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Abstract

Consider the group SL(2;Z) acting on the circle consisting of rays from the origin
in R%. The action of parabolic elements or transvections X € SL(2;Z) (Tr X =2)
have 2 fixed points on the circle. A half transvection is the restriction of the action of a
parabolic element to one of the invariant arcs extended by the identity on the other
arc. We show that the group G generated by half transvections is isomorphic to the
Higman-Thompson group 7', which is a finitely presented infinite simple group. A
finite presentation of the group 7" has been known, however, we explain the geometric
way to obtain a finite presentation of the group 7 by the Bass-Serre-Haefliger theory.
We also give a finite presentation of the group 7 by the generators which are half
transvections.

1. Introduction

This paper concerns the following natural question posed by A’Campo to
the author. Consider the group SL(2;Z) acting on the circle consisting of rays
from the origin in R?. Parabolic elements X € SL(2;Z) (Tr X = 2) have 2 fixed
points on the circle. These are called transvections. A half transvection is
the restriction of the action of a parabolic element to one of the invariant arcs
extended by the identity on the other arc. A’Campo asked the nature of the
group G generated by the half transvections. This paper shows that the group G
is isomorphic to the Higman-Thompson group 7', which is a finitely presented
infinite simple group.

The Higman-Thompson groups are studied by many people. We refer the
reader to an excellent reference [4] for the Higman-Thompson group T as well as
F which we also need.
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Let Z[1/2] denote the ring of dyadic numbers {p/2";peZ,neZ-¢} = R.
The group T can be defined to be the group of the orientation preserving
piecewise linear homeomorphisms f of the circle R/Z such that f maps the set of
dyadic numbers Z[1/2]/Z to itself, the nondifferentiable points of f are contained
in Z[1/2]/Z, and the slopes of f are powers of 2.

This group T is isomorphic to the group of orientation preserving auto-
morphisms of the infinity of the infinite trivalent tree 7 ([7], [4] where this fact
is attributed to Thurston). It is well-known that the group of the orientation
preserving automorphisms of the tree 7 is isomorphic to PSL(2;Z). Then the
group of piecewise PSL(2;Z), C'-diffeomorphisms of the circle at infinity is
isomorphic to the group T.

To show the isomorphism between the group G generated by half trans-
vections and the group 7, it is enough to know about above equivalent defi-
nitions of the group 7 and the generators of the group 7. This is shown in §2
after a review of the Higman-Thompson groups 7 and F.

The group F is the group of the orientation preserving piecewise linear
homeomorphisms f of the interval [0, 1] such that the nondifferentiable points of
[ are contained in Z[1/2]/Z and the slopes of f are powers of 2 (hence f maps
the set of dyadic numbers Z[1/2]N[0,1] to itself).

The commutator subgroup [F, F| of the group F coincides with the subgroup
of F consisting of elements which are the identity on a neighborhood of {0,1}.
It is easy to show that [F, F] is perfect ([F,F| = [[F,F],[F,F]]) and this implies
that [F, F] is simple ([5], [1]). Since the group T has fragmentation property, the
group T is also a simple group ([5], [1]).

Thus the simplicity of the group 7 has a geometric proof. We may look for
a geometric way to find a finite presentation of the group 7.

The group F is finitely presented and a finite presentation of F can be
obtained by looking at the action of the group F on a certain complex ([2], [3]).
For the group T, we look at the action of T on the complex consisting of triangle
with vertices in Z[1/2]/Z in §3. Then by the Bass-Serre-Haefliger theory ([8]),
we obtain a finite presentation of the group 7. §3 also contains a brief review of
the Bass-Serre-Haefliger theory.

Since half transvections are also natural generators for the group T, we expect
to have a simple finite presentation with respect to half transvections. In §4, we
give the presentation of the group T by the generators which are half transvections.

A part of this paper was presented in a lecture at Encounter with Math-
ematics, at Chuo University, Tokyo, in October 1998. The author thanks Vlad
Sergiescu who pointed out several recent references on the Higman-Thompson
groups to him. The author also thanks Yakov Eliashberg for his warm hos-
pitality during his stay at Stanford University in 1999, where this paper is written.

2. The Higman-Thompson groups

In this section we review the Higman-Thompson groups F and 7. An
excellent reference is the paper [4] by Cannon, Floyd and Parry. These groups
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F and T are represented as groups of piecewise linear homeomorphisms of the
interval or of the circle. We can write down a piecewise linear homeomorphism
f of [ag,ax] to itself as follows.

ap, ..., di
=PL
=)

where ay < --- < ag, by <--- < by, ay=by, and a; = by. This represents the
piecewise linear homeomorphism f of [ag,a;] such that

S ==

(x —aj—1) + b1 on the interval [a;_;,aq;].
ai —di—|

This can be described by the rectangle diagram [4]. We prefer to drawing
the map being from the right side to the left side of the rectangle as in Figure 2.1.
The Higman-Thompson group F is the group of piecewise linear homeo-
morphisms f of the interval [0, 1] such that the nondifferentiable points of f are

AT T
AL LT T ]
//

MY/ T

- = ——
o T1 Lo Ty To Lo T2 g
—— - — =
Ty T2 X1 T3 Ty T3 T Lo X3 To

FIGURE 2.1
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contained in Z[1/2] and the slopes of f are contained in {2";n € Z}. Then an
element f of the group F maps the set of dyadic numbers [0, 1]NZ[1/2] to itself.

It is known that the Higman-Thompson group F is generated by the fol-
lowing piecewise linear homeomorphisms xy and x; (2], [3], [4]);

0, 1/4, 1/2, 1
0, 1/2, 3/4, 1)’
0, 1/8, 1/4, 1/2, 1
0, 1/4, 3/8, 1/2, 1>'
The rectangle diagrams of xy and x; are shown in Figure 2.1.
A presentation of the group F is given as follows ([2], [3], [4]). This

presentation can be obtained by looking at the action of the group F on a certain
complex ([2], [3]).

. e | _ 2 2 —1 _ -1 _ 1
F = <X(),X1. X2 = Xy X1X0,X3 = Xy X1Xp, X X2X] = X3,X] X3X] = X, X3XO>.

X0 = PL(

X1 = PL(

The group F is a group of 2 generators and 2 relations. Figure 2.1 shows that
the piecewise linear homeomorphisms x; and x; satisfy the above relations.

The Higman-Thompson group 7 is defined to be the group of the orien-
tation preserving piecewise linear homeomorphisms f of the circle R/Z such that
Jf maps the dyadic numbers Z[1/2]/Z to itself, the nondifferentiable points of f
are contained in Z[1/2]/Z, and the slopes are contained in {2";n e Z}.

A finite presentation of the group 7 is given in [4]. We explain the way to
obtain a finite presentation of the group 7' by the Bass-Serre-Haefliger theory [8]
in §3.

Now we look at the group G generated by half transvections and show that
G=T.

THEOREM 2.1. Let G be the group of the C' diffeomorphisms of the circle
which is generated by half transvections, where a half transvection is the restriction

—1eS.,1/4eR/Z
..0' Ty

Sl >0
R/Z>1)2

FIGURE 2.2
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of the action on the set of rays of a parabolic element X € SL(2;Z) to one of the
invariant arcs extended by the identity on the other arc. Then the group G is
isomorphic to the Higman-Thompson group T.

In order to look at the relationship between the groups G and T, it is better
to consider 7 as the group of orientation preserving automorphisms of the
infinity of the infinite trivalent tree 7 ([7], [4]). It is well-known that the group
of the orientation preserving automorphisms of the tree J is PSL(2;Z). Then
the group of piecewise PSL(2;Z), C'-diffeomorphisms of the circle at infinity is
isomorphic to the group T ([7], [4]).

Now the double covering group SL(2;Z) of PSL(2;Z) acts on the double
covering space S; of the circle S! at infinity of the hyperbolic plane. For S;j,
we consider the double cover of the infinity of the tree 7. Since this space
is isomorphic to the infinity of the original tree, SL(2;R) can be written as a
subgroup of T.

Remark 2.2. 1In the same way, the k-fold covering group of PSL(2;R) is
contained in the group 7.

1 1 1 0
It is well-known that SL(2;Z) is generated by ( 0 1) and ( 1 1). As
11 -

an element of PSL(2;Z), the matrix 01 acts on the tree as a translation

fixing oo € S| this corresponds to the element xo of the group F < T. The
1 1
matrix < 0 l) € SL(2;R) is acting the double cover of the infinity of the tree

7, and we see that the action corresponds to the element x;y; in the group
T, where y; = x3x7!x;!. The set of rays is considered with clockwise orien-
tation here, because x/y is considered as an element of the circle at infinity of the
hyperbolic plane.

1 0
In a similar way, < 1 1) e SL(2;R) corresponds to the element u;v; in

the group T, where the piecewise linear homeomorphisms #; and v; are drawn in
Figure 2.3.

Now the transvections x;y;, ujv; are the products of the half transvections
X1, y1, u;, v;. We are considering the group G generated by xi, yi, u, v.
Since xi, yi, uy, v; are elements of the group 7', we see that the group G is a
subgroup of 7. Note that the group G is precisely the group of piecewise
SL(2;Z), C'-diffeomorphisms of the circle.

Remark 2.3. The group T acts on the dual tesselation of the infinite
trivalent tree. This is studied by Penner and others ([11], [12], [9], [10]).

We are going to show that G = T. Since the group G is a subgroup of T,
it is just necessary to show that generators of the group 7' are written by x;, yi,
up, Up.
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FIGURE 2.3

Proof of Theorem 2.1. The group T is known to be generated by xp, x; and
w, where o is represented as a piecewise linear homeomorphism of R/Z such that
w([0,1/4]) = [1/4,1/2], w([1/4,1/2]) = [1/2,1], and o([1/2,1]) = [0,1/4] ([4], see
also §3). (As a piecewise PSL(2;Z), C'-diffeomorphism, o is represented by
1 1
(_1 0> € PSL(2;Z).)
Now xp and w are written as follows (see Figure 2.4).

X0 = Yiui Xy,

@ = X101 Y1 )1uU1 X1

Thus we showed G=T. O
- —— _— —_—
w r1 V1 Y1 Y1 up 21 To Y1 up 2y

FIGURE 2.4
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3. A finite presentation of the group 7'

In this section we explain a method by Haefliger [8] to give a finite pre-
sentation of the group 7' and carry it out. R

We consider a simply connected simplicial 2-complex X where the group
T acts without inversion. Then the quotient space X = X /T has the structure
of a complex of groups. Haefliger showed the following theorem for the finite
presentation of the group T ([8]).

Turorem 3.1 (Finiteness Theorem [8]). Let X be a simply connected
simplicial 2-complex where the group T acts without inversion. If X = X/T is
finite complex and the isotropy groups associated to triangles, edges and vertices
are finitely presented, then T is finitely presented. Moreover there is an algorithm
to give a presentation.

Let Y be the 2-dimensional simplicial complex of the triangles with vertices
in the dyadic numbers Z[1/2]/Z. More precisely, let C, be the set of sets of n
distinct points of the dyadic numbers Z[1/2]/Z. We have the face operators
Cuy1 — G, and its geometric realization is an infinite dimensional simplex with
vertices Z[1/2]/Z. Let Y be its 2-skeleton. Then Y is simply connected as the
2-skeleton of a contractible space.

Since the group 7 contains the rotation by any number in Z[1/2]/Z, the
group T acts transitively on Z[l1/2]/Z. The isotropy group of a point is iso-
morphic to the group F. Since for any point ¢ in (0,1)NZ[1/2], [0,7] and [z, 1]
can be subdivided into a union of intervals of length of powers of 1/2, the group
F acts transitively on (0,1)NZ[1/2]. Hence the group T is doubly transitive on
Z[1/2]/Z. Then by the same reasoning, the group 7T acts transitively on the sets
of 3 distinct points of Z[1/2]/Z.

Now we look at the simplicial action of the group 7" on the simplicial
complex Y. There are elements of the group 7" which fix an edge and the
restrictions of their actions to the edge are not the identity but the inversions.
There are also elements of the group T which fix a triangle and the restrictions
of their actions to the triangle are not the identity but the simplicial rotation of
order 3.

A simplicial action of a group is said to be without inversion if an element of
the group fixes a simplex then the restriction of its action to the simplex is the
identity. R

Since the action of the group 7" on the simplicial complex Y has inversions,
we look at the action of the group T on the barycentric subdivision X = Y’ of
Y. Then the action of the group 7 on X is without inversion.

The quotient space X = X /T has 3 vertices po, p1, p2, where po corresponds
to the vertices of X, p; to the barycenters of the edges of X and p, to the
barycenters of the triangles of X. The edges of the quotient space X are popi,
p1p2 and pop;. There are 2 triangles 7; and 75, and X is topologically a 2-
sphere. A fundamental domain for X is drawn in Figure 3.1.
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FIGURE 3.1
The isotropy groups of the lifts of a simplex of X are isomorphic. The
isomorphism classes of the isotropy groups of the simplices are as follows.
Gy, = F, G, = F*>Z/2Z, G, =FxZ/3Z,
Gppy ZF2, Gy, = F?, Gpopy = F?,
G, =F, G,=F

Here the groups F, F? and F? are isomorphic to the subgroups of T fixing
1, 2, and 3 points in Z[1/2]/Z, respectively, and the isotropy groups G,, and G,,
permute these points cyclically.

Since the group F is finitely presented (hence so are F2?, F3, F? > Z/2Z,
F? > Z/3Z), Finiteness Theorem 3.1 already says that the group 7 is also finitely
presented ([8]).

F? xZ/2Z
F3
F3 % Z/3Z

/

F3

\

F? xZ/2Z F? F

FIGURE 3.2

In order to obtain the presentation of the group 7, we need the following
information on the relationship between the isotropy groups ([8]).
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The group T acts on X without inversion. We consider that the isotropy
groups are attached to the vertices of the barycentric subdivision X’ of X. Take
a lift of each simplex of X in X, or equivalently take a lift p of each vertex p of
X" in X'. Then in the group 7, we have the isotropy subgroups G; of p e X'

Take an edge pg of X', where p is a face of ¢ in X. Since we lift ¢ to ¢, p
is a face of ¢ in X and the action is without inversion, we have a unique lift p'g
of the edge pg. Then the isotropy subgroup Gj; is a subgroup of the isotropy
subgroup Gp. The lifted vertex p’ may be different from p, however by taking
an element 7, of the group 7" which sends p' to p, nﬁ,qun;,g is a subgroup of
the isotropy subgroup Gj.

Let pgr be a triangle of X’/, where p is a face of ¢ in X and ¢ is a face of r
in X. Since we lift r to 7 and the action is without inversion, we have a unique
lift p”§'F of the triangle pgr, where §'F is the previously chosen lift for gr and p"7
is the previously chosen lift for pr. Moreover ,; sends p”q’ to p'g, where p'q
is the previously chosen lift for pg. Now ’713"fo77,§'/1; and ﬂp/g’?g/in’?qf/lf’?,?}; are
subgroups of the isotropy subgroup Gj;. They are conjugated by gz 57 =
nﬁ,qnq,;n;,,l; e T which is an element of Gj.

Now assume that we only know of the information of the isotropy groups
and their relationship. That is, assume that we have the presentations of the
isotropy groups G, for the vertices p of X', the injective homomorphism Wpy
G, — G, for each edge pq of X' (which was given by a conjugation by 7;,), and
elements g,, 4 € G, such that gpqﬁq,‘wp,g;q{ g = Wpgy for triangles pgr of X.

The complex X with the data Gj, ,,, gpq.q 1s called the complex of groups
((8]). The elements g, 4 satisfy the cocycle condition ([8]). Then we have the
following presentation theorem [8].

THEOREM 3.2 (Presentation Theorem [8]). Let (X = X/T, Gps Wygs Ipg.ar) be
the complex of groups obtained from the action of the group T without inversion
on simply connected simplicial complex X. Let T be a maximal tree for the
barycentric subdivision X'. Then a presentation of the group T is given as follows.

Generators of G, for the vertices p of X'.

Generators hy,, corresponding to the oriented edges pq outside of the tree T.
Relations of G, for the vertices p of X'.

Relations coming from the edges;, h,,qgh[jq1 =Y,,(9) for the generators of G,
that is, hpqgh]qu is written in terms of the generators of G,.

Relations coming from the triangles; gpy ghpr = hpghye for the triangle pqr.

Remark 3.3. If X is not a simplicial complex, then the set of vertices may
not determine an edge or a triangle. In practice, however, X would be given as a
simplicial complex with identification and we do not meet the ambiguity coming
from this fact.

Remark 3.4. We are assuming that G, are presented. For an edge pg of
X', choosing the lift p to be the lift p’ which is determined by g is choosing G, to
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be the subgroup of G, and the homomorphism i, to be the inclusion. For the
edges pq in the tree T, one can always choose the homomorphism y,, to be the
inclusion. These simplify the computation.

The complex of groups associated to X usually uses the barycentric sub-
division of X as above. In our case, we note that the inclusions G; — G,,,, and
G., — Gy, can be taken to be the identity. Hence we can use the complex in
the following figure (Figure 3.3). The reason will become clear during the actual
computation.

F2 x Z/27
F3
F3 % Z/3Z
2
F3 F3
F? x7/2Z F? F
FIGURE 3.3

Now we proceed as follows to give an explicit finite presentation.

We take the triangle A with vertices 0, 1/4, 1/2in Y. See Figure 3.1. We
look at the barycentric subdivision of A. We take the lift p, of po to the vertex
0, then the isotropy group Gj, is the isotropy subgroup 7 at 0 of the action of
the group T and it is identified with the group F generated by xy and x;. We
lift the 2 triangles 7; and 7, to the triangles of the barycentric subdivision of A
which has the vertex 0. Then pgp, is lifted to the common edge p,p,. By the
choice of the lift pyp,, Gs, 5, = F 3 is the subgroup T} ; /4,1/2 of the group T which
fixes 0, 1/4 and 1/2, hence it is generated by x», x3, yi1, y2, z2, z3 shown in
Figure 3.4.

We choose the lift p,p, of pop; on the edge joining 0 and 1/2. Then
Gpp, = F 2 is the subgroup Ty /2 of the group T which fixes 0 and 1/2 and it
is generated by xi, x2, y1, 2. The group Gj 5, = F? is also the group To,1/4,1)2
generated by xp, X3, Y1, V2, Z2, Z3.

Let p denote the half rotation. Then the isotropy group Gj = F 21X Z/2Z
is the subgroup Tjg i/ of the group T which fixes the set {0,1/2} and it is
generated by xi, x», ¥, y» and p.

Let @ be the element order 3 of the group 7 defined before. Then Gj =
F3 > Z/3Z is the subgroup T(o,1/4,1/2y Which fixes the set {0,1/4,1/2} and it is
generated by x,, x3, yi, V2, 22, z3 and .

Let ¢q1, g2, and ¢¢ denote the barycenters of p,p,, p,P,, and p,p,, re-
spectively. Put p| to be the other lift of p; on the other triangle, and ¢ and ¢}
to be the barycenters of pjp, and p,p{, respectively.
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NEE N =
N = — =
= € == == = = = = = =
Zo x Hop) T3 Y1 Y2 Z9 Z3 w P
FiGure 3.4

We take a maximal tree consisting of four edges p,qo, qoq1, 9291, Poq2,
P192. On these edges the corresponding homomorphisms are inclusions.

Note that the edge p,p; is sent to p,p, by w~! and the edges pyp; is sent
to popy by po~'. Hence Gy = wGyo" and Gy = (po ) Gpr'. We use
the identification by w™' between Gy and Gj; Gy = 0Gs o™

~/

ﬁ? ””’ ‘\

P1 q2 Po

FIGURE 3.5

By Presentation Theorem 3.2, the group 7 has the following presentation:

Generators of Gj, = To, Gz, = T0,1/2, Gp, = T{0,1/4,1)2}

Gy = Gpp, = To.1/a.1/2, Ggy = Gy, = To.1/4.172, Ggo = Gpopy = To,10-
Generators corresponding to the oriented edges outside of the tree:
hﬁoqla hﬁlqn hﬁzqw hﬁ(qw hq(’)qu hqéqn hﬁlqo-

Relations for Gﬁo =T, Gi’l = T{O,I/Z}a Gﬁz = T{0’1/4,1/2},

Gy = To,1/4,172, Gg = To.1/4.1/2, Gg, = To,1)2-

Relations coming from the edges:

9=V549), 9=1;,(g) for the generators g of G,.

9= wq{)ql (g)’ 9= lPtlqu (g)’



474 TAKASHI TSUBOI

Nyoa1 95 P()‘[l = Y (9)5 Ppiq9h pl‘/l = V5,4,(9),
hy qug szh lpl’qu( )’ qulg pfh l//qul( )
hyjq,9 hqoql = lrbqr’)ql (9), hqqughq “ x//qqu( g) for the generators g of Gj,.

9=Y5,0(9) Mp0905 4 = x//p]qo( ) for the generators g of G,.
Relations coming from the triangles:

b0t 201 Mpoar = 1, Iz oo = 1,
Ipig0. a0 a0 = Moiao> Ibsao.qom Mpras = 1,
Iprag,agn " Bo0r = Nqjar>  9Ipia), qpn b = ﬁ]qohqéqw

9Ip!a a1 bl aar> Ipods. asa ot = Nglqr -

Here the homomorphisms ., are as follows.

Yp.q 18 the inclusion Tp 1/ = To.
is the inclusion Tg 1/, = Tyo,1/2)-
is the identity map of T 1/4,1/2.
is the inclusion Ty /4,12 < To,12-
is the inclusion Tg 14,12 < To.
B is the inclusion of Ty 14,12 = To,1/2 < Tio,1/2)-
o is the inclusion of T 14,12 < Ty0,1/4,1/2;-
lﬁi,/ql is the composition of To 1/4,1/2 < T10,1/4y — Ti0,1/2), Where the arrow is
the conjugation by 1 g o o
lpqoql is the outer automorphism of Tg /41, given by the conjugation by
ot g o lgo.
wq g 18 the composmon of Ty, 1/a, 1 e T 0 1/4 — To,1/2, where the arrow is the
conJugatlon by po~': g polg(pw~t)”
szqo is the inclusion T0,1/4“,1/2 < T{0v1/4_’1/2}.
'70171610 is the inclusion T071/471/2 c T0,1/2 c T{Q}]/z}.

P42
qoq1
9291
Podh

The elements g, . are as follows.

9poq2, a1 = 1 € To, 95102, 001 = le T{0,1/2}9
Ipiq0.q00 = 1 flT{o,l/z}, Iprq0.q0m = 1 € T(0,1/4,1/2}
Iprapaiar = @ € T(0,1/4,1/2) Ipjap.qyn = 1 € T(0,1/2)

9pias. a5a = (po~ " =pe T2, 9pogs, e = = po~! = xo € Tp.

Then by the information on g. ., the elements A, are determined to be 1
except
-1 ~1 ~1
hgygp =@ Dy =0, hgy = po
and we have a relation coming from g, .:
pw_l = Xop.

We have the following generators for the group 7.

X0, X1, X2, X3, Y1, Y2, 22, 23,0, p.

The elements x;, x2, x3, y1, y2, Z2, z3 belong to different isotropy groups.
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However those inclusions appeared in ,, identify the elements x;, x2, x3, y1, »2,
z3, z3 in different isotropy groups.

The relations for Gﬁo = To, G’gl = T{0,1/2}> Gf’z = T{071/4,1/2}, qu = T0’1/471/2,
Gy, = To,1/4,1)2, Gy, = Ty, 12 are written as follows.

T()S

To,12:

To,1/4,1/2:

T0,1/2):

T0,1/4,1/2)"

-2 2 —1.,-1 -3 3 —-1,.-2 2
Xo X1Xy = X1 X X1X0X1, Xo X1Xy = X1 Xp X1XpX1.

-2 2 —1,-1 -3 3 —1.-2 2
X1 7 X2X] = Xy "Xy X2X1X2, X1 7 X2X] = Xy Xy X2 X7 X2,

-2 2 -1 -1 -3 3_ . —1,-2 2

Vi V2V1 =DV Yy 22, Vi 2y = Vo Vi 22,
X1)V1 = YiX1, X1y2 = YaX1, X2y1 = )ViX2, X2)2 = )2X2.

2 2 —1.-1 -3 3 —1,.-2 2
X3X5 = X3 Xy X3X2X3, X5 X3X5; = X3 Xp X3X;X3,

Xy
Y2yt =y v vy, vyt = v v vyt
22’22325 = 23’122’1232223, 22’32323 = 251252232523,

X1Y1 = YiX1, X1Y2 = Y2X1, X2)1 = )iX2, X2)2 = )2X2,
iz =21y, YiZ2 = 22)1,  2Z1 = Z1)2,  W2Z2 = I2)2,
X1Z1 = Z1X1, X1Zp = 22X, X2Z1 = Z1X2, X2Zp = Z7X).
xfzxzxf = )62’1>61’1)62961>cz7 xl’3xzx13 = xz’lezxlesz

/)2 =1, pxip=y1, pxp=y2,

X1 Y1 = YixX1, X1y2 = YV2X1, X2)1 = )ViX2, X2)2 = )2X2.
x;zxycf = x;lxglxycz)g, xfxyc% = x;IXEZX3x§X3,

1 -1 —1 —1
X0 = )1, W X3 = )y, WX = I3, WX3W = Zz3,

=1, o
XYL = YIX1,  Xi1)2 = PaXi,  Xay1 = YiX2, Xay2 = yaXa,
Yizi = zZ1y1, ViZ2 =221, Y2Z1 = Z1)V2,  V2Z2 = 222,

X1Z1 = Z1X1, X1Z2 = Z22X1, X2Z] = Z1X2, X2Zp = I2X).

Strictly speaking, we should use different letters for different groups. Using the
same letters is justified by the inclusions in the following relations coming from

the edges.

In the following, the letters in the left-hand-sides and the letters in

the right-hand-sides are in the different groups. However the following relations
justify that they are identified.

lpf’oqz:

lpﬁlqz:
lp‘[oql :

—1
X1 = X1, X2 =Xy X1X0,

— 2y 1.1
Y1 = XpXy Xy -

X1 =X, X2=X2, Yi=J)1, Y2=D)2,

1,.-1

- 2 1 -1 -
Xy, Y2 = XoXiX, X] XoX)

X2 =X2, X3=X3, V1=V, JY2=D)2, Z2=2Z22, Z3=1Z3.
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. _ | _ _
'//qqu- Xy = X3, X3=X| XoX1, Y1=D)1, J2=J)2,

2.1 -1 2. -1 -1 —-1,.-1
I3 = X7Xy X1, 23 = X1X5X) Xy X1Xy Xy .

) -1 2.2
x//i,()ql. X2 =X, XX, X3 =X, X1X{,

2, 1,1 I T B B |
V1= XgX] Xg o, V2= XoX1Xp X| XoX; Xg

= xlzxalelxoxfl, z3 = xlxalxlzxalelxoxflxoxl’l
Vpgi! X2=2X2, X3=x'mX1, Y=y, =,

= xlzxglel, z3 = xlxgxflxglxlxglel
Vit X2 =X2, X3=X3, Y=Y, V2=)2 ZI2=123, ZI3=173.
Vpg: @ mo=y, o 'lvo=y, o'yio=n, o po=:z;,

a)’lzzw = X2, a)’lzw) = X3.

. —1 _ -1 _ -1 _ -1 _
l//q; LW X0 = Y, @ X300 = )2, W Y1 = Iy, W Yrw = Z3,
a)_lzzw:xz, w_123w:)C3.

Vgt P xa(po™) ! =x1, polx(po ) =,

-1

po 'y (pw =iyt

)"
)
=y v e

N =m0 po'znpe™) T =y

Vppgo! X2=X2, X3=X3, YI =), V2=)2, ZI2=23, Z3=1I3.

Vig: X2=X2, X3=X'x2x1, yi=y, y2=,
= x12x2—1x1—17 z3 = xlxgxl_lxz_lxlxz_lxl_l.

Here the way of writing y», z; and z3 by the generators of different groups are
drawn in Figures 3.6, 3.7 and 3.8.

In the presentation of the group 7, we have the presentation of the group
F =T,. We know that the group F is isomorphic to the dyadic piecewise linear
homeomorphisms of the interval [0,1]. By defining x», x3, y1, y2, 22, z3 in term
of xo and x;, we know that the relations in Tg 1/, or Tg 1/4,1/2 are derived from
the two relations of the group F. Hence those relations in terms of xg, xj, X7,
X3, Vi, V2, 22, z3 follow from those of the group F. By using pw~! = x,, the
relations in terms of x, x3, y1, V2, z2, z3 and pw~! are also derived from the
relations of the group F. Thus we have the following list of possibly nontrivial
relations.

_ 1 _ 1 —1 _ —1 _ 1

Xy = X, X1X0, X3 = X| X2X1, Xg X2X0 = X3, X, X3Xg = X| X3X[,
— 2y —1,—1 _ 2 -1yl —1.—1

V1= XgX[ X, Y2 = XoX7Xy X| XoX] Xy,
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21— _ 2,—1,—1 —1,—1
I3 = X7Xy Xy, Z3 = X1X5X) Xy X1Xy Xy,

2 3 _ -1 _ _ _
p-=1 @ = 1, pw = X0, pXIP = Vi, PXap = V2,
Y1 =0 X, Y2 =0 X3, Z =0 YW, Z3 =0 ).

1 1 1 1

Now we show that the first 3 lines of the above relations together with
pr=1, 0*=1, po ' =xo, pxip=y and z =0 'yio imply y; =0 'no,
pX2p = y2, 2 =0 'x30 and z3 = 0™ pro.

In fact, noticing p? = xowxow = 1,

oy = o(xow)x (xow) = xalxl(xoa)) = Xm.

Using this,
PX2p = XoX2 X0 = XoCOXzCOila)an)
= xowzylafzxal = xoaflyla)xgl
—1
= X0Z22Xy = V2.
Then,
_ _ 1 _
wy2 = w(xow)x2(xow) = Xy X2(X00) = X300.
Since
-1 _ -1 | S U B R S —1
WX~ = Xg PX1PXo = Xg YiXo = X, XgX| Xy Xo = X0X| ,
we have
-1 1 e | -1 —1 -1
W Y0 = XoZX) W =0 XoW® 0w Xy W
o -1 _ -1 -1
= WX, X2XoW = WX} X2X10
1 -1 -1
=WX] O X0 WX

xlxalzzx(pcl’l = z3.

Thus we showed the following theorem.

THEOREM 3.5 [4]. The Higman-Thompson group T is presented as follows.

Generators:

X0, X1, X2, X3, V1,22, @, p.

Relations:

X2 = xp lxixo, x3 = x7 o, xglxoxe = x3, xglxaxg = xyxax,
1 =x3x7xgl, 2 = xixg Iy,

=10 =1, po~t =x, pxip=y1, 2 =0""yo.

Remark 3.6. A finite presentation of the group 7 is given in [4], where it
is obtained by solving a word problem. Our presentation is equivalent to that
in [4]. Fortunately, the generators 4, B and C of [4] are ixpz, ix;7 and 1w,
respectively, where 1:[0,1]/{0,1} — [0,1]/{0,1} is the orientation reversing
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homeomorphism i(x) =1 —x. Hence the relations in [4] is translated to the
relations in xp, x;, w by just substituting 4 = xy, B=x;, C =w. Then their
relations 1) and 2) are, as the relation of F, equivalent to x, = x; IX1x0, X3 =
x7'xaxy, xglxaxg = x3, x5'x3x9 = x7'x3xy, which is also noted in [4]. Their
relation 3) is wxjo~! = xoxl‘l, and it is derived from p = xym, px;p = y; and
y1 = x3xy'xy! as we showed. Their relation 4) is xy'wx;xy!xixo = x1x5%wx?,
and this is exactly the same formula obtained from z; = w~!yjw by substitut-
ing y; = xéxl’lxal, Zy = xlzxalxl’lxoxl’l, 1e., xlzxalxl’lxoxl’l = a)’lxgxl’lxala).
Their relation 5) is wxp = Xy 'wx1xy'wx;, and this is obtained by 1=p*=
xowxow and relation 3). Their relation 6) is just w® = 1. Conversely, their
relations imply our relations. In fact, 1) and 2) are equivalent to our first line.

Their 3), 5) and 6) imply wxy = xala)xlxalwxl = x(jlcoxlxalxoxl’la) = xalcoa) =
1,1

Xy @ Hence by defining p=xow we have pp=1. Then by defining
Y1 = px1p, we obtain y; = xowx1Xom = XoXoX]  wxowxoxox7 X pp = xoxoxyxg L.
Now their 4) is x; Tox; x5 1x1x0 = x1x520x? or o 'xoxoxy x5 o = x2x5 I x Txgxy !

0 0 0 1 1 %o X0 X 1>

1 1 2

1 1 1.1
1%0

and we obtain z; = 0 lyj0 = o Ixoxoxy Ixgle = xfxg Ixy xoxy ! = xixgIxph
Remark 3.7. A finite presentation of the group T with respect to w and 7
is written down in [10] which is derived from the presentation given in [4]. See

also §4.

4. A finite presentation of the group generated by half transvections

It may be interesting to write down the presentation of the group G gen-
erated by half transvections for the generators xi, y;, u;, v;. The presentation
is obtained from Theorem 3.5 by defining u; and v; in terms of the generators of
the group 7. We define # = wx;x;! which is the quarter rotation to do this.
Then we have

Generators:

X0, X1, X2, X3, Y1, 22,0, P, 1], U1, U1.

Relations:

Xy = xalxle, X3 = XI1XQX1, xal)CQXQ = X3, X61X3X() = XI1X3)C1,
y1=x3x7xgl, 2 = xixg Iay

pr=1, 0 =1, po! =xo, pxip=y1, 2 =0""y0,
n=oxixy', w=nxn, v =nyn "

1 2

= Xo, pX1p = V1, P2 = 19 Y1 :xoxfl

Using 7 = wx1xy !, po~ xy!and 03 =1,

we have
_ ~1 -1 _ 11 —1
" = WX1X, OX]1X, = WOX1X, X; PX1X,

= a)xlxglxalylpxgl = a)xglpxgl = wa)xgl

[ B e
=W Xy =p =P

Then we can replace the relation w?® =1 which is used only once in the
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computation by 7?=p. We substitute x» =xy'x;xg and x3=x7'x2x; to
Xy 'x2x9 = x3 and obtain
xalxalxlxoxo = xflxalxlxoxl,
which reads
X1Y1 = yixi

2 We substitute x3 = x7

by using y; = xgx7
obtain

1,—1

— 1
Xo -

Xax] to xalxpco = xl’lqu and

—1 -1 -1 1
Xo Xo X2XpX0 = Xy Xy X2X0X1,
which reads

X2y1 = yViXxa.

By substituting xo = 7 'wx; to y; = xZx7'xy!, we have
-1 -1 11, -1 -1 I
v =n""oxiy  oxixy 'y o™ = oxiy ox o'y,
that is,
_ -1 B |
v =yt = oxip  oxy o

X, IS written as
| S I | -1
X2 = Xy X1X0 = X1 W nxX1p - wWxi.
Then y;x; = xpy; is written as

-1 -1 -1 -1 -1 -1
X[ @ X1 X1y = yi1xX|] o gxiy - wxy,

which is
w‘lulwyl = ylw_lula).
Then
aflylw =zy) = xlzxz’lxl’1

= xlzxfla)’lnxl’lly’lcuxlel

= xla)’lul’lw,
that is,

_ -1, -1
Y1 = wxio Uy .

Thus we obtain the following presentation of the group 7.

Generators:
X1, V1, @, p,n,ug, vy.

Relations:

-1 -1

X1 Y1 = yViX, @ uUwyr = yiw "ujw,

v = a)xln_lwxl_]co_l,

2 21 _
pr=1p=n", o =noxi, pxip =y,
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1

Y1 = wx1w- ul_l,
wp=nxiy”, o=yt
Since 77 'w™! = wx; = yjuyw and w? =1 is shown by the above relations,

-2
w=0w"=nyu.

1,—1

This replaces y; = wxj0™ u; .
the following presentation.

By substituting @ = 5y;u; and p = 5%, we obtain

Generators:

X1, V1,H,U1,01.

Relations:

xiyr = yixy, up vy umyan yr = yug 'y gy,
v = pyunxyun Xy uy iyl

n* =1, pur'yrtyt = yunxy, nixi? =y,

up =nxi ', o =nyip .

Now using u; = nx177", y1 =qun~", vy = nyip~!, we move 5 or 7! to the
end of the words, and we obtain the representation in the following theorem.

THEOREM 4.1. The Higman-Thompson group T is presented as follows.

Generators:

X1, V1,U1,U1,H.
Relations:
—1 —1
X1V1 = ViX1, Uy xi“l)’l = 1y xlull, yiupxy = ullxlylul, .
n=xwiyuxy, N0 =1 w=nxin, yr=nqan ", vi =0y .

Here x1, y1, uy, vy are the half transvections such that x;y, and ujv; corresponds to

1 1 I 0
the actions of (0 1) and ( ! 1) of SL(2;R) on the set of rays of R?, and y

corresponds to the quarter rotation.
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