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MAXIMAL OPERATORS RELATED TO BLOCK SPACES

H. M. Al-Qassem

Abstract

In this paper, we prove appropriate Lp bounds for a class of maximal operators SW

related to singular integrals with kernels which belong to block spaces and are supported

by subvarieties. Also, we show that our condition on the kernel is optimal for the

L2 boundedness of SW. Our results improve substantially the main result obtained by

L. K. Chen and H. Lin in [CL].

1. Introduction and statement of results

Let Sn�1 denote the unit sphere in Rn ðnb 2Þ equipped with the normalized
Lebesgue measure ds ¼ dsð�Þ. Throughout this paper, p 0 will denote the dual
exponent to p, that is 1=pþ 1=p 0 ¼ 1. Also, we shall let W be a homogeneous
function of degree zero which satisfies W A L1ðSn�1Þ andð

Sn�1
WðuÞ dsðuÞ ¼ 0:ð1:1Þ

Let H ¼ the set of all radial functions h satisfyingðy
0

jhðrÞj2 dr
r

� �1=2
a 1:

Also, for d0 0, we say that a smooth function C : Rþ ! R belongs to the class
GdðRþÞ if for some positive constants C1, C2, C3, and C4 independent of t, the
following growth conditions are satisfied:

jCðtÞjaC1t
d ; jC 00ðtÞjaC2t

d�2;ð1:2Þ

C3t
d�1

a jC 0ðtÞjaC4t
d�1:ð1:3Þ

Now, a smooth function C : Rþ ! R belongs to the class GðRþÞ if C A GdðRþÞ
for some d0 0.

For a function C A GðRþÞ we define the maximal operator SW;C by
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SW;C f ðxÞ ¼ sup
h AH

ð
R n

f ðx�CðjyjÞy 0ÞhðjyjÞWðy 0Þjyj�n
dy

���� ����;ð1:4Þ

where y 0 ¼ y=jyj A Sn�1 and f A SðRnÞ, the space of Schwartz functions.
The maximal operator SW;C is closely related to the singular integral op-

erator TC;W;h given by

TC;W;h f ðxÞ ¼ p:v:

ð
R n

f ðx�CðjyjÞy 0ÞWðy 0Þ
jyjn hðjyjÞ dy;ð1:5Þ

where h is a measurable function on Rþ:
For the sake of simplicity, we denote SW;C ¼ SW and TC;W;h ¼ TW;h if

CðtÞ ¼ t.
In [CL], L. K. Chen and H. Lin studied the Lp boundedness of the maximal

operator SW under a smoothness condition on W. In fact, they proved the
following:

Theorem A [CL]. Assume nb 2 and W A CðSn�1Þ satisfying (1.1). Then

kSWð f ÞkLpðR nÞ aCpk f kLpðRnÞ

for 2n=ð2n� 1Þ < p < y and f A Lp. Moreover, the range of p is the best
possible.

On the other hand, the Lp boundedness of the singular integral operator
TC;W;h is known to hold under much weaker conditions on W (see [CZ],
[Fe], [DR], [LTW], [FP], [AA1], [AP]). For example, if W A L logþ LðSn�1Þ,
Calderón-Zygmund showed that TW;1 is bounded on Lp for all p A ð1;yÞ and the
condition W A L logþ LðSn�1Þ is essentially the weakest possible size condition on
W for the Lp boundedness of TW;1 to hold ([CZ]). Some years later, Connett
([Co]) and Coifman-Weiss ([CW]) obtained an improvement over the result of
Calderón and Zygmund by considering W in the Hardy space H 1ðSn�1Þ. The
study of the Lp ð1 < p < yÞ boundedness of the singular operator TW;h began in
R. Fe¤erman in [Fe] if h A LyðRþÞ and W satisfies some Lipschitz condition on
Sn�1 and subsequently by many authors under various conditions on W and h
(see for example, [Na], [Ch], [DR]). In 1997, Fan and Pan introduced the more
general class of operators TC;W;h and showed that TC;W;h is bounded on LpðRnÞ
ð1 < p < yÞ if H 1ðSn�1Þ and h A LyðRþÞ. Another condition on W was given

by Jiang and Lu who introduced a special class of block spaces B
ð0; uÞ
q ðSn�1Þ and

proved the following L2 boundedness result.

Theorem B ([LTW]). Let TW;h be given as above. Then if h A LyðRþÞ and
W A B

ð0;0Þ
q ðSn�1Þ with q > 1, TW;h is a bounded operator on L2ðRnÞ.

Some years later, the Lp boundedness of the more general operator TC;W;h

was proved for all p A ð1;yÞ under the condition W A B
ð0;0Þ
q ðSn�1Þ (see for ex-

ample, [AA1]). Also, it was proved in [AAP1] that the condition W A B
ð0;0Þ
q ðSn�1Þ
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is the best possible for the Lp boundedness of TW;1 to hold. Namely, the Lp

boundedness of TW;1 may fail for any p if it is replaced by a weaker condition
W A B

ð0; uÞ
q ðSn�1Þ for any �1 < u < 0 and q > 1. The definition of the block space

B
ð0; uÞ
q ðSn�1Þ will be recalled in Section 2.

The results cited in [AA1] and [AAP1] above on singular integrals give rise
to the problem whether similar results hold for the maximal integral operator
SW;C. More precisely, we have the following:

Problem. Determine wether the Lp boundedness of the operator SW holds
under a condition in the form of W A B

ð0; uÞ
q ðSn�1Þ, �1 < u, and, if so, what is the

best possible value of u.

The main focus of this paper is to obtain a solution to the above problem.
Our main result in this paper is the following:

Theorem 1.1. Let nb 2 and SW;C be given as in (1.4). Then

(a) If W A B
ð0;�1=2Þ
q ðSn�1Þ, q > 1, and satisfies (1.1), SW;C is bounded on

LpðRnÞ for 2a p < y;
(b) If W A LqðSn�1Þ ( for some q > 1) and satisfies (1.1), SW;C is bounded on

LpðRnÞ for 2nd=ð2nþ nd� 2Þ < p < y, where d ¼ maxf2; q 0g.
(c) There exists an W which lies in B

ð0; uÞ
q ðSn�1Þ for all �1 < u < �1

2 and
satisfies (1.1) such that SW is not bounded on L2ðRnÞ.

We remark that on Sn�1, for any q > 1 and �1 < u, the following inclusions
hold and are proper:

C1ðSn�1ÞH 6
r>1

LrðSn�1ÞHBð0; uÞ
q ðSn�1Þ:ð1:6Þ

By the relationship in (1.6) remarked above one sees that parts (a) and (b)
represent a substantial improvement of the main result of L. K. Chen and H. Lin,

while part (c) shows that the condition W A B
ð0;�1=2Þ
q ðSn�1Þ is nearly optimal.

Throughout the rest of the paper the letter C will stand for a constant but
not necessarily the same one in each occurrence.

Acknowledgment. The author would like to thank very much the referee for
his very valuable comments and suggestions.

2. Definitions and lemmas

The block spaces originated in the work of M. H. Taibleson and G. Weiss
on the convergence of the Fourier series (see [TW]) in connection with the de-
velopments of the real Hardy spaces. Below we shall recall the definition of
block spaces on Sn�1. For further background information about the theory of
spaces generated by blocks and its applications to harmonic analysis, see the
book [LTW].
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Definition 2.1. A q-block on Sn�1 is an Lq ð1 < qayÞ function bðxÞ that
satisfies

ðiÞ suppðbÞH I ; ðiiÞ kbkLq a jI j�1=q 0
;

where jI j ¼ sðIÞ, and I ¼ Bðx 0
0; y0Þ ¼ fx 0 A Sn�1 : jx 0 � x 0

0j < y0g is a cap on Sn�1

for some x 0
0 A Sn�1 and y0 A ð0; 1�.

Jiang and Lu introduced (see [LTW]) the class of block spaces B
ð0; uÞ
q ðSn�1Þ

(for u > �1Þ with respect to the study of the singular integral operators TW;h.

Definition 2.2. The block space B
ð0; uÞ
q ðSn�1Þ is defined by

Bð0; uÞ
q ðSn�1Þ ¼ W A L1ðSn�1Þ: W ¼

Xy
m¼1

lmbm;M
ð0; uÞ
q ðflmgÞ < y

( )
;

where each lm is a complex number; each bm is a q-block supported on a cap Im on
Sn�1, u > �1 and

Mð0; uÞ
q ðflmgÞ ¼

Xy
m¼1

jlmjf1þ logðuþ1ÞðjImj�1Þg:ð2:7Þ

We remark that the definition of B
ð0; uÞ
q ð½a; b�Þ, a; b A R will be the same as that of

B
ð0; uÞ
q ðSn�1Þ except for minor modifications.

Let kWk
B
ð0; uÞ
q ðSn�1Þ ¼ N

ð0; uÞ
q ðWÞ ¼ inffMð0; uÞ

q ðflmgÞ: W ¼
Py

m¼1 lmbm and each

bm is a q-block function supported on a cap Im on Sn�1g. Then k � k
B
ð0; uÞ
q ðS n�1Þ is a

norm on the space B
ð0; uÞ
q ðSn�1Þ and ðBð0; uÞ

q ðSn�1Þ; k � k
B
ð0; uÞ
q ðS n�1ÞÞ is a Banach space.

In their investigations of block spaces, Keitoku and Sato in [KS] showed that
these spaces enjoy the following properties:

Bð0; u2Þ
q ðSn�1ÞHBð0; u1Þ

q ðSn�1Þ if u2 > u1 > �1;

Bð0; uÞ
q2

ðSn�1ÞHBð0; uÞ
q1

ðSn�1Þ if 1 < q1 < q2 and for any u > �1;

6
q>1

Bð0; uÞ
q ðSn�1ÞOj 6

q>1

LqðSn�1Þ for any u > �1:

The proof of Theorem 1.1 (c) will rely heavily on the following lemma from
[AAP1].

Lemma 2.3. For any u > �1, a; b A R,

(i) If f A B
ð0; uÞ
q ð½a; b�Þ and g is a measurable on ½a; b� with jgja j f j, then

g A B
ð0; uÞ
q ð½a; b�Þ with

Nð0; uÞ
q ðgÞaNð0; uÞ

q ð f Þ;
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(ii) Let I1 and I2 be two disjoint intervals in ½a; b� with jI1j; jI2j < 1 and
a1; a2 A Rþ. Then

Nð0; uÞ
q ða1wI1 þ a2wI2ÞbNð0; uÞ

q ða1wI1Þ þNð0; uÞ
q ða2wI2Þ;

(iii) Let I be an interval in ½a; b� with jI j < 1. Then

Nð0; uÞ
q ðwI Þb jI jð1þ loguþ1ðjI j�1ÞÞ:

Lemma 2.4. Let q > 1, m A NU f0g and ~bbm be a function on Sn�1 satisfying (i)Ð
Sn�1

~bbmðyÞ dsðyÞ ¼ 0; (ii) k~bbmkq a jImj�1=q 0
for some cap Im on Sn�1 with jImj < e�2;

and (iii) k~bbmk1 a 1. Assume that C belongs to the class GðRþÞ for some d0 0.

Let om ¼ 2logðjImj�1Þ and for x A Rn, let

Ym;kðxÞ ¼
ðokþ1

m

ok
m

ð
Sn�1

~bbmðxÞe�iCðtÞðx�xÞ dsðxÞ
���� ����2dtt

 !1=2
:

Then there exist positive constants C and a with 0 < aq 0 < 1 such that

jYm;kðxÞjaCðlogjImj�1Þ1=2;ð2:8Þ

jYm;kðxÞjaCðlogjImj�1Þ1=2jokd
m xjGa=logðjImj�1Þ;ð2:9Þ

where tGa ¼ inffta; t�ag and C is a positive constant independent of k, x and m.

Proof. We shall prove our estimates only for the case d > 0, because the
proof for the case d < 0 is essentially the same. First, by condition (iii), it is
easy to verify that (2.8) holds.

Next, sinceð
Sn�1

~bbmðxÞe�iCðtÞðx�xÞ dsðxÞ
���� ����2

¼
ð
Sn�1�Sn�1

~bbmðxÞ~bbmðyÞe�iCðtÞx�ðx�yÞ dsðxÞ dsðyÞ

we get

jYm;kðxÞj2ð2:10Þ

¼
ð
Sn�1�Sn�1

~bbmðxÞ~bbmðyÞ
ðom

1

e�iCðok
m tÞx�ðx�yÞ dt

t

� �
dsðxÞ dsðyÞ:

By integration by parts, it is easy to verify thatðom

1

e�iCðok
m tÞx�ðx�yÞ dt

t

���� ����aComjokd
m xj�1jx 0 � ðy� xÞj�1

which when combined with the trivial estimate
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ðom

1

e�iCðok
m tÞx�ðx�yÞ dt

t

���� ����aCðlogjImj�1Þ

yields ðom

1

e�iCðok
m tÞx�ðx�yÞ dt

t

���� ����ð2:11Þ

aCðlogjImj�1Þoa
m jokd

m xj�ajx 0 � ðy� xÞj�a

for any 0 < a < 1.
By Hölder’s inequality, condition (ii) on ~bbm and (2.10)–(2.11) we get

jYm;kðxÞj

aCðlogjImj�1Þ1=2oa=2
m jokd

m xj�a=2

ð
Sn�1�Sn�1

jx 0 � ðx� yÞj�aq 0
dsðxÞ dsðyÞ

� �1=2
By choosing aq 0 < 1, we get

jYm;kðxÞjaCðlogjImj�1Þ1=2oa=2
m jokd

m xj�a=2

which, when combined with the trivial estimate (2.8), yields the estimate (2.9)
with a minus sign in the exponent. To get the second estimate, we use the
cancellation condition (i) on ~bbm to get

jYm;kðxÞj2 a
ðom

1

ð
Sn�1

j~bbmðxÞj je�iCðok
m tÞx�x � 1j dsðxÞ

� �2
dt

t
:

By (1.2) and condition (iii), we get

jYm;kðxÞjaCðlogjImj�1Þ1=2jokd
m xj:ð2:12Þ

By interpolation between this estimate with the trivial estimate (2.8) we get the
second estimate in (2.9). This completes the proof of the lemma.

By the proof of Lemma 3.1 in [AAP2], we get the following:

Lemma 2.5. Let fnk : k A Zg be a sequence of non negative Borel measures
on Rn. Suppose that for all k A Z, x A Rn, for some ab 2, a;C > 0 and for some
constant B > 1 we have

(i) knkkaB;
(ii) jn̂nkðxÞjaCBjakBxj�a=B;
(iii) jn̂nkðxÞ � 1jaCBjakBxja=B.
Then the inequality

kn�ð f Þkp aCBk f kpð2:13Þ

holds for all 1 < pay and f in LpðRnÞ, where n�ð f Þ ¼ sup
k AZ

jnk � f j. The
constant Cp is independent of B.
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For any m A N and ~bbm A L1ðSn�1Þ, we define the maximal operator

n�m f ðxÞ ¼ sup
k AZ

ð
ok

majyj<okþ1
m

f ðx�CðjyjÞy 0Þ
~bbmðy 0Þ
jyjn dy

�����
�����;ð2:14Þ

where om ¼ 2
logðjIm j�1Þ

for some cap Im on Sn�1.
By Lemmas 2.4 and 2.5, we get immediately the following:

Lemma 2.6. Let m A N and let ~bbm be a function on Sn�1 satisfying (i)

k~bbmkq a jImj�1=q 0
for some q > 1 and for some cap Im on Sn�1; (ii) k~bbmk1 a 1.

Assume that C belongs to the class GðRþÞ for some d0 0. Then

kn�mð f Þkp aCpðlogjImj�1Þk f kpð2:15Þ

for 1 < pay and f A Lp, where Cp is independent of m and f .

Let MS be the spherical maximal operator defined by

MS f ðxÞ ¼ sup
r>0

ð
S n�1

j f ðx� ryÞj dsðyÞ:

By the results of E. M. Stein [St3] and J. Bourgain [Bo] we have

Lemma 2.7. Suppose that nb 2 and p > n=ðn� 1Þ. Then MSð f Þ is bounded
on LpðRnÞ.

3. Proof of the main result

Proof of Theorem 1.1 (a). Assume that W A B
ð0;�1=2Þ
q ðSn�1Þ for some q > 1

and satisfies (1.1). Thus W can be written as W ¼
Py

m¼1 lmbm, where lm A C, bm

is a q-block supported on a cap Im on Sn�1 and M
ð0;�1=2Þ
q ðflmgÞ < y. To each

block function bmð�Þ, let ~bbmð�Þ be a function defined by

~bbmðxÞ ¼ bmðxÞ �
ð
Sn�1

bmðuÞ dsðuÞ:ð3:1Þ

Let J ¼ fm A N : jImj < e�2g. Let ~bb0 ¼ W�
Py

m A J lm
~bbm. Then for some positive

constant C, the following holds for all m A JU f0g:ð
S n�1

~bbmðuÞ dsðuÞ ¼ 0;ð3:2Þ

k~bbmkq aCjImj�1=q 0
;ð3:3Þ

k~bbmk1 aC;ð3:4Þ

W ¼
X

m A JUf0g
lm~bbm;ð3:5Þ
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where I0 is any cap on Sn�1 with jI0j ¼ e�3. By (3.5) we have

kSW;C f kp a
X

m A JUf0g
jlmj kS~bbm;C

f kp:ð3:6Þ

Thus, by (3.6), Theorem 1.1 (a) is proved if we can show that

kS~bbm;C
f kp aCpðlogjImj�1Þ1=2k f kpð3:7Þ

for each m A JU f0g, 2a p < y and for some positive constant Cp independent
of m. To this end, we let fjk;mg

y
�y be a smooth partition of unity in ð0;yÞ

adapted to the intervals ½o�kd�jdj
m ;o�kdþjdj

m �. To be precise, we require the
following:

jk;m A Cy; 0a jk;m a 1;
X
k

jk;mðtÞ ¼ 1;

supp jk;m J ½o�kd�jdj
m ;o�kdþjdj

m �;
d sjk;mðtÞ

dts

���� ����a Cs

ts
;

where Cs is independent of the lacunary sequence fok
m : k A Zg. Define the

partial sum operators Sk;m on Rn by

ð dSk;m fSk;m f ÞðxÞ ¼ jk;mðjxjÞ f̂f ðxÞ:

Since f ðxÞ ¼
P

k AZðSkþl;m f ÞðxÞ for any f A SðRnÞ and l A Z, by duality and
applying Minkowski’s inequality we get

S~bbm;C
f ðxÞa

ðy
0

ð
Sn�1

f ðx�CðtÞxÞ~bbmðxÞ dsðxÞ
���� ����2dtt

 !1=2

¼
X
k AZ

ðokþ1
m

ok
m

ð
S n�1

f ðx�CðtÞxÞ~bbmðxÞ dsðxÞ
���� ����2dtt

 !1=2

¼
X
k AZ

ðokþ1
m

ok
m

X
l AZ

Ekþl; t; ~bbm
f ðxÞ

�����
�����
2
dt

t

0@ 1A1=2

a
X
l AZ

X
k AZ

ðokþ1
m

ok
m

jEkþl; t; ~bbm
f ðxÞj2 dt

t

 !1=2
;

where

El; t;W f ðxÞ ¼
ð
Sn�1

WðxÞðSl;m f Þðx�CðtÞxÞ dsðxÞ:

Now if we let
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Tl;m; ~bbm
f ðxÞ ¼

X
k AZ

ðokþ1
m

ok
m

jEkþl; t; ~bbm
f ðxÞj2 dt

t

 !1=2
;

then we have

S~bbm;C
f ðxÞa

X
l AZ

Tl;m; ~bbm
f ðxÞ:ð3:8Þ

Therefore, to prove (3.7), it su‰ces to prove

kTl;m; ~bbm
ð f Þkp aCpðlogjImj�1Þ1=22�ypjlj jdjk f kpð3:9Þ

for some positive constants Cp, yp and for all 2a p < y.
To prove (3.9), let us first compute the L2 norm of Tl;m; ~bbm

ð f Þ. By Plan-
cherel’s theorem and using Lemma 2.4 we obtain

kTl;m; ~bbm
ð f Þk22 ¼

ð
Rn

X
k AZ

ðokþ1
m

ok
m

jEkþl; t; ~bbm
f ðxÞj2 dt

t
dx

a
X
k AZ

ð
Dkþl

jYm;kðxÞj2j f̂f ðxÞj2 dx

aCðlogjImj�1Þ2�2ajlj jdj
X
k AZ

ð
Dkþl

j f̂f ðxÞj2 dx

aCðlogjImj�1Þ2�2ajlj jdjk f k22 ;

where Ym;kðxÞ is defined as in Lemma 2.4 and

Dk ¼ fx A Rn : o�kd�jdj
m a jxjao�kdþjdj

m g:
Therefore, we have

kTl;m; ~bbm
ð f Þk2 aCðlogjImj�1Þ1=22�ajlj jdjk f k2:ð3:10Þ

Now, let us compute the Lp-norm of Tl;m; ~bbm
ð f Þ for p > 2. By duality, there

is a function g in Lðp=2Þ 0 ðRnÞ with kgkðp=2Þ 0 a 1 such that

kTl;m; ~bbm
ð f Þk2p ¼

X
k AZ

ð
R n

ðokþ1
m

ok
m

jEkþl; t; ~bbm
f ðxÞj2 dt

t
jgðxÞj dx

aC
X
k AZ

ð
R n

ðokþ1
m

ok
m

ð
Sn�1

j~bbmðxÞj jSkþl;m f ðxÞj2jgðxþCðtÞxÞj dsðxÞ dt
t
dx

aC
X
k AZ

ð
R n

jSkþl;m f ðxÞj2n�mð~ggÞð�xÞ dx; where ~ggðxÞ ¼ gð�xÞ

aC
X
k AZ

jSkþl;m f j2
�����

�����
ðp=2Þ

kn�mð~ggÞkðp=2Þ 0 :
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Thus, using Lemma 2.6, the Littlewood-Paley theory and Theorem 3 along
with the remark that follows its statement in [St1], p. 96, we have

kTl;m; ~bbm
ð f Þkp aCpðlogjImj�1Þ1=2k f kp for 2a p < y:ð3:11Þ

Interpolating between (3.10) and (3.11) we get (3.9) which in turn ends the proof
of Theorem 1.1 (a).

Proof of Theorem 1.1 (b). Assume that W A LqðSn�1Þ for some q > 1. By

Theorem 1.1 (a) and since for any fixed r > 1, B
ð0;�1=2Þ
r ðSn�1ÞILqðSn�1Þ for all

q > 1, we need to prove Theorem 1.1 (b) only for W A LqðSn�1Þ for some q > 1
and 2nd=ð2nþ nd� 2Þ < p < 2. By the same arguments employed in the proof
of Theorem 1.1 (a), it su‰ces to show that

kTl;0;Wð f Þkp aCpk f kp for 2nd=ð2nþ nd� 2Þ < p < 2 and q > 1:ð3:12Þ

By definition of Tl;0;W and by a simple change of variable we have

Tl;0;W f ðxÞa
X
k AZ

ð 2
1

jFk; l; t f ðxÞj2
dt

t

 !1=2
;

where

Fk; l; t f ðxÞ ¼
ð
Sn�1

WðxÞðSkþl;0 f Þðx�Cð2ktÞxÞ dsðxÞ:

We notice that, to prove Tl;0;Wð f Þ A LpðRnÞ, it su‰ces to show that Fk; l; t f ðxÞ A

Lp l2 L2 ½1; 2�; dt
t

� �
; k

� �
; dx

� �
. By duality, there is a function g ¼ gkðx; tÞ sat-

isfying kgka 1 and

g A Lp 0
l2 L2 ½1; 2Þ; dt

t

� �
; k

� �
; dx

� �
such that

kTl;0;Wð f Þkp

¼
ð
R n

X
k AZ

ð2
1

ð
S n�1

WðxÞgkðx; tÞðSkþl;0 f Þðx�Cð2ktÞxÞ dsðxÞ dt
t
dx

¼
ð
R n

X
k AZ

ð2
1

ð
S n�1

ðSkþl;0 f ÞðxÞWðxÞgkðxþCð2ktÞx; tÞ dsðxÞ dt
t
dx

a kðXðgÞÞ1=2kp 0

X
k AZ

jSkþl;0 f j2
 !1=2������

������
p

;
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where

XðgÞðxÞ ¼
X
k AZ

ð2
1

ð
Sn�1

WðxÞgkðxþCð2ktÞx; tÞ dsðxÞ dt
t

� �2
:

By the Littlewood-Paley theory we have

kTl;0;Wð f Þkp aCpk f kpkðX ðgÞÞ1=2kp 0 :

Since kðXðgÞÞ1=2kp 0 ¼ kXðgÞk1=2
p 0=2 and p 0 > 2, there is a function a A Lðp 0=2Þ 0 ðRnÞ

such that kakðp 0=2Þ 0 a 1 and

kXðgÞkp 0=2 ¼
ð
R n

X
k AZ

ð2
1

ð
S n�1

WðxÞgkðxþCð2ktÞx; tÞ dsðxÞ dt
t

� �2
jaðxÞj dx:

Now, we need to consider two cases:

Case 1. 2nd=ð2nþ nd� 2Þ < p < 2 and qb 2. In this case we have
2n=ð2n� 1Þ < p < 2.

By Hölder’s inequality, we haveð2
1

ð
Sn�1

WðxÞgkðxþCð2ktÞx; tÞ dsðxÞ dt
t

� �2
ð3:13Þ

a kWk2q
ð2
1

ð
S n�1

jgkðxþCð2ktÞx; tÞjq
0
dsðxÞ

� �2=q 0
dt

t

a kWk2q
ð2
1

ð
S n�1

jgkðxþCð2ktÞx; tÞj2 dsðxÞ dt
t
:

By (3.13) and a change of variable we get

kXðgÞkp 0=2

a

ð
R n

X
k AZ

ð2
1

jgkðx; tÞj2
ð
Sn�1

jaðxþCð2ktÞxÞj dsðxÞ
� �

dt

t
dx

a

ð
R n

X
k AZ

ð2
1

jgkðx; tÞj2
dt

t

 !
MSðjajÞðxÞ dx:

By noticing that ðp 0=2Þ0 > n=ðn� 1Þ, applying Hölder’s inequality, the choice of
a and Lemma 2.7 we get

kX ðgÞkp 0=2 aC

which in turn gives (3.12) for 2nd=ð2nþ nd� 2Þ < p < 2 and qb 2.

Case 2. 2nd=ð2nþ nd� 2Þ < p < 2 and 1 < q < 2.
By Hölder’s inequality, Fubini’s theorem and a change of variable we have
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kXðgÞkp 0=2

a kWkq
q

ð
R n

X
k AZ

ð2
1

ð
S n�1

jWðxÞj2�qjgkðxþCð2ktÞx; tÞj2 dsðxÞ dt
t
jaðxÞj dx

aC

ð
R n

X
k AZ

ð2
1

jgkðx; tÞj2
ð
Sn�1

jWðxÞj2�qjaðxþCð2ktÞxÞj dsðxÞ
� �

dt

t
dx

aC

ð
R n

X
k AZ

ð2
1

jgkðx; tÞj2
ð
Sn�1

jaðxþCð2ktÞxÞjq
0=2

dsðxÞ
� �2=q 0

dt

t
dx

aC

ð
R n

X
k AZ

ð2
1

jgkðx; tÞj2
dt

t

 !
ðMSðjajq

0=2ÞðxÞÞ2=q
0
dx

aC
X
k AZ

ð2
1

jgkðx; tÞj2
dt

t

 !1=2������
������
p 0=2

kðMSðjajq
0=2ÞÞ2=q

0
kðp 0=2Þ 0 :

Since ð2=q 0Þðp 0=2Þ0 > n=ðn� 1Þ, by Lemma 2.7 we get

kX ðhÞkp 0=2 aC

which implies (3.12) for 2nd=ð2nþ nd� 2Þ < p < 2 and 1 < q < 2. This com-
pletes the proof of Theorem 1.2 (b).

Proof of Theorem 1.1 (c). By duality, the operator SW is simply

SW f ðxÞ ¼
ðy
0

ð
S n�1

f ðx� tyÞWðyÞ dsðyÞ
���� ����2dtt

 !1=2
:

It is obvious that SW is bounded on L2ðRnÞ if and only if the multiplier

mðxÞ ¼
ðy
0

ð
Sn�1

e�2pitx�xWðxÞ dsðxÞ
���� ����2dtt

 !1=2
ð3:14Þ

is an Ly function. It is easy to see that

mðxÞ ¼ lim
N!y; e!0

ð
Sn�1�Sn�1

WðxÞWðyÞ
ð N jxj

ejxj
e�2pitx 0 �ðx�yÞ dt

t

� �
dsðxÞ dsðyÞ:

Notice thatð N jxj

ejxj
ðe�2pitx 0�ðx�yÞ � cosð2ptÞÞ dt

t
! logjx 0 � ðx� yÞj�1 � i

p

2
sgnðx 0 � ðx� yÞÞ

as N ! y and e ! 0, and the integral is bounded, uniformly in e and N,
Cð1þ logjx 0 � ðx� yÞjÞ. Therefore, using (1.1) and the Lebesgue dominated con-
vergence theorem we obtain
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mðxÞ ¼
ð
S n�1�S n�1

WðxÞWðyÞðlogjx 0 � ðy� xÞj�1 � i
p

2
sgnðx 0 � ðy� xÞÞÞ dsðxÞ dsðyÞ:

Now, if W is a real-valued function, we have

mðxÞ ¼
ð
S n�1�S n�1

WðxÞWðyÞðlogjx 0 � ðx� yÞj�1Þ dsðxÞ dsðyÞ:

Now, we are ready to prove part (c) of Theorem 1.1. For the sake of
simplicity we shall present the construction of W only in the case n ¼ 2 and
q ¼ y. Other cases can be obtained by minor modifications. Also, we shall
work on ½�1; 1� instead of S1. We follow a similar argument as in [AA2]. For
x A ½�1; 1�, let

WðxÞ ¼
Xy
k¼1

lkbkðxÞð3:15Þ

where Ik ¼ 1

k þ 1
;
1

k

� �
for kb 2,

l1 ¼
Xy
k¼2

1

ðk þ 1Þðlog kÞ3=2
; b1ðxÞ ¼ �w½�1;0�ðxÞ;

lk ¼ 1

ðk þ 1Þðlog kÞ3=2
; bkðxÞ ¼ jIkj�1wIk ðxÞ:

Then W has the desired properties. More precisely, W satisfies the fol-
lowing: ð 1

�1

WðxÞ dx ¼ 0;ð3:16Þ

W A Bð0; uÞ
y ð½�1; 1�Þ for each u; �1 < u < � 1

2
;ð3:17Þ

W B Bð0;�1=2Þ
y ð½�1; 1�Þ;ð3:18Þ

S1 ¼
ð
½0;1�2

ðWðxÞWðyÞ logjx� yj�1Þ dxdy ¼ y;ð3:19Þ

S2 ¼
ð
½�1;1�2n½0;1�2

jWðxÞWðyÞ logjx� yj�1j dxdy < y:ð3:20Þ

The proof of (3.16)–(3.17) is straightforward. Now we turn to the proof
of (3.18). We first notice that each bk is an y-block supported on the interval

Ik. So to prove (3.18), we only need to show that N
ð0;�1=2Þ
y ðWÞ ¼ y. To this

end, by Lemma 2.3 we have for each l,
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Nð0;�1=2Þ
y ðWþ l1w½�1;0�Þb

Xm
k¼2

jlkj jIkj�1
Nð0;�1=2Þ

y ðwIk Þ

b
Xm
k¼2

jlkjð1þ log1=2ðjIkj�1ÞÞ:

Letting m ! y, we get N
ð0;�1=2Þ
y ðWþ l1w½�1;0�Þ ¼ y. Since, N

ð0;�1=2Þ
y ðl1w½�1;0�Þ

< y we get N
ð0;�1=2Þ
y ðWÞ ¼ y.

Now, we verify (3.19). Notice that for ðx; yÞ A Ik � Ij, we have logjx� yj�1

b 0. Therefore, we have

S1 b
Xy
j¼2

Xy
k¼2ð jþ1Þ

kj

ðlog kÞ3=2ðlog jÞ3=2
ð
Ik�Ij

logjx� yj�1
dxdy:

We notice that, for each ðx; yÞ A Ik � Ij with kb 2ð j þ 1Þ, we have yb 2x.
Thus jx� yj ¼ y� xa 1

j
and so logjx� yj�1

b log j which in turn leads to

S1 bC
Xy
j¼2

1

jðlog jÞ1=2
Xy

k¼2ð jþ1Þ

1

kðlog kÞ3=2

0@ 1A
bC

Xy
j¼2

1

jðlog jÞ ¼ y:

Finally, we verify (3.20). To this end, we divide the integral domain
½�1; 1�2n½0; 1�2 into three parts: ½�1; 0� � ½0; 1�, ½0; 1� � ½�1; 0�, and ½�1; 0� �
½�1; 0�. First, the integral over ½�1; 0� � ½0; 1� is dominated from above by

C
Xy
k¼2

k

ðlog kÞ3=2
ð
Ik

ð0
�1

logjx� yj�1
dxdy

���� ����:
By straightforward calculations, we haveð

Ik

ð0
�1

ðlogjx� yj�1Þ dxdy
���� ����aC

1

k2

for some positive constant independent of k. Thus, we have

C
Xy
k¼2

k

ðlog kÞ3=2
ð
Ik

ð0
�1

logjx� yj�1
dxdy

���� ����aC
Xy
k¼2

1

kðlog kÞ3=2
< y:

Similarly, the integral over ½0; 1� � ½�1; 0� is finite. Finally, the integral over

½�1; 0� � ½�1; 0� is finite because
Py

k¼2

1

ðk þ 1Þðlog kÞ3=2

 !2

w½�1;0��½�1;0� A Ly.

This finishes the proof of Theorem 1.1 (c).
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4. A further result

In this section, we are concerned with a maximal operator related to the
Marcinkiewicz integral operator mW;h which is defined by

mW;h f ðxÞ ¼
ðy
0

ð
jyjat

f ðx� yÞWðy=jyjÞ
jyjn�1

hðjyjÞ dy
�����

�����
2
dt

t3

0@ 1A1=2;
where h is a measurable function on Rþ and W A L1ðSn�1Þ is a function satisfying
(1.1).

Marcinkiewicz integral operators have been investigated by many authors,
dating back to the investigations of such operators by A. Zygmund on the circle
and E. Stein on Rn. For a sampling of past studies, see [St2], [BCP], [Wa],
[AACP] and [AA2]. In particular, Al-Qassem and Al-Salman in [AA2] showed

that mW;1 is bounded on LpðRnÞ ð1 < p < yÞ if W A B
ð0;�1=2Þ
q ðSn�1Þ and there

exists an W which lies in B
ð0; uÞ
q ðSn�1Þ for all �1 < u < �1

2 such that mW;1 is not
bounded on L2ðRnÞ.

Motivated by the definition of SW, a maximal operator SW corresponding to
mW;h can be defined by

MW f ðxÞ ¼ sup
h AH

ðy
0

ð
jyjat

f ðx� yÞWðy=jyjÞ
jyjn�1

hðjyjÞ dy
�����

�����
2
dt

t3

0@ 1A1=2;ð4:1Þ

where W A L1ðSn�1Þ is a function satisfies the cancellation condition (1.1).
We have the following result concerning this maximal operator MW:

Theorem 4.1. Let nb 2 and MW be given as in (4.1). Then

(a) If W A B
ð0;�1=2Þ
q ðSn�1Þ ( for some q > 1) and satisfies (1.1), then MW is

bounded on LpðRnÞ for 2a p < y;
(b) If W A LqðSn�1Þ ( for some q > 1) and satisfies (1.1), then MW is bounded

on LpðRnÞ for 2nd=ð2nþ nd� 2Þ < p < y, where d ¼ maxf2; q 0g.

Proof. By Minkowski’s inequality we obtain

ðy
0

ð
jyjat

f ðx� yÞWðy 0Þ
jyjn�1

hðjyjÞ dy
�����

�����
2
dt

t3

0@ 1A1=2

a

ðy
0

ðy
0

ð
Sn�1

f ðx� syÞWðyÞ dsðyÞ
���� ���� jhðsÞjw½0; t�ðsÞ ds� �2

dt

t3

 !1=2

a

ðy
0

ðy
0

ð
S n�1

f ðx� syÞWðyÞ dsðyÞ
���� ����2jhðsÞj2w½0; t�ðsÞ dtt3

 !1=2
ds
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¼
ðy
0

ð
Sn�1

f ðx� syÞWðyÞ dsðyÞ
���� ���� jhðsÞj ðy

s

dt

t3

� �1=2
ds

¼ 1ffiffiffi
2

p
ðy
0

ð
Sn�1

f ðx� syÞWðyÞ dsðyÞ
���� ���� jhðsÞj dss :

Thus, by Hölder’s inequality we have

MW f ðxÞa 1ffiffiffi
2

p
ðy
0

ð
Sn�1

f ðx� syÞWðyÞ dsðyÞ
���� ����2dss

 !1=2
¼ 1ffiffiffi

2
p SW f ðxÞ:ð4:2Þ

Therefore, Theorem 4.1 follows immediately from by Theorem 1.1.
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