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Abstract. In this paper, the optimal problem for mixed p-capacities is
investigated. The Orlicz and Lq geominimal p-capacities are proposed and
their properties, such as invariance under orthogonal matrices, isoperimetric
type inequalities and cyclic type inequalities are provided as well. Moreover,

the existence of the p-capacitary Orlicz–Petty bodies for multiple convex bod-
ies is established, and the Orlicz and Lq mixed geominimal p-capacities for
multiple convex bodies are introduced. The continuity of the Orlicz mixed
geominimal p-capacities and some isoperimetric type inequalities of the Lq

mixed geominimal p-capacities are proved.

1. Introduction.

The setting for this paper will be in the Euclidean space Rn. A subset K ⊆ Rn is

said to be convex if λx + (1 − λ)y ∈ K for any x, y ∈ K and any λ ∈ [0, 1]. A convex

compact subset K ⊆ Rn is called a convex body if intK ̸= ϕ, where intK is the interior

of K. Denote by K and K0 the set of all convex bodies and the set of all convex bodies

with the origin o in their interiors, respectively. By |K|, we mean the volume of K ∈ K
and, particularly, we use ωn to denote the volume of the unit ball Bn

2 ⊆ Rn. We use

Sn−1 to denote the unit sphere in Rn. For K ∈ K, the volume radius of K, denoted by

vrad(K), is defined by

vrad(K) =

(
|K|
ωn

)1/n

.

It is well known that the affine surface area is a very important concept in convex

geometry. The study of the affine surface area can be traced back to Blaschke [4] (for

q = 1), and later it was extended to Lq cases by Lutwak [21] (for q > 1), Schütt and

Werner [26] (for −n ̸= q < 1), Ludwig [15] (for Orlicz case). The affine surface area and

its extensions have many applications, such as, in the theory of valuations, approximation

of convex bodies by polytopes and the information theory of convex bodies (see e.g., [2],

[3], [11], [16], [17], [18], [26], [28]). Geominimal surface area, which can be considered

as a “dual” analogous concept of affine surface area, is also an important concept in

convex geometry. The classical geominimal surface area was first introduced by Petty

[24]. For a convex body K ∈ K0, the classical geominimal surface area G(K) of K can
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be defined by the following optimal problem,

G(K) = inf
L∈K0

{∫
Sn−1

hL(u)dS(K,u) with |L◦| = ωn

}
, (1.1)

where L◦ denotes the polar body of L, hL is the support function of L and S(K, ·) is the
surface area measure of K (see Section 2 for the detailed terminologies). Replacing the

support function hL by the reciprocal of the radial function ρL and K0 by S0 (the set of

star bodies about the origin o) in (1.1), one gets the definition of affine surface area for

q = 1.

Closely related to the affine and geominimal surface areas is another central concept

in convex geometry, i.e., the mixed volumes. For two convex bodies K and L, the mixed

volume V1(·, ·) can be defined by:

V1(K,L) =
1

n

∫
Sn−1

hL(u)dS(K,u). (1.2)

In view of (1.1) and (1.2), one gets

G(K) = inf
L∈K0

{
nV1(K,L) with |L◦| = ωn

}
. (1.3)

In [24], Petty proved that there existed a unique convex body M with |M◦| = ωn solves

the optimal problem in (1.3). This shows that one could define the classical geominimal

surface area G(·) based on the mixed volume V1(·, ·). Motivated by this definition (1.3),

the classical geominimal surface area has been extended to Lq cases by Lutwak [21] (for

q > 1) and Ye [31] (for −n ̸= q < 1). Similarly, one can define the Orlicz geominimal

surface area, please refer to [32], [34], [35]. Therefore, employing the relation between

geominimal surface area and the corresponding mixed volume, one could define the Orlicz

and Lq geominimal p-capacities (1 < p < n) with the help of the Orlicz and Lq mixed

p-capacities.

Recall the definitions of the Orlicz and Lq mixed p-capacities for 1 < p < n. Let I
be the set of continuous functions φ : (0,∞) → (0,∞) such that φ is strictly increasing,

limt→0+ φ(t) = 0, φ(1) = 1 and limt→∞ φ(t) = ∞. For K,L ∈ K0, p ∈ (1, n) and

φ : (0,∞) → (0,∞), the nonhomogeneous and homogeneous Orlicz mixed p-capacities

of K and L are given by

Cp,φ(K,L) =
p− 1

n− p

∫
Sn−1

φ

(
hL(u)

hK(u)

)
hK(u)dµp(K,u),∫

Sn−1

φ

(
Cp(K) · hL(u)

Ĉp,φ(K,L) · hK(u)

)
dµ∗

p(K,u) = 1 for φ ∈ I,

where µp(K, ·) is the p-capacitary measure on Sn−1 given by (2.7), and µ∗
p(K, ·) is a

probability measure on Sn−1 given by (2.11). Here we would like to mention that the

nonhomogeneous Orlicz mixed p-capacity Cp,φ(·, ·) was introduced in [13] and the ho-

mogeneous one in [19]. When φ(t) = t, the mixed p-capacity was provided in [6]. By

letting φ(t) = tq for −n ̸= q ∈ R, one gets the Lq mixed capacities [13].
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In Section 3, we define the Orlicz and Lq geominimal p-capacities with respect to

Q0 which is a nonempty subset of S0. For instance, let K ∈ K0 be a convex body and

φ ∈ I, the nonhomogeneous Orlicz geominimal p-capacity Gorlicz
p,φ (K,Q0) of K can be

formulated by the following optimal problem:

Gorlicz
p,φ (K,Q0) = inf

L∈Q0

{
Cp,φ(K,L) with |L◦| = ωn

}
.

Similarly, the homogeneous Orlicz geominimal p-capacity with respect to Q0, denoted

by Ĝorlicz
p,φ (K,Q0), can be defined with Cp,φ(·, ·) replaced by Ĉp,φ(·, ·). That is,

Ĝorlicz
p,φ (K,Q0) = inf

L∈Q0

{
Ĉp,φ(K,L) with |L◦| = ωn

}
.

In this paper, we would focus on two special cases, which are Q0 = K0 and Q0 = S0. For

convenience, we will write Gorlicz
p,φ (K,K0),Gorlicz

p,φ (K,S0), Ĝorlicz
p,φ (K,K0) and Ĝorlicz

p,φ (K,S0)

by Gorlicz
p,φ (K),Aorlicz

p,φ (K), Ĝorlicz
p,φ (K) and Âorlicz

p,φ (K), respectively. For example,

Âorlicz
p,φ (K) = Ĝorlicz

p,φ (K,S0) = inf
L∈S0

{
Ĉp,φ(K,L) with |L◦| = ωn

}
.

In [19], the authors showed that there was a convex body M ∈ K0 with |M◦| = ωn

such that Gorlicz
p,φ (K) = Cp,φ(K,M). Similarly, there is a convex body M̂ ∈ K0 with

|M̂◦| = ωn such that Ĝorlicz
p,φ (K) = Ĉp,φ(K,M).

We also provide a detailed study on the properties of the Orlicz geominimal p-

capacity of K, such as the invariance under orthogonal matrices. In particular, we

establish some isoperimetric type inequalities.

Theorem 1.1. Let K ∈ K0 be a convex body with its Santaló point or centroid at

the origin o and BK = vrad(K)Bn
2 .

(i) If φ ∈ I0 ∪ D0, then

Âorlicz
p,φ (K)

Âorlicz
p,φ (BK)

≤
Ĝorlicz
p,φ (K)

Ĝorlicz
p,φ (BK)

≤ Cp(K)

Cp(BK)
.

Equality holds if K is an origin symmetric ball. Here Cp(K) is the p-capacity of K.

(ii) If φ ∈ D1, then there exists a universal constant c > 0 such that

Âorlicz
p,φ (K)

Âorlicz
p,φ (BK)

≥
Ĝorlicz
p,φ (K)

Ĝorlicz
p,φ (BK)

≥ c · Cp(K)

Cp(BK)
.

Special attention is also paid to the case when φ(t) = tq for −n ̸= q ∈ R (see Proposi-

tion 3.4).

In section 4, we also investigate the existence of p-capacitary Orlicz–Petty bodies of

KKK = (K1,K2, · · · ,Km), a vector of convex bodies, and establish analogous isoperimetric

inequalities for the Lq mixed geominimal p-capacity. These results are similar to those

of the mixed Lq affine and geominimal surface areas in [27], [29], [31], [33], [36], which

extended the Lq affine and geominimal surface areas.
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2. Preliminaries and Notations.

In this section, we collect some basic notations and definitions in convex geometry.

One can refer to [10], [25] for more details in the Brunn–Minkowski theory.

The Minkowski sum of two sets A and B in Rn, denoted by A + B, is defined by

A + B = {x + y : x ∈ A, y ∈ B}. The scalar product of λ ∈ R and A ⊆ Rn, denoted

by λA, is defined by λA = {λx : x ∈ A}. For a n × n matrix ϕ, we use detϕ and ϕt

to denote the determinant of ϕ and the transpose of ϕ, respectively If detϕ ̸= 0, we say

that ϕ is invertible and employ ϕ−1 to represent the inverse of ϕ. Denote by O(n) the

set of all n × n matrices such that ϕϕt = ϕtϕ = In, where In is the identity matrix on

Rn.

The polar body of K ∈ K0, denoted by K◦, is defined as follows:

K◦ = {x ∈ Rn : ⟨x, y⟩ ≤ 1 for any y ∈ K},

where ⟨·, ·⟩ is the standard inner product in Rn. Denote by K◦◦ the polar body of K◦,

and K◦◦ = K for any K ∈ K0 (see e.g., [25, Theorem 1.6.1]). For K ∈ K and z ∈ intK,

one can define Kz, the polar body of K with respect to z, by Kz = (K − z)◦ + z. For

K ∈ K, there exists a unique point s(K) ∈ intK, which is called the Santaló point of K,

(see e.g., [22]), such that, |Ks(K)| = inf{|Kz| : z ∈ intK}. The famous Blaschke–Santaló

inequality states: for any K ∈ K,

|K| · |Ks(K)| ≤ ω2
n (2.4)

with equality if and only if K is an ellipsoid, i.e., K = ϕBn
2 + x0 = {ϕx+ x0 : x ∈ Bn

2 },
where ϕ is some invertible n×n matrix on Rn and x0 ∈ Rn is some vector. On the other

hand, there exists a universal constant c > 0, such that, for any K ∈ K,

|K| · |Ks(K)| ≥ cnω2
n. (2.5)

This inequality is called the inverse Santaló inequality (see e.g., [5], [14], [23]).

The support function of a nonempty convex compact set K ⊆ Rn, hK : Sn−1 → R,
is defined by

hK(u) = max
x∈K

⟨x, u⟩ for any u ∈ Sn−1.

Clearly, for K,L ∈ K and any real number λ ≥ 0,

hλK(u) = λhK(u) and hK+L(u) = hK(u) + hL(u) for any u ∈ Sn−1.

A nonempty set L ⊆ Rn is said to be star-shaped about the origin o if for any x ∈ L, the

line segment from the origin o to x is contained in L. For a compact star-shaped set L

about the origin o, the radial function ρL : Sn−1 → [0,∞) is defined by

ρL(u) = max{r ≥ 0 : ru ∈ L} for any u ∈ Sn−1.

A star body refers to a star-shaped set about the origin o with a positive and continuous
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radial function. Let S0 be the set of all star bodies, and clearly K0 ⊆ S0. It is well known

that (see e.g., [25]) for any K ∈ K0 and any u ∈ Sn−1,

ρK◦(u) =
1

hK(u)
and hK◦(u) =

1

ρK(u)
.

Moreover, for any L ∈ S0, there is an integral formula for volume

|L| = 1

n

∫
Sn−1

ρL(u)
ndσ(u),

where σ(·) is the spherical measure on Sn−1. For any K ∈ K, the surface area measure

S(K, ·) (see e.g., [1], [9]), is defined as follows:

S(K,A) =

∫
ν−1
K (A)

dHn−1, for any measurable subset A ⊆ Sn−1,

where ν−1
K : Sn−1 → ∂K is the inverse Gauss map and Hn−1 is the (n− 1)-dimensional

Hausdorff measure on ∂K. A convex body K ∈ K is said to have a curvature function

fK : Sn−1 → R, if its surface area measure S(K, ·) is absolutely continuous with respect

to spherical Lebesgue measure σ(·), and

fK(u) =
dS(K,u)

dσ(u)
,

almost everywhere, with respect to σ(·). Define F+
0 , a subset of K0, by

F+
0 = {K ∈ K0 : fK is positive and continuous on Sn−1}.

For compact sets E,F ⊆ Rn, the Hausdorff distance (see e.g., [25, (1.60)]) is defined

by

dH(E,F ) = min{λ ≥ 0 : E ⊆ F + λBn
2 and F ⊆ E + λBn

2 }.

For a sequence of compact sets {Ei}∞i=1 and a compact set E, we say that Ei → E as

i → ∞ with respect to the Hausdorff metric if dH(Ei, E) → 0 as i → ∞. The following

lemma will be needed.

Lemma 2.1. (see [19]) Let {Ki}∞i=1 ⊆ K0 be a uniformly bounded sequence such

that the sequence {|K◦
i |}

∞
i=1 is bounded. Then, there exists a subsequence {Kij}∞j=1 of

{Ki}∞i=1 and a convex body K ∈ K0 such that Kij → K. Moreover, if |K◦
i | = ωn for all

i = 1, 2, · · · , then |K◦| = ωn.

Let C(Sn−1) be the set of all continuous functions on Sn−1. For a sequence of

measures {µi}∞i=1 on Sn−1 and a measure µ on Sn−1, we say that µi converges weakly

to µ if for any f ∈ C(Sn−1),

lim
i→∞

∫
Sn−1

fdµi =

∫
Sn−1

fdµ.
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For a function f : Rn → R, the support set of f , denoted by supp(f), is defined by

supp(f) = {x ∈ Rn : f(x) ̸= 0}. Let C∞
c (Rn) denote the set of all infinitely differentiable

functions on Rn with compact supports. Let’s recall the definition of p-capacity. For a

compact set E ⊆ Rn and 1 ≤ p < n, the p-capacity of E, denoted by Cp(E), is defined

by (see e.g., [7], [8])

Cp(E) = inf

{∫
Rn

|∇f(x)|pdx : f ∈ C∞
c (Rn) and f(x) ≥ 1 on x ∈ E

}
,

where |x| refers to the Euclidean norm of x ∈ Rn. Clearly, Cp(E) ≤ Cp(F ) if E ⊆ F .

We would like to mention that when p = 1 and K ∈ K0, the 1-capacity of K is just the

surface area of K.

The following lemma gives some basic properties of the p-capacity, and the results

can also be found in [8, Chapter 4]. Here we provide the detailed proofs of these basic

properties.

Lemma 2.2. Let E be a compact set and p ∈ [1, n).

(i) For any λ > 0,

Cp(λE) = λn−pCp(E).

(ii) For any x0 ∈ Rn,

Cp(E + x0) = Cp(E).

(iii) For any ϕ ∈ O(n),

Cp(ϕE) = Cp(E).

(iv) The functional Cp(·) is continuous on K0 with respect to the Hausdorff metric.

Proof. For convenience, we let R(E) = {g ∈ C∞
c (Rn) and g(x) ≥ 1 on x ∈ E}.

(i) For a differentiable function f : Rn → R, let fλ(x) = f(λx). Clearly, f ∈ R(λE)

if and only if fλ ∈ R(E). By the definition of Cp(·), one has

Cp(λE) = inf

{∫
Rn

|∇f(x)|pdx : f ∈ R(λE)

}
= inf

{
λn−p ·

∫
Rn

|∇fλ(y)|pdy : fλ ∈ R(E)

}
= λn−p · Cp(E).

(ii) Similarly, we can define fx0(x) = f(x + x0) for a differentiable function f :

Rn → R and hence f ∈ R(E + x0) if and only if fx0 ∈ R(E). By the definition of Cp(·),
one has

Cp(E + x0) = inf

{∫
Rn

|∇f(x)|pdx : f ∈ R(E + x0)

}
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= inf

{∫
Rn

|∇fx0(y)|pdy : fx0 ∈ R(E)

}
= Cp(E).

(iii) Let f : Rn → R be a differentiable function and fϕ(x) = f(ϕx) with ϕ ∈ O(n).

Hence, f ∈ R(ϕE) if and only if fϕ ∈ R(E). Moreover, if x = ϕy, then |∇f(x)| =
|∇fϕ(y)|. From the definition of Cp(·), one has

Cp(ϕE) = inf

{∫
Rn

|∇f(x)|pdx : f ∈ R(ϕE)

}
= inf

{∫
Rn

|∇fϕ(y)|pdy : fϕ ∈ R(E)

}
= Cp(E).

(iv) First of all, for K ∈ K0, Cp(K) > 0 (see e.g. [7]). For any ϵ > 0, choose two

positive constants λ > 1 and ρ > 0 such that (λn−p−1) ·λn−p ·Cp(K) < ϵ and ρBn
2 ⊆ K.

It follows from [25, Lemma 1.8.18] that there exists a positive number δ > 0 such that

δ ≤ ρ(λ− 1) and ρBn
2 ⊆ K̃ when dH(K, K̃) < δ. Thus,

K ⊆ K̃ + δBn
2 ⊆ K̃ + (λ− 1)ρBn

2 ⊆ K̃ + (λ− 1)K̃ = λK̃.

This, together with the monotonicity and homogeneity of Cp(·), implies that

Cp(K) ≤ Cp(λK̃) = λn−p · Cp(K̃).

Similarly, one has K̃ ⊆ λK and Cp(K̃) ≤ λn−p · Cp(K). Hence

Cp(K)− Cp(K̃) ≤ (λn−p − 1) · Cp(K̃) ≤ (λn−p − 1) · λn−p · Cp(K);

Cp(K̃)− Cp(K) ≤ (λn−p − 1) · Cp(K) ≤ (λn−p − 1) · λn−p · Cp(K).

Thus, one gets

|Cp(K)− Cp(K̃)| ≤ (λn−p − 1) · λn−p · Cp(K) < ϵ. □

For 1 < p < n, the equation div(|∇U |p−2∇U) = 0 is called the p-Laplace equation. It

can be easily checked that U0(x) = |x|(p−n)/(p−1)(x ̸= o) satisfies the p-Laplace equation

except the origin o, and hence U0(x) is called the fundamental solution of the p-Laplace

equation. The p-equilibrium potential of K ∈ K0 is a weak solution of the following

boundary p-Laplace equation:
div(|∇U |p−2∇U) = 0 in Rn \K,

U(x) = 1 on ∂K,

lim|x|→∞ U(x) = 0.

(2.6)

For K ∈ K0, there exists a unique solution to (2.6) (see e.g., [7]). This implies that,

for K ∈ K0, the p-equilibrium potential exists and is unique. In later context, we use
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UK to denote the p-equilibrium potential of K ∈ K0. Obviously, UBn
2
(x) = U0(x) =

|x|(p−n)/(p−1)(x ̸= o). Hereafter, we only consider p ∈ (1, n).

Lemma 2.3. Let K ∈ K0 and UK be the p-equilibrium potential of K.

(i) The p-equilibrium potential of λK, for any λ > 0, is

UλK(x) = UK

(
x/λ

)
.

(ii) The p-equilibrium potential of K + x0, for any x0 ∈ Rn, is

UK+x0(x) = UK(x− x0).

(iii) The p-equilibrium potential of ϕK, for any ϕ ∈ O(n), is

UϕK(x) = UK(ϕtx).

Proof. The proofs of the assertions (i)–(iii) are similar, and we only provide the

proof of (iii) which requires the most work. For convenience, let Uϕ(x) = UK(ϕtx) for any

x ∈ Rn. Note that UK(x) = 1 on ∂K and lim|x|→∞ UK(x) = 0. Along with ϕ ∈ O(n),

one gets Uϕ(x) = UK(ϕtx) = 1 on ∂(ϕK) and lim|x|→∞ Uϕ(x) = lim|x|→∞ UK(ϕtx) = 0.

Moreover, for any x ∈ Rn \ ϕK, one can get

div(|∇Uϕ|p−2∇Uϕ)(x) = div(|∇UK |p−2∇UK)(ϕtx) = 0.

Thus Uϕ is the p-equilibrium potential of ϕK, i.e., UϕK(x) = Uϕ(x) = UK(ϕtx) for any

x ∈ Rn. □

For K ∈ K0, the p-capacitary measure µp(K, ·) on Sn−1, is defined by

µp(K,A) =

∫
ν−1
K (A)

|∇UK(x)|pdHn−1, for any measurable subsetA ⊆ Sn−1. (2.7)

One can easily get, for any λ > 0 and any u ∈ Sn−1,

µp(λK, u) = λn−p−1µp(K,u) and dµp(K,u) = |∇UK(ν−1
K (u))|pdS(K,u). (2.8)

Note that UBn
2
(x) = U0(x) = |x|(p−n)/(p−1)(x /∈ Bn

2 ), one has

dµp(B
n
2 , u) =

(
n− p

p− 1

)p

dσ(u) for any u ∈ Sn−1. (2.9)

It has been proved in [30, Theorem 1] that µp(K, ·) is not concentrated on any hemisphere

of Sn−1, i.e., ∫
Sn−1

⟨v, u⟩+ dµp(K,u) > 0 for any v ∈ Sn−1,

where ⟨v, u⟩+ = max{⟨v, u⟩, 0}. The famous Poincaré formula for p-capacity can be

stated as follows: for any K ∈ K0,
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Cp(K) =
p− 1

n− p

∫
Sn−1

hK(u) dµp(K,u).

In particular, one has

Cp(B
n
2 ) =

(
n− p

p− 1

)p−1

· nωn. (2.10)

For K ∈ K0, µ
∗
p(K, ·), a probability measure on Sn−1, is defined as follows:

µ∗
p(K,A) =

p− 1

n− p

∫
A

hK(u) · dµp(K,u)

Cp(K)
, for any measurable subset A ⊆ Sn−1. (2.11)

3. The nonhomogeneous and homogeneous geominimal p-capacities.

In this section, the Orlicz and Lq geominimal p-capacities and their properties are

provided. In particular, we establish a series of isoperimetric type inequalities related to

these newly proposed geominimal p-capacities.

Firstly, let’s recall some notations and the results in [19]. Let D be the set of con-

tinuous functions φ : (0,∞) → (0,∞) such that φ is strictly decreasing, limt→0+ φ(t) =

∞, φ(1) = 1 and limt→∞ φ(t) = 0.

Definition 3.1. Let φ ∈ I ∪ D and K,L ∈ K0. The nonhomogeneous Orlicz

mixed p-capacity of K and L, Cp,φ(K,L), is defined by

Cp,φ(K,L) =
p− 1

n− p

∫
Sn−1

φ

(
hL(u)

hK(u)

)
hK(u)dµp(K,u).

If L ∈ S0, we use Cp,φ(K,L◦) for

Cp,φ(K,L◦) =
p− 1

n− p

∫
Sn−1

φ

(
1

ρL(u) · hK(u)

)
hK(u)dµp(K,u).

The homogeneous analogue is defined as follows.

Definition 3.2. Let φ ∈ I ∪ D and K,L ∈ K0. The homogeneous Orlicz mixed

p-capacity of K and L, Ĉp,φ(K,L), is defined by∫
Sn−1

φ

(
Cp(K) · hL(u)

Ĉp,φ(K,L) · hK(u)

)
dµ∗

p(K,u) = 1.

If L ∈ S0, then we use Ĉp,φ(K,L◦) for∫
Sn−1

φ

(
Cp(K)

Ĉp,φ(K,L◦) · ρL(u) · hK(u)

)
dµ∗

p(K,u) = 1.

Clearly, Ĉp,φ(·, ·) is homogeneous, i.e., if K,L ∈ K0 and φ ∈ I ∪D, then for s, t > 0
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Ĉp,φ(sK, tL) = sn−p−1 · t · Ĉp,φ(K,L), (3.12)

if L ∈ S0, then

Ĉp,φ(sK, (tL)◦) = sn−p−1 · t−1 · Ĉp,φ(K,L◦). (3.13)

The existence theorem of the p-capacitary Orlicz–Petty bodies was provided as fol-

lows.

Theorem 3.1 ([19]). Let K ∈ K0 be a convex body and φ ∈ I.
(i) There exists a convex body M ∈ K0 such that |M◦| = ωn and

Cp,φ(K,M) = inf
{
Cp,φ(K,L) : L ∈ K0 and |L◦| = ωn

}
.

(ii) There exists a convex body M̂ ∈ K0 such that |M̂◦| = ωn and

Ĉp,φ(K, M̂) = inf
{
Ĉp,φ(K,L) : L ∈ K0 and |L◦| = ωn

}
.

In addition, if φ ∈ I is convex, then both M and M̂ are unique.

We use the set Tp,φ(K) to denote the collections of all convex bodies M , and the set

T̂p,φ(K) to denote the collection of all convex bodies M̂ in Theorem 3.1. A convex body

M ∈ Tp,φ(K) is called a nonhomogeneous p-capacitary Orlicz–Petty body, and a convex

body M̂ ∈ T̂p,φ(K) is called a homogeneous p-capacitary Orlicz–Petty body. Note when

φ ∈ I is convex, Tp,φ(K) and T̂p,φ(K) contain only one element.

3.1. The Orlicz geominimal p-capacity.

In this subsection, we provide a detailed study of the Orlicz geominimal p-capacities.

Let

I0 = I ∩ {φ : (0,∞) → (0,∞) |φ(t−1/n) is strictly convex on (0,∞)};

D0 = D ∩ {φ : (0,∞) → (0,∞) |φ(t−1/n) is strictly concave on (0,∞)};

D1 = D ∩ {φ : (0,∞) → (0,∞) |φ(t−1/n) is strictly convex on (0,∞)}.

Let Q0 ⊆ S0 be a nonempty subset of S0. Since
∣∣(vrad(L◦)L)◦

∣∣ =∣∣[vrad(L◦)]−1L◦
∣∣ = ωn, and hvrad(L◦)L = vrad(L◦)hL for any L ∈ K0 and ρvrad(L◦)L =

vrad(L◦)ρL for any L ∈ S0, one can define the geominimal p-capacity as follows.

Definition 3.3. For K ∈ K0, define Gorlicz
p,φ (K,Q0), the nonhomogeneous Orlicz

geominimal p-capacity of K with respect to Q0, as follows:

Gorlicz
p,φ (K,Q0) = inf

L∈Q0

{
Cp,φ(K, vrad(L)L◦)

}
for φ ∈ I ∪ D1,

Gorlicz
p,φ (K,Q0) = sup

L∈Q0

{
Cp,φ(K, vrad(L)L◦)

}
for φ ∈ D0.

Similarly, the homogeneous Orlicz geominimal p-capacity with respect to Q0, denoted



1059(33)

Optimal problem for mixed p-capacities 1059

by Ĝorlicz
p,φ (K,Q0), can be defined with Cp,φ(·, ·) replaced by Ĉp,φ(·, ·) and D1 switching

with D0.

Two special cases are important and we will focus on their properties in later context.

The first one is the case when Q0 = K0, then we use Gorlicz
p,φ (K) and Ĝorlicz

p,φ (K) to denote

Gorlicz
p,φ (K,K0) and Ĝorlicz

p,φ (K,K0). The second case is Q0 = S0 and we use Aorlicz
p,φ (K)

and Âorlicz
p,φ (K) for Gorlicz

p,φ (K,S0) and Ĝorlicz
p,φ (K,S0). As K0 ⊆ S0, then

Aorlicz
p,φ (K) ≤ Gorlicz

p,φ (K) for φ ∈ I ∪ D1 and Aorlicz
p,φ (K) ≥ Gorlicz

p,φ (K) for φ ∈ D0;

Âorlicz
p,φ (K) ≤ Ĝorlicz

p,φ (K) for φ ∈ I ∪ D0 and Âorlicz
p,φ (K) ≥ Ĝorlicz

p,φ (K) for φ ∈ D1.

From (3.12) and (3.13), one can easily get, for any λ > 0,

Ĝorlicz
p,φ (λK) = λn−p−1Ĝorlicz

p,φ (K) and Âorlicz
p,φ (λK) = λn−p−1Âorlicz

p,φ (K).

The following results state that all the quantities above are O(n)-invariant. More-

over, when φ ∈ I, it follows from Theorem 3.1 that Gorlicz
p,φ (K) = Cp,φ(K,M) for

M ∈ Tp,φ(K) and Ĝorlicz
p,φ (K) = Ĉp,φ(K, M̂) for M̂ ∈ T̂p,φ(K).

Corollary 3.1. If φ ∈ I ∪D0 ∪D1, then for any ϕ ∈ O(n) and for any K ∈ K0,

Gorlicz
p,φ (ϕK) = Gorlicz

p,φ (K) and Ĝorlicz
p,φ (ϕK) = Ĝorlicz

p,φ (K);

Aorlicz
p,φ (ϕK) = Aorlicz

p,φ (K) and Âorlicz
p,φ (ϕK) = Âorlicz

p,φ (K).

Proof. Here we only prove the equality of Gorlicz
p,φ (ϕK) = Gorlicz

p,φ (K), and the

other cases can be proved along a similar argument. Let L ∈ K0. Since ϕ ∈ O(n), then

|ϕL| = |L| and vrad(ϕL) = vrad(L). Moreover, by Lemma 2.3 and (2.8), one has, for

any u ∈ Sn−1,

dµp(ϕK, u) = |∇UϕK

(
ν−1
ϕK(u)

)
|pdS(ϕK, u)

= |∇UK

(
ϕt · ϕ · ν−1

K (ϕtu)
)
· ϕt|pdS(K,ϕtu)

= |∇UK

(
ν−1
K (ϕtu)

)
|pdS(K,ϕtu)

= dµp(K,ϕtu). (3.14)

For u ∈ Sn−1 and ϕ ∈ O(n), let v = ϕtu. By (3.14) and (ϕL)◦ = ϕL◦, one gets

Cp,φ(ϕK, vrad(ϕL)(ϕL)◦) = Cp,φ(ϕK, vrad(L)ϕL◦)

=
p− 1

n− p

∫
Sn−1

φ

(
hvrad(L)ϕL◦(u)

hϕK(u)

)
hϕK(u)dµp(ϕK, u)

=
p− 1

n− p

∫
Sn−1

φ

(
hvrad(L)L◦(ϕtu)

hK(ϕtu)

)
hK(ϕtu)dµp(K,ϕtu)

=
p− 1

n− p

∫
Sn−1

φ

(
hvrad(L)L◦(v)

hK(v)

)
hK(v)dµp(K, v)

= Cp,φ(K, vrad(L)L◦).
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This, together with Definition 3.3, implies that if φ ∈ I ∪ D1,

Gorlicz
p,φ (ϕK) = inf

ϕL∈K0

{
Cp,φ(ϕK, vrad(ϕL) (ϕL)◦)

}
= inf

L∈K0

{
Cp,φ(K, vrad(L)L◦)

}
= Gorlicz

p,φ (K).

Replacing “inf” by “sup”, one gets Gorlicz
p,φ (ϕK) = Gorlicz

p,φ (K) when φ ∈ D0. □

In general, it is not easy to calculate Gorlicz
p,φ (K), Ĝorlicz

p,φ (K), Aorlicz
p,φ (K) and

Âorlicz
p,φ (K). However, when K = rBn

2 for some r > 0, we are able to calculate their

precise values.

Proposition 3.1. Let φ ∈ I0 ∪ D0 ∪ D1 and r > 0. Then

Aorlicz
p,φ (rBn

2 ) = Gorlicz
p,φ (rBn

2 ) = φ

(
1

r

)
· Cp(rB

n
2 ), (3.15)

Âorlicz
p,φ (Bn

2 ) = Ĝorlicz
p,φ (Bn

2 ) = Cp(B
n
2 ). (3.16)

Proof. The proofs of (3.15) and (3.16) are similar, and we only prove (3.16). For

any L ∈ S0, let L̃ = L/vrad(L). Thus |L̃| = ωn and vrad(L̃) = 1. If φ ∈ I0, with the

help of (2.9), (2.10) and Jensen’s inequality for the convex function φ(t−1/n), one has

1 =

∫
Sn−1

φ

(
Cp(B

n
2 )

Ĉp,φ

(
Bn

2 , L̃
◦
)
· ρL̃(u) · hBn

2
(u)

)
dµ∗

p(B
n
2 , u)

=

∫
Sn−1

φ

(
Cp(B

n
2 )

Ĉp,φ

(
Bn

2 , L̃
◦
)
· ρL̃(u)

)
dσ(u)

nωn

≥ φ

((∫
Sn−1

(
Cp(B

n
2 )

Ĉp,φ

(
Bn

2 , L̃
◦
)
· ρL̃(u)

)−n
dσ(u)

nωn

)−1/n)

= φ

(
Cp(B

n
2 )

Ĉp,φ(Bn
2 , L̃

◦)

)
.

Since φ is increasing and φ(1) = 1, one gets

Cp(B
n
2 ) ≤ Ĉp,φ(B

n
2 , L̃

◦) = Ĉp,φ(B
n
2 , vrad(L)L

◦).

Taking the infimum over L ∈ S0 and by Definition 3.3, one has

Cp(B
n
2 ) ≤ Âorlicz

p,φ (Bn
2 ) ≤ Ĝorlicz

p,φ (Bn
2 ) = inf

L∈K0

{
Ĉp,φ(B

n
2 , vrad(L)L

◦)
}
≤ Cp(B

n
2 )

and hence Cp(B
n
2 ) = Âorlicz

p,φ (Bn
2 ) = Ĝorlicz

p,φ (Bn
2 ). The results for φ ∈ D0∪D1 follow from

a similar argument. □
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The isoperimetric type inequalities for Âorlicz
p,φ (·), Ĝorlicz

p,φ (·), Aorlicz
p,φ (·) and Gorlicz

p,φ (·)
are established in the following theorems.

Theorem 3.2. Let K ∈ K0 be a convex body with its Santaló point or centroid at

the origin o and BK be an origin symmetric ball defined by BK = vrad(K)Bn
2 .

(i) If φ ∈ I0 ∪ D0, then

Âorlicz
p,φ (K)

Âorlicz
p,φ (BK)

≤
Ĝorlicz
p,φ (K)

Ĝorlicz
p,φ (BK)

≤ Cp(K)

Cp(BK)
.

Equality holds if K is an origin symmetric ball.

(ii) If φ ∈ D1, then there exists a universal constant c > 0 such that

Âorlicz
p,φ (K)

Âorlicz
p,φ (BK)

≥
Ĝorlicz
p,φ (K)

Ĝorlicz
p,φ (BK)

≥ c · Cp(K)

Cp(BK)
.

Proof. (i) Let φ ∈ I0 ∪ D0. It follows from the homogeneity of Ĝorlicz
p,φ (·),

Âorlicz
p,φ (·) and Cp(·), and Proposition 3.1 that

Âorlicz
p,φ (BK) = Ĝorlicz

p,φ (BK) =
Cp(BK)

vrad(K)
. (3.17)

By Definition 3.3 and (3.12), one has,

Âorlicz
p,φ (K) ≤ Ĝorlicz

p,φ (K) ≤ Ĉp,φ(K, vrad(K◦)K) = vrad(K◦) · Cp(K).

Together with (3.17) and the Blaschke–Santaló inequality (2.4), one has

Âorlicz
p,φ (K)

Âorlicz
p,φ (BK)

≤
Ĝorlicz
p,φ (K)

Ĝorlicz
p,φ (BK)

≤ Cp(K)

Cp(BK)
.

If K is an origin symmetric ball, say K = rBn
2 for some r > 0, one can easily get K = BK

and thus equality in part (i) holds.

(ii) If φ ∈ D1, by a similar argument and the inverse Santaló inequality (2.5), one

has

Âorlicz
p,φ (K)

Âorlicz
p,φ (BK)

≥
Ĝorlicz
p,φ (K)

Ĝorlicz
p,φ (BK)

≥ vrad(K) · vrad(K◦) · Cp(K)

Cp(BK)
≥ c · Cp(K)

Cp(BK)
. □

Along the same lines, one can get the similar results for Gorlicz
p,φ (K) and Aorlicz

p,φ (K).

Theorem 3.3. Let K ∈ K0 be a convex body with its Santaló point or centroid at

the origin o and BK = vrad(K)Bn
2 .

(i) If φ ∈ I0 ∪ D1, then

Aorlicz
p,φ (K)

Aorlicz
p,φ

(
(BK◦)◦

) ≤
Gorlicz
p,φ (K)

Gorlicz
p,φ

(
(BK◦)◦

) ≤ Cp(K)

Cp

(
(BK◦)◦

) .
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Moreover, if φ ∈ I0, then

Aorlicz
p,φ (K)

Aorlicz
p,φ (BK)

≤
Gorlicz
p,φ (K)

Gorlicz
p,φ (BK)

≤ Cp(K)

Cp(BK)
.

Equality holds if K is an origin symmetric ball.

(ii) If φ ∈ D0, then

Aorlicz
p,φ (K)

Aorlicz
p,φ (BK)

≥
Gorlicz
p,φ (K)

Gorlicz
p,φ (BK)

≥ Cp(K)

Cp(BK)
.

Equality holds if K is an origin symmetric ball.

Proof. (i) It follows from Definition 3.3 that

Aorlicz
p,φ (K) ≤ Gorlicz

p,φ (K) ≤ Cp,φ(K, vrad(K◦)K) = φ(vrad(K◦)) · Cp(K). (3.18)

Note that (BK◦)◦ = (vrad(K◦)Bn
2 )

◦ = (1/vrad(K◦))Bn
2 . By (3.15) in Proposition 3.1,

one has

Aorlicz
p,φ (BK) = Gorlicz

p,φ (BK) = φ

(
1

vrad(K)

)
· Cp(BK); (3.19)

Aorlicz
p,φ

(
(BK◦)◦

)
= Gorlicz

p,φ

(
(BK◦)◦

)
= φ(vrad(K◦)) · Cp

(
(BK◦)◦

)
. (3.20)

The desired result follows from (3.18) and (3.20).

If φ ∈ I0, by (3.18) and the Blaschke–Santaló inequality (2.4), one has

Aorlicz
p,φ (K) ≤ Gorlicz

p,φ (K) ≤ φ(vrad(K◦)) · Cp(K) ≤ φ

(
1

vrad(K)

)
· Cp(K).

This along with (3.19) yields

Aorlicz
p,φ (K)

Aorlicz
p,φ (BK)

≤
Gorlicz
p,φ (K)

Gorlicz
p,φ (BK)

≤ Cp(K)

Cp(BK)
.

If K is an origin symmetric ball, it can be easily checked that the equality holds. The

case (ii) follows from the same lines as the proof of the case φ ∈ I0. □

3.2. The Lq geominimal p-capacity.

In this subsection, we let φ(t) = tq in Definition 3.1 and consider the Lq geominimal

p-capacity of K with respect to K0 and S0. Let

Cp,q(K,L) =
p− 1

n− p

∫
Sn−1

(
hL(u)

hK(u)

)q

hK(u)dµp(K,u) for L ∈ K0;

Cp,q(K,L◦) =
p− 1

n− p

∫
Sn−1

(
1

ρL(u) · hK(u)

)q

hK(u)dµp(K,u) for L ∈ S0.

Definition 3.4. Let −n ̸= q ∈ R and K ∈ K0. Define Gp,q(K), the Lq geominimal

p-capacity with respect to K0, by
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Gp,q(K) = inf
L∈K0

{(
Cp,q(K,L)

)n/(n+q) · |L◦|q/(n+q)
}
, q ≥ 0, (3.21)

Gp,q(K) = sup
L∈K0

{(
Cp,q(K,L)

)n/(n+q) · |L◦|q/(n+q)
}
, −n ̸= q < 0; (3.22)

and define Ap,q(K), the Lq geominimal p-capacity with respect to S0, by

Ap,q(K) = inf
L∈S0

{(
Cp,q(K,L◦)

)n/(n+q) · |L|q/(n+q)
}
, q ≥ 0, (3.23)

Ap,q(K) = sup
L∈S0

{(
Cp,q(K,L◦)

)n/(n+q) · |L|q/(n+q)
}
, −n ̸= q < 0. (3.24)

Clearly, Gp,0(K) = Ap,0(K) = Cp(K) for any K ∈ K0. Moreover, it can be easily

checked that for φ(t) = tq (q ̸= −n) and any K ∈ K0,

Gp,q(λK) = λn(n−p−q)/(n+q)Gp,q(K) and Ap,q(λK) = λn(n−p−q)/(n+q)Ap,q(K)

for any λ > 0;

Gp,q(ϕK) = Gp,q(K) and Ap,q(ϕK) = Ap,q(K) for any ϕ ∈ O(n).

Moreover, if q ̸= 0,−n, then with φ(t) = tq, one has

Ĝorlicz
p,φ (K) =

Cp(K)1−(1/q)

ω
1/n
n

·
(
Gp,q(K)

)(n+q)/nq
; (3.25)

Âorlicz
p,φ (K) =

Cp(K)1−(1/q)

ω
1/n
n

·
(
Ap,q(K)

)(n+q)/nq
. (3.26)

Remark 3.1. By (3.16) and (3.21), one gets, for any −n ̸= q ∈ R,

Gp,q(B
n
2 ) = Ap,q(B

n
2 ) =

(
Cp(B

n
2 )
)n/(n+q) · |Bn

2 |q/(n+q)

=
(
Cp,q(B

n
2 , B

n
2 )
)n/(n+q) · |Bn

2 |q/(n+q).

The following proposition provides a convenient formula to calculate Ap,q(K) for

q ̸= −n. For K ∈ F+
0 , let

fµp,q(K,u) = h1−q
K (u) · |∇UK

(
ν−1
K (u)

)
|p · fK(u),

where UK is the p-equilibrium potential of K and fK is the curvature function of K. For

−n ̸= q ∈ R, let

ξµp,q =
{
K ∈ F+

0 : ∃Q ∈ S0 s.t. fµp,q(K,u) =
(
ρQ(u)

)n+q
for any u ∈ Sn−1

}
.

Clearly, Bn
2 ∈ ξµp,q as one can let Q0 = ((n − p)/(p − 1))p/(n+q) · Bn

2 ∈ S0 and thus for

any u ∈ Sn−1,

fµp,q(B
n
2 , u) =

(
n− p

p− 1

)p

=
(
ρQ0(u)

)n+q
.

Proposition 3.2. If K ∈ ξµp,q, then for −n ̸= q ∈ R,
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Ap,q(K) =

(
1

n

)q/(n+q)

·
(
p− 1

n− p

)n/(n+q)

·
∫
Sn−1

fµp,q(K,u)n/(n+q)dσ(u). (3.27)

Proof. Let L ∈ S0. It can be easily checked that (3.27) is true for q = 0, i.e.,

Ap,0(K) =
p− 1

n− p
·
∫
Sn−1

hK(u) · dµp(K,u) = Cp(K).

If q > 0, by Hölder inequality [12], one has(
1

n

)q/(n+q)

·
(
p− 1

n− p

)n/(n+q)

·
∫
Sn−1

fµp,q(K,u)n/(n+q)dσ(u)

=

(
1

n

)q/(n+q)

·
(
p− 1

n− p

)n/(n+q)

·
∫
Sn−1

[
ρ−q
L (u)fµp,q(K,u)ρqL(u)

]n/(n+q)
dσ(u)

≤
(
p− 1

n− p
·
∫
Sn−1

ρ−q
L (u)fµp,q(K,u)dσ(u)

)n/(n+q)(
1

n

∫
Sn−1

ρnL(u)dσ(u)

)q/(n+q)

= Cp,q(K,L◦)n/(n+q) · |L|q/(n+q).

Equality holds if and only if ρn+q
L (u) = fµp,q(K,u) for any u ∈ Sn−1. Taking the infimum

over L ∈ S0, one gets(
1

n

)q/(n+q)

·
(
p− 1

n− p

)n/(n+q)

·
∫
Sn−1

fµp,q(K,u)n/(n+q)dσ(u) ≤ Ap,q(K). (3.28)

On the other hand, since K ∈ ξµp,q, there exists a star body Q ∈ S0 such that

ρQ(u) =
(
fµp,q(K,u)

)1/(n+q)
for any u ∈ Sn−1.

Then (
1

n

)q/(n+q)

·
(
p− 1

n− p

)n/(n+q)

·
∫
Sn−1

fµp,q(K,u)n/(n+q)dσ(u)

= Cp,q(K,Q◦)n/(n+q) · |Q|q/(n+q) ≥ Ap,q(K).

This together with (3.28) yields

Ap,q(K) =

(
1

n

)q/(n+q)

·
(
p− 1

n− p

)n/(n+q)

·
∫
Sn−1

fµp,q(K,u)n/(n+q)dσ(u).

Along the same lines, one can prove (3.27) when −n ̸= q < 0. □

Remark 3.2. Motivated by the definition of the p-curvature image of K ∈ F+
0 in

[21], [31], for any K ∈ ξµp,q and −n ̸= q ∈ R, we can define Λµp,qK ∈ S0, the p-capacity

q-curvature image of K, by

fµp,q(K,u) =
n− p

n(p− 1)|Λµp,qK|
·
(
ρΛµp,qK(u)

)n+q
for any u ∈ Sn−1.
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By the proof of Proposition 3.2, one also gets

Ap,q(K) =
(
Cp,q

(
K, (Λµp,qK)◦

))n/(n+q) · |Λµp,qK|q/(n+q) = |Λµp,qK|q/(n+q).

For −n ̸= q ∈ R, let

νµp,q =
{
K ∈ F+

0 : ∃Q ∈ K0 s.t. fµp,q(K,u) =
(
ρQ(u)

)n+q
for any u ∈ Sn−1

}
.

Clearly, νµp,q ⊆ ξµp,q and Bn
2 ∈ νµp,q, which yields νµp,q ̸= ϕ. The following results

provide a convenient formula to calculate Gp,q(K) when K ∈ νµp,q.

Proposition 3.3. If −n ̸= q ∈ R and K ∈ νµp,q, then Gp,q(K) = Ap,q(K).

Proof. First of all, we prove that Λµp,qK ∈ K0 if K ∈ νµp,q. As K ∈ νµp,q, there

is a convex body Q ∈ K0 such that fµp,q(K,u) = (ρQ(u))
n+q for any u ∈ Sn−1. Together

with Remark 3.2, one gets, for any u ∈ Sn−1,

n− p

n(p− 1)|Λµp,qK|
·
(
ρΛµp,qK(u)

)n+q
=
(
ρQ(u)

)n+q
,

and hence

Λµp,qK =

(
n(p− 1)|Λµp,qK|

n− p

)1/(n+q)

Q ∈ K0.

Next we shall prove Gp,q(K) = Ap,q(K) under three different cases: q = 0, q > 0

and −n ̸= q < 0. The case q = 0 is trivial as Gp,0(K) = Ap,0(K) = Cp(K).

If q > 0, by (3.21) and (3.23), one gets Gp,q(K) ≥ Ap,q(K). On the other hand, by

Remark 3.2, Λµp,qK ∈ K0 and Definition 3.4, one has

Ap,q(K) =
(
Cp,q

(
K, (Λµp,qK)◦

))n/(n+q) · |Λ(µp,q)K|q/(n+q) ≥ Gp,q(K).

These imply Gp,q(K) = Ap,q(K).

If −n ̸= q < 0, similarly, employing (3.22) and (3.24), Remark 3.2, Λµp,qK ∈ K0

and Definition 3.4, one gets

Gp,q(K) ≤ Ap,q(K) =
(
Cp,q(K,

(
Λµp,qK

)◦))n/(n+q) · |Λµp,qK|q/(n+q) ≤ Gp,q(K).

Thus Gp,q(K) = Ap,q(K) when −n ̸= q < 0. □

The following isoperimetric type inequalities for Gp,q(K) and Ap,q(K) can be easily

obtained from Theorem 3.2, Theorem 3.3, (3.25) and (3.26), and Gp,0(K) = Ap,0(K) =

Cp(K) for any K ∈ K0.

Proposition 3.4. Let K ∈ K0 be a convex body with its Santaló point or centroid

at the origin o and BK = vrad(K)Bn
2 .

(i) For q ≥ 0,
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Ap,q(K)

Ap,q(BK)
≤ Gp,q(K)

Gp,q(BK)
≤
(

Cp(K)

Cp(BK)

)n/(n+q)

.

(ii) For −n < q < 0,

Ap,q(K)

Ap,q(BK)
≥ Gp,q(K)

Gp,q(BK)
≥
(

Cp(K)

Cp(BK)

)n/(n+q)

.

(iii) For q < −n, there exists a universal constant c > 0 such that

Ap,q(K)

Ap,q(BK)
≥ Gp,q(K)

Gp,q(BK)
≥ cnq/(n+q)

(
Cp(K)

Cp(BK)

)n/(n+q)

.

The cyclic inequality for Gp,r(K) is given by the following theorem.

Theorem 3.4. Let K ∈ K0.

(i) If −n < t < 0 < r < s or −n < s < 0 < r < t, then

Gp,r(K) ≤
(
Gp,t(K)

)(r−s)(n+t)/(t−s)(n+r) ·
(
Gp,s(K)

)(r−t)(n+s)/(s−t)(n+r)
.

(ii) If −n < t < r < s < 0 or −n < s < r < t < 0, then

Gp,r(K) ≤
(
Gp,t(K)

)(r−s)(n+t)/(t−s)(n+r) ·
(
Gp,s(K)

)(r−t)(n+s)/(s−t)(n+r)
.

(iii) If t < r < −n < s < 0 or s < r < −n < t < 0, then

Gp,r(K) ≥
(
Gp,t(K)

)(r−s)(n+t)/(t−s)(n+r) ·
(
Gp,s(K)

)(r−t)(n+s)/(s−t)(n+r)
.

Proof. Let K,L ∈ K0 and s, r, t be three real numbers such that 0 < (t− r)/(t−
s) < 1. By Hölder inequality, one has

Cp,r(K,L) =
p− 1

n− p

∫
Sn−1

hr
L(u) · h1−r

K (u) dµp(K,u)

≤ p− 1

n− p

(∫
Sn−1

ht
L(u) · h1−t

K (u) dµp(K,u)

)(r−s)/(t−s)

·
(∫

Sn−1

hs
L(u) · h1−s

K (u) dµp(K,u)

)(r−t)/(s−t)

=
(
Cp,t(K,L)

)(r−s)/(t−s) ·
(
Cp,s(K,L)

)(r−t)/(s−t)
. (3.29)

(i) Assume that −n < t < 0 < r < s. Then

0 <
t− r

t− s
< 1,

n

n+ r
> 0,

(r − s)(n+ t)

(t− s)(n+ r)
> 0 and

(r − t)(n+ s)

(s− t)(n+ r)
> 0.

Together with (3.29) and Definition 3.4, one has

Gp,r(K) = inf
L∈K0

{(
Cp,r(K,L)

)n/(n+r) · |L◦|r/(n+r)
}
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≤ inf
L∈K0

{[(
Cp,t(K,L)

)n/(n+t) · |L◦|t/(n+t)
](r−s)(n+t)/(t−s)(n+r)

·
[(
Cp,s(K,L)

)n/(n+s) · |L◦|s/(n+s)
](r−t)(n+s)/(s−t)(n+r)

}
≤ sup

L∈K0

{(
Cp,t(K,L)

)n/(n+t) · |L◦|t/(n+t)
}(r−s)(n+t)/(t−s)(n+r)

· inf
L∈K0

{(
Cp,s(K,L)

)n/(n+s) · |L◦|s/(n+s)
}(r−t)(n+s)/(s−t)(n+r)

=
(
Gp,t(K)

)(r−s)(n+t)/(t−s)(n+r) ·
(
Gp,s(K)

)(r−t)(n+s)/(s−t)(n+r)
.

By switching the roles of s and t, one gets the case −n < s < 0 < r < t.

(ii) It’s enough to prove the case −n < t < r < s < 0, since the case −n < s < r <

t < 0 can be proved by switching the roles of s and t. In this case, one has

0 <
t− r

t− s
< 1,

n

n+ r
> 0,

(r − s)(n+ t)

(t− s)(n+ r)
> 0 and

(r − t)(n+ s)

(s− t)(n+ r)
> 0.

Together with (3.29) and Definition 3.4, one has

Gp,r(K) = sup
L∈K0

{(
Cp,r(K,L)

)n/(n+r) · |L◦|r/(n+r)
}

≤ sup
L∈K0

{[(
Cp,t(K,L)

)(r−s)/(t−s) ·
(
Cp,s(K,L)

)(r−t)/(s−t)
]n/(n+r)

· |L◦|r/(n+r)

}
≤ sup

L∈K0

{(
Cp,t(K,L)

)n/(n+t) · |L◦|t/(n+t)
}(r−s)(n+t)/(t−s)(n+r)

· sup
L∈K0

{(
Cp,s(K,L)

)n/(n+s) · |L◦|s/(n+s)
}(r−t)(n+s)/(s−t)(n+r)

=
(
Gp,t(K)

)(r−s)(n+t)/(t−s)(n+r) ·
(
Gp,s(K)

)(r−t)(n+s)/(s−t)(n+r)
.

(iii) Let t < r < −n < s < 0. Thus

0 <
t− r

t− s
< 1,

n

n+ r
< 0,

(r − s)(n+ t)

(t− s)(n+ r)
> 0 and

(r − t)(n+ s)

(s− t)(n+ r)
< 0.

Together with (3.29) and Definition 3.4, one has

Gp,r(K) = sup
L∈K0

{(
Cp,r(K,L)

)n/(n+r) · |L◦|r/(n+r)
}

≥ sup
L∈K0

{[(
Cp,t(K,L)

)(r−s)/(t−s) ·
(
Cp,s(K,L)

)(r−t)/(s−t)
]n/(n+r)

· |L◦|r/(n+r)

}
≥ sup

L∈K0

{(
Cp,t(K,L)

)n/(n+t) · |L◦|t/(n+t)
}(r−s)(n+t)/(t−s)(n+r)

· sup
L∈K0

{(
Cp,s(K,L)

)n/(n+s) · |L◦|s/(n+s)
}(r−t)(n+s)/(s−t)(n+r)
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=
(
Gp,t(K)

)(r−s)(n+t)/(t−s)(n+r) ·
(
Gp,s(K)

)(r−t)(n+s)/(s−t)(n+r)
.

The case s < r < −n < t < 0 follows by switching the roles of s and t. □

In fact, one can check that the cyclic inequalities also hold only if one of r, s, t equals

0, and hence the following results regarding the monotonicity of Gp,s(K) on s ∈ R can

be obtained.

Theorem 3.5. Let K ∈ K0 and t, s ̸= 0.

(i) If −n < s < t or s < t < −n, then(
Gp,s(K)

Cp(K)

)(n+s)/s

≤
(
Gp,t(K)

Cp(K)

)(n+t)/t

.

(ii) If s < −n < t, then(
Gp,s(K)

Cp(K)

)(n+s)/s

≥
(
Gp,t(K)

Cp(K)

)(n+t)/t

.

4. The mixed geominimal p-capacities for multiple convex bodies.

4.1. The Orlicz mixed geominimal p-capacities.

Let m be a positive integer and Q0 be a nonempty subset of S0. In the following, de-

note the cartesian product Q0 × · · · × Q0︸ ︷︷ ︸
m

by (Q0)
m. By LLL = (L1, L2, · · · , Lm) ∈ (Q0)

m,

we mean that, for any 1 ≤ i ≤ m, Li ∈ Q0. Let LLL
◦ refer to the vector (L◦

1, L
◦
2, · · · , L◦

m).

Let KiKiKi = (Ki1,Ki2, · · · ,Kim) for any i ≥ 1 and KKK = (K1,K2, · · · ,Km). By KiKiKi → KKK

as i → ∞ we mean that, for any 1 ≤ j ≤ m, Kij → Kj as i → ∞. By

φφφ = (φ1, φ2, · · · , φm) ∈ (I)m, we mean that each φi ∈ I for i = 1, 2, · · · ,m, similarly,

φφφ ∈ (D)m means φi ∈ D for i = 1, 2, · · · ,m.

Definition 4.1. Let φφφ ∈ (I)m or φφφ ∈ (D)m, KKK = (K1,K2, · · · ,Km) ∈ (F+
0 )m

and LLL = (L1, L2, · · · , Lm) ∈ (K0)
m. The Orlicz mixed p-capacity of KKK and LLL, denoted

by CCCp,φφφ(KKK,LLL), is defined by

CCCp,φφφ(KKK,LLL) =
p− 1

n− p

∫
Sn−1

( m∏
i=1

φi

(
hLi(u)

hKi(u)

)
f∗
Ki

(u)

)1/m

dσ(u),

where f∗
Ki

(u) = hKi(u) · |∇UKi(ν
−1
Ki

(u))|p · fKi(u) for any 1 ≤ i ≤ m. If LLL ∈ (S0)
m, then

define CCCp,φφφ(KKK,LLL◦) by

CCCp,φφφ(KKK,LLL◦) =
p− 1

n− p

∫
Sn−1

( m∏
i=1

φi

(
1

ρLi(u)hKi(u)

)
f∗
Ki

(u)

)1/m

dσ(u).

The continuity of CCCp,φφφ(·, ·) is stated as follows.
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Proposition 4.1. Let {KiKiKi}∞i=1 ⊆ (F+
0 )m and {LiLiLi}∞i=1 ⊆ (K0)

m be such that KiKiKi →
KKK ∈ (F+

0 )m and LiLiLi → LLL ∈ (K0)
m as i → ∞. If φφφ ∈ (I)m or φφφ ∈ (D)m, (

∏m
j=1 fKij )

1/m

converges uniformly to (
∏m

j=1 fKj )
1/m on Sn−1, then CCCp,φφφ(KiKiKi,LiLiLi) → CCCp,φφφ(KKK,LLL) as

i → ∞.

Proof. For any u ∈ Sn−1, any i ≥ 1 and any 1 ≤ k ≤ m, let

ai(u) =

( m∏
j=1

φj

(
hLij (u)

hKij (u)

)
· hKij (u) · fKij (u)

)1/m

,

bi,k(u) =

( k∏
j=1

|∇UKij

(
νKij

−1(u)
)
|p
)1/m

,

a(u) =

( m∏
j=1

φj

(
hLj (u)

hKj (u)

)
· hKj (u) · fKj (u)

)1/m

,

bk(u) =

( k∏
j=1

|∇UKj

(
νKj

−1(u)
)
|p
)1/m

.

The convergences of KiKiKi → KKK and LiLiLi → LLL imply that, for any 1 ≤ j ≤ m, hKij → hKj

and hLij → hLj uniformly on Sn−1. Thus, there are two constants c, C > 0 such that

c ·Bn
2 ⊆ Kij ,Kj , Lij , Lj ⊆ C ·Bn

2 , for any i ≥ 1 and any 1 ≤ j ≤ m.

and hence for any u ∈ Sn−1,

c

C
≤

hLij (u)

hKij (u)
,
hLj (u)

hKj (u)
≤ C

c
.

Since φj is continuous on the interval [c/C,C/c], then one has[
m∏
j=1

φj

(
hLij (u)

hKij (u)

)
· hKij (u)

]1/m
→

[
m∏
j=1

φj

(
hLj (u)

hKj (u)

)
· hKj (u)

]1/m
uniformly on Sn−1.

Combining with the assumption that (
∏m

j=1 fKij )
1/m → (

∏m
j=1 fKj )

1/m uniformly on

Sn−1, one gets ai(u) → a(u) uniformly on Sn−1 and hence there exists a positive constant

C1, such that, |ai(u)| ≤ C1 for any i ≥ 1 and any u ∈ Sn−1. By [6, Lemma 2.10,

Lemma 4.6], one has, for any 1 ≤ j ≤ m,∫
Sn−1

∣∣∣∣∣∇UKij

(
νKij

−1(u)
)∣∣p − ∣∣∇UKj

(
νKj

−1(u)
)∣∣p∣∣∣dσ(u) → 0. (4.30)

Moreover, there exist two positive constants C2 (only dependent on KKK,n and p) and i0
such that when i ≥ i0, for any 1 ≤ j ≤ m,
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Sn−1

|∇UKij

(
νKij

−1(u)
)
|pdσ(u) ≤ C2 and

∫
Sn−1

|∇UKj

(
νKj

−1(u)
)
|pdσ(u) ≤ C2.

(4.31)

Note that ai(u) · bi,m(u)−a(u) · bm(u) = (ai(u)−a(u)) · bm(u)+ai(u) · (bi,m(u)− bm(u)).

Hence, to prove CCCp,φφφ(KiKiKi,LiLiLi) → CCCp,φφφ(KKK,LLL), it is enough to prove∫
Sn−1

(ai(u)− a(u)) · bm(u)dσ(u) → 0; (4.32)∫
Sn−1

ai(u) · (bi,m(u)− bm(u))dσ(u) → 0. (4.33)

By the uniform convergence of ai(u) → a(u), together with (4.31) and Hölder inequality

[12], one can easily get (4.32). As

ai(u) · (bi,m(u)− bm(u))

= ai(u) · bi,m−1(u)
(∣∣∇UKim

(
νKim

−1(u)
)∣∣p/m −

∣∣∇UKm

(
νKm

−1(u)
)∣∣p/m)

+ ai(u) · (bi,m−1(u)− bm−1(u))
∣∣∇UKm

(
νKm

−1(u)
)∣∣p/m ,

by the triangle inequality, |ai(u)| ≤ C1, inequality | m
√
a − m

√
b| ≤ m

√
|a− b| for a, b ≥ 0,

Hölder inequality [12], and (4.30)–(4.31), one gets, for any i ≥ i0,∣∣∣∣∫
Sn−1

ai(u) · (bi,m(u)− bm(u))dσ(u)

∣∣∣∣
≤ C1 · C(m−1)/m

2 ·
(∫

Sn−1

∣∣∣∣∣∇UKim

(
νKim

−1(u)
)∣∣p − ∣∣∇UKm

(
νKm

−1(u)
)∣∣p∣∣∣ dσ(u))1/m

+

∣∣∣∣∫
Sn−1

ai(u) · (bi,m−1(u)− bm−1(u))
∣∣∇UKm

(
νKm

−1(u)
)∣∣p/m dσ(u)

∣∣∣∣ .
Repeating the process above, one gets∣∣∣∣∫

Sn−1

ai(u) · (bi,m(u)− bm(u))dσ(u)

∣∣∣∣
≤

m∑
j=1

C1 · C(m−1)/m
2 ·

(∫
Sn−1

∣∣∣∣∣∇UKij

(
νKij

−1(u)
)∣∣p − ∣∣∇UKj

(
νKj

−1(u)
)∣∣p∣∣∣ dσ(u))1/m

→ 0.

Hence, (4.33) is also true and then CCCp,φφφ(KiKiKi,LiLiLi) → CCCp,φφφ(KKK,LLL) as i → ∞. □

The following theorem shows the existence of the p-capacitary Orlicz–Petty bodies

for multiple convex bodies.

Theorem 4.1. LetKKK ∈ (F+
0 )m and φφφ ∈ (I)m. There exists a convex body M ∈ K0

such that |M◦| = ωn and
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CCCp,φφφ(KKK,M, · · · ,M) = inf
{
CCCp,φφφ(KKK,L, · · · , L) : L ∈ K0 and |L◦| = ωn

}
.

Proof. For convenience, let

GGGorlicz
p,φφφ (KKK) = inf

{
CCCp,φφφ(KKK,L, · · · , L) : L ∈ K0 and |L◦| = ωn

}
.

Clearly, GGGorlicz
p,φφφ (KKK) ≤ CCCp,φφφ(KKK,Bn

2 , · · · , Bn
2 ) < ∞. Let {Mi}∞i=1 ⊆ K0 be a sequence of

convex bodies such that

CCCp,φφφ(KKK,Mi, · · · ,Mi) →GGGorlicz
p,φφφ (KKK) and |M◦

i | = ωn for any i ≥ 1.

As KKK ∈ (F+
0 )m, there exist two positive constants R0 > 0 and C1 > 0, such that,

hKj (u) ≤ R0 and fKj (u) · hKj (u) ≥ C1 for any 1 ≤ j ≤ m and any u ∈ Sn−1. By [6,

Lemma 2.18], there is a positive constant C2, such that, |∇UKj (ν
−1
Kj

(u))|p ≥ C2 almost

everywhere on Sn−1 for any 1 ≤ j ≤ m.

For any i ≥ 1, let Ri = ρMi(ui) = maxu∈Sn−1{ρMi(u)} and hence hMi(u) ≥ Ri ·
⟨u, ui⟩+ for any u ∈ Sn−1. Again, suppose that ui converges to v ∈ Sn−1. Since the

spherical measure σ(·) is not concentrated on any hemisphere of Sn−1, there exists an

integer j0 such that ∫
{u∈Sn−1: ⟨u,v⟩+≥1/j0}

⟨u, v⟩+ dσ(u) > 0.

Assume that Mi is not bounded uniformly, i.e., supi≥1 Ri = ∞. Without loss of gener-

ality, let Ri → ∞ as i → ∞. Thus, for any positive constant C > 0,

GGGorlicz
p,φφφ (KKK) = lim

i→∞
CCCp,φφφ(KKK,Mi,Mi, · · · ,Mi)

= lim inf
i→∞

p− 1

n− p

∫
Sn−1

( m∏
j=1

φj

(
hMi(u)

hKj (u)

)
f∗
Kj

(u)

)1/m

dσ(u)

≥ C1 · C2 · (p− 1)

n− p
· lim inf

i→∞

∫
Sn−1

[ m∏
j=1

φj

(
Ri · ⟨u, ui⟩+

R0

)]1/m
dσ(u)

≥ C1 · C2 · (p− 1)

n− p
· lim inf

i→∞

∫
Sn−1

[ m∏
j=1

φj

(
C · ⟨u, ui⟩+

R0

)]1/m
dσ(u)

=
C1 · C2 · (p− 1)

n− p
·
∫
Sn−1

[ m∏
j=1

φj

(
C · ⟨u, v⟩+

R0

)]1/m
dσ(u)

≥ C1 · C2 · (p− 1)

n− p
·
[ m∏
j=1

φj

(
C

R0 · j0

)]1/m
·
∫
{u∈Sn−1: ⟨u,v⟩+≥1/j0}

⟨u, v⟩+ dσ(u). (4.34)

Letting C → ∞, one gets a contradiction GGGorlicz
p,φφφ (KKK) ≥ ∞. Thus, supi≥1 Ri < ∞ and

{Mi}∞i=1 is bounded. By Lemma 2.1, one gets a convergent subsequence of {Mi}∞i=1 which
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converges to some convex body M ∈ K0 with |M◦| = ωn. Without loss of generality, let

Mi → M as i → ∞. Thus, by Proposition 4.1, one has

GGGorlicz
p,φφφ (KKK) = lim

i→∞
CCCp,φφφ(KKK,Mi, · · · ,Mi) = CCCp,φφφ(KKK,M, · · · ,M), (4.35)

as desired. □

The convex body M ∈ K0 in (4.35) can be called a p-capacitary Orlicz–Petty bodies

of KKK, and if φφφ ∈ (I)m, such a convex body M exists for KKK ∈ (F+
0 )m. The following

theorem deals with the continuity of the functional GGGorlicz
p,φφφ (·) on (F+

0 )m for the case

φφφ ∈ (I)m.

Theorem 4.2. Let {KiKiKi}∞i=1 ⊆ (F+
0 )m and KKK ∈ (F+

0 )m be such that KiKiKi → KKK

as i → ∞ and φφφ ∈ (I)m. If (
∏m

j=1 fKij )
1/m converges uniformly to (

∏m
j=1 fKj )

1/m on

Sn−1, then GGGorlicz
p,φφφ (KiKiKi) →GGGorlicz

p,φφφ (KKK) as i → ∞.

Proof. Let M ∈ K0 and Mi ∈ K0 be such that |M◦| = |M◦
i | = ωn,

GGGorlicz
p,φφφ (KKK) = CCCp,φφφ(KKK,M, · · · ,M) and GGGorlicz

p,φφφ (KiKiKi) = CCCp,φφφ(KiKiKi,Mi, · · · ,Mi) for any i ≥ 1.

Then Proposition 4.1 yields

GGGorlicz
p,φφφ (KKK) = CCCp,φφφ(KKK,M, · · · ,M)

= lim
i→∞

CCCp,φφφ(KKKi,M, · · · ,M)

= lim sup
i→∞

CCCp,φφφ(KKKi,M, · · · ,M)

≥ lim sup
i→∞

GGGorlicz
p,φφφ (KiKiKi). (4.36)

By [6, (4.19)], there exist two positive constants C3 (only dependent on KKK,n and p) and

i0, such that, |∇UKij (ν
−1
Kij

(u))|p ≥ C3 and |∇UKj (ν
−1
Kj

(u))|p ≥ C3 almost everywhere on

Sn−1 for any i ≥ i0 and 1 ≤ j ≤ m. With a modification of (4.34), one gets that {Mi}∞i=1

is bounded. Let {KikKikKik}∞k=1 ⊆ {KiKiKi}∞i=1 be a subsequence, such that,

lim
k→∞

GGGorlicz
p,φφφ (KikKikKik) = lim inf

i→∞
GGGorlicz
p,φφφ (KiKiKi).

It follows from the boundedness of {Mik}∞k=1 and Lemma 2.1 that there exist a sub-

sequence {Mikj
}∞j=1 of {Mik}∞k=1 and M ′ ∈ K0 such that Mikj

→ M ′ as j → ∞ and

|(M ′)
◦| = ωn. By Proposition 4.1, one has

lim inf
i→∞

GGGorlicz
p,φφφ (KiKiKi) = lim

j→∞
GGGorlicz
p,φφφ (Kikj

Kikj
Kikj

)

= lim
j→∞

CCCp,φφφ(Kikj
Kikj
Kikj

,Mikj
, · · · ,Mikj

)

= CCCp,φφφ(KKK,M ′, · · · ,M ′)

≥ GGGorlicz
p,φφφ (KKK).

Together with (4.36), one gets GGGorlicz
p,φφφ (KKK) = limi→∞GGGorlicz

p,φφφ (KiKiKi) as desired. □
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4.2. The Lq mixed geominimal p-capacity.

In this subsection we will discuss the Lq mixed geominimal p-capacity for multiple

convex bodies. Firstly, we introduce the Orlicz mixed geominimal p-capacity.

Definition 4.2. Let KKK ∈ (F+
0 )m.

(i) If φφφ ∈ (I)m or φφφ ∈ (D1)
m, define GGGorlicz

p,φφφ (KKK), the Orlicz mixed geominimal p-capacity

with respect to K0, by

GGGorlicz
p,φφφ (KKK) = inf

{
CCCp,φφφ(KKK,L, · · · , L︸ ︷︷ ︸

m

) : L ∈ K0 and |L◦| = ωn

}
.

(ii) If φφφ ∈ (D0)
m, define GGGorlicz

p,φφφ (KKK), the Orlicz mixed geominimal p-capacity with respect

to K0, by

GGGorlicz
p,φφφ (KKK) = sup

{
CCCp,φφφ(KKK,L, · · · , L︸ ︷︷ ︸

m

) : L ∈ K0 and |L◦| = ωn

}
.

Let LLL = (L1, L2, · · · , Lm) ∈ (S0)
m. Define the dual mixed volume of L by [20]

Ṽ (LLL) = Ṽ (L1, L2, · · · , Lm) =
1

n

∫
Sn−1

( m∏
i=1

ρLi(u)
)n/m

dσ(u).

Clearly, for any L ∈ S0, Ṽ (L,L, · · · , L︸ ︷︷ ︸
m

) = |L|. Moreover, by Hölder inequality, one has

Ṽ (LLL) ≤
m∏
i=1

|Li|1/m for any LLL = (L1, L2, · · · , Lm) ∈ (S0)
m,

and equality holds if and only if Li (1 ≤ i ≤ m) are dilates of each other. For ϕ ∈ O(n)

and LLL = (L1, L2, · · · , Lm) ∈ (S0)
m, define ϕLLL by ϕLLL = (ϕL1, ϕL2, · · · , ϕLm). It can be

checked that Ṽ (ϕLLL) = Ṽ (LLL). When φi(t) = tq for any 1 ≤ i ≤ m, CCCp,q(KKK,LLL), the Orlicz

mixed p-capacity of KKK and LLL, is given by

CCCp,q(KKK,LLL) =
p− 1

n− p

∫
Sn−1

( m∏
i=1

(
hLi(u)

)q
fµp,q(Ki, u)

)1/m

dσ(u).

If LLL ∈ (S0)
m, we let

CCCp,q(KKK,LLL◦) =
p− 1

n− p

∫
Sn−1

( m∏
i=1

(
ρLi(u)

)−q
fµp,q(Ki, u)

)1/m

dσ(u).

Let Q0 be a nonempty subset of S0.

Definition 4.3. Let KKK = (K1,K2, · · · ,Km) ∈ (F+
0 )m and −n ̸= q ∈ R.

(i) For q ≥ 0, the Lq mixed geominimal p-capacity with respect to Q0, is defined by
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GGGp,q(KKK,Q0) = inf
L∈Q0

{(
CCCp,q(KKK,L◦, · · · , L◦︸ ︷︷ ︸

m

)
)n/(n+q) · |L|q/(n+q)

}
.

(ii) For −n ̸= q < 0, the Lq mixed geominimal p-capacity with respect to Q0, is defined

by

GGGp,q(KKK,Q0) = sup
L∈Q0

{(
CCCp,q(KKK,L◦, · · · , L◦︸ ︷︷ ︸

m

)
)n/(n+q) · |L|q/(n+q)

}
.

There are many ways to extend/modify Definition 4.3 and to define differ-

ent Lq mixed geominimal p-capacities. For instance, one can replace |L|q/(n+q) by∏m
i=1 |Li|q/m(n+q) or Ṽ (LLL)q/(n+q). However, their properties are similar to those for

GGGp,q(·) defined in Definition 4.3 and hence they will not be discussed here.

Again, we will focus on the case GGGp,q(KKK) = GGGp,q(KKK,K0) and AAAp,q(KKK) = GGGp,q(KKK,S0).

Clearly, for any K ∈ K0,

GGGp,q(K, · · · ,K︸ ︷︷ ︸
m

) = Gp,q(K) and AAAp,q(K, · · · ,K︸ ︷︷ ︸
m

) = Ap,q(K).

Moreover, if φi(t) = tq (1 ≤ i ≤ m,−n ̸= q ∈ R), then, for any KKK = (K1,K2, · · · ,Km) ∈
(F+

0 )m,

GGGorlicz
p,φφφ (KKK) = ω−q/n

n · GGG(n+q)/n
p,q (KKK).

The following proposition states GGGp,q(·) and AAAp,q(·) are O(n)-invariant.

Proposition 4.2. Let KKK = (K1,K2, · · · ,Km) ∈ (F+
0 )m and −n ̸= q ∈ R. Then

for any ϕ ∈ O(n), one has

GGGp,q(ϕKKK) = GGGp,q(KKK) and AAAp,q(ϕKKK) =AAAp,q(KKK).

Proof. We only prove GGGp,q(ϕKKK) = GGGp,q(KKK), and AAAp,q(ϕKKK) = AAAp,q(KKK) follows

along a similar argument. For any 1 ≤ i ≤ m and any u ∈ Sn−1, let v = ϕtu and then

fµp,q(ϕKi, u) = h1−q
ϕKi

(u) · |∇UϕKi

(
ν−1
ϕKi

(u)
)
|p · fϕKi

(u)

= h1−q
Ki

(ϕtu) · |∇UKi

(
ν−1
Ki

(ϕtu)
)
|p · fKi(ϕ

tu)

= fµp,q(Ki, v).

Hence for any LLL ∈ (S0)
m,

CCCp,q(ϕKKK, (ϕLLL)◦) =
p− 1

n− p

∫
Sn−1

( m∏
i=1

(
ρϕLi

(u)
)−q

fµp,q(ϕKi, u)

)1/m

dσ(u)

=
p− 1

n− p

∫
Sn−1

( m∏
i=1

(
ρLi(ϕ

tu)
)−q

fµp,q(Ki, ϕ
tu)

)1/m

dσ(u)
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=
p− 1

n− p

∫
Sn−1

( m∏
i=1

(
ρLi(v)

)−q
fµp,q(Ki, v)

)1/m

dσ(v)

= CCCp,q(KKK,LLL◦).

Together with (ϕL)◦ = ϕL◦ and |ϕL| = |L| for any L ∈ S0, one has, for q ≥ 0,

GGGp,q(ϕKKK) = inf
ϕL∈K0

{(
CCCp,q(ϕKϕKϕK, (ϕL)◦, (ϕL)◦, · · · , (ϕL)◦)

)n/(n+q) · |ϕL|q/(n+q)
}

= inf
L∈K0

{(
CCCp,q(KKK,L◦, L◦, · · · , L◦)

)n/(n+q) · |L|q/(n+q)
}

= GGGp,q(KKK).

The case −n ̸= q < 0 follows along the same lines. □

For AAAp,q(·), we have the following result.

Proposition 4.3. Let KKK = (K1,K2, · · · ,Km) ∈ (F+
0 )m.

(i) If q ≥ 0, then

AAAp,q(KKK) = inf
LLL∈(S0)m

{(
CCCp,q(KKK,LLL◦)

)n/(n+q) ·
m∏
i=1

|Li|q/m(n+q)

}
= inf

LLL∈(S0)m

{(
CCCp,q(KKK,LLL◦)

)n/(n+q) · Ṽ (LLL)q/(n+q)
}
.

(ii) If −n < q < 0, then

AAAp,q(KKK) = sup
LLL∈(S0)m

{(
CCCp,q(KKK,LLL◦)

)n/(n+q) ·
m∏
i=1

|Li|q/m(n+q)

}
= sup

LLL∈(S0)m

{(
CCCp,q(KKK,LLL◦)

)n/(n+q) · Ṽ (LLL)q/(n+q)
}
.

(iii) If q < −n, then

AAAp,q(KKK) = sup
LLL∈(S0)m

{(
CCCp,q(KKK,LLL◦)

)n/(n+q) · Ṽ (LLL)q/(n+q)
}
.

For −n ̸= q ∈ R, let

ξξξµp,q

=

{
KKK ∈ (F+

0 )m : ∃Q ∈ S0 s.t.

( m∏
i=1

fµp,q(Ki, u)

)1/m
=
(
ρQ(u)

)n+q
for any u ∈ Sn−1

}
.

One can easily check that (Bn
2 , · · · , Bn

2 ) ∈ ξξξµp,q, and hence ξξξµp,q ̸= ϕ. In general, it is

difficult to get the precise value of AAAp,q(KKK). However, the following proposition provides

a convenient formula to calculate AAAp,q(KKK) if KKK ∈ ξξξµp,q. The proof of this proposition is

similar to the ones of Proposition 3.2, so we omit it.
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Proposition 4.4. LetKKK = (K1,K2, · · · ,Km) ∈ ξξξµp,q. Then, for any −n ̸= q ∈ R,

AAAp,q(KKK) =

(
1

n

)q/(n+q)

·
(
p− 1

n− p

)n/(n+q)

·
∫
Sn−1

( m∏
i=1

fµp,q(Ki, u)

)n/m(n+q)

dσ(u).

The following result can be obtained.

Corollary 4.1. Let KKK = (K1,K2, · · · ,Km) ∈ ξξξµp,q and −n ̸= q ∈ R. Then

|Λµp,qK1|n · · · |Λµp,qKm|n · AAAp,q(KKK)m(n+q) = Ṽ
(
Λµp,qK1, · · · ,Λµp,qKm

)m(n+q)
.

Proof. By Remark 3.2 and Proposition 4.4, one has

Ṽ
(
Λµp,qK1, · · · ,Λµp,qKm

)
=

1

n

∫
Sn−1

( m∏
i=1

ρΛµp,qKi(u)

)n/m

dσ(u)

=
1

n

∫
Sn−1

( m∏
i=1

n(p− 1)|Λµp,qKi|
n− p

· fµp,q(Ki, u)

)n/m(n+q)

dσ(u)

=
1

n
·
( m∏

i=1

n|Λµp,qKi|
)n/m(n+q)

·
(
p− 1

n− p

)n/(n+q)∫
Sn−1

( m∏
i=1

fµp,q(Ki, u)

)n/m(n+q)

dσ(u)

=

( m∏
i=1

|Λµp,qKi|
)n/m(n+q)

· AAAp,q(KKK).

This yields the desired result. □

Let −n ̸= q ∈ R. We define νννµp,q, a subset of (F+
0 )m, as follows:

νννµp,q

=

{
KKK ∈ (F+

0 )m : ∃Q ∈ K0 s.t.

( m∏
i=1

fµp,q(Ki, u)

)1/m
=
(
ρQ(u)

)n+q
for any u ∈ Sn−1

}
.

The following proposition provides a convenient formula to calculate GGGp,q(KKK) for KKK ∈
νννµp,q. In particular,

GGGp,q(B
n
2 , · · · , Bn

2 ) =AAAp,q(B
n
2 , · · · , Bn

2 ) = Ap,q(B
n
2 ) =

(
Cp(B

n
2 )
)n/(n+q) · |Bn

2 |q/(n+q).

Proposition 4.5. Let KKK = (K1,K2, · · · ,Km) ∈ νννµp,q and −n ̸= q ∈ R. Then

GGGp,q(KKK) =AAAp,q(KKK).

Proof. Due toKKK = (K1,K2, · · · ,Km) ∈ νννµp,q, we can define L ∈ K0 by its radial

function:
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(
ρL(u)

)n+q
=

( m∏
i=1

fµp,q(Ki, u)

)1/m

for any u ∈ Sn−1.

When q = 0, the desired formula follows trivially, i.e.,

GGGp,0(KKK) =AAAp,0(KKK) =
p− 1

n− p

∫
Sn−1

( m∏
i=1

fµp,0(Ki, u)

)1/m

dσ(u).

If q > 0, it follows from the proof of Proposition 4.4 and L ∈ K0 that

GGGp,q(KKK) ≥AAAp,q(KKK) =
(
CCCp,q(KKK,L◦, · · · , L◦)

)n/(n+q) · |L|q/(n+q) ≥ GGGp,q(KKK).

Hence GGGp,q(KKK) =AAAp,q(KKK). The case −n ̸= q < 0 follows from a similar argument. □

Similar to Theorem 3.4, we have the following cyclic inequalities for GGGp,q(·). Similar

results hold for AAAp,q(·).

Theorem 4.3. Let KKK ∈ (F+
0 )m.

(i) If −n < t < 0 < r < s or −n < s < 0 < r < t, then

GGGp,r(KKK) ≤
(
GGGp,t(KKK)

)(r−s)(n+t)/(t−s)(n+r) ·
(
GGGp,s(KKK)

)(r−t)(n+s)/(s−t)(n+r)
.

(ii) If −n < t < r < s < 0 or −n < s < r < t < 0, then

GGGp,r(KKK) ≤
(
GGGp,t(KKK)

)(r−s)(n+t)/(t−s)(n+r) ·
(
GGGp,s(KKK)

)(r−t)(n+s)/(s−t)(n+r)
.

(iii) If t < r < −n < s < 0 or s < r < −n < t < 0, then

GGGp,r(KKK) ≥
(
GGGp,t(KKK)

)(r−s)(n+t)/(t−s)(n+r) ·
(
GGGp,s(KKK)

)(r−t)(n+s)/(s−t)(n+r)
.

From Definition 4.3 and Hölder inequality, one can get the Aleksandrov–Fenchel

inequality for GGGp,q(·). Similar results can be obtained for AAAp,q(·).

Theorem 4.4. Let KKK ∈ (F+
0 )m. For 1 ≤ j ≤ m and −n < q < 0, one has

(
GGGp,q(KKK)

)j ≤ j∏
i=1

GGGp,q(K1,K2, · · · ,Km−j ;Km−j+i,Km−j+i, · · · ,Km−j+i︸ ︷︷ ︸
j

).

Moreover, if j = m, one has

(
GGGp,q(KKK)

)m ≤
m∏
i=1

Gp,q(Ki).

Furthermore, Definition 4.3 yields the isoperimetric type inequality as follows.

Corollary 4.2. Let KKK = (K1,K2, · · · ,Km) ∈ (F+
0 )m.

(i) If q ≥ 0, then
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GGGp,q(K1,K2, · · · ,Km)

GGGp,q(B
n
2 , B

n
2 , · · · , Bn

2︸ ︷︷ ︸
m

)
≤

m∏
i=1

(
Cp,q(Ki, B

n
2 )

Cp,q(Bn
2 , B

n
2 )

)n/m(n+q)

.

Equality holds if Ki = riB
n
2 with ri > 0 for any 1 ≤ i ≤ m and

∏m
i=1 ri = 1.

(ii) If q < −n, then

GGGp,q(K1,K2, · · · ,Km)

GGGp,q(B
n
2 , B

n
2 , · · · , Bn

2︸ ︷︷ ︸
m

)
≥

m∏
i=1

(
Cp,q(Ki, B

n
2 )

Cp,q(Bn
2 , B

n
2 )

)n/m(n+q)

.

Equality holds if Ki = riB
n
2 with ri > 0 for any 1 ≤ i ≤ m and

∏m
i=1 ri = 1.
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