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LIOUVILLE-TYPE THEOREMS FOR F-HARMONIC MAPS

ON NON-COMPACT MANIFOLDS*

Jiancheng Liu

1. Introduction and main results

Let F : ½0;yÞ ! ½0;yÞ be a C2-function such that F 0ðtÞ > 0 on t A ð0;yÞ.
For a smooth map u : ðM; gÞ ! ðN; hÞ between Riemannian manifolds ðM; gÞ
and ðN; hÞ. In [1], M. Ara define the F -energy EF ðuÞ of u by

EF ðuÞ ¼
ð
M

F
jduj2

2

 !
vg;ð1:1Þ

where jduj denotes the Hilbert-Schmidt norm of di¤erential du A GðT �Mn
u�1TNÞ with respect to g and h, and vg is the volume element of ðM; gÞ. We say
that u is an F -harmonic maps if it is a critical point of the F -energy functional.

For example, when F ðtÞ ¼ t, ð2tÞp=2=p, ð1þ 2tÞa ða > 1;m ¼ 2Þ and et, F -
energy is the energy, the p-energy, the a-energy of Sacks-Uhlenbeck [2] and the
exponential energy respectively. So F -harmonic maps is a unified and gener-
alized theory for several varieties of harmonic maps. As a new or more general
variational problem suggested by Eells-Sampson [3], it provides many di¤erential
geometry interest. Some geometric properties of F -harmonic maps, including the
first and the second variation formulas, conformal propertites, stability or in-
stability, have been developed in [1], [4] and [5].

In order to represent our interest, we recall that, when FðtÞ ¼ t, i.e. the case
of harmonic map, Sampson conjecture that there is no non-constant harmonic
map with finite energy from complete simply-connected Riemannian manifolds
M ðdim Mb 3Þ to any Riemannian manifolds. It is true when M ¼ Rm or Hm

proved by Sealey [6]. The same conclusion had obtained by H. S. Hu [7] under
the assumption of slowly divergent energy which is the weakening of finite
energy. Then Y. L. Xin [8, 9] generalized that result to the more general
situation, i.e. the starting manifold with ‘‘small’’ negative curvature. More re-
cently, X. Zhang [10] obtain the similar results for p-harmonic map (in that case,
FðtÞ ¼ ð2tÞp=2=p).
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The main purpose in this paper contributes to discuss the nonexistence of
non-constant F -harmonic map from non-compact manifolds on which some
certain restrictions about curvatures are assumed. As a result, we obtain a large
classes of Liouville-type theorems for F -harmonic maps.

Firstly, we can state one special case of our result without assuming the
curvature conditions as follows:

Theorem A. Let u : ðRm; g0Þ ! ðNn; hÞ be smooth map from ðRm; g0Þ into n-
dimensional Riemannian manifold N, where g0 is the standard Euclidean metric on
Rm. Let F : ½0;yÞ ! ½0;yÞ be a C2-function with F 0ðtÞ > 0 and FðtÞa tF 0ðtÞ <
m

2
FðtÞ on t A ð0;yÞ. Suppose that u is F -harmonic map with finite F -energy, then

u is a constant map.

In fact, we will prove a theorem which is slight more general than Theorem
A.

Theorem A 0. Let u : ðRm; fg0Þ ! ðNn; hÞ be smooth map from ðRm; fg0Þ
into Riemannian manifold N, where g0 is the standard Euclidean metric and f is a
positive smooth function on Rm, which satisfies: there exist constant q < 0 such that

ð2�m� qÞ f ðxÞa m� 2

2

qf

qxi
� xi:ð1:2Þ

Let F : ½0;yÞ ! ½0;yÞ be a C2-function with F 0ðtÞ > 0 and FðtÞa tF 0ðtÞ <
m

2
FðtÞ on t A ð0;yÞ. Suppose that u is F -harmonic map with finite F -energy, then

u is a constant map.

Remark 1.1. It is easy to see that theorem A is the special case of theorem
A 0 when f 1 1 on Rm.

Remark 1.2. In the cases of harmonic map and p-harmonic map, the

condition FðtÞa tF 0ðtÞ < m

2
FðtÞ say nothing but m > 2 and m > p respectively.

Therefore, theorem A 0 is an extension of [6] and [11] for harmonic map and p-
harmonic map.

Secondly, using F -stress-energy tensor (defined by M. Ara in [1]), Hessian
comparison theorem and Laplace comparison theorem developed by Q. Ding in
[12], we obtain the following Liouville-type theorem for F -harmonic map.

Theorem B. Let Mm be a m-dimensional (m > 1) complete noncompact
simply-connected Riemannian manifold, its sectional curvature KM satisfies �a2 a
KM a�b2, where a, b are some positive constants. Assume that u : M ! N be a
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F -harmonic map with slowly divergent F -energy (see the definition below) from M
to any n-dimensional Riemannian manifold N n. Then u must be a constant map
when ðm� 1ÞbF ðtÞ � 2taF 0ðtÞb 0.

Remark 1.3. In the cases of harmonic maps and p-harmonic maps,

the condition ðm� 1ÞbFðtÞ � 2taF 0ðtÞb 0 implies that
m� 1

2
b� ab 0 and

m� 1

p
b� ab 0 respectively. Therefore, Theorem B is an extension of [9] and

[10] for harmonic maps and p-harmonic maps respectively.

Theorem C. Let Mm be a m-dimensional (m > 1) complete noncompact
simply-connected Riemannian manifold, its sectional curvature KM satisfies �a2 a
KM a 0, and its Ricci curvature RicM a�b2, where a, b are some positive
constants. Assume that u : M ! N be a F -harmonic map with slowly divergent
F -energy (see the definition below) from M to any n-dimensional Riemannian
manifold N n. Then u must be a constant map when bF ðtÞ � 2taF 0ðtÞb 0.

Remark 1.4. Theorem C is also an extension of the result of [9] for
harmonic maps, since the condition bF ðtÞ � 2taF 0ðtÞb 0 implies that bb 2a
when FðtÞ ¼ t.

For smooth map u : M ! N, we called the F -energy slowly divergent, if

there exists certain positive function cðrÞ on M satisfy
Ðy
R1

1

rcðrÞ dr ¼ þy,
ðR1 > 0Þ, such that

lim
R!y

ð
BRðOÞ

F
jduj2

2

 !

cðrðxÞÞ vg < þy;ð1:3Þ

where rðxÞ be the distance function from fixed point O A M, and BRðOÞ denotes
the geodesic ball of radius R and centered at O. In particular, when cðrÞ is a
positive constant, (1.3) is nothing but the finiteness of F -energy.

2. Preliminaries and some lemmas

Let F : ½0;yÞ ! ½0;yÞ be a C2-function such that F 0 > 0 on ð0;yÞ. Let
u : M ! N be a smooth map from an m-dimensional Riemannian manifold
ðM; gÞ to a Riemannian manifold ðN; hÞ. We call u an F -harmonic map if it is
a critical point of F -energy functional. That is, u is an F -harmonic map if and
only if

d

dt
EF ðutÞjt¼0 ¼ 0;ð2:1Þ

for any compactly supported variation ut : M ! N ð�e < t < eÞ with u0 ¼ u.
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Let ‘ and N‘ always denote the Levi-Civita connections of M and N
respectively. Let ~‘‘ be the induced connection on u�1TN defined by ~‘‘XW ¼
N‘u�XW , where X is a tangent vector of M and W is a section of u�1TN. We
choose a local orthonormal frame field feigm

i¼1 on M, then the F -tension field
tF ðuÞ of u defined by (cf. [1])

tF ðuÞ ¼
Xm
i¼1

~‘‘ei F 0 jduj2

2

 !
u�ei

 !
� F 0 jduj2

2

 !
u�‘ei ei

( )

¼ F 0 jduj2

2

 !
tðuÞ þ u� grad F 0 jduj2

2

 ! !( )
;

where tðuÞ ¼
Pm

i¼1ð~‘‘ei u�ei � u�‘ei eiÞ is the tension field of u.
Under the notation above, following from [1], the first variation formula for

F -harmonic map reads as

d

dt
EF ðutÞjt¼0 ¼ �

ð
M

hðV ; tF ðuÞÞvg;ð2:2Þ

where V ¼ dut

dt

���
t¼0

. Therefore a smooth map u : M ! N is an F -harmonic map

if and only if the F -tension field tF ðuÞ ¼ 0. Many examples of F -harmonic map
are given in [1].

For the smooth map u : ðMm; gÞ ! ðNn; hÞ, M. Ara introduces in [1] the
stress energy tensor SF ðuÞ of u associated to the F -energy functional EF (which
we call, the F -stress energy tensor of u, in short) is given by

SF ðuÞ ¼ F
jduj2

2

 !
� g� F 0 jduj2

2

 !
� u�h:

For any vector field X on M, the relation between F -tension field and F -
stress energy tensor can be written as

ðdiv SF ðuÞÞðX Þ ¼ �hðtF ðuÞ; u�XÞ:ð2:3Þ

Lemma 1. Let DJM be a compact domain, its boundary qD be a smooth
hypersurface in M. Then, for any C2-map u : ðM; gÞ ! ðN; hÞ and any smooth
vector field X on M, we have

ð
qD

F
jduj2

2

 !
gðX ; nÞvg ¼

ð
qD

F 0 jduj2

2

 !
hðu�X ; u�nÞvg þ

ð
D

ðdiv SF ðuÞÞðXÞvgð2:4Þ

þ
ð
D

hSF ðuÞ;‘Xivg;

where n be the unit normal vector of qD.
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Proof. Choosing a local orthonormal frame field feigmi¼1 on M, and define
‘Xðei; ejÞ :¼ h‘eiX ; eji, then

‘XF
jduj2

2

 !

¼ F 0 jduj2

2

 !
‘X

jduj2

2

 !

¼ F 0 jduj2

2

 !
divðhðu�X ; u�eiÞeiÞ � hðu�X ; tðuÞÞ � h‘X ; u�hif g

¼ div F 0 jduj2

2

 !
hðu�X ; u�eiÞei

 !
� hðu�X ; tF ðuÞÞ � ‘X ;F 0 jduj2

2

 !
� u�h

* +
:

Therefore

div F
jduj2

2

 !
X

 !
ð2:5Þ

¼ ‘eiF
jduj2

2

 ! !
gðX ; eiÞ þ F 0 jduj2

2

 !
gð‘eiX ; eiÞ

¼ ‘XF
jduj2

2

 !
þ F

jduj2

2

 !
h‘X ; gi

¼ div F 0 jduj2

2

 !
hðu�X ; u�eiÞei

 !
� hðu�X ; tF ðuÞÞ þ h‘X ;SF ðuÞi:

Now, for compact domain D in M, taking local orthonormal frame field
feigmi¼1 on M along qD, such that e1; . . . ; em�1 A GðTqDÞ, and em ¼ n be the unit
normal vector of qD. Integrating (2.5) on D, by means of Green’s theorem and
(2.3), we complete the proof of Lemma 1.

3. The Proof of Theorem A and AO

Define a family fVtgt ARþ of maps Vt : R
m ! N by VtðxÞ ¼ uðtxÞ for x A Rm,

and set

FðR; tÞ ¼
ð
BðRÞ

F
jdVtj2

2

 !
vg;ð3:1Þ

where BðRÞ ¼ fx A Rm j jxj < Rg. Applying Green’s theorem, we have
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q

qt
FðR; tÞjt¼1 ¼

ð
BðRÞ

F 0 jdVtj2

2

 !
dVt;

d

dt
ðdVtÞ

� �����
t¼1

vgð3:2Þ

¼
ð
BðRÞ

F 0 jduj2

2

 !
du; ~‘‘ du r

q

qr

� �� �* +
vg

¼
ð
BðRÞ

d � F 0 jduj2

2

 !
du

 !
; du r

q

qr

� �* +
vg

þ R

ð
qBðRÞ

F 0 jduj2

2

 !
du

q

qn

� �
; du r

q

qr

� �� �
sR;

where
q

qn
¼ f �1 q

qr
is the unit normal and sR denotes the volume element

of the induced Riemannian metric on qBðRÞ. By the F -harmonic condition

d � F
jduj2

2

 !
du

 !
¼ 0 and du

q

qn

� �
¼ f �1 du

q

qr

� �
, it follows that

q

qt
FðR; tÞjt¼1 b 0:ð3:3Þ

On the other hand, reparameterizing the integral (3.1), we get

FðR; tÞ ¼ t�m

ð
BðtRÞ

F
1

2
t2f �1 x

t

� �
hklðuðxÞÞ

qukðxÞ
qxi

qulðxÞ
qxi

� �
f m=2 x

t

� �
dx:ð3:4Þ

By a direct calculation, we have

ð3:5Þ
q

qt
FðR; tÞ

¼ ð�mÞtm�1

ð
BðtRÞ

F
1

2
t2f �1 x

t

� �
hklðuðxÞÞ

qukðxÞ
qxi

qulðxÞ
qxi

� �
f m=2 x

t

� �
dx

�m

2
t�m

ð
BðtRÞ

F
1

2
t2f �1 x

t

� �
hklðuðxÞÞ

qukðxÞ
qxi

qulðxÞ
qxi

� �
f ðm�2Þ=2 x

t

� �
xi

t2
qf

qxi

� �
dx

þ t�m

ð
qBðtRÞ

RðRtÞm�2
F

1

2
t2f �1 x

t

� �
hklðuðxÞÞ

qukðxÞ
qxi

qulðxÞ
qxi

� �
f m=2 x

t

� �
sR

þ t�m

ð
BðtRÞ

F 0 1

2
t2f �1 x

t

� �
hklðuðxÞÞ

qukðxÞ
qxi

qulðxÞ
qxi

� �
f m=2 x

t

� �

� hklðuðxÞÞ
qukðxÞ
qxi

qulðxÞ
qxi

tf �1 x

t

� �
þ 1

2
t2f �2 x

t

� �
xi

t2
qf

qxi

� �� �
dx:
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At t ¼ 1, we obtain from (3.5)

q

qt
FðR; tÞjt¼1ð3:6Þ

¼
ð
BðRÞ

2F 0 jduj2

2

 !
� jduj

2

2
�mF

jduj2

2

 !( )
f m=2ðxÞ dx

þ
ð
BðRÞ

F 0 jduj2

2

 !
� jduj

2

2
�m

2
F

jduj2

2

 !( )
f ðm�2Þ=2ðxÞ xi

qf

qxi

� �
dx

þ R

ð
qBðRÞ

Rm�2F
jduj2

2

 !
f m=2ðxÞsR:

If F ðtÞa tF 0ðtÞ < m

2
FðtÞ, combining (1.2) and (3.6), we get

q

qt
FðR; tÞjt¼1 a q

ð
BðRÞ

F
jduj2

2

 !
f m=2ðxÞ dxð3:7Þ

þ R

ð
qBðRÞ

Rm�2F
jduj2

2

 !
f m=2ðxÞsR

¼ qFðR; 1Þ þ R
d

dR
FðR; 1Þ:

From (3.3) and (3.7), we have qFðR; 1Þ þ R
d

dR
FðR; 1Þb 0. Therefore, for all

R > 0, it follows that

d

dR
fRqFðR; 1Þgb 0:ð3:8Þ

Now, suppose that u is a nonconstant F -harmonic map, by the continuation

property, jduj2 cannot vanish identically on some open set in Rm. Thus there

exists R0 > 0 and C > 0, such that
Ð
BðR0Þ F

jduj2

2

 !
vg bC, meanwhile, for all

RbR0, we have

ð
BðRÞ

F
jduj2

2

 !
vg b

R0

R

� �qð
BðR0Þ

F
jduj2

2

 !
vg bC

R0

R

� �q
;

since q < 0, hence

EF ðuÞ ¼ lim
R!y

ð
BðRÞ

F
jduj2

2

 !
vg by;
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which gives a contradiction to the finiteness condition of EF ðuÞ. We complete
the proof of theorem A 0 and theorem A as a corollary of theorem A 0.

4. The Proof of Theorem B and C

Proof of Theorem B. Denoted by D ¼ BRðx0Þ the geodesic ball of radius R

and centered at x0 A M. Taking X ¼ r
q

qr
A Tx0M (

q

qr
denoted unit radial vector

field and r ¼ rðxÞ denoted the distance function from x0). Choosing a local

orthonormal frame field e1; . . . ; em�1;
q

qr

� �
on M. After applying D ¼ BRðx0Þ

and X ¼ r
q

qr
to (2.4), we have

ð
BRðx0Þ

ðdiv SF ðuÞÞðXÞvg þ
ð
BRðx0Þ

hSF ðuÞ;‘Xivgð4:1Þ

¼
ð
qBRðx0Þ

F
jduj2

2

 !
gðX ; nÞvg �

ð
qBRðx0Þ

F
jduj2

2

 !
hðu�X ; u�nÞvg

¼ R

ð
qBRðx0Þ

F
jduj2

2

 !
vg � R

ð
qBRðx0Þ

F
jduj2

2

 !
h u�

q

qr
; u�

q

qr

� �
vg

aR

ð
qBRðx0Þ

F
jduj2

2

 !
vg:

Now, we will compute the item hSF ðuÞ;‘Xi on the left hand side of (4.1).

For this purpose, using local orthonormal frame field e1; . . . ; em�1;
q

qr

� �
, it is easy

to see that

‘q=qrX ¼ q

qr
; ‘eiX ¼ r‘ei

q

qr
¼ r HessðrÞðei; ejÞej;

div X ¼ 1þ r HessðrÞðei; eiÞ; 1a iam� 1;

where Hessð�Þ denoted the Hessian operator, i.e. HessðrÞðei; ejÞ ¼ ‘ej‘ei r� ð‘ej eiÞr.
So

F
jduj2

2

 !
hðu�ea; u�ebÞ � gð‘eaX ; ebÞ

¼ F
jduj2

2

 !
r Hessðei; ejÞhðu�ei; u�ejÞ þ h u�

q

qr
; u�

q

qr

� �� �
:

Then
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hSF ðuÞ;‘Xi ¼ F
jduj2

2

 !
div X � F 0 jduj2

2

 !
hðu�ea; u�ebÞ � gð‘eaX ; ebÞ

¼ F
jduj2

2

 !
ð1þ r HessðrÞðei; eiÞÞ

� F 0 jduj2

2

 !
u�

q

qr

����
����
2

þ r HessðrÞðei; ejÞhðu�ei; u�ejÞ
( )

:

If the sectional curvature KM of M satisfy the condition in Theorem B,
applying Hessian comparison theorem (cf. [9]), we compute directly and get

hSF ðuÞ;‘Xið4:2Þ

bF
jduj2

2

 !
f1þ ðm� 1ÞðbrÞ cothðbrÞg

� F 0 jduj2

2

 !
u�

q

qr

����
����
2

þ ðarÞ cothðarÞhðu�ei; u�eiÞ
( )

bF
jduj2

2

 !
f1þ ðm� 1ÞðbrÞ cothðbrÞg

� F 0 jduj2

2

 !
ðarÞ cothðarÞ u�

q

qr

����
����
2

þ ðarÞ cothðarÞhðu�ei; u�eiÞ
( )

¼ F
jduj2

2

 !
f1þ ðm� 1ÞðbrÞ cothðbrÞg � F 0 jduj2

2

 !
ðarÞ cothðarÞjduj2

bF
jduj2

2

 !
þ r � cothðbrÞ ðm� 1Þb � F jduj2

2

 !
� ajduj2F 0 jduj2

2

 !( )
:

Hence, when ðm� 1ÞbF ðtÞ � 2taF 0ðtÞb 0, it follows from (4.2)

hSF ðuÞ;‘XibF
jduj2

2

 !
:ð4:3Þ

According to (2.3), (4.1) and (4.3), for F -harmonic map u, we obtain

R

ð
qBRðx0Þ

F
jduj2

2

 !
vg b

ð
BRðx0Þ

F
jduj2

2

 !
vg:ð4:4Þ

Suppose that u : ðMm; gÞ ! ðNn; hÞ is a non-constant F -harmonic map, i.e.
jduj2 0 0 at some point of x A M, then there exists R0 > 0, such that, when
R > R0, ð

BRðx0Þ
F

jduj2

2

 !
vg bC0;
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where C0 be a positive constant. From (4.4), thenð
qBRðx0Þ

F
jduj2

2

 !
vg b

C0

R
:ð4:5Þ

Since the F -energy of u divergent slowly, therefore, (4.5) will imply

lim
R!y

ð
BRðx0Þ

F
jduj2

2

 !
ðxÞ

cðrðxÞÞ vg ¼
ðy
0

dR

cðRÞ

ð
qBRðx0Þ

F
jduj2

2

 !
vg

bC0

ðy
0

dR

RcðRÞ

bC0

ðy
R0

dR

RcðRÞ ¼ y:

That’s in contradiction with F -energy of u being slowly divergent. So u must be
a constant map. We complete the proof of Theorem B.

Proof of Theorem C. We will continue using the symbol in the proof

of theorem B. Taking another form of divergence for X ¼ r
q

qr
, i.e. div X ¼

1þ rDr. Since RicM a�b2, the Laplace comparison theorem (cf. [12]) due to
Q. Ding says

Drb b � cothðbrÞ;
then

hSF ðuÞ;‘Xið4:6Þ

bF
jduj2

2

 !
f1þ ðbrÞ cothðbrÞg

� F 0 jduj2

2

 !
u�

q

qr

����
����
2

þ ðarÞ cothðarÞhðu�ei; u�eiÞ
( )

bF
jduj2

2

 !
f1þ ðbrÞ cothðbrÞg

� F 0 jduj2

2

 !
ðarÞ cothðarÞ u�

q

qr

����
����
2

þ ðarÞ cothðarÞhðu�ei; u�eiÞ
( )

¼ F
jduj2

2

 !
f1þ ðbrÞ cothðbrÞg � F 0 jduj2

2

 !
ðarÞ cothðarÞjduj2

bF
jduj2

2

 !
þ r � cothðbrÞ b � F jduj2

2

 !
� ajduj2F 0 jduj2

2

 !( )
:
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Meanwhile, when bFðtÞ � 2taF 0ðtÞb 0, (4.6) becomes

hSF ðuÞ;‘XibF
jduj2

2

 !
:ð4:7Þ

For F -harmonic map u, applying D ¼ BRðx0Þ and X ¼ r
q

qr
to (2.4), com-

bining (2.3) with (4.7), by proceeding similarly as in the proof of theorem B, we
proved that u must be a constant map.
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