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Abstract. In this paper, we introduce a two-parameters determinantal
point process in the Poincaré disc and compute the asymptotics of the variance
of its number of particles inside a disc centered at the origin and of radius r
as r — 17. Our computations rely on simple geometrical arguments whose
analogues in the Euclidean setting provide a shorter proof of Shirai’s result for
the Ginibre-type point process. In the special instance corresponding to the
weighted Bergman kernel, we mimic the computations of Peres and Virag in
order to describe the distribution of the number of particles inside the disc.

1. Introduction.

Determinantal point processes are random point measures on locally compact polish
spaces whose correlation functions are determinants of locally trace-class non negative
operators bounded by one ([18]). They appeared in Macchi’s paper [13] under the name
‘Fermion processes’ since Fermions obey the Pauli exclusion principle so that their wave-
functions are given by Slater determinants. By the Macchi—Soshnikov—Shirai—Takahashi
Theorem ([17], [18]), given a measure space (F,u) and an orthogonal projection onto
a closed subspace F' C L?(E,u) with Hermitian kernel K, there exists a determinan-
tal point process whose correlation functions are governed by K and whose number of
particles is almost surely equal to the dimension of F. For instance, unitarily-invariant
random matrix models give rise to determinantal point processes with almost surely finite
numbers of particles ([18]), while the Fock and the Bergman spaces provide examples
of infinite-dimensional determinantal point processes. Actually, the former corresponds
to the Ginibre process which is the weak limit of the eigenvalues process of the Ginibre
matrix model ([9]) and the latter corresponds to the zero set of the hyperbolic Gaussian
analytic function whose matrix-valued extension is also the weak limit of the eigenvalues
of square truncations of Haar unitary random matrices ([12]). For other examples and
various constructions of determinantal point processes, we refer the reader to [3].

On the other hand, the Fock and the Bergman spaces may be realized as the null
eigenspaces of the Schrodinger operators with a uniform magnetic field, known as the
Landau Laplacian, in the complex plane and in the Poincaré disc respectively. In the
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flat geometrical setting, the Landau Laplacian has a discrete spectrum—FEuclidean Lan-
dau levels—labeled by the set of non negative integers whose eigenspaces are infinite-
dimensional and consist in general of polyanalytic functions. Besides, the corresponding
reproducing kernels were computed in [2] and subsequently used in [15] in order to de-
fine the Ginibre-type point processes, where the author derives the asymptotics of the
variance of the number of particles in a disc centered at the origin and of radius r as
r — oo. Note that by analogy with the Ginibre process, a finite-dimensional version of the
Ginibre-type point process was introduced and studied in [11] yet without any reference
to an underlying random matrix model. As to the negatively-curved geometrical setting,
the Landau Laplacian always admits a continuous spectrum and a discrete spectrum-
hyperbolic Landau levels—arises as soon as the magnetic field strength is large enough.
The corresponding eigenspaces are infinite-dimensional as well, and the expressions of
their reproducing kernels are also available (see e.g. [8] and references therein).

In this paper, we use these kernels to introduce the hyperbolic analogue of the
Ginibre-type point process, and call it in a similar fashion ‘the hyperbolic-type’ point
process. Doing so allows to generalize the zero set of the hyperbolic Gaussian analytic
function within the class of determinantal processes, in opposite to the Gaussian random
series considered in [4]. Furthermore, the hyperbolic-type determinantal point process
converges weakly to the Ginibre-type point process if we let the curvature of the disc
tends to zero which is in agreement with the geometrical contraction principle. Our
main result establishes the exact asymptotics of the variance of the number of particles
lying inside a disc centered at the origin and of radius » as » — 17. Though this is
the hyperbolic analogue of Shirai’s result for the Ginibre-type point process, our proof
is completely different from Shirai’s one and may even be adapted to the Ginibre-type
point process in order to write a different proof of Shirai’s result. More precisely, using
the invariance of the reproducing kernels under appropriate groups of transformations—
the translation group for the complex plane and the Mobius group for the Poincaré
disc—we are led to the computation of the Euclidean and the hyperbolic areas of some
planar region. For the Ginibre-type point process, the area of this region is already
known and yields directly Shirai’s result. As to the hyperbolic-type point process, the
computations are more involved than those in the Euclidean setting, nonetheless we
succeed to express this area as an incomplete hypergeometric integral and to derive
the sought asymptotics. Nonetheless, in the special instance corresponding to weighted
Bergman kernels, we mimic the computations done in [14] and obtain the full description
of the number of particles inside the disc.

The paper is organized as follows. For sake of completeness, we recall in the next
section the definition of the Ginibre-type point process and write another proof of Shirai’s
result using the invariance of the reproducing kernels under translations. In Section 3,
we introduce the hyperbolic-type point process and prove our main result. In the last
section, we describe the distribution of the number of particles inside the disc in the case
of weighted Bergman kernels which corresponds to the lowest hyperbolic Landau level.

2. The Ginibre-type point process revisited.

Let E be a locally compact polish space and let Conf(E) be the space of locally
finite configurations, that is, the space of all discrete subsets of F having a finite number
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of elements in any compact set. We can equip Conf(E) with the sigma-algebra F(E)
generated by the maps :
Ny : Conf(E) - N
X — | X NA|

for all relatively compact subsets A C E. Then,

DEFINITION 1. A point process is a probability measure P on (Conf(E), F(E)).
It is a determinantal point process with correlation kernel K and reference measure
won (E,B(E)) if for every n € N and every compactly-supported bounded function
f: E™ — C, one has:

Ep Z flx, ... zn)| = Enf(xl,...,xn)det(K(sci,scj))lgi7jgndu(m1)~-~du(xn).

T1,...2n€X

Here, the sum in the left-hand side is over all simple n-points in the random configuration
X.

A well-known example is the Ginibre point process corresponding to the following
data:

o £E=C.
o du(z) = e"Z‘de/ﬂ, dz being the Lebesgue measure in C.

e [ is the Fock space consisting of entire functions in the Hilbert space
L(C, e " dz /)

whose reproducing kernel is Ko(z,w) = €**.

It arises as the weak limit of the eigenvalues process of the Ginibre random matrix model
as the size of the matrix tends to infinity. On the other hand, the Fock space may be
realized as the null space of the Euclidean Landau Laplacian with uniform magnetic
field!:

2 9
9:07 T “o7 ()

which has discrete spectrum given by non negative integers ([2]). Besides, for any n € N,
the n-th eigenspace consists of polyanalytic functions which are solutions of the general-
ized Cauchy—Riemann equation:

n+1
<862) f=0, n>0,

and its reproducing kernel reads ([2]):

IWithout loss of generality, the magnetic field strength may be taken equal to one.
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Kn(z,w) = e L,(|z —w*), zweC,

where L, is the n-th Laguerre polynomial ([1]). In [15], the author introduced the
Ginibre-type point process IP,, at level n as the determinantal point process with kernel
K,,. There, he also computed the variance of the number of its particles inside a disc D,
centered at the origin and of radius r, and showed that it grows linearly as r — oo. In
this respect, recall that the reproducing property leads to the following formula:

PROPOSITION 1. Let P be a determinantal point process defined through a repro-
ducing kernel K with respect to a reference measure p. Then, for any relatively compact
set A C E, the variance of Ny is given by:

Varp(Nga) = /

) [ du(w)K 0. 2)
A E\A

With the help of (2) and the convolution property of Laguerre polynomials, the
following result was proved in [15]:

0o tAdr?

Va(N,) = %/0 dt|Ln(t)|26*t/O 1 4%%
Here, V,, stands for the variance with respect to P,,, and NN,. denotes—here and after—
the number of particles inside a disc D, centered at the origin and of radius » > 0. In
the sequel, we write a shorter proof of this result which has the merit to apply to the
hyperbolic-type point process introduced later since it relies on geometrical arguments.
To this end, perform the variables change t — 2,7 — (2rxz)? in order to rewrite Shirai’s
formula as

2
o—loP p(lzl/2r)A1
= [P [ (4r2)y/T— 22da. 3)
C Q0 0

On the other hand, start from (2) and use the invariance under translations of
K, (z,w)u(dw)u(dz) to get:

S e—t2 (t/2r)A1
V. (N,) = 87‘1’7"2/ tdt|Ln(t2)|2—/ V1 — z2dx
0 m 0

vav) = | nlaw) [ a0

r

1
= dw / dze” 7 Ly (|2 = w]?)?
T JDe D,
1
=— | dvw / dze” 1P L, (1217
™ JD¢ w+D,.

1

= / dze*'Z'QanUzP)IQ/ w
™ Jc Den{w,|w—z|<r}

1

= / dze™ | Lo (|21)|? Avea(D5 0 Dy(2)),
™ Jc



The hyperbolic-type point process 1141

where D,.(z) is the disc centered at z and of radius r. If |z| > 2r, then Area(DSND,.(z)) =
7r? since D,.(z) C D¢, which coincides with the value of the inner integral in (3):

(|z]/2r)A1 1
4r2/ V1—22dz = 4r2/ V1= 22dx = 7r3.
0 0

Otherwise, if |z| < 2r, then DN D,.(z) is the complementary in D,.(z) of the overlapping
of the discs D, and D,(z) whose area admits the following expression:
12l

Area(DS N D,(2)) = nr? — 2r? arccos <2Z|> + 4r? — |z|2.
T

Again, this area coincides as well with the value of the inner integral in (3):

(z]/2r) arccos(|z|/2r)
42 V1 —z2de = 7r® — 2r2/ (1 — cos(26))de.
0

0

Shirai’s formula is proved. In a nutshell, the computations of V,,(NN,) rely essentially
on the invariance under translation of the integrand, on the transitive action of the
translation group on C and on the knowledge of the expression of the Euclidean area
of DN D,(z). As we shall see in the next section, the situation is very similar in the
hyperbolic setting, yet the computations are tricky and involved.

3. The hyperbolic-type point process.

In this section, we introduce the hyperbolic-type point process. To this end, we recall
from [8] the spectral decomposition of the hyperbolic Landau Laplacian with uniform
magnetic field? v > 0. Let D be the unit disc, then the hyperbolic Landau Laplacian is
the following differential operator acting on smooth functions as:

2
H, = —-4(1 — z2) ((1 - 22)% - 2Vzaaz> .

It is a densely defined operator in L?(ID, \,) where
A (d2) = (1 — |22z,

and admits a unique self-adjoint extension which we also denote by the same symbol H,,.
Besides, its spectrum has a purely continuous part [1, 400 and if v > 1/2, then a non
negative discrete part arises and consists of the so-called hyperbolic Landau levels:

e =4m(2v —m —1); m=0,1,...,[v—=1/2], 2(v—m)—1#0,
[x] being the largest integer less than or equal to x. The corresponding eigenspaces are

infinite-dimensional and the reproducing kernel G¥, associated with a given hyperbolic
Landau level e/, reads ([8]):

2Unlike the Euclidean setting, the strength v of the magnetic field can not be reduced to one.
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G;L(z,w):%”—m)—l(l_zw)gy(( 11— 22 ))m

@ L—2[2)(1 — |wl|?
2 2
« PO2v=m)-1) 2(1 — || )(15 lw®) 1 (@)
v |1 — zwl|?

where P{"*"=™ Y is the m-th Jacobi polynomial ([1]). With these data in hands, we
are ready to introduce the hyperbolic-type point process :

DEFINITION 2. Let v > 1/2and m € {0,...,[v—1/2]}. The hyperbolic-type point
process PV at level €/, is the determinantal point process with correlation kernel G, .

In the sequel, we will denote the variance with respect to Py, by V» . Notice that
if 2v > 2 is an integer and m = 0, then P} reduces to the singular locus of a complex
Gaussian (2v—1) x (2v—1) matrix-valued random series in which case Gj is the weighted
Bergman kernel in D ([12]). In particular, P} is nothing else but the hyperbolic Gauss-
ian determinantal process defined and studied in [14], and is realized as the zeros of a
Gaussian analytic series. In particular, it was proved there that

T2

Vo(N,) = 1,4

(5)
and another proof of this result is given in [4]. However, beware that the Gaussian
analytic series in the disc studied in [4] are in general not determinantal and that as-
ymptotic formulas for the variance of N, are derived there from a formula quite similar
to (2). More generally, the adaptation of our previous proof of Shirai’s result yields the
following formula for V¥ (N,.):

PROPOSITION 2. Let P¥, be the hyperbolic-type point process at level €l,. Set

2
fom(x) = w(l — tanh?(z))v " p0:2(v=m)—1) (1- 2tanh2(33)) ,

and recall the hyperbolic distance in D:

cosh(d(z,w)) = — =20 _ !
T (=)A= w?) 1 —tanh?(d(z, w))

Then,

|Cer|+ R 2+ [C.p|? — R2,\  tdt
arccos

2|C. | (1—12)%

(6)

VYN, = 2 / No(d2) fun(d(2,0)) /|

C..r|—R. r|Vr

where

1—r? 1— |22

Cepp = 1 |22r2 z, R.p:= 1 2|22 .

Before proving this proposition, we state the main result of our paper:
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THEOREM 1.  The following asymptotics of V¥, (N,.) holds:

CV
m r—1"

Vi (N;) ~ 1,2 )

where
Cr = /D)\o(dz)f,,,m(d(z, 0)) arccos(1 — 2|z|?).
PROOF OF PROPOSITION 2.  Firstly, it is straightforward that:
|G (2, w) P A (d2) A (dw) = fom(d(z,w)) Ao (d2) Ao (dw). (7)

Secondly, the hyperbolic area measure \y and the hyperbolic distance are invariant under
the action of the Mobius transformations:

Gup 2 e w €D, €]0,2n],

—z
1—wz’
which act transitively on D, see e.g. [19]. Note that g,, ¢ is an involution, maps the origin
to w and may be written as

GJuw,0 = Rarg(w)g\wLOR— arg(w)»

where

eiarg(w)/2 0
Ry = <0 e—iarg(w)/2 :

Denoting simply g, = gu,0, it follows from (2) that:
Vi) = [ duaw) [ a6 e
Dg D,

_ / Noldw) / X0(d2) fom (d(2, 90))
D¢ D

I3

= /Dﬁ Ao (dw) /ng,, o(d2) fo.m(d(z,0))

),

Nodw) / Ao (d2) o (d(2,0)).
Rarg(w)9jw| Dr

c
15
Now, write

1- IwIQ}

1
= — [1—
| [ lw|z +1

|w

then the image of D, under the inversion z — 1/(Jw|z + 1) is the disc

1 |w|r
D , )
(1 — |w[*r?" 1 - |w|27"2>
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and in turn,
glw\Dr =D (|Cw77'|v Rwﬂ') .

Note that gj,,| D, reduces to the singleton {1} as |w| — 1, while

r r
D, =D(—— " ).
g (1+r2 1+r2)

Consequently,

U ngr = U Rarg(w)g\w|R—arg(w)Dr =D.
weDE weDE

Moreover, given z € D, then g,,(y) = z for some y € D, is equivalent to g, (z) = y since
gw is an involution. But,

{weD; digu(z)] <1} = D(CuyRe)

is the disc centered at C, , and of radius R, ,. As a result, Fubini Theorem entails:

VI(N,) = / No(d=) fom (d(2,0)) /D No(dw). (8)

ND(Cz v Rz )

Finally, consider the inner integral and note that it does not depend on arg(z). Using
polar coordinates, the range of arg(w),w € DN D(C,,, R, ), may be determined (for
fixed |w|) from Al Kashi’s theorem applied to the triangle formed by the origin, C, , and
one of the intersection points of 9D(0,¢) and dD(C,,,, R, ), see Figure 1 below.

- =~

Seaa -

Figure 1. Range of arg(w) for fixed |w| = ¢ (thick line).

As to the range of |w|, it is determined as follows. The closest point to the origin
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and lying in 0D(C, , R, ;) is:

C
C R, —2"
z,T zZ,T |szr|
and its modulus is given by:
||z = 7]
C,r|—R..| = .
H z,T zZ,T 1 _ |Z|/r'
Similarly, the most distant point is:
Cz r
Con+ R,
z,r Z,T |CZ7T|
and its modulus is given by:
2|+
C R,,= .
| z,rl + Z,r 1+ ‘Z|T

Hence
w e D(Cyp, Reyp) = [|Cp| = Rep| < W] <|Crpp| + R,
and consequently:
weDiND(Cop,Ryy) = ||Cor| = Ro| VT < |w] < |Cy | + Ry pee

Altogether yields:

IC= |+ Rz 2 +|C,, |2 — R? tdt
/ Ao (dw) = 2/ arccos ( 1C=.r| Z’T) VL
DenD(Cs R ) ICs r|=Rs n|Vr 2t|C (1—1t2)

Keeping in mind (8), the proposition is proved. d

REMARK 1 (Contraction principle). From the very definition of f, ,,, we derive
2
2(v — -1
Fom(d(z,0)) = [(”m)(l a2y pO2—m =Y (1 22|2)} _
T

Let R > 1 be a positive real number and perform in (6) the variable change z — z/R:

v 2(1/ - m) -1 ¥ ‘Z|2 22 0,2(r—m)—1 |Z|2 ’
Vi (Nr) = (7rR2> /DR( = P2 =25

<[ No(dw),
ngD(Cz/R.rsz/R,T)

where Dp is the disc centered at the origin and of radius R. Now, rescale r — r/R, take
v = R?/2 and perform the variable change w +— w/R in the inner integral. Then:
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2
R2 _ 2m) _ 1 2 |Z|2 R*—2m—2 R |Z|2 2
VR2/2 N, = (— / B o P(O,R —2m—1) 1-2
m (o) TR Dy R? m R?
)\o(dw)

X /
N - 2
DenD(Cy R 1) R

where

L I-WRP g 1=(E/R?
TR T T (e R

Using the limiting relation ([1]):

lim PO —2m—1) (1 —2|’22> = Lin(]2]?)
R0 ™ R2) ’

it follows that

. 2 1 a2 2
lim R*VE (N, g) = 7/6 = (Lo (12)%)] / dw =V, (N,).
™ Jc DeND,.(z)

R—o0

Such a result is expected to hold by the virtue of the geometrical contraction principle.
However, what is not expected and less obvious is the rescaling of the magnetic field
strength.

Now, we shall prove Theorem 1.

PrROOF. The inner integral displayed in the RHS of (6) may be transformed after
performing an integration by parts into:

dt

/ o ! (1 + B2, —|Ce?)
(CerlReslvr \JUC, 22 = (2 4 |Co 2~ 2,02 T8
1 r?+|C. > — RZ, L o)
(1= r2) " 2r|C..| (Gl =R rt:

Performing further the variables change ¢ — ¢2, the integral above becomes:

1/Fz=r 1 (t+BZ7T)dt
2 /. v \/7t2 +24,,6-p2, -0

where

— 2 2 P2 2
AZJ“ E |CZ,7" + Rz,r? BZJ” T Rz,'r' - |CZJ‘| )

E.pi= Ry —1Cor))?s Fop = (Roy +Cap])™
The trinomial inside the square root factorizes as

—t? 424, ,t— B2, = (t—E.,;)(F., —t),
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and the following decomposition holds

)

t1—t)  t R

(t+B.r) B.r 14+B.,

We are then led to:

1 F. r 1 Bzr 1 Bzr
y [REU3R
2 E. .Vr? \/(t - Ez,r)(Fz,r - t) t L—t

which may be turned into an incomplete hypergeometric-type integral after the variable
change

t—F, . — (F., — E, )t

Indeed, quick computations yield:

1 [Nz, dt B, , . 1+ B, (10)
2 0 \/t(l - t) Fz,r - (Fz,r - Ez,r)t (Fz,r - Ez,r)t + 1- Fz,r
where
F,, - r?
H,,=-—2r
’ Fz,r - Ez,r
Set
F,.—FE,, F.r—E.,
Uzr : : ) Vzr - : ’
' 1- Fz,r ' Fz,r

Then, (10) may be written as

1 1INH, , dt Bz,,,‘ 1 + 1 +BZ7T 1 (11)

2 0 \/t(l—t) Fz,rl_Vz,rt 1_Fz,r1+Uz,rt '

Now, we are ready to let  — 1~ in (11). More precisely, we obviously have

1—
lim C., =0, lm R.,=1 lm H., =+
r—1- ’ r—1— ’ r—1— ’ 2
whence
B ) 1/\Hz77‘ 1 (17|Z‘)/2
lim (1 — %) =2" dt = / _ lim (1 —7%) =0.
r—1- Fz,'r‘ 0 t(l — t) 1- ‘/z,rt 0 t(l — t) r—1-
(12)
Similarly

. o. 1+ B, ["er o dt 1
lim (1 -Tr )77
r—1- 20—-F..) Jo Vil —t) 1+ U, st
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(L 2])? /U'ZW? dt 1
(1—1212) Jo Vil —t) 1+ Uzt
2(1+|Z|) /(1/2)arccos(|z|) 1

—dt
(L —1z) 1+ U, sin?t

arccos(|z]) 1—

-/ (EIER
0 (1 = [2[)? + 4fz[ sin*(2/2)
arccos(|z|) 1 2

-/ (ECN
o 1+ 2|2 — 2|z| cost

1
= 2arctan + 121 tan 7arccos(|z|) ,
1—|z| 2

where the last equality follows from formula 2.556 (1) in [10]. Since

tan (g> 1 «Sklr(l;osz )’

then

1— |z

Finally, using the expressions

1 1
2 arctan ( + 12| tan [arcco;(|z|)]) = 2arctan ( T i z: ) = 7 — arccos(|z]).
— |z

_ el
Tz

2l + 7

C..|—R ;
[Cerl 1+ |zlr

|Cz,r| + Rz,r =

we get

Ll | Wt e o S VA € Wl ! i N 1 (€ 0 S 9)

2r|C, | - 2r(1 —r2)|z|/(1 — |2|?r?) B 2r ’

which in turn yields the limit:

lim arccos
r—1-

2 2 2
<+ |C - R
< Gl z’r>1{C”—RzT<r} = arccos(|z])1{|z)<1}-
2r|C, | : :

Gathering (6), (9), (12), (13) and (14), we deduce that:
/ (d2) fy.m(d(z,0)) [ — 2arccos(|z])]
/)\0 dz) fo.m(d(z,0)) arccos(1 — 2|z|?),

which proves Theorem 1.

REMARK 2. Form € {0,...,[v—(1/2)], let

AY (D) = {h € L*(D,\,), H,h = €,h}

(13)



The hyperbolic-type point process 1149

be the corresponding generalized Bergman space. An orthogonal basis (¢%,(j));>0 of
AY (D) was given for instance in [8], eq. (2,2), and one readily sees that

cr = (2“;”)‘”) [ Aot m anccos(1 — 212,

By the virtue of eq. (2.4) in [8], we further get the following bound:

v o Qv-m)—1)2
cr, < S g ) B, = 200 —m) 1.
4. The weighted Bergman kernel and the lowest hyperbolic Landau
level.

The Specialization of Theorem 1 with m = 0 and integer values of 2v gives the
asymptotics as r — 1~ of the variance of the number of zeros in D, of the complex
Gaussian matrix-valued series. Nonetheless, we may mimic the proofs of Lemma 14 in
[14] (when the discs coincide) and of Theorem 2 (i) of that paper in order to derive the
distribution of N, for any real v > 1/2. More precisely,

THEOREM 2. For any s € (—1,1),

(2v);-1

E((1+s)N) =] G- 1)

1

O_O (1+s(2l/— 1) B..(j,2v — 1)),

J

where

2

T
B.(j,2v—1) := / s17H(1 — 5)*2ds,
0

1s the incomplete Beta integral. In particular, N, has the same distribution as

where (X;);>1 are independent {0, 1}-valued random variables defined on some probability
space (Q,F, Q) such that

(2v);j-1
(j—1)!

PROOF. Since the proof follows the lines written pp.15-16 in [14], we shall only
indicate what modifications should be performed there. Firstly, the statement of Lemma
14 in [14] for identical discs is modified as follows: the weighted Bergman kernel admits
the following expansion:

BT‘(j72V — 1)
Bl(jv 2v— 1) .

QX;=1) = (2v 1) B (j, 2w — 1) =

5 _2v—1 1 _2v—1 (2v);,
Gi(z,w) = P T 7 ; (zw)’.
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But since A, is radial, then the discussion in the bottom of p. 15 in [14] is still valid and
yields the binomial moments of N,.: for any k > 1,

]ES(Nr(Nr - ]_) e (Nr - k + 1)) = / det(Gg(Zl, Zm))lgl,mék‘ dzl e de
Dk

||

=> [ '“Z{ )JB(J+121/—1)} 7

gESE TEDT 7>0
(15)

where Sj is the symmetric group of {1,...,k}, |7] is the size of the cycle 7 in the
permutation o. Secondly, we come to the proof of Theorem 2 (i) in [14]: set

we(D)-d g Lo gl

and

=S Bsh, se(-1,1), f=1.

k>0

Then, the recurrence equation (32) in [14] still holds and may be derived by simply
separating the block of a given permutation ¢ containing 1 from the others:

k l
S M e R L
=1 >0

and so does equation (33) there, where now

0o l
06 =06 = 3o Y [ )]

=1 3>0

Finally, integrating with respect to s leads to

log (8 ZZ { & B,«(j+1,2u—1)y

7>01=1
2
=Y log <1+s )(1”) BT(j,Qy—1)>.
= (=
The rest of the proof is similar. O

From (15), we readily obtain:

E(NT‘(NT - 1))
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2

2
T @V;R@”)JBT(J' TlLw -1 =Y {W)(Q%Br(j +1,20 — 1)}

1
>0 ' >0 J:

whence

2
VN = G =V@)ip ;00 —1) - 3 {(2”_1)(2””&(3‘ +1,20 - 1)} .

Al r|
>0 I >0 J:

If v =1, then

2v—1)(2v); ;
%Br(j +1,20—1) = AN
7!

and one retrieves Peres—Virag’s result (5).
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