1

1þ x

n

� �
3Hn

1� x

n

� �
3H�n

ex
2=2�3x

 !

(see §2).
Our main results are as follows. The first result expresses the values of the

Riemann zeta function at positive odd integers.

Theorem 1.1. Let n ¼ 1; 2; 3; . . . , and for k ¼ 1; 2; . . . ; n put

að2nþ 1; kÞ ¼
Xk
l¼1

ð�1Þk�l
l2n

2nþ 1

k � l

� �
;

which is a positive integer. Then we have:
(1)

z 0ð�2nÞ ¼ �log
Yn
k¼1

S2nþ1ðkÞað2nþ1;kÞ
 !

:
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(2)

zð2nþ 1Þ ¼ ð�1Þn�122nþ1p2n

ð2nÞ! log
Yn
k¼1

S2nþ1ðkÞað2nþ1;kÞ
 !

:

Example 1.2. We have

zð3Þ ¼ 4p2 log S3ð1Þ;ð1:1Þ

zð5Þ ¼ � 4p4

3
logðS5ð1ÞS5ð2Þ11Þ;ð1:2Þ

zð7Þ ¼ 8p6

45
logðS7ð1ÞS7ð2Þ57S7ð3Þ302Þ:ð1:3Þ

The above formula (1.1) was proved in [KK] previously.

Remark 1.3. By the formula

SrðkÞ ¼
Yk�1

l¼0

Sr�lð1Þ
k�1
lð Þð�1Þ lð1:4Þ

for 1a k < r (cf. §2), we can also express zð2nþ 1Þ in terms of Slð1Þ
ð2a la 2nþ 1Þ:

zð2nþ 1Þ ¼ ð�1Þn�122nþ1p2n

ð2nÞ! log
Y2nþ1

l¼2

Slð1Þbð2nþ1; lÞ
 !

with bð2nþ 1; lÞ A Z.

Example 1.4. Since S5ð2Þ ¼ S5ð1ÞS4ð1Þ�1 (see §2),

zð5Þ ¼ � 4p4

3
logðS5ð1Þ12S4ð1Þ�11Þ:

Next, let w be a non-trivial primitive Dirichlet character modulo N, and

Lðs; wÞ ¼
Xy
n¼1

wðnÞn�sð1:5Þ

the Dirichlet L-function. Then the values Lðr; wÞ for r ¼ 1; 2; 3; . . . are classified
as

Lðr; wÞ ¼
p r � ðw-Bernoulli numberÞ � � � wð�1Þ ¼ ð�1Þr

“di‰cult” � � � wð�1Þ ¼ ð�1Þrþ1:

�

Here ‘‘di‰cult’’ means that these values have not been calculated explicitly yet
except for the r ¼ 1 case appearing in the Dirichlet’s class number formula.
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We generalize Dirichlet’s result to some di‰cult case.

Theorem 1.5. Let w be a primitive odd character modulo N. Then:
(1)

L0ð�1; wÞ ¼ � 1

2
log

YN�1

k¼1

S2
k

N

� �N
S1

k

N

� �k !wðkÞ

:

(2)

Lð2; wÞ ¼ 2pitðwÞ
N 2

log
YN�1

k¼1

S2
k

N

� �N
S1

k

N

� �k !wðkÞ

:

Example 1.6. We have

L 2;
�4

�

� �� �
¼ � p

4
log S2

1

4

� �4
S1

1

4

� �
S2

3

4

� ��4

S1
3

4

� ��3
 !

¼ p

4
log 23S2

1

4

� ��8
 !

;

L 2;
�3

�

� �� �
¼ � 2

ffiffiffi
3

p
p

9
log S2

1

3

� �3
S1

1

3

� �
S2

2

3

� ��3

S1
2

3

� ��2
 !

¼ 4
ffiffiffi
3

p
p

9
log 3S2

1

3

� ��3
 !

;

where we used the following relations (see §2):

S2ð1� xÞ ¼ S2ð1þ xÞ�1

¼ ðS2ðxÞS1ðxÞ�1Þ�1

¼ S2ðxÞ�1
S1ðxÞ:

Theorem 1.7. Let w be a non-trivial primitive even character modulo N.
Then:

(1)

L0ð�2; wÞ ¼ � 1

2
log

YN�1

k¼1

S3
k

N

� �2N 2

S2
k

N

� �2Nk�3N 2

S1
k

N

� �k2
 !wðkÞ

:

(2)

Lð3; wÞ ¼ 2p2tðwÞ
N 3

log
YN�1

k¼1

S3
k

N

� �2N 2

S2
k

N

� �2Nk�3N 2

S1
k

N

� �k2
 !wðkÞ

:

539zeta functions and normalized multiple sine functions



Example 1.8.

L 3;
12

�

� �� �
¼

ffiffiffi
3

p
p2

432
log

 
S3

1

12

� �288
S2

1

12

� ��408

S1
1

12

� �
S3

5

12

� ��288

� S2
5

12

� �312
S1

5

12

� ��25

S3
7

12

� ��288

S2
7

12

� �264
S1

7

12

� ��49

� S3
11

12

� �288
S2

11

12

� ��164

S1
11

12

� �121!
:

Thus the values SrðaÞ for a A Q satisfying 0 < a < r are quite interesting in
relation to zeta values. We formulate our expectation as

Expectation 1.9. SrðaÞ A Q for a A Q satisfying 0 < a < r.

The situation would become transparent when we generalize it as below:

Expectation 1.10. Sr

k1o1 þ � � � þ kror

N
;o

� �
A Q for N ¼ 1; 2; 3; . . . and

ki ¼ 0; 1; . . . ;N � 1.

It is easy to see that Expectation 1.9 is contained in Expectation 1.10 for
o ¼ ð1; . . . ; 1Þ, and Expectation 1.10 clearly indicates that we are studying di-
vision values of multiple sine functions.

We note that Shintani [Sh] deeply studied S2ðx; ð1; eÞÞ for a fundamental unit
e of a real quadratic field. In particular, he showed its appearance in the ex-
pression for a special value of a suitable L-function, and he obtained certain
algebraicity such as

S2
1

3
; ð1; eÞ

� �
S2 1þ e

3
; ð1; eÞ

� 	
S2

2þ 2e

3
; ð1; eÞ

� �
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ

ffiffiffiffiffi
21

p

2
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3þ

ffiffiffiffiffi
21

p

2

s

2

vuuuut

for e ¼ 5þ
ffiffiffiffiffi
21

p

2
, which is the fundamental unit of Qð

ffiffiffiffiffi
21

p
Þ. Moreover, Shintani

studied Kronecker’s Jugendtraum for a real quadratic field by using S2ðx; ð1; eÞÞ
(he denoted it by Fðx; ð1; eÞÞ�1). It might be valuable to report the following
general product formula

YN�1

k1;...;kr¼0
ðk1;...;krÞ0ð0;...;0Þ

Sr

k1o1 þ � � � þ kror

N
; ðo1; . . . ;orÞ

� �
¼ N

for an integer Nb 2. (See §2.)

540 shin-ya koyama and nobushige kurokawa



Theorem 1.11. (1) Expectations 1.9 and 1.10 are valid for r ¼ 1.
(2) Expectations 1.9 and 1.10 are valid for r ¼ 2 with N ¼ 2. Actually

S2
o1

2
;o

� �
¼ S2

o2

2
;o

� �
¼

ffiffiffi
2

p

and

S2
o1 þ o2

2
;o

� �
¼ 1:

Remark 1.12. This paper was referred to in [KK] as a preprint in 2001.

2. Multiple sine functions

The basic properties of multiple sine functions were proved in [K] and [KK].
Here we recall some of them.

Theorem 2.1 [KK, Theorem 2.1]. The multiple sine function Srðx;oÞ sat-
isfies the following identities:

(a) For o ¼ ðo1; . . . ;orÞ A Rr
þ put oðiÞ ¼ ðo1; . . . ;oi�1;oiþ1; . . . ;orÞ A Rr�1

þ ,
then we have

Srðxþ oi;oÞ ¼ Srðx;oÞSr�1ðx;oðiÞÞ�1;ð2:1Þ

where we put S0ðx; �Þ1�1.
(b) For a positive integer N, we have

SrðNx;oÞ ¼
Y

0akiaN�1

Sr xþ k � o
N

;o

� �
;ð2:2Þ

where the product is taken over the vectors k ¼ ðk1; . . . ; krÞ.
(c) Y

0akiaN�1
k00

Sr

k � o
N

;o

� �
¼ N:

(d)

Srð0;oÞ ¼ 0:

(e) We have for any c > 0 the homogeneity

Srðcx; coÞ ¼ Srðx;oÞ:

Theorem 2.2. (a) For rb 2 we have

Srðxþ 1Þ ¼ SrðxÞSr�1ðxÞ�1:
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(b)

Srð2xÞ ¼
Yr
k¼0

Sr xþ k

2

� � r
kð Þ
:

(c) Put QrðxÞ ¼ ð�1Þr�1p
x� 1

r� 1

� �
, then

S 0
rðxÞ

SrðxÞ
¼ QrðxÞ cotðpxÞ:

(d)

S 00
r ðxÞ þ ðpQrðxÞ�1 � 1ÞS 0

rðxÞ
2
SrðxÞ�1 �Q 0

rðxÞQrðxÞ�1
S 0
rðxÞ þ pQrðxÞSrðxÞ ¼ 0:

(e)

S2ðxÞ ¼ 2pxe�x
Yy
n¼1

1þ x

n

� �nþ1

1� x

n

� ��nþ1

e�2x

 !

¼ 2pxe�x
Yy
n¼1

1þ x

n

� �
2Hn

1� x

n

� �
2H�n

e�2x

 !
:

(f )

S3ðxÞ ¼ 2pe�z 0ð�2Þxex
2=4�ð3=2Þx

Yy
n¼1

1þ x

n

� �n2=2þ3n=2þ1

1� x

n

� �n2=2�3n=2þ1

ex
2=2�3x

 !

¼ 2pe�z 0ð�2Þxex
2=4�ð3=2Þx

Yy
n¼1

1þ x

n

� �
3Hn

1� x

n

� �
3H�n

ex
2=2�3x

 !
:

Proof. The assertions (a) and (b) are immediate consequences from [KK,
Theorem 2.1]. The di¤erential equation (c) is proved in [KK, Theorem 2.15].
We compute from (c) that

QrðxÞ�1 S
0
r

Sr

ðxÞ
� �0

¼ ðcot pxÞ0

¼ � p

sin2 px

¼ �pðcot2ðpxÞ þ 1Þ

¼ �p QrðxÞ�1 S
0
r

Sr

ðxÞ
� �2

þ 1

 !
;

which gives the proof of (d). Finally (e) and (f ) are deduced from [KK, Ex-
amples 3.6], where we express the normalized multiple sine functions SrðxÞ in
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terms of primitive multiple sine functions which are defined by the Hadamard
product. 9

3. The Riemann zeta function

Lemma 3.1. There exist uniquely determined integers aðr; kÞ such that

xr�1 ¼
Xr�1

k¼1

aðr; kÞrHx�kð3:1Þ

with rHx�k ¼
ðx� k þ r� 1Þ � � � ðx� k þ 1Þ

ðr� 1Þ! for an indeterminate x. Indeed aðr; kÞ

are given as follows:

aðr; kÞ ¼
Xk
l¼1

ð�1Þk�l
l r�1 r

k � l

� �
:ð3:2Þ

Moreover,

aðr; r� kÞ ¼ aðr; kÞ:ð3:3Þ

Proof. The existence of aðr; kÞ follows from the fact that the ðr� 1Þ poly-
nomials rHx�k ðk ¼ 1; . . . ; r� 1Þ are linearly independent over Q. By putting
x ¼ k in (3.1), we have

kr�1 ¼ aðr; 1Þ k þ r� 2

r� 1

� �
þ aðr; 2Þ k þ r� 3

r� 1

� �
þ � � � þ aðr; kÞ � 1:

This leads to

aðr; kÞ ¼ kr�1 �
Xk�1

j¼1

aðr; jÞ k þ r� 1� j

r� 1

� �
:

Thus (3.2) is proved by induction on k. Next, from (3.1)

ð�xÞr�1 ¼
Xr�1

k¼1

aðr; kÞrH�x�k

and

rH�x�k ¼
ð�x� k þ r� 1Þ � � � ð�x� k þ 1Þ

ðr� 1Þ! ¼ ð�1Þr�1
rHx�ðr�kÞ;

so
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xr�1 ¼
Xr�1

k¼1

aðr; kÞrHx�ðr�kÞ ¼
Xr�1

k¼1

aðr; r� kÞrHx�k:

Hence, by the uniquenes of aðr; kÞ we have aðr; r� kÞ ¼ aðr; kÞ. 9

Example 3.2. For x ¼ n A Z and r ¼ 2; 3; 4; 5 we have

n ¼ 2Hn�1;

n2 ¼ 3Hn�1 þ 3Hn�2;

n3 ¼ 4Hn�1 þ 44Hn�2 þ 4Hn�3;

n4 ¼ 5Hn�1 þ 115Hn�2 þ 115Hn�3 þ 5Hn�4:

Proof of Theorem 1.1. For rb 2 we have by Lemma 3.1

zðsþ 1� rÞ ¼
Xy
n¼1

nr�1

ns

¼
Xr�1

k¼1

aðr; kÞ
Xy
n¼1

rHn�k

ns

¼
Xr�1

k¼1

aðr; kÞzrðs; kÞ;

where zrðs; kÞ is the multiple Hurwitz zeta function

zrðs; kÞ ¼
Xy
n¼0

rHn

ðnþ kÞs :

Thus we have

z 0ð1� rÞ ¼
Xr�1

k¼1

aðr; kÞ log GrðkÞ:

In case r ¼ 2nþ 1, it follows that

z 0ð�2nÞ ¼
X2n
k¼1

að2nþ 1; kÞ log G2nþ1ðkÞ

¼ �
Xn
k¼1

að2nþ 1; kÞ log S2nþ1ðkÞ

¼ �log
Yn
k¼1

S2nþ1ðkÞað2nþ1;kÞ
 !

;
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where we used S2nþ1ðkÞ ¼ G2nþ1ðkÞ�1G2nþ1ð2nþ 1� kÞ�1 and að2nþ 1; 2nþ
1� kÞ ¼ að2nþ 1; kÞ. 9

Example 3.3. We saw in [KK, Theorem 3.8(c)] that

zð3Þ ¼ 4p2 log S3ð1Þ:

Combining this with the fact that

S3ð1Þ ¼
ffiffiffi
2

p
S3

1

2

� ��4=3

;

which can be obtained by the facts

S3ð1Þ ¼ S3 2 � 1
2

� �

¼ S3
1

2

� �
S3ð1Þ3S3

3

2

� �3
S3ð2Þ

¼ S3ð1Þ4S3
1

2

� �4
S2

1

2

� ��3

and that S2
1
2

� �
¼

ffiffiffi
2

p
, we have

zð3Þ ¼ 16p2

3
log S3

1

2

� ��1

23=8

 !

which was proved in [KK, Theorem 3.8(b)] by another method (using a ‘‘prim-
itive multiple sine function’’).

4. Dirichlet L-functions for odd characters

We prove the formula for Lð2; wÞ for odd characters. Since our method
follows a proof for Dirichlet’s result on Lð1; wÞ for even characters, we first recall
it. We show the formula for L0ð0; wÞ. Then the result on Lð1; wÞ follows via the
functional equation.

Let w be a non-trivial primitive Dirichlet character modulo N. We have

Lðs; wÞ ¼
XN�1

k¼1

wðkÞ
Xy
m¼0

1

ðmN þ kÞs

¼ N�s
XN�1

k¼1

wðkÞz s;
k

N

� �
;
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where

zðs; xÞ ¼
Xy
m¼0

1

ðmþ xÞs

is the Hurwitz zeta function. Hence

Lð0; wÞ ¼
XN�1

k¼1

wðkÞz 0;
k

N

� �

and

L0ð0; wÞ ¼
XN�1

k¼1

wðkÞz 0 0;
k

N

� �
� ðlog NÞ

XN�1

k¼1

wðkÞz 0;
k

N

� �

¼
XN�1

k¼1

wðkÞz 0 0;
k

N

� �
� ðlog NÞLð0; wÞ:

When w is even, it holds that Lð0; wÞ ¼ 0 (this is the reason of ‘‘di‰cult’’), so we
have

L0ð0; wÞ ¼
XN�1

k¼1

wðkÞz0 0;
k

N

� �

¼
XN�1

k¼1

wðkÞ log G1
k

N

� �

¼ 1

2

XN�1

k¼1

wðkÞ log G1
k

N

� �
þ log G1

N � k

N

� �� �

¼ � 1

2

XN�1

k¼1

wðkÞ log S1
k

N

� �
:

This gives the Dirichlet’s result.

Proof of Theorem 1.5. We prove (1), then (2) is obtained via the functional
equation. Since

zðs� 1; xÞ ¼
Xy
n¼0

nþ x

ðnþ xÞs ¼
Xy
n¼0

nþ 1

ðnþ xÞs þ ðx� 1Þ
Xy
n¼0

1

ðnþ xÞs

¼ z2ðs; xÞ þ ðx� 1Þz1ðs; xÞ;

we have

z 0ð�1; xÞ ¼ z 02ð0; xÞ þ ðx� 1Þz 01ð0; xÞ;
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as z1ðs; xÞ ¼ zðs; xÞ. Now that w is odd and that Lð�1; wÞ ¼ 0, we compute

L0ð�1; wÞ ¼ N
XN�1

k¼1

wðkÞz 0 �1;
k

N

� �

¼ N
XN�1

k¼1

wðkÞz 02 0;
k

N

� �
þN

XN�1

k¼1

wðkÞ k

N
� 1

� �
z 01 0;

k

N

� �

¼ N
XN�1

k¼1

wðkÞ log G2
k

N

� �
þN

XN�1

k¼1

wðkÞ k

N
� 1

� �
log G 0

1

k

N

� �

¼ N
XN�1

k¼1

wðkÞ log G2
k

N

� �
G1

k

N

� �k=N�1
 !

¼ N

2

XN�1

k¼1

wðkÞ log
G2

k

N

� �

G2 1� k

N

� � G1
k

N

� �k=N�1

G1 1� k

N

� ��k=N

0
BBBB@

1
CCCCA

¼ N

2

XN�1

k¼1

wðkÞ log
G2

k

N

� �

G2 2� k

N

� � G1
k

N

� �
G1 1� k

N

� �� �k=N�1

0
BBB@

1
CCCA

¼ �N

2

XN�1

k¼1

wðkÞ log S2
k

N

� �
S1

k

N

� �k=N�1
 !

¼ �N

2

XN�1

k¼1

wðkÞ log S2
k

N

� �
S1

k

N

� �k=N !
;

where we used the fact S1
k

N

� �
¼ S1

N � k

N

� �
with wðN � kÞ ¼ �wðkÞ. 9

5. Dirichlet L-functions for even characters

Proof of Theorem 1.7. We again show (1), then (2) is obtained via the
functional equation. Since

ðnþ xÞ2 ¼ 23Hn þ ð2x� 3Þ2Hn þ ðx� 1Þ21Hn;

we have

zðs� 2; xÞ ¼
Xy
n¼0

ðnþ xÞ2

ðnþ xÞs ¼ 2z3ðs; xÞ þ ð2x� 3Þz2ðs; xÞ þ ðx� 1Þ2z1ðs; xÞ:
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Therefore we have

z 0ð�2; xÞ ¼ 2z 03ð0; xÞ þ ð2x� 3Þz 02ð0; xÞ þ ðx� 1Þ2z 01ð0; xÞ:

Now that w is even and that Lð�2; wÞ ¼ 0, we compute

L0ð�2; wÞ ¼ N 2
XN�1

k¼1

wðkÞz 0 �2;
k

N

� �

¼ N 2
XN�1

k¼1

wðkÞ 2z 03 0;
k

N

� �
þ 2

k

N
� 3

� �
z 02 0;

k

N

� �
þ k

N
� 1

� �2
z 01 0;

k

N

� � !

¼ N 2
XN�1

k¼1

wðkÞ log G3
k

N

� �2
G2

k

N

� �2k=N�3

G1
k

N

� �ðk=N�1Þ2
 !

¼ � 1

2
log

YN�1

k¼1

S3
k

N

� �2N 2

S2
k

N

� �2Nk�3N 2

S1
k

N

� �k2
 !wðkÞ

: 9

6. Division values of normalized multiple sines

Proof of Theorem 1.11. Since S1ðx;oÞ ¼ 2 sin
px

o

� �
by [KK, §2], we have

S1
ko

N
;o

� �
¼ 2 sin

kp

N

� �
¼ �iðeipk=N � e�ipk=NÞ A Q;

which leads to (1).
Recall that

S2ðx; ðo1;o2ÞÞ ¼
G2ðo1 þ o2 � x; ðo1;o2ÞÞ

G2ðx; ðo1;o2ÞÞ
:

First

S2
o1 þ o2

2
; ðo1;o2Þ

� �
¼

G2
o1 þ o2

2
; ðo1;o2Þ

� �

G2
o1 þ o2

2
; ðo1;o2Þ

� � ¼ 1:

Secondly

S2
o1

2
; ðo1;o2Þ

� �
¼

G2
o1

2
þ o2; ðo1;o2Þ

� �

G2
o1

2
; ðo1;o2Þ

� � :
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Here we use ([KK, §2])

G2ðxþ o2; ðo1;o2ÞÞ ¼ G2ðx; ðo1;o2ÞÞG1ðx;o1Þ�1:

Then

G2
o1

2
þ o2; ðo1;o2Þ

� �
¼ G2

o1

2
; ðo1;o2Þ

� �
G1

o1

2
;o1

� ��1

:

Hence

S2
o1

2
; ðo1;o2Þ

� �
¼ G1

o1

2
;o1

� ��1

:

Now ([KK, §2])

G1ðx;oÞ ¼
G

x

o

� �
ffiffiffiffiffiffi
2p

p ox=o�1=2;

so

G1
o1

2
;o1

� �
¼

G
1

2

� �
ffiffiffiffiffiffi
2p

p ¼ 1ffiffiffi
2

p :

Thus

S2
o1

2
; ðo1;o2Þ

� �
¼

ffiffiffi
2

p
: 9

Remark 6.1. A suitable restriction on the form of division points such as
made in Expectation 1.10 will be needed as the following example shows:

S2ð2; ð1;
ffiffiffi
2

p
ÞÞ B Q:ð6:1Þ

By this example, we must seriously look at Srða1o1 þ � � � þ aror; ðo1; . . . ;orÞÞ for
general ai A Q. The proof of (6.1) is given by

S2ð2; ð1;
ffiffiffi
2

p
ÞÞ

S2ð1; ð1;
ffiffiffi
2

p
ÞÞ

¼ S2ð1þ 1; ð1;
ffiffiffi
2

p
ÞÞ

S2ð1; ð1;
ffiffiffi
2

p
ÞÞ

¼ S1ð1;
ffiffiffi
2

p
Þ�1 ¼ 2 sin

pffiffiffi
2

p
� ��1

B Q;

where

2 sin
pffiffiffi
2

p ¼ �iðeip=
ffiffi
2

p
� e�ip=

ffiffi
2

p
Þ

¼ �iðð�1Þ1=
ffiffi
2

p
� ðð�1Þ1=

ffiffi
2

p
Þ�1Þ

and we used the transcendency result of Gelfond-Schneider ð�1Þ1=
ffiffi
2

p
B Q.

Moreover we appeal to the following facts:
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S2ðo1; ðo1;o2ÞÞ ¼
ffiffiffiffiffiffi
o2

o1

r
;

S2ðo2; ðo1;o2ÞÞ ¼
ffiffiffiffiffiffi
o1

o2

r
:

In particular

S2ð1; ð1;
ffiffiffi
2

p
ÞÞ ¼ 21=4 A Q:

Thus we obtain (6.1).
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