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Abstract. In this paper, we study the existence of finite-to-one zero-
dimensional covers of dynamical systems. Kulesza showed that any homeomor-
phism f: X — X on an n-dimensional compactum X with zero-dimensional
set P(f) of periodic points can be covered by a homeomorphism on a zero-
dimensional compactum via an at most (n + 1)™-to-one map. Moreover,
Ikegami, Kato and Ueda showed that in the theorem of Kulesza, the con-
dition of at most (n + 1)™-to-one map can be strengthened to the condition of
at most 2"-to-one map. In this paper, we will show that the theorem is also
true for more general maps except for homeomorphisms. In fact we prove that
the theorem is true for a class of maps containing two-sided zero-dimensional
maps. For the special case, we give a theorem of symbolic extensions of pos-
itively expansive maps. Finally, we study some dynamical zero-dimensional
decomposition theorems of spaces related to such maps.

1. Introduction.

A pair (X, f) is called a dynamical system if X is a compact metric space (= com-
pactum) and f : X — X is a map on X. A dynamical system (Z, f) covers (X, f)
via a map p : Z — X provided that p is an onto map and the following diagram is
commutative, i.e., pf = fp.

z 1z
Ip Iy
x L x

Note that (X, f) is also called a factor of (Z, f) and conversely (Z, f) is called a cover
(or an extension) of (X, f). We call the map p : Z — X a factor mapping. If Z is
zero-dimensional, then we say that the dynamical system (Z, f) is a zero-dimensional
cover of (X, f). Moreover, if the factor mapping is a finite-to-one map, then we say that
the dynamical system (Z, f) is a finite-to-one zero-dimensional cover of (X, f).

The (symbolic) dynamical systems on Cantor sets have been studied by many mathe-
maticians and also the strong relations between Markov partitions and symbolic dynamics
have been studied (e.g., see [1], [3], [4], [5], [11], [16, Proposition 3.19] and [18]). In [1],
Anderson proved that for any dynamical system (X, f), there exists a zero-dimensional
cover (Z, f) of (X, f), and moreover in [4, Theorem A.1] Boyle, Fiebig and Fiebig proved
that any dynamical system (X, f) has a zero-dimensional cover (Z, f) such that the
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topological entropy h(f) of f is equal to h( f), where the factor mappings are not nec-
essarily finite-to-one (see Remark 1 below). In topology, there is a classical theorem by
Hurewicz [8] that any compactum X is at most n-dimensional if and only if there is a
zero-dimensional compactum Z with an onto map p : Z — X whose fibers have cardi-
nality at most n + 1. In the theory of dynamical systems, we have the related general
problem (e.g., see [3], [4], [10] and [15]):

PrOBLEM 1.1. What kinds of dynamical systems can be covered by zero-
dimensional dynamical systems via finite-to-one maps?

The motivation for this problem comes from (symbolic) dynamics on Cantor sets. To
study dynamical properties of the original dynamics (X, f), the finiteness of the fibers
of the factor mapping may be very important and so, in this paper we focus on the
finiteness of fibers of factor mappings. Related to Problem 1.1, first Kulesza [15] proved
the following significant theorem:

THEOREM 1.2 (Kulesza [15]).  For each homeomorphism f on an n-dimensional
compactum X with zero-dimensional set P(f) of periodic points, there is a zero-
dimensional cover (Z, f) of (X, f) via an at most (n+1)"-to-one map such that f : Z — Z
s a homeomorphism.

He also showed that Problem 1.1 needs the assumption dim P(f) < 0. In fact, for
the disk X = [0,1]? or some 1-dimensional continuum X, there is a dynamical system
(X, f) such that f: X — X is a homeomorphism on X with dim P(f) = 1 and (X, f)
has no zero-dimensional cover via a finite-to-one map (see the proof of Example 2.2 and
Remark 2.3 of [15]). In [10] Ikegami, Kato and Ueda improved the theorem of Kulesza
as follows: The condition of at most (n + 1)"-to-one map can be strengthened to the
condition of at most 2”-to-one map.

The aim of this paper is to give a partial answer to Problem 1.1. In fact, we show that
the above theorem is also true for a class of maps containing two-sided zero-dimensional
maps (see Main Theorem 3.18). For the special case that (X, f) is a positively expansive
dynamical system with dim X = n, (X, f) can be covered by a subshift (X,0) of the
shift map o : {1,2,...,k}* — {1,2,...,k}* via an at most 2"-to-one map. Also, we
study some dynamical zero-dimensional decomposition theorems of spaces related to such
maps. For the proofs, we need more general and careful arguments than the arguments
of [7], [9] and [10]. In this paper, for completeness we give the precise proofs.

2. Preliminaries.

In this paper, all spaces are separable metric spaces and maps are continuous func-
tions. Let N be the set of all natural numbers, i.e., N = {1,2,3,...}, Z the set of all
integers and Z, the set of all nonnegative integers, i.e., Zy = {0} UN (= {0,1,2,...}).
Also, let R be the real line. If K is a subset of a space X, then cl(K), bd(K) and int(K)
denote the closure, the boundary and the interior of K in X, respectively. A subset A
of a space X is an F,-set of X if A is a countable union of closed subsets of X. Also, a
subset B of X is a Gs-set of X if B is an intersection of countable open subsets of X. A
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subset B of a space X is residual in X if B contains a dense Gs-set of X. For a space X,
dim X means the topological (covering) dimension of X (e.g., see [6]). For a collection C
of subsets of X, we put

ord(C) = sup{ord,C | z € X},

where ord,C is the number of members of C which contains x. A closed set K in X is
reqular closed in X if cl(int(K)) = K. A collection C of regular closed sets in X is called
a regular closed partition of X provided that C is a finite family,

Uc(:U{C|CeC}):X

and C N C" = bd(C) Nbd(C’) for each C,C" € C with C # C’. For regular closed
partitions A and B of X, we consider the following family of closed sets of X;

AQB = {cl[int(A) Nint(B)] | A € A and B € B}.
Then we have the following proposition.

PROPOSITION 2.1.  For regular closed partitions A and B of X, AQB is a regular
closed partition of X.

PROOF. First, note that if U is an open set of X, then cl(U) is regular closed,
because that cl(U) C cl[int(cl(TU))] C cl(U). Also note that the collection

{int(A) Nint(B) | A € A and B € B}
is a finite family of mutually disjoint open sets of X. We will prove
X = J{clfint(4) nint(B)] | A € A and B € B}.

Let z € X. Then there is A € A with 2 € A = cl(int(A4)). We can find a sequence
{z,}52, of points of int(A) such that z = lim,,_,cc . Since B is a finite family, we may
assume that there is B € B with

[B(zpn,1/n) Nint(A)] Nint(B) # 0

for each n € N, where B(z,,1/n) is the 1/n-neighborhood of x, in X. Then z €
cllint(A) Nint(B)] and we see that

X = J{clfint(4) nint(B)] | A € A and B € B}.

Hence AQB is a regular closed partition of X. O

Note that ord(A@B) < ord(A) - ord(B). A collection {Ax}rea of subsets of X is
called a swelling of a collection { By} ea of subsets of X provided that By C A, for each
A€ A, and if for any m € N and Aq,..., A\, € A, we have
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() Ax #0 if and only if (] B, # 0.

i=1 =1

Conversely, a family {By}aca of subsets of X is called a shrinking of a cover {Ay}rea
of X if {By}aea is a cover of X and By C A, for each A € A.

Let X and Y be compacta. A map f : X — Y is zero-dimensional if dim f~1(y) <0
for each y € Y. A map f : X — Y is a zero-dimension preserving map if for any
zero-dimensional closed subset D of X, dim f(D) < 0. Also amap f: X — X is
two-sided zero-dimensional if f is zero-dimensional and zero-dimension preserving, i.e.,
for any zero-dimensional closed subset D of X, dim f~!(D) < 0 and dim f(D) < 0. In
this case, note that if Z is a zero-dimensional F,-subset of X, then dim f(Z) = 0 (see
Proposition 3.1). A map f: X — Y is semi-open (or quasi-open) if for any nonempty
open set U of X, f(U) contains a nonempty open set of Y, i.e., intf(U) # (. An onto
map p: X — Y is at most k-to-one (k € N) if for any y € Y, [p~1(y)| < k.

For amap f: X — X, a subset A of X is f-invariant if f(A) C A. We define the
set

O(x) ={f"(=) | p € Z+}
which denotes the (positive) orbit of x. Similarly we define the eventual orbit of x € X:
EO(x) = {z € X | there exist 4,5 € Zy such that f'(z) = f7(2)}
= {z € X | there exists j € Z, such that fI(z) € O(z)}.

Note that

EO@) = {J ('),
i,JE€Ly
the family {FO(x)|z € X} is a decomposition of X and FO(z) is f-invariant, i.e.,
f(EO(x)) C EO(x). Let P(f) be the set of all periodic points of f;

P(f)={x € X | f/(x) = x for some j € N}.

A point & € X is eventually periodic if there is some p € Z, such that fP(x) € P(f).
Let EP(f) be the set of all eventually periodic points of f;

EP(f) =] f7(P(f)).
p=0

Note that P(f) and EP(f) are F,-sets of X. In [14], Krupski, Omiljanowski and
Ungeheuer showed that the set of maps f : X — X with zero-dimensional sets CR(f)
of all chain recurrent points is a dense Gg-set of the mapping space C(X, X) if X is a
(compact) polyhedron. Note that a point € X is a chain recurrent point of f if for
any € > 0 there is a finite sequence = = xg,z1,...,%,, = x of points of X such that
d(f(z;),xi41) < € foreach i =0,1,...,m — 1. Since P(f) C CR(f), we see that the set
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of maps f : X — X with zero-dimensional sets P(f) of all periodic points is residual in
the mapping space C(X, X) if X is a compact polyhedron. Hence almost all maps on
compact polyhedra have zero-dimensional sets of periodic points.

Let X be a compactum and U,V be two covers of X. Put

UVY ={UNV |UEeU,V eV}

The quantity N(U) denotes minimal cardinality of subcovers of Y. Let f: X — X be a
map and let U/ be an open cover of X. Put

_ gy e NUNV U V-V fTU))

n—00 n

h(f,U)

The topological entropy of f, denoted by h(f), is the supremum of h(f,U) for all open
covers U of X. Positive topological entropy of maps is one of generally accepted defini-
tions of chaos.

3. Zero-dimensional covers.

In this section, we study zero-dimensional covers of some dynamical systems. First,
we need the following well-known results of dimension theory. For dimension theory, e.g.,
see [6], [19], [20].

PROPOSITION 3.1 ([6, Theorems 1.5.3 and 1.5.11]).
(1) If {F;|i € N} is a sequence of closed subsets of a separable metric space X with
dim F; < n, then

(7)<

i=1

(2) If M is a subset of a separable metric space X with dim M < n, then there is a
Gs-set M* of X such that M C M* and dim M* < n.

PROPOSITION 3.2. If X is a separable metric space with dim X <n (1 <n < o0)
and E is an F,-set of X with dim E < n — 1, then there exists a zero-dimensional F,-set
Z of X such that

ZNE=0, dm(X - Z)<n-1

PROOF. Let B be a countable open base of X such that if B € B, then dimbd(B) <
n—1. Let Y = |J{bd(B)|B € B} UE. By (1) of Proposition 3.1, dimY < n — 1. By
(2) of Proposition 3.1, we have a Gs-set Y* such that Y C Y* and dimY™* <n — 1. Put
Z =X —Y*. Then Z satisfies the desired property. O

PROPOSITION 3.3 ([6, Theorem 1.5.13]).  Let M be a subset of a separable metric
space X and dim M < n. For any disjoint closed subsets A, B of X, there exists a
partition L between A and B such that dim(M NL) < n—1. In particular, if dim M < 0,
there exists a partition L between A and B such that M N L = .
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THEOREM 3.4 (Hurewicz’s theorem [6, Theorem 4.34]). If f: X =Y is a closed
map between separable metric spaces and there is k > 0 such that dim f~1(y) < k for
eachy €Y, then dm X < dimY + k.

We say a collection G of subsets of a compactum X with dimX = n < oo is in
general position provided that if S C G and 1 < |S| < n+ 1, then dim(NS) < n —[S|,
where S = ({S|S € S} and |S| denotes the cardinality of S. We find the following
two results in [10]. For completeness, we give the proofs again.

LEMMA 3.5 ([10, Lemma 3.2]). Let X be a compactum with dimX = n < oo.
Suppose that for any j € N, G(j) is a finite collection of F,-sets of X and G(j) is in
general position. Then there is a zero-dimensional Fy-set Z of X such that if A is a
subset of X with ANZ =0, then G(j) U{A} is in general position for each j € N.

PrROOF. Let j € N. Note that {S | S C G(j) and S # 0} is a finite col-
lection such that each element is an F,-set in X. By Proposition 3.2, we choose a
zero-dimensional F,-set Z' of X such that dim(X — Z’) < n—1. Also, for each S C G(j)
with S # 0, we can choose a zero-dimensional F,-set Zs of [ S such that

dim (ﬂs _ ZS) < dim (ﬂs) —1.

Note that {Zs | S C G(j) and (S # 0} is a finite collection of zero-dimensional F,-sets
of X. Then

Z:U{Zg’jeN, S € G(j) and ﬂs;ﬁ@}uz’

is also a zero-dimensional F,-set of X. We will show that Z is a desired set. Now suppose
AC X withANZ =0. Let S C G(j)U{A} such that 1 <|S| <n+1and S #0. We
may assume that A € S. If |[S| = 1, then

dim (ﬂs) — dim A < dim(X — Z') <n — 1.

On the other hand, suppose 2 < |S| < n+1. Since S—{A} C G(j) and 1 < |S—{A}| <n
and (S — {A}) # (), we see that

dim(ﬂS):dim[ﬂS {4} n Al < dim [(\(S = {4}) = Zs—(ap)]

< dim |8 ~ {AD)] ~ 1< (0[S~ {4}]) -
=n—(S|-1)—1=n—|S|.

/\

Therefore G(j) U {A} is in general position for any j € N. O

LEMMA 3.6 ([10, Lemma 3.3]). Let C = {C; | 0 < i < m} be a finite open cover
of a compactum X with dimX = n < oo, and let B = {B; | 0 < i < m} be a closed
shrinking of C. Suppose that O is an open set of X, Z is an at most zero-dimensional
F,-set of O, and for each j € N, G(j) is a finite collection of Fy-subsets of O such that



Finite-to-one zero-dimensional covers 825

each G(j) is in general position. Then there is an open shrinking C' = {C] |0 < i <m}
of C such that for each 0 <i < 'm,

(1) B;cClcCy,

(2) C/=C; ifbd(C;)NO =10,
(3) Cl-0=0C, -0,
(4) bd(C!) — O C bd(C;) — O,
(5) bd(C))NZ =10,
(6) G(7)U{bd(C))NO |0 <1i<m} isin general position for any j € N.

Proor. Without loss of generality, we may assume that By = Co = 0 (: = 0). We
will construct C}, by induction on k = 0,1,...,m. For the case k = 0, we put C{, = 0.
Next we assume that there is {C} | i < k} (k < m) satisfying the conditions (1)—(5) and

GHUAC)NO | i<k}

is in general position for each j € N. We will construct C}, as follows. By Lemma 3.5,
there is a zero-dimensional F,-set Z; of O such that if A € O and AN Z, = 0, then
G U{bd(C))NO | i < k}U{A} is in general position for each j € N. Consider the
following open subspace of X:

Y, = X — [bd(Ck) — O].
Also consider the following closed set of Yj:
B,’C = [Br U (cl(Cx) — O)]NYy, = B, U (C, — O).

Since dim(Z U Z) < 0, by Proposition 3.3 we can choose an open set C}, of Y}, such that
By, C C}, C cly, (C}) C Ck and bdy, (C}) N (Zx U Z) = 0. Then C}, is an open set of X.
Note that

bdy, (C},) C O, bd(C},) C bdy, (C},) U (bd(Cy) — O).
Also, note that

C,—0=B,-0=C; -0,

bd(C}) — O C bd(Cy) — O,

bd(C},) N O C bdy, (C},) N O.
Hence (bd(C}) N O) N (Z; U Z) = (. By the construction, we see that C) satisfies the
conditions (1)—(5), and G(j5) U {bd(C/)NO |i < k} is in general position for each j € N.

By the induction on k, we obtain the desired open shrinking
C'={Cl|0<i<m}

of C. 0

LEMMA 3.7.  Suppose that f : X — X is a map of a compactum X. If x ¢ P(f),
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then f~H(x) N f~9(z) =0 = f~(z) N fI({x}) for any i,j > 0 with i # j. Moreover if
r ¢ EP(f), fl({ﬂﬁ})mf '({x}) = 0 for any i,j € Z with i # j.

PROOF. Suppose that for 4, j > 0 with i # 7, f~H(z)Nf~7(x) # 0. We may assume
i>j. Take y € f~%(z) N f~7(x). Then

z=f'y)=F7(F ) =)

Hence z € P(f). Similarly, if f~*(x)Nf7({x}) # 0, then fi+(z) = x and hence x € P(f).
Similarly, if f*(z) = f7(z), f7(f'(z)) = f'(x) = f’(z) and hence f’(x) € (f)
Consequently x € EP(f).

LEMMA 3.8.  Suppose that f: X — X is a zero-dimensional map of a compactum
X. Then EP(f) is an F,-set of X with dim EP(f) = dim P(f).

PrROOF. Note that P(f) is an Fy-set of X and hence EP(f) is so. Since f is a
zero-dimensional map, we see that for each n € N, dim f~(P(f)) < dim P(f). Note
that P(f) C EP(f). By Proposition 3.1, we see that dim EP(f) = dim P(f). O

ProposiTiON 3.9. If f: X — X is a two-sided zero-dimensional onto map of a
compactum X, then for any closed subset A of X, dim A = dim f(A) = dim f~1(A).
Moreover, if A is an Fy-set of X, then dim A = dim f(A) = dim f~1(A).

PRrROOF. Note that dim f~!(y) < 0 for each y € X. By Hurewicz’s theorem, we
see that dim f~1(A) < dim A < dim f(A4). By induction on dim A < k, we will prove
dim f(A) < k. For dimA < k = 0, by the definition we see that dim f(A) < 0. For
k—1 (k> 1), we assume that the claim is true. We will prove that the claim for & is
true. Let A be a closed set of X with dim A < k. By Proposition 3.2, we choose an F,-set
Z of A such that dim Z = 0 and dim(A — Z) < k— 1. Since dim f(Z) = 0, we can choose
a zero-dimensional Gs-set Z of f(A) with f(Z) C Z (see (2) of Proposition 3.1). Note
that [f~1(f(A)—Z)NA] (C A—Z) is an F,-set of A and dim[f~'(f(A)—Z)NA] < k—1.
By the assumption, we see that

dim(f(A) = Z) =dim f(f 7 (f(A) = Z)NA) <k —1.

Since f(A) = (f(A) — Z) U Z, by [6, (1.5.7)] we see dim f(A) < k. Consequently, we
see that dim A = dim f(A4). Also note that dim f~1(A) = dim f(f~!(A)) = dim A. By
Proposition 3.1, we see that this result is true for the case of F,-sets of X. O

ProrosiTION 3.10. Let f : X — X be a two-sided zero-dimensional map of a
compactum X and i; € Zy (j = 0,1,...,k). Suppose that M;, (j = 0,1,...,k) are
F,-sets of X and A, B are disjoint closed subsets of X. Then there exists a partition L
between A and B in X such that

dim(M;, N f~% (L)) < dim M;; —

for each j.
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PRrROOF. By Proposition 3.2, we can find zero-dimensional Fj-sets Z; (j =
0,1,2,...,k) of M;; such that dim(M;, — Z;;) < dim M;, — 1. Note that Z;, are I,-sets
of X. Since f is two-sided zero-dimensional, dim f%(Z;,) < 0. Since U?:o fi(Z;,) is
zero-dimensional, we can find a partition L between A and B such that

k
LN lU fi9(Z,)| = 0.

Jj=0

Note that f~% (L) N Z;, = 0. Hence we see that
dim(M;, N f~% (L)) < dim M;, — 1
for each j. O

LEMMA 3.11 (cf. [10, Lemma 3.4]). Let f : X — X be a two-sided zero-dimensional
map of a compactum X such that dim X = n < co and dim P(f) < 0. Let F be an F,-set
of X with dim F < 0. Suppose that C = {C; | 1 <1i < M} is a finite open cover of X
and let B={B; | 1 <i < M} be a closed shrinking of C. Then for each k =0,1,2,...,
there is an open shrinking C'(k) = {C} |1 <i < M} of C such that for each 1 <i < M,

(1) B;cClcCy,

(2) {fPbd(C))|1<i<M,p=0,1,...,k} is in general position,

(3) bd(C)) N (EP(f)UF) =0 for each i.

ProoOF. We will construct an open shrinking C’(k) of C by induction on k. Note
that dim EP(f) = dim P(f) < 0, because that f is zero-dimensional. In the case k = 0,
we put O = X and Z = EP(f) U F. Note that dimZ < 0. By Lemma 3.6 there is
an open shrinking C’(0) = {C! | 1 < i < M} of C such that the conditions (1)—(3)
hold. Next we suppose the result holds for kK — 1. Then there is an open shrinking
D(=C'(k—1))={D;|1<i< M} of C such that for each i,

(1’) B, C D, C Ci,

(2) {f77(bd(Dy)) |1 <

(37) bd(D;) N (EP(f) U

Put

i<Mandp=0,1,...,k — 1} is in general position,
F)=0.

M
K = Jbd(D;).
i=1

Since K contains no eventually periodic points, we see that for any point 2z € K, ff(2)N
f¥(z) = 0 for any integers with ¢,¢ € Z with t # ¢’ (see Lemma 3.7). Take open
neighborhoods U(ft(z)) (—2k <t < 2k) of f%(z) such that the sets U(f!(z)) (=2k <t <
2k) are mutually disjoint. Since K is compact, we can choose finite points z;(1 < j < my)
and a finite family

O0={0;|1<j<my}

of open sets of X such that K C |JO, z; € O; C U(z;) and f'(0;) C U(f*(z;)) for each
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—2k <t < 2k.

For convenience, we put Og = (. By induction on j = 0,1, ..., myg, we will construct
a family {D(j) | 0 < j < my} of open shrinkings of C such that for 0 < j < my, D(j)
satisfies the following conditions;

(a) D(0) =D,

(b) D(j) = {D(i)i | 1< i< M},

(c) B, C D(j); € D(j — 1),

(d) for each 1 <i < M,

D()iN(X = 0;) = DG —1)iN(X = 0y),
bd(D(5):) N (X = O;) Cbd(D(j — 1)) N (X = Oy),
and if bd(D(j —1);) N O; = 0, then D(j); = D(j — 1);,
(e) the family

G() ={/P(bd(D()i)) [0<p<k—-11<i< M}

u {f‘k lbd(D(jm N (O OS>

is in general position,
(f) bd(D(4):)) N(EP(f)UF) =10 foreach 1 <i< M.

lgiSM}

We construct D(j) by the induction on j. For j = 0, we have D(0) = D. Suppose
that we have D(j) satisfying the desired conditions. We will construct D(j + 1). For
each t with —k <t < k, we assume that the collection

Se={f""(bd(D(7))) NU(f"(2+1)) |0<p<k-1,1<i< M}

o ()

is in general position in U(f*(zj4+1)). Note that

f_t(st)‘oj+1 = {f_t(S) N Oj+1 | S e St}

is also in general position (see Proposition 3.9). By Lemma 3.6, we obtain an open
shrinking D(j + 1) of D(j) such that for each 1 <i < M,
(1) Bi € D(j +1); € D(j)s,

(2) (J+1)Z—D() if bd(D(j)i) N Oj1 =0,

(3) D(j+1)i = Oj41 = D(j)i — Ojt1,

(4) bd(D(j +1)i) — Oj+1 C bd(D(j)i) — Oj11,

(5) bd(D(5 +1);) N (EP(f)UF) =1, and

(6) f7H(Se)]0,. U{bd(D(j+1);)NO;41 | 1 <4 < M} is in general position for any

—k<t<k.

By the similar arguments of the proofs of [15, Lemma 3.5] and [10, Lemma 3.4], we
can check the condition (e): the family
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GU+1 ={f"bdDG+1)) |0<sp<k-11<i< M}

j+1
U { I [bd( <U 0 >
is in general position.

If we continue this procedure, we obtain D(my) (= C'(k)) which is the desired open
cover of X. O

1§i§M}

LEMMA 3.12 (cf. [10, Lemma 3.5]).  Suppose that f : X — X is a two-sided zero-
dimensional map of a compactum X such that dim X = n < oo and dim P(f) < 0. Let
F be an F,-set of X with dim F' < 0. Then, for each j € N, there is a finite open cover
C(H) ={C(y)i |1 <i<m;} of X such that

(1) mesh(C(j)) < 1/],

(2) ord(G) < n, where G ={fP(bd(C(4)i)) |1 <i<my, jeNandp € Z;}, and

(3) FNL =0, where L =J{bd(C(j)i) | 1 <i<m,,j€N}.

ProoF. Weput F = Ujoil F};, where F is a zero-dimensional closed set of X. For
each 7 € N, we take a finite open cover D(j) of X such that mesh(D(j)) < 1/j. We put

D(j) ={D@)i |1 <1 < my}.

Also we take an open shrinking B(j) = {B(j); | 1 <4 < m;} of D(j) such that B(j) =
{cl(B(j):) | 1 <1 < m;} is a closed shrinking of D(j). For each j € N and each k € N
with & > j, we will find an open shrinking D(j,k) = {D(j,k); | 1 <i < m;} (k> j) of
D(j) and a closed shrinking B(j, k) = {B(j,k): | 1 <i < m;} (k> j) of D(j,k) such
that

(a) D(j,4) = D(j), B(j.5) = B(j),
(b) (B(j)i) = B(,7): € B(,j+1)i € B(j,j+2)i € -+ C D(G,j+2)i C
D(j,j +1)i C D(4,5)i = D(j)i, ie., {B(j,k)i}7Z; is an increasing sequence

of sets and {D(j,k);}7Z; is a decreasing sequence of sets such that B(j, k); C
D(j,k); for k > j,

() ord{cl(fP(D(j,k+ 1) — B, k+1))) | 1 <i <my 1 <j < k0<p<h} <,
and

(d) [DG. k+1); — B(.k+ 1)) nUZL E;

We proceed by induction on k. Suppose that we have
D(1,k),...,D(k —1,k),D(k,k) = D(k)
and
B(1,k),...,B(k—1,k),B(k, k) = B(k)

satisfying the desired conditions. We will construct D(1,k + 1),...,D(k,k + 1) and
B(1,k+1),...,B(k,k+1). Note that {D(j,k); | 1 <j < kand 1l <i<m;}is a finite
open cover of X and {B(j,k); | 1 < j < kand1l < i < m;} is a closed shrinking of
{D(j,k)i | 1 <j <kand1l < i < m;}. By Lemma 3.11, there is an open shrinking
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{D(j,k+1);|1<j<kand1<i<m;}of {D(j,k);|1<j<kand1l<i<m;} such
that
(1’) B(]vk)z - D(]vk+ 1)1 C D(]vk)m
2) {fPMbdD(y,k+1);)) |1 <i<mj, 1 <j<kand0 <p <k} isin general
position, and
(3) bd(D(j, k + 1)) nU Fy = 0.

Jj=1

IN

Since
{f7PMd(D(G,k+1)))|1<i<m;, 1<j<kand0<p<k}
is a finite collection of closed subsets of X with ord < n, there is an open swelling
O3, k+1)={00,k+1); | 1 <i<m;}

of {bd(D(j,k +1);) | 1 <i < m;} such that
(4) O(j, k+1); N B(j, k)i =0,
(67) ord{f~P(cl(O(j,k+1);)) |1 <i<mj, 1<j<kand 0<p<k}<n,and
(67 Ok +1)inUE Fy = 0.

For each 1 <4 <mj and j € N, we put
Then D(j, k + 1) and B(j, k + 1) satisfy the conditions (a)—(c).
Finally we put
CQ)i= int( () DU, k)i) and C(j) ={C(j)i | 1 <i<m;}.
k=j
Note that B(j); C C(j); C D(j);. Since (1) is obvious, we must check (2). It suffices to
show that for each k € N,
G(k) = {f 7 (bA(C(G)) |1 i <my, 15 <k and 0 < p < k}
is ord < n. However, since

bd(C(j)i) € l(D(j, k+1)i — B(j, k +1);) and
ord{cl(fP(D(j,k+1); —B(j,k+1);)) |1<i<m;, 1<j<k and 0<p <k} <n,

we see that (2) holds. Also by (d), we see that F N L = (). Consequently, we obtain the
desired open cover C(j) = {C(j): | 1 < i <m;} of X for each j € N. O

LEmMA 3.13.  Let f: X — X be a map of a compactum X and let H be a subset
of X. Suppose that for j € N, C(j) = {C(j): | 1 < i < my} is a finite open cover of X
such that mesh(C(j)) < 1/j, HNJG =0 and ord(G) < n, where

G={fPbd(C(j)i))11<i<my, jeNandpecZ}.
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Then, for j € N there is a finite regular closed partition D(j) of X such that the following
properties hold;

(1) mesh(D(j)) < 1/5,

(2) D(j+1) is a refinement of D(j),

(3) H —oordsr()D(j) < 2" for each x € X, and

(4) zfx € H, then Hp oordsr)D(j) =

Proor. Let j € N. Put

c(j)1 = cl(C(H)1),

n-a{mficon- (U]

for 2 < i <mj . Then C'(j) = {c(j)i | 1 <i < m,} is a finite regular closed partition of
X. Let

D(j) = Q1<i<;(C'(4)).

We will show that D(j) is a desired partition. Since (1), (2) and (4) are obvious, we only
need to check (3).
Let x € X. For each j € Nand p € Z, put

mj’p = OI‘dfp(@{bd(C(])l) | 1 S 7 S mj}.

Since ord,G < n, we have

Z mjp < n.

JjEN
PELy

We will show that ordr(,)C'(j) < mj,, + 1.
Put ip = min{i < m; | fP(x) € ( )i} By [2, Lemma 13], we can see the following;

ord p(2)C'(4) = ord o) ({c(4)i | 1 < i <o} U{e(d)io} U{c(h)i [ i >io})
< ord e (z) ({l(C(5)i) = C()i | i <o} U{c(5)io})

S mjyp —+ ].

Note that ord(A@QB) < ord(A) - ord(B) for each regular closed partitions A and B
of X. Since m 4+ 1 < 2™ for each m =0,1,2,...,

Hordfp(z) HOI‘dfp(w [@1<1<] S H H Ordfp(w
p=0

p=0 p=0 1<i<j
oo oo

<II II (mwr+v)<][ JJ 2mor=2=mw»<2m
p=0 1<i<j p=0 1<i<j

Therefore, D(j) is the desired partition. O
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Let YV, = {1,2,...,k} (k € N) be the discrete space having k-elements and let
YkZ+ = [15” Y% be the product space. Then the shift map o : YkZ+ — YkZJr is defined by
L+
o(x); = xiq1 for o = (zo,21,22,...) €Y.

LeEmMMA 3.14.  Let f: X — X be a map of a compactum X and let H be a subset
of X. Suppose that there is m € N and a sequence of finite regular closed partitions
D(j) (j €N) of X such that
(1) mesh(D(j)) < 1/j,
(2)
(3)
(4)

D(j + 1) is a refinement of D(j),
Hp oordsr () D(j) < m for each x € X, and
HND =0, where D =J{fP(bd(d)) |d € D(j),j eN,pe Z,}, i.e., if v € H,

H Ordfp(m)p(j) =
p=0

Then there is a zero-dimensional cover (Z, f) of (X, f) via an at most m-to-one map
p:Z — X such that |p~1(x)| = 1 for x € H. Moreover, if X is perfect, then Z can be
taken as a Cantor set C.

Proor. We put
D(j) ={d(j)1,d(G)z2, - -, d(j)k, }-

Let Yy, = {1,2,...,k;} (j € N) be the discrete space having kj;-elements and let Ykzjf =
[15° Y, (= Yi, x Yg, x ---) be the product space. For each j € N, we consider the shift
map o;j : Y,i* — Y,i* and the sets

. z
Y= {a = (ap)p2o € Ykﬁ

() f7(d()a,) # @} :

p=0

Note that X, is a zero-dimensional compactum. Since D(j + 1) is a refinement of D(j),
there is the unique map h : Yy, = {1,2,...,kjy1} = Yi, = {1,2,...,k;} defined by
d(J)ny D d(j+ 1) for 1 <k < kjyq1. Let hjji1 0 ¥j41 — X; be the map defined by
hjj+1(a)p = h(ap) for a = (ap)pZg € Ej41.

Consider the inverse limit of the inverse sequence {X;, h; j+1}52,

Z = lm{%, hj ja} = {(Zj)?il e[[% |7 =hjyn (@) for je N} cII=
j=1 j=1

which has the topology inherited as a subspace of the product space H;i1 ;. Let
g Z = @{Ej, hjj+1} — 3; be the natural projection. Then for each j € N, we know
that the following diagram () is commutative:
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hjj+1

Ej — E]Jrl

\l/ 9j \l/ Tj+1 (a)
hj 41

Ej — ZjJrl

Note that Z is a zero-dimensional compactum and the sequence {0 };en induces the map
f J = @{E]‘, hj,j+1} — Z, i.e.,

f2) = J(z" 2% .) = (0u(z"), 02(27), )
for z = (21,22%,..)) L Y, hjj+1}). Also, we define the natural projection
p:Z — X by p( ) € X, where z = (21,22,...) € Z(= @{Ej,hj7j+1}),zj =
(z,71,...) € %, and

z=({d(j).; | j € N}.

We easily see that p is onto. We will show that p is an at most m-to-one map. Let x € X.
Note that

@) ={a=(ap);2 €5y | () € d(j)a, }-

By (3), lg;(p~ (x))| < m for each j € N. This implies that |[p~1(x)| < m. By (4),
we see that |[p~1(x)| = 1 for x € H. Also, by (a) we see that the following diagram is

q;(

bS]

commutative:
f
J — Z
Ip lp
x 5 ox .

Also, we see that if X is perfect, then Z is a Cantor set (= zero-dimensional perfect
compactum). This completes the proof. O

Now, we need the definition of topological entropy by Bowen [5]. Let f: X — X be
any map of a compactum X. A subset F of X is (n, €)-separated if for any z,y € E with
x # y, there is an integer j such that 0 < j < n and d(f’(x), f/(y)) > e. If K is any
nonempty closed subset of X, s, (¢; K) denotes the largest cardinality of any set £ C K
which is (n, €)-separated. Also we define

s(e; K) = limsup — logsn(e K),
n

n— 00

h(f; K) = l%s(e;K).

It is well known that the topological entropy h(f) of f is equal to h(f; X) (see [5]).
By use of the above results, we will prove the following theorem.

THEOREM 3.15.  Suppose that f : X — X is a two-sided zero-dimensional map of
a compactum X with dim X = n < oo. If dim P(f) < 0, then there exist a dense Gs-set
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H of X and a zero-dimensional cover (Z, f) of (X, f) via an at most 2"-to-one onto map
p such that P(f) C H and |p~1(x)| = 1 for x € H. Moreover, if X is perfect, then Z

can be chosen as a Cantor set. In particular, h(f) = h(f).

PrROOF. By Lemma 3.12 and Lemma 3.13, for j € N there is a finite regular closed
partition D(j) of X such that

(1) mesh(D())) < 1/7,

(2) D(j +1) is a refinement of D(j),

(3) [1,2gordsr(2yD(j) < 2" for each x € X, and

(4) P(f)yNnD =0, where D = J{f"P(bd(d)) | d € D(j),j € N,p € Z }.

Put H = X — D. By Lemma 3.14, we can conclude that there exists a zero-
dimensional cover (Z, f) of (X, f) via an at most 2"-to-one onto map p such that P(f) C
H and [p~1(z)| = 1 for x € H. By Bowen’s theorem (e.g., see [18, Theorem 7.1]), we
have

h(f) < h(f) < h(f)+sup{h(f;p~"(z)) | = € X}.
Since p~(z) is a finite set, hence h(f; p~(z)) = 0. This implies h(f) = h(f). O

REMARK 1.
(1) In Theorem 3.15, the desired dynamical system (Z, f) is obtained by the “inverse
sequence” of symbolic dynamics

{(%5,05) | j € N}.

(2) For any dynamical system (X, f), there are finite regular closed partitions D(j) (j €
N) of X such that (i) mesh(D(5)) < 1/4, and (ii) D(j 4+ 1) is a refinement of D(j).
By the proof of Lemma 3.14, there exists a zero-dimensional cover (Z, f) of (X, f)
via a map p, where p is not necessarily finite-to-one. Moreover, if f is a homeomor-
phism, then by a small modification of the proof of Lemma 3.14, we can take f as a
homeomorphism. This result was proved by Anderson [1].

(3) For any onto map f : X — X on a compactum X, the dynamical system (X, f)
has a zero-dimensional cover (Y, g) such that g : ¥ — Y is a homeomorphism. We
consider the inverse sequence:

(X, fl={x<xdxdl

of f. Then there is the shift homeomorphism o : m{X, - l'gl{X, f} defined by
of(x1,22,...) = (f(x1),21,22,...) such that for any n € N, the following diagram is
commutative:

im{X, f} 5 @{f,f}

X SN X
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where ¢, : @{th} — X, = X is the n-th coordinate projection. Note that
h(f) = h(oy), lim,—diam (g,'(z)) = 0 for each z € X, but g, '(z) may be
uncountable. Also the dynamical system (1£1{X , f},0¢) has a zero-dimensional cover
(Y, g) such that g : Y — Y is a homeomorphism.

Now, we consider the case that f : X — X is a positively expansive map of a
compactum X. A map f: X — X of a compactum X is positively expansive if there is
¢ > 0such that for any x,y € X with  # y, thereis k € Z, such that d(f*(x), f*(y)) > €
Similarly, a map f : X — X of a compactum X is positively continuum-wise expansive if
there is € > 0 such that for any nondegenarate subcontinuum A of X, there is a k € Z,
such that diam(f*(A)) > € (see [12]). Such an € > 0 is called an expansive constant for
f. Note that any positively expansive map is two-sided zero-dimensional and positively
continuum-wise expansive. In [12, Theorem 5.3], we know that if a compactum X admits
an positively continuum-wise expansive map f on X, then dim X < oo and every minimal
set of f is zero-dimensional.

For a map f: X — X, we consider the following subset of X;

Iy(f) = U{M | M is a zero-dimensional f-invariant closed set of X }.

ProOPOSITION 3.16 (cf. [13, Proposition 2.5]). Let f : X — X be a positively
continuum-wise expansive map of a compact metric space X. Then Io(f) is a zero-
dimensional F,-set of X. In particular, dim P(f) < 0.

PrOOF. The proof is similar to the proof of [13, Proposition 2.5]. Let ¢ > 0 be an
expansive constant for f. We choose a countable open base B of X such that if U € B,
then diam(U) < e. Put

B={UB | B c B, |B| < co,diam(UB’) < €}.
For each n € N, we put

Wi = {(Us,...,Un) | Ui € B,cl(U;) Nel(Uy) = 0 (i # j)}

and W = J,_, W,,. For each (Uy,...,U,) € W, we consider the set

W(Ul,...,Un):{xeX‘{fp ) peZy Y= U }

Then W(Uy,...,U,) is an f-invariant closed subset of X. Since f is a positively
continuum-wise expansive map, each component of W (Uy,...,U,) is a one point set
and hence we see dim W (Uy,...,U,) < 0. Note that if A is f-invariant closed set of X
with dim A < 0, then we can find (Uy,...,U,) € W such that A C U?zl U;. By use of
this fact, we see that

H=Uw@,....U.) | (U,...,U,) e W}

By Proposition 3.1, Ip(f) is a zero-dimensional Fj,-set of X. Note that
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P(f) € Io(f)- L

Recall Y, = {1,2,...,k} and the shift map o : YkZ+ — YkZJr defined by o(z); = j41.
Note that o is the typical positively expansive map.
The following theorem is a more precise result than [16, Proposition 20].

THEOREM 3.17. Let f : X — X be a positively expansive map of a compactum
X with dim X = n < oco. Then there exist k € N and a closed o-invariant set ¥ of
o YkZJr — Yg* such that (3,0) is a zero-dimensional cover (= symbolic extension) of
(X, f) via an at most 2"-to-one map p : ¥ — X satisfying that [p~'(z)| = 1 for any
z € Io(f)-

y 5%
Ip Ip
x 5 x

PrROOF. Note that f is a two-sided zero-dimensional map. Let € > 0 be an expan-
sive constant for f. Since dim Io(f) < 0, by Lemma 3.12 there is a finite open cover C(e)
of X such that

(1) mesh(C(e)) < e,

(2) ord(G) < n, where G = {f~P(bd(C)) | C € C(¢),p € Z4},

(3) bd(C) N Iy(f) = 0 for each C € C(e).

Let C(e) = {C4,Cy,...,Ck} and we consider the following partition
C1 = cl(Cl), C; = Cl(Cl — (Cl U CQ J---u Ci—l)) (Z Z 2)

Consider the set

.\ oo Z
Y= {(Zp)p_o € Yk +

() f7(e,) # @} :
p=0

Note that ﬂ;ozo J7P(ci,) is a one point set for each (i), € ¥, because f is a positively
expansive map. Define a map p: ¥ — X by

oo

p((ip)p) = n [P (i)

p=0

By (2) and the proof of Lemma 3.13, we see that [p~!(z)| < 2" for each z € X. Also,
by (3), we see that p : ¥ — X is the desired map such that [p~!(z)| = 1 for any
X € Io(f) O

REMARK 2. For the case that f : X — X is an expansive homeomorphism of a
compactum X with dim X = n < oo (see [12] for the definition of expansive homeomor-
phism), there exist k¥ € N and a closed o-invariant set X of o : Y2 — Y such that (2, 0)
is a zero-dimensional cover (= symbolic extension) of (X, f) via an at most 2"-to-one
map p: X — X, where 0 : Y — Y/ is the shift homeomorphism (see [10] and [15]).
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Now we consider a generalization of Theorem 3.15. For a map f : X — X on a
compactum X, let

Do(f) = {z € X | dim f () < 0}
and
Dy (f) ={r € X |dim f~"(z) > 1} (= X — Do(f)).

Note that a map f : X — X is a zero-dimensional map if and only if D (f) = 0. The
following theorem is a generalization of Theorem 3.15.

MAIN THEOREM 3.18 (a generalization of Theorem 3.15). Let f : X — X be a
map on an n-dimensional compactum X (n < o0). Suppose that f is a zero-dimension
preserving map, dim D, (f) < 0 and dim EP(f) < 0. Then there exist a dense Gg-set H
of X and a zero-dimensional cover (Z, f) of (X, f) via an at most 2"-to-one onto map
p such that EP(f) C H and |p~'(x)| = 1 for x € H. Moreover, if X is perfect, then Z

can be chosen as a Cantor set. In particular, h(f) = h(f).

PROOF. Note that for p € N, D, (f?) is an F,-set of X because that

Dy (f7) = J(D(1/k) | k € N}

and D(1/k) is a closed set of X, where D(1/k) is the set of all points z of X such
that f~P(x) contains a continuum whose diameter > 1/k. By induction on p (p € N),
we will prove that for any p € N, dim D, (fP) < 0. By the assumption, if p = 1
then dim Dy (f?) = dim D, (f) < 0. Assume that dim D, (fP) < 0. We will prove
dim D (fP*1) < 0. Suppose on the contrary that dim D (fP*1) > 1. Since D, (fP*!)
is an F,-set of X, by Proposition 3.1 D, (fP*!) contains a closed subset A of X with
dim A > 1. Let

B =D, (f")n f~(A).

Then dim B < 0 and dim f(B) < 0 because that B is an F,-set of X and f is a zero-
dimension preserving map. We will prove A = f(B) U A;, where A1 = AN D, (f). Let
x € A. Since dim f~(®*+Y(z) > 1, there is a nondegenerate continuum K in f~@®+1 ().
If fP(K) is a one point y, then y € B and hence x = f(y) € f(B). If fP(K) is
nondegenerate, then z = f(fP(K)) € A;. Hence we see A = f(B) U A;. Since f(B) and
A are zero-dimensional Fj-sets of X, we see dim A < 0. This is a contradiction. Hence
dim D, (fP+1) <.
Put

F=|J{D:(f?) | p e N}.
Then F' is a zero-dimensional F,-set of X. Note that for any ¢ € N,

ffYX-F)cX-F. (b)
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In fact, suppose on the contrary that there is z € X — F with f~%(z) N F # 0. Let
y € FN f~%z). Then y € D (p) for some p € N and hence z € D (fP*9) C F. This is
a contradiction.

Recall the proof of Lemma 3.11. Under the condition of this theorem (Theorem 3.18),
if B is a closed subset of X contained in an open set C' of X, then we can choose an open
set C" of X such that B € ¢’ C C and bd(C")N(EP(f)UF) = 0. By (b), we see that if
p €N, f~P(bd(C"))N(EP(f)UF) = 0. Also note that if S C X — F, dim f~?(S) < dim S
because that S C Dg(fP).

If we use the above facts and observe the proofs of Lemmas 3.11, 3.12 and 3.13
for Theorem 3.15, we can also construct a sequence of finite regular closed partitions
D(j)(j € N) of X as in Lemma 3.14. This completes the proof. O

In the special case that X is a graph G (= compact connected 1-dimensional poly-
hedron) and f : G — G is a piece-wise monotone map, we can omit the condition
dim P(f) < 0. Amap f: G — G is piece-wise monotone (with respect to some triangu-
lation K) if for any edge E of K (i.e., E € K'), the restriction f|E : E — G of f to the
edge F is injective. We need the following result.

LEMMA 3.19.  Suppose that f : X — X is a semi-open map of a compactum X and
{C(j) | j € N} is a sequence of finite regular closed partitions of X such that

(i) there is m € N such that ord(C(j)) < m for each j € N,

(ii) C(j +1) refines f~1(C(4))QC(j),

(iii) lim;_ o mesh C(j) = 0.
Then there is a zero-dimensional cover (Z, f) of (X, f) via an at most m-to-one map
p:Z — X. Moreover, if X is a perfect, then Z can be taken as a Cantor set C.

ProoOF. We may assume that each element of each C(j) is nonempty. Put

C:{(Cl,CQ,...)EHC(j) 1 Deg D+ and ﬂcj;é(l)}
j=1

Jj=1

and suppose that each C(j) is a discrete space, i.e., {c} is open in C(j) for each ¢ € C(j).
By (iii), we see that ﬂjoil ¢; is a one point set for each (¢1,¢z,...) € C. Since the product
space H;)il C(j) is a zero-dimensional compactum and so is C'. Moreover, if X is perfect,
we see that C' is perfect and hence C' is a Cantor set.

Define p: C — X by p(c1,¢2,...) = ﬂ;‘;l ¢;. It is easy to see that p is a continuous
onto map. First, we will show that p is at most m-to-one. Suppose, on the contrary, that
there is x € X and pairwise distinct m + 1 elements

(c(D)1,¢e(1)a,...), (c(2)1,¢(2)2, ... ), ., (e(m+ 1)1, c(m+1)a,...)
of C' such that
c(l)j=-= ﬂ c(m+1); = {z}.

Jj=1

—

<
Il
—
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For each 1 < i < ¢ < m+1, let r,; = min{j € N | ¢(i); # ¢(');}. Note that
c(i)j # c(i'); for each j > r; ;. Put

r=max{r;; | 1<i<i <m+1}

Then ¢(1),,...,c¢(m + 1), are pairwise distinct elements of C(r) satisfying = € ¢(1), N
---Ne(m+1),.. Thus, ord(C(r)) > m + 1. This is a contradiction.

Next, we will construct a desired map f : C' — C. By (ii), we see that f(C(j + 1))
is a refinement of C(j) and since f is a semi-open map, for each ¢j11 € C(j+ 1), f(cj41)
contains a nonempty open set. Thus there is a unique map f] :C(j+1) = C(j) given by
filcjz1) = ¢jp if f(cjp1) C ¢j.p. Now define f: C' — C by

fler,ea,.. ) = (file), fales),...).

We show that the following conditions (a) and (b) are satisfied: (a) f is continuous
and (b) pf = fp. (a) is obvious since each f; is continuous. We will prove (b). Let
(c1,¢2,...) € C. Then

p]g(CbCz,--') :p(fl(c2)vf~2(03)a-..) = m ~j(cj+1) o n flej41),
and

foler,ca,..) = f( N Cj) c ﬂ fleg) = () flejrn).

Therefore, pf(cl, €a,...) D fp(er,ca,...). Note that pf(cl, ca,...) and fp(ey,ca,...)
are one point sets in X. Thus pf = fp. O

THEOREM 3.20. If f: G — G is a piece-wise monotone map on a graph G, then
there is a zero-dimensional cover (C, f) of (G, f) via an at most 2-to-one map, where C
is a Cantor set.

PrROOF. The proof is similar to a proof of the theorem of Misiurewics and Szlenk
(e.g., see [18, Theorem 7.2]). Let K be a triangulation of G such that for any edge E of
K, the restriction f|F : E — G of f to the edge E is injective. Let B(G) be the set of
all branch points of G, i.e., B(G) = {v € K° | ord,{E | E € K'} > 3}. Consider the set

EO(B(G)) = | J{EO(v) | v € B(G)},

where EO(v) denotes the eventual orbit of v. Note that the set EO(B(G)) is a countable
set. Since f is piece-wise monotone, f~!(z) is a finite set for any z € G. By use of this
fact and induction on j € N, we can find a sequence of finite regular closed partitions

C(j) (j € N) of G such that
(1) each element c of C(j) (j € N) is a closed connected set,

bd(c) N EO(B(G)) = 0,
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and in particular, if v € B(G), then there is the unique ¢, € C(j) with v €
int(c,),

(2) Utbd(e) [eeci+1)} o £~ (Utbd(e) | ¢ €ci})

and C(j) is a family of the elements ¢, (v € B(G)) and closed subintervals
contained in some edges E € K, and hence ord(C(j)) < 2,
(3) mesh(C(5)) <1/j for j € N,
(4) C(j +1) is a refinement of f=1(C(5))QC(j).
Also, since f is piece-wise monotone, we see that f is semi-open. By Lemma 3.19, we
have the desired zero-dimensional cover (C, f) of (G, f). O

REMARK 3.

(1) If X is an n-dimensional simplicial manifold and f : X — X is a map such that f
is injective on each simplex, then f is a two-sided zero-dimensional and semi-open
map of X.

(2) Theorem 3.20 is not true for 2-dimensional polyhedra. Recall that there is a dy-
namical system (X, f) such that f: X = I? — X is a homeomorphism on X with
dim P(f) =1 and (X, f) has no zero-dimensional cover via a finite-to-one map (see
Example 2.2 of [15]).

(3) In Lemma 3.19, it can occur that H;O:O ord»(4C(j) = oo for some z € X.

4. Zero-dimensional decompositions of dynamical systems.

In dimension theory, the following decomposition theorem is well-known [6, Theo-
rem 1.5.8]: A separable metric space X is dim X < n (n € Z;) if and only if X can be
represented as the union of n + 1 subspaces Zy, Z1,...,Z, of X such that dimZ; < 0
for each i = 0,1,...,n. In this section, we study the similar dynamical decomposition
theorems of two-sided zero-dimensional maps (cf. [7]). We consider bright spaces and
dark spaces of maps except n times, and by use of these spaces we prove some dynamical
decomposition theorems of spaces related to given maps.

Let f: X — X be a map. A subset Z of X is a bright space of f except n
times (n € Zy) if for any = € X,

Hp € Z4 | fP(2) ¢ Z}| < n.

Also we say that L = X — Z is a dark space of f except n times. Note that for any
z € X,|0(@)NL| <nand LN P(f)=0. For each z € X, put

t(z) =[{p € Z+ | f¥(2) € L}|.
Also we put
T(z) = max{t(z) | z € EO(z)}

for each x € X. For a dark space L of f except n times and 0 < j < n, we put
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Ap(L,j) ={z € X | T(x) = j}.

Note that A¢(L, j) is f-invariant, i.e., f(Af(L,5)) C Ap(L,j) and Af(L,i)NAf(L,j) =0
if ¢ # j. Hence we have the f-invariant decomposition related to the dark space L as
follows;

X = Af(L,O) U Af(L, Hu---U Af(L,TL).
The following theorem is an extension of [7, Theorem 2.4].

THEOREM 4.1.  Suppose that f : X — X is a two-sided zero-dimensional map of a
compactum X with dim X =n < co. Then there is a bright space Z of [ except n times
such that Z is a zero-dimensional dense Gs-set of X and the dark space L = X — Z of
f is an (n — 1)-dimensional F,-set of X if and only if dim P(f) < 0.

PROOF. Suppose dim P(f) < 0. Then dim EP(f) < 0. Since X is separable,
there is a dense countable set D of X. Also we choose a zero-dimensional F,-set H of
X with dim (X — H) < n — 1 (see Proposition 3.2). Then the set F = DU H is also a
zero-dimensional F,-set of X. By Lemma 3.12, we have a countable base {B; | i € N} of
X such that ord(G) < n and LN F =), where G = {fP(bd(B;)) | i € N,p € Z} and
L=J{bd(B;)|i€eN}. Put Z=X — L. Note that D C Z and L C X — F. Then Z is
dense in X and dim L < n—1 and hence Z and L are the desired spaces. Conversely, we
assume that there exists a zero-dimensional bright space Z of f except n times. Then
we see P(f) C Z, which implies that dim P(f) < 0. O

The following corollary is an extension of [7, Corollary 2.5].

COROLLARY 4.2.  Suppose that X is a compactum with dim X =n (< o0o) and f :
X — X 1s a two-sided zero-dimensional onto map. Then there exists a zero-dimensional
Gs-dense set Z of X such that for any n+ 1 integers ko < k1 < -+ < ky, (k; € Z),

X = fR(Z)U M (2) 00 o (2)
if and only if dim P(f) < 0.

PROOF. First, we assume dim P(f) < 0. By Theorem 4.1, there is a bright space
Z of f except n times such that Z is a zero-dimensional dense Gs-set of X. Let kg <
k1 < -+ <ky (ki € Z) be any integers and let x € X. Consider three cases as follows.

e Case (i): 0 < kg. Since f is onto, we can find z € X with f*(2) = z. Since
{i € {0.1,2,...,n} [ [ 7"i(2) ¢ Z}| < m,

there is an i such that f¥~%i(z) (= y) € Z and hence f*(y) = z. This implies
x € f*(Z) and hence

X =ff2Z)ufz)u---uf(2).
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e Case (ii): k,, < 0. Note that for each ¢, —k; > 0. Since

{i€{0,1,2,....n} | f7M(2) ¢ Z}] <m,
there is an i such that f=% (x) € Z and hence x € f*i(Z). This implies

X = [(Z2)U R (Z)U--U o (2).

o Case (iii): There is some j (0 < j < n) with k;_; <0 < k;. Since f is onto, we can
find z € X with f*»(2) = z. Since

{i€{0,1,2,... 0} | fE7Fi(2) ¢ Z} <,

there is an 4 such that ff¥»—%i(z) =y € Z. If j <4, k; > 0 and hence z = f*~(z) =
fFi(y) € f*(2). If i < j, we see that k; < 0 and y = fk»~ki(2) = f=ki(z). Then
x € fFi(y) C f¥(Z). Consequently we see

X = o2y U z)u-u e (2).

Conversely, we assume that there is such Z satisfying the condition of this corollary.
We will show P(f) € Z. Let x € P(f) and let f¥(z) = x for some k € N. Put
ki=i-k(i=0,1,...,n). Since X = f~R(Z)u f~*(Z)uU---U f~*(Z), we can find i
such that z € f=%1(Z). Then z = f*i(z) € Z and hence P(f) C Z. Since dim Z = 0, we
see dim P(f) < 0. O

By use of F,-dark spaces, we have the following decomposition theorem which is an
extension of [7, Theorem 2.6].

THEOREM 4.3.  Suppose that X is a compactum with dimX = n (< o0) and
f X — X is a two-sided zero-dimensional map on X with dim P(f) < 0. If L is a
dark space of [ except m times such that L is an Fy-set of X and dim (X — L) < 0,
then dim Af(L,j) = 0 for each j = 0,1,2,...,n. In particular, we have the f-invariant
zero-dimensional decomposition of X related to the dark space L:

X = Ap(L,0)UAs(L, 1)U UA(L, n).

PrOOF. Note that A;(L,0) € X — L (= Z) and hence Af(L,0) is an f-
invariant zero-dimensional subset of X. We will prove that dim A;(L,j) = 0 for each
j=1,2,...,n. Since L is an F,-set of X, we can put L = |J;2, L;, where L; is a closed
subset of X. Let 1 < j < n. For any j nonnegative integers 0 < k; < ky < --- < k; and
natural numbers 41, 1z,...,%; € N, we consider the set

A(k, ko, ... kj: Liy, Ly, ..., L)) ={z € X | f**(z) € L, (p=1,2,...,5)}.

Then we can easily see that A(k1,ka,...,kj 1 Lij, Liy, ..., Ly;) is closed in X and A(L, j)
is represented as the following countable union of closed sets of A(L, j):
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U Fo2P Ak, kg s Lay, o L)) 0A(L, ),

acA

where A = {(k1,...,kj301,...,0550,9) | 0 < ky < -+ < kj,i1,...,1; € Nyp,qg € Z;}.
Note that for any p € Z,

PP Ak, ..k : Liy, ... L)) NA(L, §)] C Z.
Since f*i11 is a zero-dimensional map, by Theorem 3.4 we see that
JP(A(K1, . k2 Liy,y .o L)) N A(L, 5)
is zero-dimensional. By Proposition 3.1, we see that
dim Ay (L,j) = 0. O

In the case of positively expansive maps, we obtain decomposition theorem for a
compact dark space L. We need the following lemma.

LEMMA 4.4 ([12, lemma 5.6]).  Suppose that f : X — X is a positively continuum-
wise expansive map on a compactum X. Then there exists a 6 > 0 satisfying the con-
dition: for any v > 0 there is N € N such that if A is a subcontinuum of X with
diam A >, then diam f"(A) > § for allm > N.

The following theorem is an extension of [7, Theorem 2.8].

THEOREM 4.5.  Suppose that X is a compactum with dimX = n (< o0) and
[ X — X is a positively expansive map. Then there exists a compact (n—1)-dimensional
dark space L of f except n times such that dim A¢(L,j) = 0 for each j = 0,1,2,...,n.
In particular, there is the f-invariant zero-dimensional decomposition of X related to the
compact dark space L:

X = Af(L,O) @] Af(L, 1) J---u Af(L,TL).

Proor. Note that f is a two-sided zero-dimensional map. Also, since f is a
positively continuum-wise expansive map, we have a positive number § as in Lemma 4.4.
Since dim P(f) < 0, by Lemma 3.12 there is a finite open cover C of X such that

(1) mesh(C) < 4,

(2) ord(G) < n, where G = {fP(bd(C)) |C €C,p€Zy},

(3) bd(C)N EP(f) =0 for each C' € C and

(4) dim H < n — 1, where H = |J{bd(C) | C € C}.

Let C = {C1,C4,...,Cp} and put
c1 — Cl(Cl), Cit1 = Cl(il’lt[Ci+1 - UkSiCk]) (1 S 7 S m — 1)

Then €' = {c1,c¢2,...,¢n} is a finite partition of X. Let L = [J{bd(c) | ¢ € C'}. Then
L C H and we can easily see that L is a compact (n — 1)-dimensional dark space of
f except n times. We will show that dim A¢(L,j) = 0 for each j = 0,1,2,...,n. Let
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1 < j < n. For any j nonnegative integers k1 < ko < --- < k;, we consider the set
Alkr, ks ... ky) ={z € Ap(L,j) | ffr(x) e L (p=1,2,...,j)}.

Then we see that A(k1, ka,...,k;) is closed in the subspace A¢(L,j). We will show that
dim A(k1, k2, ..., k;) =0. Let © € A(k1, k2, .., k;) and let v > 0 be any positive number.
Then there is a sufficiently large natural number N such that N > |k;| (i = 1,2,...,7)
and N satisfies the condition of Lemma 4.4. Note that

m

A(ky, ko, . k) < | £V (int(ey))

=1

and f~¥(int(¢;)) (1 <4 < m) are mutually disjoint open sets of X. We can choose 1 <
i < m such that fV(z) € int(c;). Then the diameters of components of the compactum
f~N(¢;) are less than +. Since f~"(c;) can be covered by finite mutually disjoint open
sets of X whose diameters are less than +, there is a closed and open neighborhood V'
of z in the subspace A(ki,ks,...,k;) such that V' C f~N(int(c;)) and diam V < 4.
This implies that dim A(kq, k2, ...,k;) = 0. By the proof of Theorem 4.3, we see that
dim A;(L, j) = 0. By the similar arguments to the case j > 1, we see that the case j =0
is true, i.e., dim Ay (L,0) = 0. O
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