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Abstract. Consider the instationary Stokes system in general un-
bounded domains © C R™, n > 2, with boundary of uniform class C3, and
Navier slip or Robin boundary condition. The main result of this article is the
maximal regularity of the Stokes operator in function spaces of the type L9
defined as LZ N L2 when g > 2, but as L? + L2 when 1 < ¢ < 2, adapted to
the unboundedness of the domain.

1. Introduction and main result.

Given an unbounded domain Q@ C R™ and a finite time interval (0,7") we consider
for a prescribed external force f : Q x (0,7) — R"™ the instationary Stokes system with
Navier boundary condition

u, —vAu+Vp=f in Qx(0,7)
divu=0 in Qx(0,7)
u(0)=0 in Q
u-n=0, au+pB(T(u,p)n),=0 on 00 x (0,T).

(1.1)

Here u : Q x (0,7) — R™, p: Q x (0,T) — R are the unknown velocity field and
pressure, respectively. The tensor T = T'(u,p) = —pI + S(u) = —pI + 2vD(u) is the
Cauchy stress tensor where D(u) = (1/2)(Vu + (Vu) ") denotes the symmetric part of
the velocity gradient, and v > 0 is the viscosity. As usual for the Stokes system we set
v = 1 and obtain the viscous stress tensor

S(u) = Vu + (Vau) .

Let n denote the unit outer normal to 912, and let the subscript 7 indicate the tangential
component(s) of a vector field on 99Q; to be more precise, for y € R™ we have y, =
y — (y - n)n. The constants a € [0,1) and 8 € (0,1] satisfy o + 8 = 1. Hence the
boundary condition au+ B(T(u,p)n), = 0 (called Navier or Robin condition or of third
type) simplifies to

B(u) = By g(u) :==au+ (S(u)n), =0 (1.2)
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and describes two different physical cases. For a = 0, 8 = 1 we obtain the so-called
no-stick or perfect slip condition (Navier boundary condition), meaning that the fluid is
subject to no tangential stresses at the boundary. When 0 < «, 8 < 1, tangential stresses
at the boundary are proportional to the tangential velocity w, = u on 9 (Robin or third
type boundary condition); also recall the impermeability condition w-n = 0 on 9. For
references on these boundary conditions and their physical meaning see [36].

The starting point for analytic semigroup theory applied to the instationary Stokes
system is the Stokes resolvent problem. From the rich literature for the Dirichlet case
(u = 0 on 0N) we mention [38] for a potential theoretic approach, [25] for a method
using pseudodifferential operators, and [20] for multiplier techniques for the whole and
half space followed by localization methods for bounded and exterior domains. Moreover,
we refer to [13], [14] for infinite cylinders, and to [1], [2] for layers. Resolvent estimates
in weighted function spaces for (bent) half spaces and aperture domains are considered
in [21], [22], [23]. The techniques used in most of these papers exclude many other
interesting unbounded domains, e.g., domains with several exits to infinity, with infinitely
many holes, with spiraling exits, wedges with smooth vertex etc.

The semigroup approach for the Navier boundary condition (1.2) was first consid-
ered by Giga in [26] for a bounded domain as a special case of a more general condition.
For the case R’} Saal [31] showed that the Stokes operator generates an analytic semi-
group and admits a bounded H>-calculus. In [33] Shibata and Shimada proved the
unique solvability of the Stokes resolvent system with the Navier boundary condition
for bounded and exterior domains. This is done by a cut-off technique, where—as for
the Dirichlet case—existence and uniqueness are proven successively for the whole space,
the half space, bent half spaces and a bounded (or exterior) domain. We note that an
inhomogeneous divergence as well as non-zero boundary conditions are included; this will
also be used in our analysis. Finally, Shimada [36] proved maximal L*(L?)-regularity of
the instationary system with both Navier and Robin boundary condition for bounded
domains.

For the case of the Neumann boundary condition where T'(u,p)-n = ¢ is prescribed
on 0f similar results were obtained by Shibata and Shimizu, see [34] for the resolvent
equation in bounded and exterior domains and [35] for the instationary system in a
bounded domain. The Neumann and further boundary conditions were also treated by
Shibata [32] and in several papers of Solonnikov and Grubb (e.g. in [27]) using pseudo-
differential operators. Boundary conditions in terms of differential forms were considered
by Miyakawa [30].

Due to counter-examples by Bogovskij and Maslennikova [4], [29] the Helmholtz
decomposition of vector fields in L4(€2), 1 < ¢ < oo, on an unbounded smooth domain
may fail unless ¢ = 2. By analogy, a bounded Helmholtz projection P, with the properties
required to define the Stokes operator A, = —P;A when ¢ # 2 may not exist. Therefore,
in [7], [8], [9], [10], [11] Kozono, Sohr and the first author of this article introduced the
spaces

. {Lq(QHLZ(Q), ifl<qg<2 (1.3)

LYQ)NL*(Q), if2<g<oo.
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The corresponding norm is defined as |Jul|;, = max{||ulq, ||u||2} when ¢ > 2, and as
inf{|lu1lq + lJuzllz : u = u1 + ug,us € LIU(Q),uz € L?(2)} when 1 < g < 2. For bounded
domains L9(Q) = L9() with equivalent norms. We note that functions in L9(Q) locally
behave like Li-functions, but globally exploit L2-properties. By well-known results of
interpolation theory, L9(Q)' = L7 () when 1 < ¢ < cc.

By analogy, function spaces like L4 (Q) of solenoidal vector fields, G4(Q) = {Vp €
L9(Q)} of gradient fields and W*4(Q) of weakly differentiable functions will be defined.
In [9] the authors showed for general uniformly smooth domain Q C R” that in L9(Q),
1 < ¢ < o0, the corresponding Helmholtz projection ]5q is a bounded operator yielding the
algebraic and topological decomposition L9(Q) = LZ(Q) ® G9(Q). Its norm is bounded
by a constant depending only on ¢ and the type 7 of the domain; for the definition of
Tq see Assumption 1.1 below.

The Stokes operator flq = —PqA with Dirichlet boundary condition generates an
analytic semigroup ([8], [11]) on L%(Q) and has the property of maximal regularity
([10]). Moreover, Kunstmann [28] showed that A, admits a bounded H*-calculus.
These results are applied by Riechwald and the first author in [15], [16], [17] in order
to develop the theory of mild, strong and very weak solutions to the Navier—Stokes
equations with Dirichlet boundary condition in uniformly smooth domains. For a recent
review including proofs we refer to [12].

To work in general unbounded domains we use the exhaustion method, i.e., we
approximate {2 from the interior by a sequence of increasing bounded domains ©; C .
In the case of the Dirichlet boundary condition u = 0 on 99 (see [8]) the boundary
condition is included in the definition of the space Wy*¢(€2) and easily transferred from
the spaces VVO1 () to WO1 1(2) as j — oo. A similar approach cannot directly be applied
to the Robin boundary condition. Moreover, we do not have a global trace theorem at
hand for general unbounded domains. Therefore, we pose some further restrictions on
the domain 2, see Assumption 1.1 below. Actually, it is not clear whether there are
uniform C3-domains not fulfilling Assumption 1.1; for precise definitions we refer to
Subsection 2.1 below.

AsSUMPTION 1.1. A uniform C3-domain Q C R of type 1o = (&, B, K) is assumed
to have the following representation: There exists a sequence {€2;} jen of bounded uniform
C3-domains of the same type Tq such that Q; C  and

» Q; C Q4 forall j € Nand Q = U2, Q,
b T = 09N 00 # 0 for all j € N,
» [; C Ty forall j € Nand 9Q = ;2 T;.

To define the Stokes operator with Navier boundary condition B, g(u) = 0 we
introduce for 1 < g < oo the Sobolev space

WpY(Q) = {u e W>9(Q) : B(u) = 0 on 9Q}.

The boundary condition for the space W%() is understood locally in the sense of usual
traces. Then for a bounded domain 2 the domain of the Stokes operator A, p = —F,A
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is given by D(Ag5) = LL(Q) N W54(Q). However, this definition is not suitable for
general unbounded domains. For this reason, let

D(Ay8)ND(A2,5), 2<q< oo,

(1.4)
'D(Aq’B) +'D(A213), 1<qg<2.

D% () = D(Ag.p) = {

Using the Helmholtz projection }5q we define the Stokes operator with Navier boundary
condition for a general uniformly smooth domain as

Ay p=—P,A:DL(Q) C LLQ) — LL(N). (1.5)

Concerning the Stokes resolvent system Au + flq, BU = ]5q f related to (1.1) we cite
the following results [18]:

THEOREM 1.2 (Resolvent problem for flq’B). Letl1<g<oo,0<e<m/2,§>0.
Let Q C R, n > 2, be a uniform C3-domain of type o and let Assumption 1.1 be
satisfied. Then the following assertions hold:

(i) The sector S: = {A € C: X #0,|argA\| < m — €} is contained in the resolvent set
of —Aq B, and the resolvent (A + Ay p)~' : LL(Q) — LL(Q) satisfies the resolvent
estimate

I3l oy + Nl ey < ClElzacey (1.6)
for f € ﬂg(Q), u= ()\—l—flq’B)*lf, A € 8. with |A| > 0, where C = C(q,¢,0,7q)>0.

(i) The Stokes operator A, g : D%L(Q) — LI(Q) is a densely defined closed operator,
and —A, p generates an analytic semigroup {e t448},>q in LL(Q) satisfying the
estimate

e~ £l zaay < Ce™ 1l o) (1.7)
for f € LL(Q), t >0, where C = C(q,d,7q) > 0.
(iii) The norms
I lrzas 1 lza + 1 Ags - Izas 11z + 10+ Ags) llzar 11+ Ag5) - Iz

are equivalent on D(1 + A, ) := D(A,.5) with a constant depending on 0 only
through 1q. Moreover, the adjoint operator satisfies (Aq u,v) = (u, Ay gv) for

allu € ’D(Aq7B), v E D(AqlvB), and (Aq,B)/ = Aq/7B.

Here and in the following we will frequently omit the symbol € in norms like |- || L4 ()
when the domain is clear from the context.

The main result of this article concerns the maximal regularity of the Stokes operator
Ay B.

s
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THEOREM 1.3 (Maximal regularity for A, 3). Let 1< q,s < o0, 0 <T < co. Let
Q CR”, n>2, be a uniform C3-domain of type 7o and let Assumption 1.1 be satisfied.
Then the following assertions hold:

(i) For every f € L*(0,T; LL(Q)) and every ug € D%L(Q) there exists a unique solution
u € L5(0,T; DE(Q)) with u, € L*(0,T; LL(Q)) of the Cauchy problem

ut+Aq,Bu:fa U(O) = Uy,

satisfying the estimate

HutHLs(o,T;iq(Q)) + ||u||LS(0,T;ﬂq(Q)) + H“LLB“|

< (I ]

L#(0,T5L9(%2))

Ls(0,130a()) T ||“0||75‘}3(Q)) (1.8)

with a constant C = C(1q,T,q,s) > 0. By Theorem 1.2 (iii) a similar estimate
holds for the term ||u|| . 7.572.0(0))-

(i) For every f € L*(0,T;L()) and every ug € DL(Q) the instationary Stokes
system (1.1) has a unique solution (u,Vp) € L*(0,T;DL(Q)) x L*(0,T;G4(Q))
with w; € L*(0,T; LL(Q)), defined by u; + Ay pu = P,f, u(0) = uo, as well as
Vp(t) = (I — P,)(f + Au)(t) and satisfying

lwill s o.rsza gy + 1@l e 0.2 a @)y + 1IVPI e 0,7:20 0

< (I /]

Le(0,TsLa()) T ||“0||ﬁ‘}3(9)) (1.9)
with a positive constant C = C(1q,T,q,s).

This article is organized as follows. In Section 2, we describe several preliminaries
and recall necessary results for the bounded domain case. Section 3 contains the proof
of Theorem 1.3 for bounded domains when 1 < s = ¢ < oo and uy = 0. We solve
the instationary equation in a bounded domain, focusing on the maximal regularity
estimate in L9(Q) with a constant depending on Q only through its type 7. For the
case 2 < s = q < 00, we use the localization procedure and local estimates in L? as well
as the global L2-estimate. The case 1 < s = ¢ < 2 is treated by duality arguments.

The unbounded domain, see Section 4, is represented by a sequence of bounded do-
mains, see Assumption 1.1. Extending the solutions of the instationary system in each of
these bounded domains to the unbounded domain 2 we obtain a sequence with a uniform
maximal regularity estimate in 2. This uniformity is achieved since a priori constants
in Theorem 1.3 do depend on the domain only through the type 7q. Finally, weak-limit
procedures yield a solution to the instationary system in the unbounded domain. The
uniqueness of solutions is shown separately in Subsection 4.3, together with the proof of
the remaining cases 1 < s # ¢ < 0o, u(0) = ug # 0.

2. Preliminaries.

2.1. Basic notation.
Let us recall the definition of a uniform C*-domain and its essential properties.
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DEFINITION 2.1. A domain Q C R", n > 2, is called a uniform C*-domain of type
TQ = (o}@K), where k € N, k> 2, @ >0, 3> 0 and K > 0, if for each zo € 9 there
exist—after a translation and rotation—a Cartesian coordinate system with origin at zq
and coordinates ¥ = (v, yn), ¥' = (Y1,--.,Yn_1), and a C*-function h(y'), |¢/| < &, with
||2||c+ < K such that the neighborhood

Uspn(@o) = {y €R™ : h(y) = B <yn <h(y)+ B, |y/| < &}

of zg satisfies Uy 5 1, (20) N0 = {y = (v, yn) ER" 1 h(y') = yn, |y'| < &} and
U sn(@o) = {y €R" - h(y) = B <yn < hly), ly/| < &} = Uy g, (w0) N2

Notice that the constants «, ﬁN , K do not depend on z(y € 0f); moreover, the parame-
ter 1q is only related to 2 but is not a function of 2. We may choose the new coordinate
system y = (y',y,) such that the axes of ¢y are tangential to 9 in xg. Thus we have
h(0) =0, V'h(0) = 0, and due to a continuity argument for each given constant M > 0
we can choose & > 0 sufficiently small such that

[hller < M. (2.1)

Considering a uniform C3-domain of type 7q = (&, B, K ) there exists a covering of
Q by open balls B; = B,.(z;) where z; € Q and r = r(1q) > 0, i.e. Q C U, Bj, such that
with appropriate functions h; € C3

Bj CUzp,(x;) if 2;€0Q,  B;CQ if z;€Q.

The index j runs from 1 to some finite number N € N if Q) is bounded and j € N for
2 unbounded. The covering {B;} can be chosen in such a way that no more than some
fixed number Ny = Ny(7q) of the balls have a nonempty intersection. Moreover, there
exists a partition of unity {p;}, p; € C§°(R™), related to this covering, such that

0<¢; <1, suppp; CBj, > p;=1lonQ (2.2)
J
IV@llo0s V2@5ll00r 1V2¢5lloe < C = C(r0) (2.3)

uniformly in j. For z; € (2 let us assume that supp ¢; C B; , where B;" denotes the
lower half-ball of B;.

Now we are able to localize our problem along 92 to domains of the form

H':=H;  ={yeR":h(y)=F <y, <h(y) ly| <a}nB.(0),  (24)

where we assume B,.(0) C {y € R" : h(y/) — B < yn < h(y') + B, |y/| < @}, and the
function h € CZ(B.(0)) satisfies h(0) = 0, V'h(0) = 0, and the smallness assumption
[hllcr < M is satisfied for some given M > 0. Here B/.(0), 0 < r = r(1q) < &, denotes
an (n — 1)-dimensional ball.

Thanks to the properties of the support of ; we can even work in domains H the
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boundary of which decomposes into two disjoint parts 0; H, dsH such that
HCH' and 0H =0,HUO:H, where 0H C {y € R" : y, = h(y')}. (2.5)

We choose H so that (suppe; N H’) C H and dist(supp p;,02H) > 0, see Figure 1
below, and that H is a uniform C®-domain of type 7. Such a domain H is bounded and
uniformly star-shaped with respect to some ball

By(zo) CH where 0 <7 =7(rq) <r' <r=r(r). (2.6)

Yn

Supp ¢,

H

Figure 1. Illustration of a local domain H.

If Q is unbounded, then it can be expressed as a union of countably many bounded
uniform C3-domains 2; C ©Q, j € N, such that Q; C Q;41 forall j € Nand Q = U;’il Q;.
Each of these subdomains is of the same type (&', 3, K’) and we may assume that
a=da,8=0,K=Kiec. 7o, = To. Under Assumption 1.1 to hold in Theorem 1.3 we
even suppose that I'; := 0Q; N19Q # 0, T; C T4y for all j € N, and 9Q = ;2 T;.

Let us introduce the following spaces of Sobolev type. Given 1 < q,q' < oo such
that 1 = 1/q + 1/¢, let WH4(Q) and W, 4(Q) = CgO(Q)“'”WI’q with norm || - [l
denote the usual L9-Sobolev spaces. Then

/

W) = (W5 (@)
Wh(Q) = {ue LL (Q): Vue LYQ)}

loc
/

Wha(Q) = (Wh'(Q)).

In the space W14(Q) we identify two elements differing by a constant and equip it with
the norm |V - || za(q). If Q is bounded, we may identify

Wha(Q) = Whi(Q) N LYQ), LIQ) = {u € LYQ): /Qu = 0} ,

Note that we will often omit the symbol Q for spaces of functions defined on 2 to keep
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notation short; by analogy, ||u, v, ... || := |Ju||+Jv||+] ... | for some norm ||-|| even when
u and v etc. may be functions, vector fields etc. with different number of components.

LEMMA 2.2 (Poincaré and Friedrichs inequalities). Let 1 < ¢ < oo and H be a
bounded domain as in (2.5). Let either u € Wyd(H) or u € WH(H), Jyu=0. Then

lullLocmy < Clg; ) IVullpaa)- (2.7)

In the case of vector fields uw € W1(H) satisfying w-n = 0 on OH a similar estimate
holds.

PROOF. The result for u € Wy (H) is well known. For u € Wh4(H), Jyu=0,
the inequality holds with a constant C' = C(q, ), see [24, Theorem 11.5.4]. The more
concrete dependence C' = C(g, Tq) uses the uniform star-shapedness (2.6) and is proved
in [19].

Concerning uw € Wh4(H) satisfying w-n = 0 on OH we apply [24, Exercise 11.4.5]
where the inequality is proven with a constant C' < diam H(|q — 2| + n + 1). Here
diam H < 2r(7q). O

LEMMA 2.3 (Divergence equation, [8], Lemma 2.1 in [11]). Let 1 < ¢ < oo.

(i) There is a bounded linear operator R : LY(H) — Wy (H) such that div Rf = f for
all f € LY(H). Moreover,

IRflwreay < Cl@ 7)oy for all f € LG(H).

(ii) There exists a constant C = C(q,7q) > 0 such that for every p € L{(H)

[(p, div v)|

IpllLacny < CIVPlw-1ay = € sup (2.8)

ozwewd (mry IVl L ()

Finally, we mention some interpolation inequalities for functions from W?249((Q).

LEMMA 2.4 (Interpolation estimates, [8], Lemma 2.3 in [11]). Let  C R™ be a
bounded C?-domain of type Tq.

(i) Let 1 < q < oo. Then for every 0 < M < 1 there exists a positive constant
C = C(M,q,1q) such that for all u € W241(Q)

IVull ey < M|Vl L) + Cllull Lo(o)- (2.9)

(ii) Let 2 < q¢ < oo. Then for every 0 < M < 1 there exists a positive constant
C = C(M,q,71q) such that for all u € W21(Q)

lulla) < M|V2ullpao) + C(IV?ull L2 + lullz2@))- (2.10)
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2.2. Maximal regularity for half spaces.

Following [36] we introduce several function spaces used only in Lemmata 2.5 and
2.7 as well as in Proposition 2.6 below. Let D C R™ be a domain, I C R a time interval
and X a Banach space. Given 1 < s, < 00, 0 < T < 0o we define the spaces

L X)={uc L*(R;X):u=0fort £ I}
Whs([0,T); X) = {u € Wh*((—00,T); X) : u =0 for t < 0}
W2H(D x I) = L*(I;W>9(D)) nW"*(I; LY(D))
W21(D>< 0, 7)) = {uéW;’sl(Dx (—00,T)) : u =0 for t <0},

where the second last one is equipped with the norm |[u||ps(r,w2.q) + [[u|lw1.5(1;00). Let
F denote the Fourier transform with respect to time, and let 6§ € R. We set (D;)%u(t) =
FH(1 4 €2)%2(Fu)(€)] (t) and define the Bessel potential spaces
HR; X) = {u e L*(R; X) : (D;)’u € L*(R; X)}
1,1/2 1/2,s (M. S(T- 1,

H}?(D xR) = HY**(R; LY(D)) N L*(R; W"4(D))
HpY(DxRy)={ue H}Y*(DxR):u=0fort <0}
HY2(D % (0,T)) ={u: 3ve HF?*(D xR) with u=1v on D x (0,T)}
HYY2(D x (0,T)) ={u: Jve Hypl/>(D xRy) with u=v on D x (0,T)}.

These spaces are equipped with the following norms:

(Dy)?

loll 2872 ey = Il e oy + I

HUHHB«S(]R;X) = |

L (R;Wh1(D))

lll 71172 0.7y = LIl 1,172 ey =0 € Hyid/2(DXR), u= v on Dx (0,7}

HUHH;;;”(Dx(o,T)) = inf{||v|\H;:;/2(DxR) RIS H;7’;/2(DXR+), u=wvon Dx(0,7)}.
The first step is the maximal regularity of the Stokes operator 12147 p for the exact

half space R’t. We write u = (u’,u,) with ' = (u1,...,un_1), and similarly, h =
(h1,...,hp_1) for functions with n — 1 variables.

LEMMA 2.5 (The instationary system in R%). Let 1 < s,q <00, 0 <T < 0o and
let functions

feL*0,T; LYRY)), g L*0,T;WhH(RT)) n WL (0, T; W~ LR ))

with g(t =0) =0, supp g(t) C Bg fort € [0,T] and some R > 0 be given. Moreover, let
h c Héslm(l{%’j_ x (0,T)). Then there is a unique solution w € W7l (R} x (0,T)) and
p € L0, T; WHU(RY)) of the system
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u+u—divS(u)+Vp=f in R} x (0,T)

divu=yg in R’ x (0,7T)
4 2.11
Uy =0, g%n =—h' on ORY} x (0,T) (211)

u(0) =0 in R,
which satisfies the estimate
e, V2u, Vbl Ls,1iza(eny) < C(s,0) (I1F, 95 Vallzeor:Lan))

+ ||9ta g”Ls(o,T;VAVfl,q(Ri)) + Hh/”H;ji”(Rix(o,T)))' (2~12)

PROOF.  The proof is based on [36, Theorem 5.1] where data f € L°(Ry; L9(R™)),
h' € H;’Sl/Q(R:L_ xR,),and g € L*(Ry; Wl’q(Ri))ﬂWLS([O, 00); W‘l’q(R’j_)) on the time
interval R4 such that supp g(t) C Bp for all ¢t € R are considered. In this situation there
is a unique solution (u,p) € W;’Sl (R? x [0,00)) x L*(Ry; leq(Rﬁ)) of (2.11) in R} xR,
satisfying the estimate (2.12) with time interval (0,T) replaced by R..

To prove (2.12) with the interval [0,7] we define extensions F,G, H' of f,g,h’,
respectively, from [0,77] to R as follows: Let F'(¢) = 0 when ¢ ¢ [0,77], and

G(t) =0 when t <0 or t > 2T, but G(t) = g(2T — t) for t € [T, 2T].

Obviously, || F| Ls(R;La) = (hal Ls(0,T;L9)> and [|G]| Ls(R;Wha) = 21/S||9|
ogous identity holds for HG”les(R-Wqu)- Moreover, supp G(t) C Bpg for all ¢t € R. For
h < Hq1,7;/2(Ri x (0,T)), we choose an extension H' € H;j;m(R:t x R4) such that
H' =h' on R? x (0,T) and

Ls(R;wia); an anal-

! I
etz g iy < 2I0 N 2,272 ey 0,9 (213)

Now we look for a solution of the system

ze+z—divS(z)+Vé=F in R x R4
divz =G in R} x Ry
0z n
zn =0, oz, =-—H on IR x R,
z(0)=0 in R.

According to [36, Theorem 5.1] there is a unique solution z € V'Vq%’s1 (R% x [0,00)), 0 €
L3Ry WHa(R)) satisfying the estimate

l|z¢, VQZ, VG”LS(O,T;L‘Z) < |z, VQZ, Vo)
< C(|F, G, VG| s(m;Le) + |G, G|

Ls(R;L9)

LR 1.0y T ||Hl||Hq1;;/2(R1 ><]R))

< C(Hfa 9, VgHLs(O,T;LQ) + ||gta gl L#(0,T;W—1.4) + Hh/”Héjé”(Rf_x(O,T)))
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with constants C = C(s,q). Then (u,p) = (z,@)‘(o 7y solves the system (2.11) and
satisfies the desired estimate.
Uniqueness follows from the existence of solutions to the dual problem. d

In the next step we consider the case of bent half spaces. Given w € C3(R"™1) we
define the bent half space

H,={yeR":y, >w(y)}.

For the control of w we use the definition [|V'w|cr = 374 1<k 0% V'w|| o -
As auxiliary tools we need two estimates from [35, Propositions 2.6 and 2.8]:

PROPOSITION 2.6. Let1 < s,q < 0.
(i) Let 1 < R < 0o and D C R" be a domain. Then for any v € W*(R; LY(D))
there holds

0]l /2.0 msnacpyy < C(8,0) (RT3 (|vell Lo izacpy) + B2 (0]l e rspacoy)) -
ii) For v e L*(R; W29(R2)) N WHs(R; LY(R?)) there holds
+ +

(D)2 V|

Le(R;La(R)) < C(S,Q)(H”u v, Vo, v2”| LS(R;LQ(RZ)))'

PROOF. (i) is proved in [35, Proposition 2.6] for a fixed domain D C R™ with con-
stant C = C(s,q, D). To show that C can be chosen independent of the domain we use the
trivial extension operator Ep : L4(D) — L4(R™) such that Epu(x) = 0 for z ¢ D. Since
(Dy)'/? commutes with Ep and thus ||[(D¢)Y?ul|ps®.za(py) < [[{De)/?Epul
[35, Proposition 2.6] yields the assertion.

(ii) is a consequence of [35, Proposition 2.8]. O

L#(R;L4(R™))»

LEMMA 2.7 (The instationary system in bent half spaces). Let 0 < T < oo and
H,, denote a bent half space with w € C3(R"~1). Let

feL0,T;LY(H,)), geL*0,T;W"i(H,))NnWhs0,T; W 19(H,)),

with supp g(t) C Bg for any t € [0,T] and some R > 0, g(0) = 0 be given. Moreover, let
h e Hyt/*(H, x(0,T)). Assume that u € W2 (H, x(0,T)) andp € L*(0,T; Wh4(M,,))
solve
ur+u—divS(u)+Vp=f in Hy, x (0,T)
divu=g in Hy, x (0,T)
u-n=0, Byglu)=h on dH,, x (0,T)
w(0)=0  inH,.

(2.14)

Then there is a constant 0 < Ko = Ko(q) < 1 such that if ||V'w|co < Ky then the
solution (u, Vp) satisfies the estimate

[

reorizai) T Ilneorweacy) + I1VPlL:©rna )
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< C(||f| Ls(0,T;La(H,)) T [u, g]
+ llge: 9

L(0,T;W1a(H,))

L0, rsW—ta(i,)) T ||hHH;;§/2(ﬁwx(0,T)))
with a constant C' = C(q, s, ||V'w||c2,T) > 0.

PROOF. Let u € W,i’sl(f[w x (0,T)) and p € L*(0,T; WhH4(H,)) solve (2.14) in
H, x (0,7). In order to show the estimate we follow [36] and reduce the problem to the
half-space.

We consider the bijection ¢ : H, — R, z = (2/,2,,) — (2,2, — w(z')) =: y, with
Jacobian J, = 1. For a function v defined on H,, we set ©(y) = v(x). For derivatives we
have 0/0x,, = 0/0y,, and 9/0x; = 0/0y; — Ow/Dy; - 3/Oyn, j=1,...,n— 1.

Let us denote K; = ||V'wl|¢:, @ > 0, and assume that Ky < 1. Setting 2/(y) = @' (y),
2n(y) = tn(y) — V'w(y') - @/ (y) and 0(y) = p(y) we see that (z,6) satisfies the following
problem in the half-space

zi+2z—divS(z) + V0 = f + R(2,0) in R™ x (0,7)
divz =g in R x (0,7)
0z’ h (2.15)
Z2n =0, —f—=——==+ Rs(z on OR" x (0,T
Pom ~ JTT Vw2 o2) +x0.1)

2(0)=0 in RY,

where f,§ are defined by f, g as described above and supp g(t) is contained in a fixed
compact set for all ¢. The remainder terms R(z,0) and Ry(z) are linear with respect
to z¢,2,Vz, V22, V6. To be more precise, R depends on z¢, 2z, Vz, V22 and V6, but at
each instance z;, V2z and V@ are multiplied by components of V'w, whereas Ry depends
on z,Vz such that Vz is multiplied by V'w. It is important to note that Rs(z) also
contains the term az’ from the boundary condition By g(u) = 0.

Hence, assuming Ky < 1, there are constants C' and Ck, g, such that

[1R(2,0) (0,319 (=)
< C(Kol|ze, V2, V0

Lo, 1iLarn) + Oy ka2l s 0, mwian ) ) - (2.16)

To get an estimate of | Ry(z) we define the extension Z of z from

lizg 272 gy xcom)
[0,7] to R as the extension G of g in the proof of Lemma 2.5 above, i.e., Z(t) = 0 when
t <Oort>2T, but Z(t) = z(2T —t) for ¢ € [T,2T]. Hence Z € W2} (R} x R) and
12 e rsa )y = 2V/°]12
[ Z||Ls r;w2.a(n)). Then for Ry(z) we have the estimate

L2(0,T5L9 (RY) similar results hold for ||Z¢]| L*(R;L9(R)) and

|Ro(2) , < |Ra(2)

”Hézi/z(mx(o,T HH;;;”(RixR)
< CKOHVZ”H;:i/Z(Ri xR) + CKl,KQ ||Z||H;j61/2(Ri xR)" (217)

The first term on the right-hand side is analyzed using Proposition 2.6 (ii) as follows:
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”VZHHéisl/z(RixR IVZ] L@ a®y)) t IVZ]| 172, La(R7))
=2||VZ||Ls@wrary)) + (D)Y?V Z| 1o g, La(En))
< c(s,9)1Z¢, Z,VZ, V2| wipa(y))-

For the second term we use Proposition 2.6 (i) and get with ¢ > 0 that

HZ||H1 1/2 (R xR) ||Z||L9(]RW1‘7( +||ZHH1/2S(RL‘7(]R 1)

< CellZ]| L rywrary)) + €1 Z¢l| Lo (rizarry - (2.18)

Summarizing the last two estimates with (2.17) we see that

HRB(Z)HHl’l/z(R"L x(0,T))
< C(Ko+¢)|Z,

s (R;L9(R7)) ")) (2.19)

where Z may be replaced by z with a minor change of C, C..
To complete the proof we apply the corresponding half-space estimate (2.12) to
(2.15) and obtain that

Hzt7

@) < O(s q)(llf R(z,0)
“(0,T;W—=19(R7))

+ ||, Ra(z)||H;:§/2 . (O,T))); (2.20)

(R7)

the term (1 4 |V'w|?)~/2 in front of h in (2.15) does not change the character of this

inequality. Choosing in (2.16), (2.19) the constants K, and e sufficiently small, the

L*(0,T; LR} ))-norms of z¢, V?z and V6 can be absorbed from the right hand side of
(2.20). Thus we are led to the estimate
lz¢, V22, V0| =0, T;La(RY))

< C(s,a)(If. 3 Vllreo,riaey) + 13 3l

+ ||h||H;;;/2

L#(0,T;W 14 (R7))

(R7 x(0,T)) #(0,T;Wha(RY) )
Finally, it suffices to estimate }', g, 9: and h by f,g,9: and h in their respective norms
to get the desired estimate for the solution (u,p). 0

The main result of this subsection concerns maximal regularity estimates for solu-
tions with support in bounded domains of type H, cf. (2.4), (2.5), (2.6).

PROPOSITION 2.8 (The instationary system in H). Let0 < T < oo and let f €
L9(0,T; L(H)) and g € L0, T; Wh1(H)) n Wha(0, T; W—19(H)) satisfying g(0) = 0
be given. Moreover, let h € L1(0,T; WY4(H)) N W14(0,T; LY(H)), h - n|omx0,1m) =0,
h(0) = 0. Assume that the functions w € W2}(H x (0,T)) and p € LI(0,T; W"9(H))
solve (2.14) (with H,, replaced by H) and that uniformly for a.a. t € [0,T]

dist(supp u(t) Usuppp(t), 02 H) > 0. (2.21)
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Then there is a constant C = C(7q,q,T) > 0 such that

e, w, Vu, VZu, VpllLao,r;La ()
< C(I£. 9, Vallao,rsnacmyy + 196 9l pago -1y
1l 2272 0.0y + 1l o riwraqy))- (2:22)

An analogous result holds for the backward Stokes system where (2.14), is replaced
by —u+u—div S(u)+Vp = f with the initial value w(T) = 0, and g(T) =0, h(T) = 0.

PROOF. Due to (2.21) we extend u, p by zero so that (u, Vp) may be considered as
a solution of the Stokes system in a bent half space and use Lemma 2.7. The smallness
assumption is satisfied thanks to (2.1), where we choose M < 1. In our case C' =
C(q, ||V'wl|lc2, T) means that C = C(rq,q,T).

Moreover, since h(0) = 0 or h(T') = 0, h satisfies the estimate (2.18), i.e.,

1Pl 2172 g 0. 7y) < CllRLago oy + ellPellLao.rinaca),s (2.23)

where £ > 0 can be chosen sufficiently small.
For the backward equation the transformation t = T — t is used. O

2.3. Maximal regularity of A, g for bounded domains.
We consider the instationary Stokes system
u —Au+Vp=f in Qx(0,7)
divu =0 in Qx(0,7)
u(0) = ug at t=0
u-n=0, B(u)=0 on 00 x (0,T),

(2.24)

for bounded domains and define in view of the variation of constants formula the opera-
tors

t T
Teaf () = /0 e An f(r)dr and T g(t) = /t e~ ("D AaBg(r)dr

for f,g € L*(0,T; LL()).

THEOREM 2.9 (Maximal regularity). Let 1 < ¢,s < o0, 0 < T < oo, and let
QCR”, n>2, be a bounded C3-domain.

(1) [ff € LS(OvT; Lq(Q)): Uy € Dq,s = (Lg(Q)aD(Aq,B))l—l/s,m the mé’tatiOnaTy
Stokes system (2.24) admits a unique solution w € W2}(Q x (0,T)) and p €
L#(0,T; WH4(Q)), which enjoys the estimate

llwtl| s 0,500 ) F el Lo o0, 0w20(9)) + 1Pl 2o (0,719 ()
< C(Ifllzs0.1:002)) + lluollp,.. ), (2.25)

where C = C(q,s,T,Q) is independent of u,p, f,ug.
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(ii) In particular, for f € L*(0,T;LL()) and an initial value ug € D(Aq ) the non-
stationary Stokes system

us + Agpu = f, u(0) = uy, (2.26)
has a unique solution u € L°(0,T;D(Aq,5)) given by
u(t) = e By + T, F(t)

and satisfying the estimate

[

Leo,1:0(2)) + |wllLs0,m5090)) + |44, B0l
< C(g,s,T,9) (|| f]

L#(0,T;L4(R2))

Leo,mLa@) + wollpa, 5))- (2.27)

(iii) For the same data, the backward Stokes system —u; + Ay pu = f with u(T) = wuy,
has a unique solution w € L*(0,T;D(A,B)) given by u(t) = e~ T"HAany, +
Js X (t), satisfying the estimate (2.27).

(iv) There holds the duality relation (Jsq4)" = Js’/,q/.

(v) In the case g = 2 the constant C' = C(2,s,T,Q) in (2.27) does not depend on the
domain €.

PROOF. (i) This assertion is based on [36, Theorem 1.2]. Applying the Helmholtz
projection P, to (2.24),, we obtain (ii). Moreover, the unique solution of (2.26) can be
represented by the integral formula w(t) = e *aug + J; . F(t).

(iii) The statements for the backward equation follow from (i), (ii).

(iv) Recalling (A, 5) = Ay, for f € L5(0,T;LI(Q)) and g € L* (0,T; L (Q)),
we easily compute that (Js f,g)r.0 = (f, J. ,9)1.0-

(v) Since Ay p generates an analytic semigroup the assertion follows from a general
result of de Simon [6], see Lemma 2.10 below and also [37, Lemma IV.1.6.2]. Let us first
consider the equation u; + A2 pu = f, u(0) = 0.

LEMMA 2.10 (de Simon). Let1 <T < oo, 1 < s < oco. Let f € L*(0,T; L%())
and w = Jsof . Then As pu € L*(0,T;L2(2)) and

lue, Az pul

Le0,7:22() < CllfllLs=0,1;02(2) (2.28)

with a constant C = C(s) independent of T'.

A thorough inspection of the arguments in [6] shows that the constant in (2.28)
principally depends on the constant appearing in the resolvent estimate for As, which
is independent of the domain €, see [18, Proposition 2.6 (ii)]. Thus C in (2.28) is
independent of 2. On the other hand, the dependence of the constant C(g,s,T,),
q # 2, in the maximal regularity estimates in Theorem 2.9 on 2 remains yet unclear.

Recall that in Theorem 2.9 T' < oo. If ug = 0, the equation u; = f — Asu and
(2.28) lead to estimates of u; and u in L*(0,T; L*(Q)) by f.
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The non-homogeneous case with initial velocity 0 # ug € D(A2 p) is easily reduced
to the homogeneous case by considering v(t) = w(t) — uo.
Now the proof of Theorem 2.9 is complete. g

3. Maximal regularity of Aq, B for bounded domains.

Let 1 < g,s < oo and 0 < T < oo. Similarly as for a bounded domain and the
Stokes operator A, p, see Subsection 2.3, we define the operators

t ; _ T ;
Js,qf(t)=/0 e” "D Aun f(r)dr and Jé,qg(t)Z/t e~ Anrg(r)dr

’

for f € L°(0,7; L4 () and g € L*(0,T; L1(R)), respectively. Since (L1(Q))" = L¢
as well as (Aq,8) = Ay B, sece Theorem 1.2 (iii), we get the duality relation

(©)

<j9,q.fag>T,Q = <f7 \isl’,q/g>T79'

Recall that for a bounded domain the spaces L9 and L coincide. According to Theo-
rem 2.9, we already know that the instationary system has a unique solution satisfying
the maximal regularity estimate with a constant C' = C(q, s,T,Q) > 0. Hence, in order
to apply the exhaustion method to a general unbounded domain, see Assumption 1.1, it
suffices to show the estimate in the L*(0,T; L9(Q))-norm with a constant depending on
Q only through the parameter 7q = (&, B, K).

3.1. Thecase2§s:q~<oo. )
Let 2 < s = ¢ < o0 so that LI(Q) = LY(Q) N L*(Q), and let f € LI(0,T; LL(Q)).
By Theorem 2.9 the function u = J; 4 f solves the equation

ut—l—flq,Bu:ut—Au—&—Vp:f, u(0) =0, (3.1)
with Vp = (I — P,)Au. Our aim is to prove the estimate

|ue, w, Vu, Viu, Vp”LLI(QT;Eq(Q)) < C”f”LQ(QT;Eq(Q)) (3.2)

with C' = C(7q,T,q) > 0.

Consider a parametrization {h;} of 02, the covering of 2 with balls {B;} and the
corresponding partition of unity {¢;}, 1 < j < N, as described in Subsection 2.1. We
define

UJI = Uo;,,é,hj(xj) ﬁBj for T € o9, Uj/ = Bj for T € Q,1<j<N.
Hence we may work in domains U; C U}, assume that each U; has the form as the set
H in (2.4), (2.5), (2.6), and apply the results of Proposition 2.8 for H.

We use the localization procedure as in [18]. Let M; = M;(p)(t), t € (0,T'), be the
constant such that p — M; € L9(0,T; L§(U;)). Multiplying the instationary equation by
w5, j=1,..., N, and adding the term u¢p; to both sides of the momentum equation we
obtain the local system
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(ug;)e + up; — div S(up;) + Vip;(p — Mj))
=fei+(p—M;)Ve; —2VuVe,
— Apju— (Vu)'Vp; — Vpu+up; inU; x (0,7)

3.3
div(up;) =V, - u in U; x (0,T) (3:3)
pju-n=0, B(up;)=/pu(Vy; n) on 9U; x (0,T)
p;u(0) =0 in Uj.

We assume that Vi, - n is extended from dU; to the whole of the C3-domain Uj;, and
for the extension denoted by ®; € C?(Uj;) it holds ||®,]c2 < C(7q) uniformly in j =
1,...,N.

Now we apply the local maximal regularity estimate (2.22) to (3.3) and obtain (with
all norms taken over (0,T") x U;)

[(pjw)illLacray + lupillLawzay + V(e (p = Mj)lLa(ray
< C(Ifes. (0= M;j)Ve;, VuVe;, Apju, (Vu) Vo, V2o, uwg;llpera)
+ IV -, ugjllLawray + [1Veps -, Vooj - wall o ir—r.ay + 10l 1.1/2).

The property (2.3) of ¢; yields the inequality

lojue, pju, ©;Vu, ©;Vu, ©;Vp|lLa(La
< C(Ifs p = M, w, Vullpawa + 11V5 - el pagir—ray + lull 1.0/2) (34)

with C' = C(1q, T, q) > 0. Note that [[u®;[| ;11/2 < C(q, 7a)| 1.1/ since the operator
.9 a,9
(D;)1/? commutes with the multiplication by ®;.

Hence it remains to estimate in (3.4) the last two terms and the pressure term. For
the last one we use Proposition 2.6 (i) and get with € € (0, 1)
[l 22 0.1y < Cllullzomwrawy)) + ellull oo riLew,))- (3.5)
For the pressure term, thanks to Vp = f + Au — u; and (2.8), we have

HP—Mﬂmw»SCU@@QfMerHWUM%w)

(aue, )| Ny
—_— W4 (U; .
*ﬁm{nku«wﬂ 07veW™ U

To estimate |(us,)y,| for ¢ € W, ’q/(Uj) we use the interpolation inequality
1\ 170
ol <0(3) " Tollzzsy + (0 = O/ oln,

with r € [2,¢], 0 € [0,1],1/r =6/24+(1—6)/q. Let r € [2,q) be such that the embedding
Wha'(U;) < L"' (U;) holds. Then
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[(ue, V)u, | < Nwellr @) 1l L 0,y
< (Clra, g, &)l|luell L2 wy) + ellwell Law)) VYl Lo ) (3.6)

which implies
Ip = Mjll Lao,7500,)) < C(IIF |l Laco,rsLaw,y) + IVl Lao, e,y
+ el ago, 52w ))) + ellwel| oo, 100 (U,)) (3.7)

with C = C(7q,T,q,¢) and any ¢ € (0,1). Moreover, the inequality (3.6), (2.3) and (2.7)
for v € W' (U;) imply that

(Vej - ue,v)u,| < (Cras g, 8)lluell 2wy + ellwell Lawy)) IVOll Lo 1)
which yields for any € € (0,1) and a constant C' = C(7q, T, ¢, ¢)
1V, 'Ut”Lq(o,T;W—l,q(Uj)) < Cllutl|pago,riL2w;)) + ellwellLago,riLe(v;))- (3.8)
From the estimates (3.4), (3.5), (3.7) and (3.8) we finally get that

lojue, pju, ©;Vu, ©;Vu, ©;VpllLaorLew,))
< C(If, w, Vullpaor:n0w,)) + el Lo,z w,)) + elwdllLooriaw,y,  (3.9)

j=1...,N, with C =C(1q,T,q,¢) > 0.

Now, considering the ¢'" power of (3.9), we perform the summation over j = 1,..., N
and employ the property that at most Nog = Ny(«, 8, K) of the neighborhoods Uy, ..., Uy
intersect, see Subsection 2.1. In order to deal with the term ||w||za(o,7;02(v;)) We use

the reverse Holder inequality }°, aq/2 < (X a;)9?, 1 < q/2, with a; = ||Jus(t, >HL2(U )
In the following we drop from tlme to time the designation of the time interval (0,7 in
the notation of function spaces and norms. We obtain

T q
e, w, Y, V2, V|00 1000 g/o /Q ((Z¢j|ut|>
J
q q ) q q
(o) +(Seivul) +(Seivu) +( Telvn) ) arar

J J J J

, T
< Ng/q Z/ / (Jojuel® + lpjul? + [0 Vul? + | VZu|? + [p;Vp|?) dz dt

j 0 JQ

= Nq/q Z H‘Pjut’ pju, p;Vu, ‘pjv2u7 ijVpH%q(Lq(Uj)))

< Nq/q Z Hf» u, VUHLq(Lq U;)) + HutH%q(p(Uj))) + EqHutH%q(m(Uj)))

/2
< Ng/q ( (N0||f7 u, VUHLq(Lq Q) + Nq ||utHLq L2(Q))) 8qNO||7-"t||%q(Lq(Q)))
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implying that

||'U/t,u, V'U,, VQU, Vp”Lq(O,T;Lq(Q))
< C(If, w, Vaullparay) + llwell nacrz@))) +ellwel papaoy) (3.10)
with C' = C(71q,T,q,¢) >0, e € (0,1).
Choosing ¢ sufficiently small and using the estimates (2.9) and (2.10) we absorb the

terms |[ug||pa(racq)), |Vl|pa(raay) and finally |[w|/e(raq)) on the right-hand side of
(3.10) by the left-hand side. Then we get the inequality

l[we, w, Vu, V2, Vpllreorsze@) < C(1FlLaray + lue, v, V2l Lorz))-

Considering Theorem 1.2 (iii) and (2.27) for ¢ = 2 (recall Theorem 2.9 (v)) the estimate

e, w, V| pao,r:2(0) < CIFllpar2@)

with a constant C' = C(g¢,T) independent of € finally implies that

e, w, Vu, V2, VplLeorsze@)) < CUIFlLaacey + 1 F1la2 @)

with C' = C(1q,T,q) > 0. Using the last estimate also for ¢ = 2 we obtain the desired
L-estimate (3.2) with a constant C = C(mq,T,q) > 0.
Moreover, from Theorem 1.2 (iii) we have

”utv u, A%BUHL‘I(QT;EQ(Q)) < C‘If“LfI(O,T;z/q(g2)) (3'11)

with C = C(1q,T,q) > 0. )
Obviously, also the backward equation —u;+ A, pu = f, w(T) = 0, admits a unique
solution satisfying (3.11) and (3.2) with C' = C(mq,T,q) > 0.

3.2. Thecasel <s=gq<2.

Again we consider the Stokes system (3.1), but now for a right-hand side f €
L9(0,T;L9(Q)), 1 < ¢ < 2. The aim is to prove the a priori estimate (3.2). According
to Theorem 2.9, there is a unique solution u(t) = J, ,f(t) = Jy.of(t). Recall that Q is
a bounded domain and hence L(Q) = L4(Q), P, = P, and A, 5 = A, 5.

For the proof we use a duality argument. First, note that the space

Coo(0,T;Cy,) ={v € C5°(2 x (0,T)) : divw(x,t) =0 for all t € (0,7)}
is dense (see [10]) in
L0, 73 LY () = L7 (0,3 L§ (@) N L (0,75 L5 (€2))

= (L9(0,T; LL(Q)) + L9(0,T; L2(Q)))' = (L9(0,T; LL(2)))".

Notice that also ., = (T ) as well as (A,B) = Ay p. Then for u = J, ,f with

f e L90,T;LL(Q)) and v = T g with g € L7 (0,T; LY (€2)) there holds the equality
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(f, Ay BV)1,0 = (U + Aq,B“, Aq’,B'U>T,Q
= (u, (-0 + Ay B) Ay BV)1.0

= <Aq,Bu7 —v: + Aq/,B'U>T,Q = <Aq,Bu7 g>T,Q;

to justify the second step we mollify u and v in space and time separately and use an
approximation argument. Thus, with v, = Jy ¢ and the estimate (3.11) with s = ¢
replaced by s’ = ¢’ > 2 and u replaced by vy, we obtain that

|(Aq, B, g)7,0l

:0#g€ Lq’<0,T;iz'(ﬂ>>}
HgHLq/(iq’(Q))

HAfLBu”LQ(O)T;Eq(Q)) < CSup{

A - 121 4 ’ ~ 7
< csup { {Bupte 2o £ S0pvaital o 4 g  10(0,7: 1 (m)}
HQHLq/(iq’(Q))
A ’ ’ ~ 7
< CSUP{ AT Arnvaltal g g e i (010 E (Q)>}
||Aq’,ng||Lq’([“,q’(Q))

< HfHLq(iq(Q))

with a constant C = C(1q, T, q). Moreover, from Theorem 1.2 (iii) we know that

wllwea@yrw22@) < C(ra, q) (ullpa@)rr2) + | Ag,Bull La@)+r20))-

Therefore, using the relation Vp = f — u; + Aw, from the preceding estimate and from
(3.11) we get

Hutv u, Vu, VQU, vp”LQ(QT;f/I(Q)) < Cll-f”LQ(QT;f,q(Q))

with C = C(1q,T,q) > 0.
Hence Theorem 1.3 is proven for {2 bounded, 1 < s = ¢ < oo and u(0) = 0.

4. The case of unbounded domains.

Let now £ C R™ be an unbounded domain of uniform C3-type 7q, and let {Q;};en
be a sequence of bounded subdomains of uniform C3-type 7q as in Assumption 1.1.
Given 1 < s = ¢ < oo and f € L9(0,T; LL(Q)) we set fj = fla, € L9(0, T} L9(Q;)). In
view of Section 3 we consider for each j € N the solution (u;, Vp;) € (L9(0,T; DL(Q;))N
Wha(0,Ts; f/},(Qj))) x L9(0,T;G9(Q;)) in Q; x (0,T) of the instationary Stokes system
with right-hand side f:

Oruj — Auj + Vp; = f; in Q; x (0,7T)
divu; =0 in Q; x (0,T)

u;-n; =0, B(u;) =0 on 0Q; x (0,T)
u;(0) =0 in Q.

(4.1)
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From Section 3 we know that u;,p; satisfy the estimate

0ew; || oo, 7550 (0,)) T 185l Lao,ryza(ayy) T 1IVPill Lagorsiacayy)
< CHfj”LQ(O,T;LQ(Qj)) S Clfllago. 109 (4.2)

with C' = C(7q,T,q) > 0 independent of j € N.
In the following, we use the notation g for the extension of a function or a vector
field g; defined on ©; x (0,T') by zero to the whole of Q x (0,7), i.e.,

G 1) = g,(z,t) for (z,t) € Q; x (0,T),
940 =0 for (z,1) € Q\Q; x (0,T).

In particular, for f; = flo, we get, as j — oo,
E — f strongly in L9(0,T; LY(2)). (4.3)

4.1. The case 2 < s =¢q < oo.
Let 2 < ¢ < oo and let us consider the pressure first. Extending Vp; by zero to
Vp; € L4(0,T; EQ(Q)) we get that

||VPJ‘HL<1(0,T;£4(Q)) = ||ijHLq(o,T;iq(Q ) = OH-fHLq 0,7;La(Q))

with the same constant as in (4.2). From the reflexivity of the Bochner spaces we obtain
(at least for a not relabelled subsequence) that ij — Q weakly in L9(0,T; L9(Q)) and

||QHLq(0,T;Eq(Q)) < hjrgg.}f ||VPJ'HLq(0,T;Lq(Q)) < CHf”Lq(O,T;iQ(Q))’ (4.4)

again with a constant as in (4.2). To identify @ as a gradient field, let ¢ €
C5e(0,T; CF%,(82)). Without loss of generality we may assume that supp ¢(t) C €2; for
all j > jo, t € (0,T). Then, since Vp; € LI(0,T;G4(9;)) and ¢ € C5°(0,T; C6% (825)),
we get

(Q.¢)r0 = lim (Vp;, d)r0 = im (Vp;, )70, = 0.
and the de Rham argument yields the existence of a gradient Vp such that
Q = Vp € L10,T;GY(Q)). (4.5)
Let us now consider the velocity fields
u; € LU0, T; DE(%y)) N WHI(0, T; LE(%))

with f)q( i) = La() N W29(Q,). We extend each component of uj, Vu,, V3u; €
L9(0,T; L(£;)) by zero to the whole of Q yielding extensions

@ € WH(0,T5LL(Q), Vg, V2u; € L90,T; LU(Q));
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we note that the extensions of Vu;, V?u; are zq(Q)—functions in space and need not be
derivatives with respect to the spatial variable. Furthermore, since ||0qu; || La(0,T;Ea(Q) =

106w Lao,7529(0,)) 20

H’E;”LQ(O,T;EA(Q)) + ||vuj||L11(0’T;[:q(Q)) + HVQ'“J‘”Lq(o,T;iq(Q)) = ||uj||LQ(07T;W2,q(Qj))

(4.2) implies that

—~—

105, wj, Vs, V2l Lo ripaey) < €T T FllLago Loy (4.6)

From the estimate (4.6) which is uniform in j € N we get the weak convergences (at least
for not relabelled subsequences)

—_~

O, — a, u; — u, Vu,; — Vu, V2u; — VZu in LI(0,T; LY(Q)). (4.7)

Note that all convergences are meant componentwise and that the weak limits of the
extended gradients are easily seen to be spatial derivatives of u. Moreover, u = u; and
divu = 0. From (4.7), the lower semicontinuity of norms as well as from (4.6) it follows
that

||/u’tHL<1(()}T;[~,<1(Q)) + ||u||Lq(o,T;W2,q(Q)) < C(ra,T, Q)||f||Lq(o,T;Eq(Q))~ (4.8)

In particular, w € L(0, T; W24(Q)) and u, € LI(0,T; LL(Q)).
Next we show that w satisfies the Robin boundary condition B(u) = 0 on 02. This
boundary condition is understood as follows: Let

¢ € C5°(0,T;C55,(90) := {o € C§°((0,T) x Q) : ¢ -m = 0 on I x (0,T)}.
Then, since ¢ is tangential on 02, there holds the identity
0= (B(u), )00 = (au, p)r.00 + B(S(u)n, d)1.00
= (au, d)100 + B(S(u), Vé)r,0 + B(div S(u), ¢)r0. (4.9)

Assume that supp ¢(t) N Q2 C Q; and dist(supp ¢(¢), 9Q;\I';) > 0 for all j > jo. Thus we
also have ¢ € C5°(0,T; C35, (95 )) with ¢ - njlr, = ¢ - n|r; =0 and ¢|so,\r, = 0. Since
all extensions ” ™" are meant componentwise we obtain that

(S(u)n, d)ro0 = (S(u), Vo)r.a + (Au, d)1.0
= lim ((S(uy) Vo) r o+ (Aws,6)r)
:]11>I§)£) ((S(u)), Vo)r.a, + (Auy, d)1.0;)

lim <S(Uj)nj, ¢>T,an-
j>Jo

By analogy, trace theorems and compact embeddings for Bochner spaces imply that
(u,9)r,00 = lim;>;, (u;, ¢)700,. Since B(u;) =0 on 9; we conclude that
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<B<u)7 ¢>T,OQ =0 for all ¢ € C(())O (Oa T; C(()>,on (ﬁ))7

i.e., B(u) = 00n d0x(0,T). Thusw € L0, T; (W (Q)NLL(Q))NWHA(Q)NL2(Q))) =
L9(0,T;DL(Q)) and u; € LI(0,T; LL(RQ)).

From the weak convergence properties of d;u;, &vuj, €Jpj and Tf\; see e.g. (4.7) and
(4.3), it follows immediately that u; — Au + Vp = f in Q x (0,7) in the sense of
distributions. Moreover, by (4.7), for all ¢ € CA([0,T); LY (Q))

T

—(@5(0), 9(0))a = / (O, ) dt + / (@ o) dt
T T
5 / (ur, ) + / (u, gr)e dt = —(u(0), 9(0))q.

Thus we obtain that 0 = u;(0) — w(0) = 0 weakly in L?(£2). Furthermore, combining
(4.8), (4.4) and (4.5) we get the inequality

||ut||L4(07T;Eq(Q)) + ||u||LQ(0,T;V~V2,q(Q)) + |‘vp||LQ(07T;Eq(Q)) < CHfHLQ(O,T;Eq(Q)) (4.10)
with C' = C(7q,T,q) > 0.

4.2. Thecasel <s=¢q < 2.

Now let 1 < g < 2. We again start with the pressure gradient. In this case we have
Vp; € LU0, T;G9(Q;) + G*(;)) and hence we can choose Vpj € L%(0,T; G4(£2;)) and
Vp? € L9(0,T; G*(Q;)) such that Vp; = Vp; + Vp? and—by a reflexivity argument—

||VPjHLq(o,T;iq(Qj)) = ||Vp}||Lq(o,T;Lq(Qj)) + HVP?”LQ(O,T;L?(QJ))'

Extending Vp} and Vp? by zero to functions %vpjl and ?p? to Q x (0,7), from (4.2) we
have with the same constant C = C(1q, T, q)

IV} Lao.r:La@) = VD)l Lo rizai,)) < ClFllLaqo.rizaca)):
IVP2|Lao.riz2 () = VD Lao.r:L2@,)) < CUF N Lago. 2 )
This implies that in the weak sense (at least for subsequences)
o1 ol . o2 2 )
Vp; =@ in LU0, T;L9(%)), Vp; — Q" in LY0,T;L(2)) (4.11)
and
1Q s 0,22 + Q%I a0, 7:22(2)) < CllFll pago,r:E0 ()

again with a constant as in (4.2).
Let ¢ € C5°(0,T; C5%,(22)) and assume that supp ¢(t) C Q; for all j > jo, t € (0,T).
Then we get that

(@', 9)r.0 = im (Vp}, ¢)r0, =0, (Q° ¢)r.0 = lim (Vp3, )1, =0,
Jj>jo Jj>jo
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and the de Rham argument yields the existence of gradients Vp', Vp? such that Q' =
Vp' € L90,T;G9(Q)) and Q* = Vp* € L(0,T;G*(Q2)). Defining Vp = Vp' + Vp® we
obtain Vp € L9(0,T; G(Q)) satisfying

||VPHLq(o,T;Eq(Q)) > C||f||Lq(o T;La(Q)) (4.12)

with a constant C' = C(7q,T,q) > 0.
Let us now concentrate on the velocity fields

wj € L0, T; DL(Q;)), yuj € LU0, T; LL(Q;)).

Recall that DL(Q;) = LL(Q; ) NWZ9(Q;). We choose a decomposition u; = uj + u?
with u} € L9(0, T; DE (), u € L9(0,T; D%(9;)) satisfying

1ill Lago, w20 (0y)) = |l Lago,rsw2a0,)) + 15 | Lago,rsw22(0,))- (4.13)

In the similar way as before we extend wuj, Vuj, V*uj € L%(0,T;L9(Q;)) and
u?, Vu3, V?ui € L9(0,T; L*(€;)) by zero to Q and obtaln extensions

ul, Vul, V2ul € L(0, 75 19(), w2, Va2, V2u? € L9(0, T; L2()),

By (4.2) we have (omitting the designation of the interval 0,7")

[0 (uj + u?), o)7 0l
”SD”Lq’(/iq/(Q))

{ |<at (u]1 + u§)7 @>T,Qj |
||<P||Lq’(Lq’(Qj))

19488 + W) o) = wp{ :o¢¢eL¢@¢m»}

< sup

0 e (L)

= ”atuj”L'J(fA(Qj))
< C”fHLq(LQ(Q))

as well as due to (4.13)

lul, Vul, V2u 1||Lq Loy + 42, Va2, V2u2| a2 0y

= ||uJHLq(W2~q(Q]-)) < C(ra, T, (J)Hf”};q(iq(ﬂ))'

From these uniform estimate we obtain the weak convergences

ul = ul, Vul = Va!, V2ul = V2l i L9(0,T; L)), )
w2 =, Va2 = Vu?, V2u2 = V2u® in L9(0,T; L3(Q)).

Sl

Defining u := u; + uy we see that

u; —u, u; —u=mu; weaklyin L2(0,T;LL(Q)). (4.15)
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Hence we already have w € L(0,T; LL(Q)NW?24(Q)) + L4(0, T; L2(Q) N W?22(Q)), u; €
L9(0,T; LL(Q)). Moreover, from the previous estimates, the lower weak semicontinuity
of norms and from (4.12) we get the a priori estimate (4.10).

In the next step we verify the Robin boundary condition for u! and u? and
hence for w. Let ¢ € C5°(0,T;C5%, () and assume that suppo(t) < €,
dist(supp ¢(t), 9;\I';) > 0 for all j > jo. Thus ¢ € C§°(0,T;C55,(;)) with ¢ - nj|p, =
¢-nlp, = 0 and ¢log,\r, = 0. From (4.14), noting that u} € L9(0,T; Wé’q(Qj)) and
u? € L0, T; W5*(9;)), we get as in Subsection 4.2 that

1

(S(u')n, ¢)r.00 = j11>r;1 (S(uf)nj, ¢)rp0, fori=1,2,

and hence that (S(u)n, ¢)r.00 = (S(ul)n, ¢)7.s0 + (S(u?)n, d)r sq. Since due to com-
pact embeddings and trace theorems (u’, ¢)7.90 = lim;>j, (u;, ®)r00,, © = 1,2, and
B(u;) = 0 on 09Q; we conclude that B(u) = 0 on 0f2.

Altogether, for 1 < ¢ < 2 we proved that u = u! +u? € L(0,T; ﬁ%(Q))

Again it is immediate that w, Vp satisfy the Stokes equation u; — Au + Vp = f,
divu = 0 in the sense of distributions as well as the desired a priori estimate (4.10) with
a constant C' = C(1q,T,q) > 0. As in the case ¢ > 2 we also have 0 = u;(0) — u(0) =0
weakly in L?(€2).

We note that similar results for the backward Stokes system —u; +Aqu =f,u(l) =
0, can be deduced in an analogous way.

4.3. End of the proof of Theorem 1.3.

The case s # ¢ follows from an abstract extrapolation argument, see [3, page 191]
and [5], where we have to consider the shifted operator ¢ + flq, B, 0 > 0. This argument
shows that if (4.10) holds for some s € (1,00), i.e. here with s = ¢, then it holds for all
s € (1,00).

To show uniqueness let us assume that w € L°(0,T;D(A,3)) satisfies u; +
A,pu = 0, u(0) = 0. Then for given g € L* (0,T;L9 (Q)) there is a solution
v e L¥(0,T;D(Ay B)) of —v; + Ay pv = Pyg, v(T) = 0. So we have

(u,g)r0 = (u, pq’g>T,Q = (u,—v; + Aq’,B'U>T,Q = (uy + Aq,BU,WT,Q =0

for all g € L (0,7 L9 (€2)) and thus u = 0.

Finally, considering the inhomogeneous equation u; + A,u = f, u(0) = ug €
D(A, ) we solve the equation v; + A, pv = F = f — A, pug, v(0) = 0. Then
u(t) = v(t) + uo is the desired solution satisfying the maximal regularity estimate with
right-hand side C(||f{| (o 7,74(c)) + ||u0||D(Aqu)), where as before C' = C(1q,T,q) > 0.

Now the proof of Theorem 1.3 is complete. g
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