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Abstract. We define an “ample canonical height” for an endomorphism
on a projective variety, which is essentially a generalization of the canonical

heights for polarized endomorphisms introduced by Call–Silverman. We for-
mulate a dynamical analogue of the Northcott finiteness theorem for ample
canonical heights as a conjecture, and prove it for endomorphisms on varieties
of small Picard numbers, abelian varieties, and surfaces. As applications, for

the endomorphisms which satisfy the conjecture, we show the non-density of
the set of preperiodic points over a fixed number field, and obtain a dynamical
Mordell–Lang type result on the intersection of two Zariski dense orbits of two
endomorphisms on a common variety.

1. Introduction.

Let X be a smooth projective variety over Q and f a polarized endomorphism, that

is, a surjective morphism from X onto X with an ample divisor H such that f∗H ∼ dH

for some d > 1. Let hH be a height associated to H. Then we can define the canonical

height associated to H due to Call–Silverman [CaSi93]:

ĥH,f (x) = lim
n→∞

hH(fn(x))

dn
.

Then ĥH,f is considered as a new ample height on X which reflects the dynamics of f ;

for example, ĥH,f ◦ f = dĥH,f holds and, for any point x, ĥH,f (x) = 0 if and only if

x is f -preperiodic i.e. {x, f(x), f2(x), . . .} is finite. Moreover, the Northcott finiteness

theorem (Theorem 2.2) implies that the set

{x ∈ X(K) | ĥH,f (x) = 0}

is finite for any number field K. This result might be seen as a dynamical version of

the Northcott finiteness theorem. Eventually, it follows that the set of f -preperiodic

K-rational points is finite for any number field K. In particular, any point x ∈ X(Q)

with ĥH,f (x) > 0 is not f -preperiodic.

Thus canonical height is a powerful tool to study the dynamics of polarized endo-

morphisms over number fields. So it is nice if we have such a canonical height for general

endomorphisms. But the following example shows that we should modify the definition
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of canonical heights for general endomorphisms.

Example 1.1. Let E be an elliptic curve over Q and set X = E × E. Take two

integers a ∈ Z≥2, b ∈ Z \ {0} and let f be an endomorphism on X defined as f(x, y) =

(ax+ by, ay) for (x, y) ∈ X(Q). Then we have fn(x, y) = (anx+ nan−1by, any). Let ĥE ,

ĥX be Néron–Tate heights on E,X respectively such that ĥX(x, y) = ĥE(x) + ĥE(y).

Then ĥX(fn(0, y)) = ĥE(na
n−1by) + ĥE(a

ny) = a2n(n2a−2b2 + 1)ĥE(y). If y ∈ E(Q) is

not a torsion point, then ĥE(y) > 0 and so ĥX(fn(0, y)) grows like a2nn2 as n grows. In

this case, we should define the canonical height ĥf (x, y) with respect to f at (0, y) as

ĥf (0, y) = lim
n→∞

ĥX(fn(0, y))

a2nn2
= a−2b2ĥE(y).

The dynamical degree δf of f (cf. Notation and Conventions below) is equal to a2 (cf. The-

orem 5.5).

Taking this example into account, we will define ample canonical heights for general

endomorphisms. Silverman [Sil14, p. 649] defined the (upper) canonical heights for

rational self-maps on projective spaces as follows: let φ : Pd 99K Pd be a rational map

with

δφ = lim
n→∞

(deg(φn))1/n > 1.

Then the upper canonical height at P ∈ Pd(Q) is

ĥφ(P ) = lim sup
n→∞

h(φn(P ))

nlφδnφ
,

where h is the natural height function on Pd and

lφ = inf

{
l ≥ 0 | sup

n≥1

deg(φn)

nlδnφ
<∞

}
.

Note that we may have ĥφ(P ) = ∞ for some rational self-map φ and P ∈ Pd(Q).

Modifying the definition of the canonical height for a self-map on a projective space,

we define (upper/lower) canonical height for (not necessarily polarized) endomorphisms.

For a pair (X, f) of a projective variety X over Q and an endomorphism f on X, fix an

ample height hX ≥ 1 i.e. a height associated to an ample divisor on X. Let δf be the

(first) dynamical degree of f (see Notation and Conventions below), and lf the minimal

non-negative integer such that the sequence {δ−n
f n−lfhX(fn(x))}∞n=0 is upper bounded

for every x ∈ X(Q). The existence of such lf is proved by Matsuzawa [Mat16, Theorem

1.6] (cf. Theorem 2.6). We define the upper (resp. lower) ample canonical height hf , hf
as

hf (x) = lim sup
n→∞

hX(fn(x))

δnf n
lf

,
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hf (x) = lim inf
n→∞

hX(fn(x))

δnf n
lf

.

It is obvious by definition that hf and hf take finite and non-negative values at

every point. If f is a polarized endomorphism, then hf , hf are essentially equivalent to

the canonical height of Call–Silverman, as we will see in Section 4. So we can regard the

notion of ample canonical heights as a generalization of canonical heights for polarized

endomorphisms.

On the other hand, Kawaguchi and Silverman [KaSi16a] introduced the canonical

height ĥD,f associated to a nef R-Cartier R-divosor D such that D is not numerically

trivial and f∗D is numerically equivalent to δfD, which we call a nef canonical height

(cf. Definition 2.6). Note that such D always exists due to Perron–Frobenius–Birkhoff

theorem (Theorem 2.4). Then the following questions naturally arise.

Question 1.2. Let X be a smooth projective variety over Q and f an endomor-

phism on X with δf > 1.

(i) Whether hf ≍ hf holds or not?

(ii) Does there exist a nef canonical height ĥD,f such that hf ≍ ĥD,f and hf ≍ ĥD,f?

For the definition of the relation “≍”, see Notation and Conventions below. We will

see that Question 1.2 has positive answers in the following cases.

• There is an ample R-divisor H such that f∗H ≡ δfH (Theorem 4.1 (i)).

• The Picard number of X is two and f is an automorphism (Theorem 4.2 (ii)).

• X is a Calabi–Yau threefold whose Picard number is at most three and f is an auto-

morphism (Theorem 4.5 (i)).

• X is a surface and f is an automorphism (Theorem 6.1 (i)).

But in general the relationship of these height functions is not clear at the moment.

We expect that ample canonical heights have nice properties reflecting the dynamics

of f . As an analogy with the Northcott finiteness theorem for ample heights, the set of

points at which the (lower) ample canonical height vanishes should be “small”. Indeed,

the zero set of the canonical height for a polarized endomorphism is “small” as we saw

above.

Let K ⊂ Q be any subfield. The symbol Zf (K) denotes the set of K-rational points

of X at which hf takes zero. The main objective of this article is to study the structure

of Zf (K). For that, we give the following conjecture as a dynamical analogue of the

Northcott finiteness theorem.

Conjecture 1.3. Let X be a smooth projective variety over Q and f an endo-

morphism on X with δf > 1. Take any number field K. Then there is an f -invariant

proper closed subset V of X including Zf (K).
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Clearly, it is sufficient for proving Conjecture 1.3 to show the existence of such a

closed subset for any sufficiently large number field. The assumption that δf > 1 is

necessary (see Example 3.5 below).

We make a weaker conjecture, which is a generalization of a conjecture of Kawaguchi

and Silverman [KaSi16a, Conjecture 6 (d)] restricted to the endomorphism case

(cf. Proposition 3.6 (iv)).

Conjecture 1.4. Let X be a smooth projective variety over Q and f an endo-

morphism on X with δf > 1. For any point x ∈ X(Q) whose f -orbit

Of (x) = {x, f(x), f2(x), . . .}

is dense in Zariski topology, we have hf (x) > 0.

Let f be an endomorphism on a smooth projective variety X with δf > 1 and

assume that Conjecture 1.3 holds for f . Let x ∈ X(Q) be a point such that Of (x) is

dense. Here Of (x) is contained in X(K) for a sufficiently large number field K ⊂ Q.

Suppose x ∈ Zf (K). Then Of (x) ⊂ Zf (K) since f(Zf (K)) ⊂ Zf (K) (cf. Proposition

3.6), but this contradicts Conjecture 1.3 for f . Hence x ̸∈ Zf (K) i.e. hf (x) > 0. Thus

Conjecture 1.3 implies Conjecture 1.4.

Our aim in this article is to show that Conjecture 1.3 holds for certain endomor-

phisms. The main result is the following.

Theorem 1.5. Let X be a smooth projective variety and f an endomorphism on

X with δf > 1. Then Conjecture 1.3 holds in the following situations.

• (Theorem 4.1) f∗H ≡ δfH for an ample R-divisor H on X. This contains the case

when the Picard number of X is one.

• (Theorem 4.2) ρ(X) ≤ 2 and f is an automorphism.

• (Theorem 5.1) X is an abelian variety.

• (Theorem 6.1 and Theorem 7.1) X is a smooth projective surface.

Let us briefly see how these results are proved. The first case is easily shown because

the ample canonical height for a polarized endomorphism is equivalent to the canonical

height due to Call–Silverman.

For the ρ(X) = 2 case, we can take two nef R-divisors D± which are eigenvectors

of f∗ in N1(X)R and the associated canonical heights ĥD±,f , which help us to compute

the ample canonical height.

If X is an abelian variety and f ∈ End(X), then {fn}∞n=0 satisfies a Q-linear recur-

rence relation in End(X)Q. Then we can compute ample canonical heights with the aid

of the recurrence relation.

Surface automorphism case follows from arguments due to Kawaguchi [Kaw08] and

Kawaguchi–Silverman [KaSi14]. We take two nef canonical heights ĥ± for f±. Then it

turns out that ĥ+ is equivalent to the ample canonical height. So the assertion follows

from results in [Kaw08]. Surface endomorphism case is proved by using the results due
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to Matsuzawa, Sano, and the author in [MSS18]. In [MSS18], it is proved that any

non-automorphic endomorphism on a minimal surface which is isomorphic to neither P2

nor abelian surfaces admits a certain fibration to a curve. Then some comutation of

height on the surface is reduced to computation of a height on the curve.

Remark 1.6. It is not clear that the above definition of ample canonical height

works for an arbitrary rational self-map f : X 99K X because we do not know whether a

non-negative integer l which makes {δ−n
f n−lhX(fn(x))}∞n=0 bounded for every x exists

or not.

There are already various constructions of “canonical heights” for certain self-maps.

Here the term “canonical heights” means functions which are constructed from a (ample

or nef) height function and reflect some dynamical behavior of the self-map. So the

definition of canonical heights in the following references are different in general. As

mentioned above, Call and Silverman [CaSi93] defined canonical heights for polarized

endomorphisms, which includes the Néron–Tate heights on abelian varieties as a special

case. Kawaguchi [Kaw06], [Kaw13] and Lee [Lee13] constructed canonical heights for

regular polynomial automorphisms. Kawaguchi [Kaw08] constructed canonical heights

for surface automorphisms. Siverman [Sil14] defined and studied canonical heights for

rational self-maps on projective spaces. Kawaguchi and Silverman [KaSi16a] showed

that there always exists a nef canonical height, that is, a canonical height associated

to a nef R-divisor for any endomorphisms on normal projective varieties (cf. Theorem

2.4 and Theorem 2.5). Jonsson and Wulcan [JoWu12] constructed canonical heights

for plane polynomial maps of small topological degree. Jonsson and Reschke [JoRe18]

constructed canonical heights for birational self-maps on surfaces.

This paper proceeds as follows. In Section 2, we recall fundamental facts on heights.

In Section 3, we define ample canonical heights again and show elementary properties

of them. Section 4 treats endomorphisms on smooth projective varieties of small Picard

numbers. Endomorphisms on smooth projective varieties of Picard number one, auto-

morphisms on smooth projective varieties of Picard number ≤ 2, and automorphisms on

Calabi–Yau threefolds of Picard number ≤ 3 are mainly studied. We investigate endo-

morphisms on abelian varieties in Section 5, and endomorphisms on surfaces in Section 6

and Section 7. In Section 8, we make two applications of Theorem 1.5. First, we see that

Conjecture 1.3 implies the non-density of the preperiodic points over any fixed number

field (Proposition 8.1), and then we obtain such a non-density result for endomorphisms

appearing in Theorem 1.5 (Theorem 8.2). Second, we describe the intersection of two

dense orbits Of (x), Og(y) of endomorphisms f, g on a variety. Main results in Section 8

are stated without the notion of height.

Notation and Conventions.

• Throughout this article, we work over Q, the algebraic closure of the rational number

field.

• A curve (resp. surface) simply means a smooth projective variety of dimension one

(resp. dimension two) unless otherwise stated.
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• Let X be a projective variety. An endomorphism on X means a surjective morphism

from X onto X. A non-trivial endomorphism on X means an endomorphism on X

which is not an automorphism.

• Let X be an abelian variety. End(X) denotes the set of (not necessarily surjective)

algebraic group homomorphisms fromX toX. Set End(E)K = End(E)⊗ZK (K = Q,R
or C).

• Let X be a projective variety and f an endomorphism on X.

(i) The (forward) f -orbit of a point x ∈ X(Q) is the set Of (x) = {x, f(x), f2(x), . . .}.
(ii) A point x ∈ X(Q) is f -periodic if fn(x) = x for a positive integer n. For any

subfield K ⊂ Q, Perf (K) denotes the set of f -periodic K-rational points of X.

(iii) A point x ∈ X(Q) is f -preperiodic if fk(x) is f -periodic for a positive integer k.

For any subfield K ⊂ Q, Preperf (K) denotes the set of f -preperiodic K-rational

points of X.

It is clear that x is f -preperiodic if and only if Of (x) is finite. Moreover, if f is

an automorphism, then x is f -preperiodic if and only if x is f -periodic.

(iv) A closed subset V ⊂ X is f -invariant if f(V ) ⊂ V , and f -periodic if it is fN -

invariant for some positive integer N .

• Let X be a smooth projective variety and f an endomorphism on X. Take an ample

divisor H on X. Then the limit

δf = lim
n→∞

((fn)∗H ·HdimX−1)1/n

exists and is independent of the choice of H. The invariant δf is called the (first)

dynamical degree of f .

• Let K be R or C. For a K-linear endomorphism f : V → V on a K-vector space

V , ρ(f) denotes the spectral radius of f , that is, the maximum of absolute values of

eigenvalues of f .

• The symbols ∼ (resp. ∼Q, ∼R) and ≡ mean the linear equivalence (resp. Q-linear

equivalence, R-linear equivalence) and the numerical equivalence on divisors.

• For a projective variety X, N1(X) denotes the abelian group of the numerical equiv-

alence classes of Cartier divisors of X. Set N1(X)R = N1(X) ⊗Z R and ρ(X) =

dimRN
1(X)R. The number ρ(X) is called the Picard number of X.

• Let h1, h2 be non-negative functions on a same domain. We say that h2 dominates h1,

denoted by h1 ≺ h2, if there is a positive constant C such that h1 ≤ Ch2. We say that

h1 is equivalent to h2, denoted by h1 ≍ h2, if h1 ≺ h2 and h2 ≺ h1.

• Let f , g and h be R-valued functions on a domain. The equality f = g +O(h) means

that there is a positive constant C such that |f − g| ≤ C|h|. In particular, the equality

f = g +O(1) means that there is a positive constant C such that |f − g| ≤ C.
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• Let X be a projective variety. For an R-Cartier R-divisor D on X, a function hD :

X(Q) → R is determined up to the difference of a bounded function. hD is called the

height function associated to D. For definition and properties of height functions, see

e.g. [HiSi00, Part B] or [Lan83, Chapter 3].

• For a projective variety X, we always fix an ample height function hX , that is, a

height function associated to an ample divisor, with hX ≥ 1. If h1, h2 are ample

height functions on X with h1, h2 ≥ 1, then h1 ≍ h2 (cf. Lemma 2.1).

• Let X be a normal projective variety and f an endomorphism on X. Then the limit

αf (x) = lim
n→∞

hX(fn(x))1/n

exists and is independent of the choice of hX for every x ∈ X(Q) ([KaSi16b, Theorem

3 (a)]). The number αf (x) is called the arithmetic degree of f at x. For details, see

[KaSi16a] and [KaSi16b].

Acknowledgments. I would like to thank Professors Osamu Fujino and Mattias

Jonsson for valuable comments. I am grateful to Kaoru Sano and Yohsuke Matsuzawa for

insightful discussions and comments, and Kenta Hashizume for answering some questions.

I appreciate the referee giving me so many important comments.

2. Basic results on heights.

In this section, we recall some basic results on heights which are used later.

Lemma 2.1. Let X be a projective variety. For any R-divisor D on X, hD ≺ hX .

Proof. We set hX = hH ≥ 1 for some ample divisor H on X. Take a sufficiently

large integer N such that NH−D is ample. Then hH = (1/N)hNH+O(1) = (1/N)(hD+

hNH−D) + O(1) ≥ (1/N)hD + O(1). So hD ≤ NhH + O(1). Since hH ≥ 1, we can take

a sufficiently large C > 0 such that hD ≤ ChH . □

Theorem 2.2 (Northcott finiteness theorem). Let X be a projective variety over

a number field K, H an ample R-Cartier R-divisor on X, d a positive integer, and B a

positive constant. Then the set

{x ∈ X(L) | L is a number field with [L : K] ≤ d, hH(x) ≤ B}

is finite.

From the Northcott finiteness theorem, we can deduce a similar result for semiample

divisors.

Corollary 2.3. Let X be a projective variety over a number field K, D a semi-

ample Cartier divisor on X with D ̸∼ 0, d a positive integer, and B a positive constant.

Then the set

{x ∈ X(L) | L is a number field with [L : K] ≤ d, hD(x) ≤ B}
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is not dense.

Proof. Take a sufficiently large integer N such that ND is base point free. Then

there is a surjective morphism ϕ : X → Y to a projective variety Y such that ND ∼ ϕ∗H

for some ample divisor H on Y . Then hH ◦ϕ = NhD +O(1), so we can take C > 0 such

that hH ◦ ϕ ≤ NhD + C. Set

S = {x ∈ X(L) | L is a number field with [L : K] ≤ d, hD(x) ≤ B},
T = {y ∈ Y (L) | L is a number field with [L : K] ≤ d, hH(y) ≤ NB + C}.

Then S ⊂ ϕ−1(T ), and T is a finite set by Theorem 2.2. So S is contained in a proper

closed subset. □

As an application of Perron–Frobenius–Birkhoff theorem, we obtain the following

(cf. [KaSi16a, Remark 31]).

Theorem 2.4. Let X be a projective variety and f an endomorphism on X. Then

there is a nef R-Cartier R-divisor D on X such that D ̸≡ 0 and f∗D ≡ δfD.

For an R-Cartier R-divisor D which is an eigenvector of f∗ : N1(X)R → N1(X)R,

we can define the canonical height associated to D under some assumptions.

Theorem 2.5 ([CaSi93] and [KaSi16a, Theorem 5]). Let X be a projective va-

riety, f an endomorphism on X with δf > 1, and D an R-Cartier R-divisor on X.

(i) Assume that f∗D ∼R λD with λ > 1. Then the limit

ĥD,f (x) = lim
n→∞

hD(fn(x))

λn

exists for every x ∈ X(Q) and satisfies ĥD,f = hD +O(1).

(ii) Assume that f∗D ≡ λD with λ >
√
δf . Then the limit

ĥD,f (x) = lim
n→∞

hD(fn(x))

λn

exists for every x ∈ X(Q) and satisfies ĥD,f = hD +O(
√
hX).

Definition 2.6. Let X be a projective variety and f an endomorphism on X with

δf > 1. Take a nef R-Cartier R-divisor D on X such that D ̸≡ 0 and f∗D ≡ δfD by

using Theorem 2.4. Then Theorem 2.5 implies that the limit

ĥD,f (x) = lim
n→∞

hD(fn(x))

δnf

exists for every x ∈ X(Q). We call ĥD,f a nef canonical height for f associated to D.

To estimate the growth of heights hX(fn(x)) as n increases, the following result is

fundamental.
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Theorem 2.7 ([Mat16, Theorem 1.6]). Let X be a projective variety with ρ(X) =

r and f an endomorphism on X.

(i) If δf = 1, then there is a positive constant C > 0 such that hX ◦ fn ≤ Cn2r+2hX
for every n ∈ Z≥0.

(ii) If δf > 1, then there is a positive constant C > 0 such that hX ◦ fn ≤ Cδnf n
rhX

for every n ∈ Z≥0.

Theorem 2.7 deduces the following weaker inequality. Note that the inequality is

proved for dominant rational self-maps, which is not needed in this article.

Theorem 2.8 ([KaSi16a, Theorem 26], [Mat16, Theorem 1.4]). Let X be a

projective variety, f an endomorphism on X with δf > 1, and ε > 0 any positive constant.

Then there is a positive constant C > 0 such that hX ◦ fn ≤ C(δf + ε)nhX for every

n ∈ Z≥0.

Theorem 2.8 implies that αf (x) ≤ δf for every point x. On the other hand, any

dynamical system (X, f) has a point whose arithmetic degree attains the dynamical

degree:

Theorem 2.9 ([MSS18, Theorem 1.6]). Let X be a smooth projective variety and

f an endomorphism on X. Then there is a point x ∈ X(Q) such that αf (x) = δf .

3. Ample canonical heights.

In this section, we will define ample canonical heights for endomorphisms and prove

some elementary properties. In what follows, we always assume the smoothness of pro-

jective varieties for simplicity.

We define ample canonical heights as follows.

Definition 3.1. Let X be a smooth projective variety and f an endomorphism

on X.

(i) Let lf be the smallest non-negative integer such that the sequence{
hX(fn(x))

δnf n
lf

}∞

n=0

is upper bounded for every x ∈ X(Q). Theorem 2.7 guarantees the existence of

such lf .

(ii) Set

hf (x) = lim sup
n→∞

hX(fn(x))

δnf n
lf

, hf (x) = lim inf
n→∞

hX(fn(x))

δnf n
lf

,

which we call upper ample canonical height for f , lower ample canonical height for

f , respectively.
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Remark 3.2. hf and hf depend on the choice of hX . If h
′
f , h

′
f are upper and

lower ample canonical heights associated to another ample height h′X , then it is clear

that hf ≍ h
′
f and hf ≍ h′f . In particular, the condition that hf (x) = 0 (resp. hf (x) = 0)

is independent of the choice of hX .

Definition 3.3. Let X be a smooth projective variety and f an endomorphism

on X. For any subfield K ⊂ Q, we set

Zf (K) = {x ∈ X(K) | hf (x) = 0}.

As we saw in Remark 3.2, Zf (K) is independent of the choice of hX . Proposition

3.6 (iii) below shows that Zf (Q) is an f -invariant subset i.e. f(Zf (Q)) ⊂ Zf (Q).

Example 3.4. Let X be a smooth projective variety and f : X → X a polarized

endomorphism: f∗H ∼ dH for an ample divisor H and d > 1. Then it follows that

δf = d. Take a height hH associated to H as satisfying hH ≥ 1. Then hH ≍ hX . So

lim sup
n→∞

d−nhX(fn(x)) ≍ lim
n→∞

d−nhH(fn(x)) = ĥH,f (x).

This implies that lf = 0 and hf ≍ ĥH,f . Similarly hf ≍ ĥH,f . Thus hf , hf are essentially

equivalent to the canonical height ĥH,f associated to H. It follows that Zf (Q) is the set

of f -preperiodic points. We will show a more general result in Theorem 4.1.

Example 3.5. On the other hand, let X be a smooth projective variety and

f : X → X an endomorphism such that fn ̸= idX for every n ∈ Z>0 and f∗H ∼ H for

an ample divisor H (e.g. automorphisms of infinite order on projective spaces). Then we

have δf = 1. As before, take a height hH associated to H as satisfying hH ≥ 1. Since

hH ◦ f = hH +O(1), we can take C > 0 such that |hH ◦ f − hH | ≤ C. Then

|hH ◦ fn| ≤
n∑

k=1

|hH ◦ fk − hH ◦ fk−1|+ hH ≤ nC + hH .

Hence lim supn n
−1hH(fn(x)) <∞ and so lf ≤ 1. On the other hand, we can take a non-

f -preperiodic point x (cf. [Ame11]), and then {hH(fn(x))}∞n=0 is not upper bounded by

the Northcott finiteness theorem. So lf = 1.

Set X = P1 and f(x : y) = (x+ y : y). Then fn(x : y) = (x+ ny : y). Fix a number

field K and take any point P = (x : y) ∈ X(K). Let h be the usual height function on

X (cf. [HiSi00, B.2]). Then

h(fn(P )) =
∑

v∈MK

logmax{||x+ ny||v, ||y||v}

≤
∑

v∈MK

logmax{||x||v, ||ny||v, ||y||v}.

Here limn n
−1 log ||ny||v = limn n

−1(log n + log ||y||v) = 0, so hf (P ) =

lim supn n
−1h(fn(P )) = 0. Since K and P are arbitrary, hf = hf = 0 and so
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Zf (Q) = X(Q). Hence Conjecture 1.3 and Conjecture 1.4 fail for f .

This example suggests that ample canonical heights do not work well for endomor-

phisms with dynamical degree one, or at least we should modify the definition of ample

canonical heights for such endomorphisms.

From now on, we will show some elementary results on ample canonical heights. The

following proposition is similar to [Sil14, Proposition 19].

Proposition 3.6. Let X be a smooth projective variety and f an endomorphism

on X.

(i) hf and hf are non-negative R-valued functions.

(ii) Assume that δf > 1 or lf > 0. Then hf (x) = 0 for any f -preperiodic point

x ∈ X(Q).

(iii) hf ◦ f = δfhf , hf ◦ f = δfhf .

(iv) For x ∈ X(Q), assume that hf (x) > 0. Then αf (x) = δf .

Proof. (i) and (ii) are clear by definition.

(iii) Take any x ∈ X(Q). Then

hf (f(x)) = lim sup
n→∞

hX(fn+1(x))

δnf n
lf

= lim sup
n→∞

δf

(
1 +

1

n

)lf hX(fn+1(x))

δn+1
f (n+ 1)lf

= δfhf (x).

Similarly hf (f(x)) = δfhf (x).

(iv) We compute

hf (x) = lim sup
n→∞

hX(fn(x))

δnf n
lf

= lim sup
n→∞

(
hX(fn(x))1/n

δfnlf/n

)n

.

Now it follows that

lim
n→∞

hX(fn(x))1/n

δfnlf/n
=
αf (x)

δf
.

So αf (x) < δf implies that hf (x) = 0. □

Lemma 3.7. Let X be a smooth projective variety and f an endomorphism on X.

Take a positive integer N .

(i) δfN = δNf , lfN = lf .

(ii) Let K ⊂ Q be a subfield where X and f are defined. Then Zf (K) =∪N−1
i=0 (f i)−1(ZfN (K)).
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(iii) Conjecture 1.3 holds for f if and only if it holds for fN .

Proof. (i) Take an ample divisor H on X. Then

δfN = lim
n→∞

((fNn)∗H ·HdimX−1)1/n

= lim
n→∞

(((fNn)∗H ·HdimX−1)1/Nn)N

= δNf .

Take any non-negative integer l. Set

A(l)
n (x) =

hX(fn(x))

δnf n
l

, B(l)
n (x) =

hX(fNn(x))

δn
fNnl

.

Then

B(l)
n (fk(x)) =

(Nn+ k)l

nl
hX(fNn+k(x))

δNn
f (Nn+ k)l

=

(
N +

k

n

)l

δ−k
f A

(l)
Nn+k(x).

So {A(l)
n (x)}∞n=0 is upper bounded if and only if {B(l)

n (fk(x))}∞n=0 is upper bounded for

every k ∈ {0, 1, . . . , N − 1}. This implies that lfN = lf .

(ii) Set An(x) = A
(lf )
n (x) and Bn(x) = B

(lf )
n (x). The above calculation also shows

that hf (x) = lim infnAn(x) > 0 if and only if hfN (fk(x)) = lim infnBn(f
k(x)) > 0 for

every k ∈ {0, 1, . . . , N − 1}. So the assertion follows.

(iii) Let K be any number field where X and f are defined. If Conjecture 1.3 holds

for f , we can take an f -invariant proper closed subset V ⊂ X such that Zf (K) ⊂ V (K).

Then ZfN (K) ⊂ Zf (K) ⊂ V (K) by (ii), and V is clearly fN -invariant. So Conjecture

1.3 holds for fN .

Conversely, assume that Conjecture 1.3 holds for fN . Take an fN -invariant proper

closed subset W ⊂ X such that ZfN (K) ⊂ W (K). Then Zf (K) ⊂
∪N−1

i=0 (f i)−1(W (K))

by (ii). For x ∈ W , we have fN−1(f(x)) = fN (x) ∈ fN (W ) ⊂ W , so f(x) ∈
(fN−1)−1(W ). For x ∈ f−i(W ) with 1 ≤ i ≤ N − 1, we have f i−1(f(x)) = f i(x) ∈
W , so f(x) ∈ (f i−1)−1(W ). Thus f(

∪N−1
i=0 (f i)−1(W )) ⊂

∪N−1
i=0 (f i)−1(W ). Hence∪N−1

i=0 (f i)−1(W ) is an f -invariant proper closed subset. □

We introduce the lexicographic order on the pairs (δf , lf ).

Definition 3.8. For (δ1, l1), (δ2, l2) ∈ R≥1 × Z≥0, (δ1, l1) ≤ (δ2, l2) if δ1 < δ2
holds, or δ1 = δ2 and l1 ≤ l2 hold.

Lemma 3.9. Let X,Y be smooth projective varieties and f, g endomorphisms on

X,Y , respectively.

(i) (δf×g, lf×g) = max{(δf , lf ), (δg, lg)}.
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(ii)

hf×g(x, y) ≍


hf (x) if (δf , lf ) > (δg, lg),

hf (x) + hg(y) if (δf , lf ) = (δg, lg),

hg(y) if (δf , lf ) < (δg, lg).

The lower ample canonical height hf×g is similar.

(iii) Let K ⊂ Q be any subfield where X,Y, f, g are defined. Then

Zf×g(K) =


Zf (K)× Y (K) if (δf , lf ) > (δg, lg),

Zf (K)× Zg(K) if (δf , lf ) = (δg, lg),

X(K)× Zg(K) if (δf , lf ) < (δg, lg).

Proof. We may assume that (δf , lf ) ≥ (δg, lg) without loss of generality. Then

δf×g = max{δf , δg} = δf by the product formula (cf. [Tru15]).

Let p : X × Y → X, q : X × Y → Y be the projections. Since hX ◦ p+ hY ◦ q is an

ample height on X × Y , hX×Y ≍ hX ◦ p+ hY ◦ q. Take any non-negative integer l.

hX×Y ((f × g)n(x, y))

δnf×gn
l

=
hX×Y (f

n(x), gn(y))

δnf n
l

≍ hX(fn(x))

δnf n
l

+

(
δg
δf

)n
hY (g

n(y))

δng n
l

.

If δg < δf , then limn (δg/δf )
n
hY (g

n(y))/(δng n
l) = 0 for any l, so lf×g = lf and

hf×g(x, y) ≍ hf (x).

Assume that δf = δg. Then

hX×Y ((f × g)n(x, y))

δnf×gn
l

≍ hX(fn(x))

δnf n
l

+
hY (g

n(y))

δng n
l

.

So lf×g = max{lf , lg} = lf and

hf×g(x, y) ≍

{
hf (x) if lf > lg,

hf (x) + hg(y) if lf = lg.

Thus (i) and (ii) hold. (iii) follows from (ii). □

Lemma 3.10. Let X,Y be smooth projective varieties, f, g endomorphisms on X,Y ,

respectively, and π : X → Y a surjective morphism such that π ◦ f = g ◦ π.

(i) (δf , lf ) ≥ (δg, lg).

(ii) Assume that (δf , lf ) = (δg, lg). Then hg ◦π ≺ hf and hg ◦π ≺ hf . In particular, let

K ⊂ Q be any subfield where all concerned are defined, then Zf (K) ⊂ π−1(Zg(K)).
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(iii) Assume that π is finite. Then (δf , lf ) = (δg, lg), hg ◦ π ≍ hf and hg ◦ π ≍ hf . In

particular, Zf (Q) = π−1(Zg(Q)).

Proof. Since hY ◦ π ≺ hX (cf. Lemma 2.1), there is a positive constant C such

that hY ◦ π ≤ ChX .

(i) The product formula implies that δf ≥ δg (cf. [Tru15]). If δf > δg, then

(δf , lf ) > (δg, lg). Assume that δf = δg. Take any y ∈ Y (Q). We can take x ∈ π−1(y).

Then

hY (g
n(y))

δng n
lf

=
hY (πf

n(x))

δnf n
lf

≤ C
hX(fn(x))

δnf n
lf

.

So
{
hY (g

n(y))/(δng n
lf )
}∞
n=0

is upper bounded and therefore lg ≤ lf .

(ii) By assumption,

hY (g
nπ(x))

δng n
lg

=
hY (πf

n(x))

δnf n
lf

≤ C
hX(fn(x))

δnf n
lf

.

So hg ◦ π ≤ Chf and hg ◦ π ≤ Chf .

(iii) Since π is finite, we have δf = δg and hY ◦ π ≍ hX . So we can take a positive

constant C ′ such that hX ≤ C ′hY ◦ π. Then

hX(fn(x))

δnf n
lg

≤ C ′hY (g
nπ(x))

δng n
lg

.

So lf ≤ lg. Combining with (i), we obtain lf = lg. By the above inequality, hf ≤ C ′hg ◦π
and hf ≤ C ′hg ◦ π. Combining with (ii), we obtain hf ≍ hg ◦ π and hf ≍ hg ◦ π. □

The following is a version of the Chevalley–Weil theorem (see e.g. [Ser97, 4.2] and

[HiSi00, Exercise C.7]).

Theorem 3.11 (Chevalley–Weil). Let X,Y be normal projective varieties and ϕ :

X → Y an étale morphism which are defined over a number field K. Then there is a

finite extension L of K such that ϕ−1(Y (K)) ⊂ X(L). In particular, X is potentially

dense if and only if Y is potentially dense.

Lemma 3.12. Let X,Y be smooth projective varieties, f, g endomorphisms on X,Y

respectively, and ϕ : X → Y be a finite morphism such that ϕ ◦ f = g ◦ ϕ.

(i) Conjecture 1.3 holds for f if it holds for g.

(ii) Assume that ϕ is étale. Then Conjecture 1.3 holds for f if and only if it holds for

g.

Proof. Let K be any number field where all concerned are defined. Take any

positive integer d.

(i) By assumption, there is a g-invariant proper closed subset W ⊂ Y such that

Zg(K) ⊂ W (K). Then Zf (K) ⊂ ϕ−1(Zg(K)) ⊂ ϕ−1(W (K)) by Lemma 3.10 (ii) and

ϕ−1(W ) is an f -invariant proper closed subset of X.
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(ii) Assume that Conjecture 1.3 holds for f . By Theorem 3.11, there is a finite

extension L ofK such that ϕ−1(Y (K)) ⊂ X(L). We can take an f -invariant proper closed

subset V ⊂ X satisfying Zf (L) ⊂ V . Take any y ∈ Zg(K). Then we can take x ∈ X(L)

such that ϕ(x) = y. Lemma 3.10 (iii) implies that x ∈ Zf (Q) ∩ X(L) = Zf (L) ⊂ V .

So y = ϕ(x) ∈ ϕ(V ). Thus Zg(K) ⊂ ϕ(V ). Clearly ϕ(V ) is a g-invariant proper closed

subset of Y . □

For an endomorphism f with δf > 1 and lf = 0, the following holds.

Theorem 3.13. Let X be a smooth projective variety and f an endomorphism on

X with δf > 1 and lf = 0. Then X(Q) \ Zf (Q) is dense in X.

Proof. The proof is almost same as the proof of [MSS18, Theorem 1.6].

Using Theorem 2.4, take a nef R-divisor D on X such that D ̸≡ 0 and f∗D ≡ δfD.

Since hD ≺ hX , we can take M1 > 0 such that hD ≤M1hX . Then

ĥD,f = lim
n→∞

hD ◦ fn

δnf
≤ lim inf

n→∞
M1

hX ◦ fn

δnf
=M1hf .

So hf (x) > 0 if ĥD,f (x) > 0.

Take any proper closed subset V ⊂ X and a very ample divisor H on X. By

[KaSi16a, Lemma 20], it follows that (D ·HdimX−1) > 0. Take H1, . . . , HdimX−1 ∈ |H|
such that C = H1∩· · ·∩HdimX−1 is a smooth curve with C ̸⊂ V . Since ĥD,f (x) = hD +

O(
√
hX), we can takeM2 > 0 such that ĥD,f ≥ hD−M2

√
hX . Now hD|C , hX |C are ample

heights and hX |C ≥ 1, so we can take M3,M4,M5 > 0 such that hD|C ≥ M3hC −M4,

hX |C ≥M5hC . Then

ĥD,f |C ≥M3hC −M4 −M2

√
M5hC =

√
hC(M3

√
hC −M2

√
M5)−M4.

So, by the Northcott finiteness theorem, there are infinitely many points on C at which

ĥD,f has positive value. Take x ∈ C \ V such that ĥD,f (x) > 0. Then x ̸∈ V and

hf (x) > 0. □

Finally, we prove that δf and the pair (δf , lf ) are characterized in terms of ample

canonical heights.

Definition 3.14. Let X be a smooth projective variety, f an endomorphism on

X, and (δ, l) ∈ R≥1 × Z≥0. We set

hf,δ,l(x) = lim sup
n→∞

hX(fn(x))

δnnl
, hf,δ,l(x) = lim inf

n→∞

hX(fn(x))

δnnl
.

Theorem 3.15. Let X be a smooth projective variety and f an endomorphism on

X. Then

δf = min{δ ∈ R≥1 | hf,δ+ε,0(x) <∞ for any ε > 0 and x ∈ X(Q)}.

Proof. By Theorem 2.8, hf,δf+ε,0 <∞ for every ε > 0.
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Take any δ ∈ R≥1 such that hf,δ+ε,0 < ∞ for every ε > 0. By Theorem 2.9, there

is a point x ∈ X(Q) such that αf (x) = δf . Take any ε > 0. Then there is a positive

constant C such that hX(fn(x)) ≤ C(δ + ε)n for all n since hf,δ+ε,0(x) <∞. So

δf = αf (x) = lim
n→∞

hX(fn(x))1/n ≤ lim
n→∞

C1/n(δ + ε) = δ + ε.

Since ε is arbitrary, δf ≤ δ. □

Theorem 3.16. Let X be a smooth projective variety and f an endomorphism on

X. Then

(δf , lf ) = min{(δ, l) ∈ R≥1 × Z≥0 | hf,δ,l(x) <∞ for any x ∈ X(Q)}.

Proof. By definition, hf,δf ,lf = hf <∞.

Take any (δ, l) ∈ R≥1 ×Z≥0 such that hf,δ,l <∞. Then hf,δ+ε,0 <∞ for any ε > 0.

So δf ≤ δ by Theorem 3.15. If δf < δ, then (δf , lf ) < (δ, l). If δf = δ, then lf ≤ l by

definition of lf . Eventually, (δf , lf ) ≤ (δ, l). □

4. Varieties with small Picard numbers.

This section treats ample canonical heights for endomorphisms on smooth projective

varieties with small Picard numbers.

If X is a smooth projective variety with ρ(X) = 1 and f is an endomorphism with

δf > 1, we can take an ample divisor H such that f∗H ≡ δfH. So the following includes

the case when ρ(X) = 1.

Theorem 4.1. Let X be a smooth projective variety and f an endomorphism on

X with δf > 1. Assume that there is an ample R-divisor H on X such that f∗H ≡ δfH.

(i) We have lf = 0 and hf ≍ hf ≍ ĥH,f .

(ii) We have Zf (Q) = Preperf (Q), and Preperf (K) is finite for any number field K.

Proof. (i) Take hH as satisfying hH ≥ 1. Then hX ≍ hH , so lf = 0 and

hf , hf ≍ ĥH,f .

(ii) By Proposition 3.6 (ii), Zf (Q) contains all f -preperiodic points. Conversely,

take any non-f -preperiodic point x. Since ĥH,f = hH + O(
√
hH), we can take C > 0

such that

ĥH,f ≥ hH − C
√
hH =

√
hH(

√
hH − C).

Therefore ĥH,f (f
k(x)) > 0 for some k by the Northcott finiteness theorem. Then

ĥH,f (x) > 0 since ĥH,f (f
k(x)) = δkf ĥH,f (x). So hf (x) > 0 because hf ≍ ĥH,f . Thus

Zf (Q) = Preperf (Q).

Let K be any number field. The inequality ĥH,f ≥
√
hH(

√
hH − C) implies that√

hH(x)(
√
hH(x) − C) ≤ 0 for any x ∈ Zf (Q). So the Northcott finiteness theorem

implies that Preperf (K) = Zf (K) is finite. □
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Next, we consider the case when ρ(X) ≤ 2.

Theorem 4.2. Let X be a smooth projective variety with ρ(X) ≤ 2 and f an

endomorphism on X with δf > 1.

(i) We have lf = 0.

(ii) Assume that f is an automorphism. Then there is a nef canonical height ĥD,f such

that hf ≍ hf ≍ ĥD,f . Moreover, we have Zf (Q) = Perf (Q), and Perf (K) is finite

for any number field K.

To prove Theorem 4.2, we use the following lemma.

Lemma 4.3. Let X be a smooth projective variety and f an endomorphism on X

with δf > 1.

(i) We have

lim
n→∞

√
hX(fn(x))

δnf
= 0

for every x ∈ X(Q).

(ii) Let D be an R-divisor on X such that f∗D ≡ λD with 0 < λ < δf . Then

lim
n→∞

hD(fn(x))

δnf
= 0

for every x ∈ X(Q).

Proof. (i) Take ε > 0 such that δf + ε < δ2f . By Theorem 2.8, there is a positive

constant C such that hX ◦ fn ≤ C(δf + ε)nhX for all n. Then

√
hX ◦ fn
δnf

≤
√
C(δf + ε)nhX

δnf
=

√
C

(
δf + ε

δ2f

)n/2√
hX .

So the assertion follows.

(ii) Set ϕ = hD ◦ f − λhD. Since ϕ = O(
√
hX), there is a positive constant C ′ such

that ϕ ≤ C ′√hX . Then

hD ◦ fn =
n∑

k=1

λn−k(hD ◦ fk − λhD ◦ fk−1) + λnhD

=

n∑
k=1

λn−kϕ ◦ fk−1 + λnhD.

So

|hD ◦ fn| ≤
n∑

k=1

λn−k|ϕ ◦ fk−1|+ λn|hD|
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≤
n∑

k=1

λn−kC ′
√
hX ◦ fk−1 + λn|hD|

≤
n∑

k=1

λn−kC ′
√
C(δf + ε)k−1hX + λn|hD|

≤ C ′
√
C

n∑
k=1

λn−k(δf + ε)(k−1)/2
√
hX + λn|hD|

≤ C ′
√
Cnµn−1

√
hX + λn|hD|,

where µ = max{λ,
√
δf + ε} < δf . So limn hD(fn(x))/δnf = 0 for every x. □

Proof of Theorem 4.2. If ρ(X) = 1, the assertion follows from Theorem 4.1.

So we may assume ρ(X) = 2. By the Perron–Frobenius–Birkhoff theorem (Theorem 2.4),

we have a nef R-divisor D ̸≡ 0 such that f∗D ≡ δfD. If D is ample, then the proof is

reduced to Theorem 4.1. So we may assume that D is not ample. Then the numerical

class of D is on one of two edges of the nef cone of X. Take a nef R-divisor D′ ̸≡ 0

whose numerical class is on the other edge of the nef cone. Then f∗D′ ≡ λD′ for some

0 < λ ≤ δf since f∗ is an automorphism which preserves the boundary of the nef cone.

Since A = D+D′ is ample, taking hD, hD′ , hA as satisfying hA = hD +hD′ ≥ 1, we have

hX ≍ hA.

(i) Since hA = ĥD,f + hD′ + O(
√
hA), we can take C > 0 such that hA ≤ ĥD,f +

hD′ + C
√
hA. Then

hA ◦ fn

δnf
≤ ĥD,f +

hD′ ◦ fn

δnf
+ C

√
hA ◦ fn
δnf

.

Take any point x ∈ X(Q). If λ < δf , then {hD′(fn(x))/δnf }n converges to 0 by Lemma

4.3 (ii). If λ = δf , then {hD′(fn(x))/δnf }n converges to ĥD′,f (x). So {hD′(fn(x))/δnf }n
converges in any case. Furthermore, {

√
hA(fn(x))/δ

n
f }n converges to 0 by Lemma 4.3

(i). Therefore {hA(fn(x))/δnf }n is upper bounded. So it follows that lf = 0.

(ii) Since f is an automorphism, the inverse of f∗ : N1(X) → N1(X) is (f−1)∗ :

N1(X) → N1(X). So δfλ = | det(f∗)| = 1 and therefore λ = δ−1
f . Now we have

hA = ĥD,f + ĥD′,f−1 +O(
√
hA). Set ϕ = hA − ĥD,f − ĥD′,f−1 . Then

hA ◦ fn

δnf
= ĥD,f +

ĥD′,f−1

δ2nf
+
ϕ ◦ fn

δnf
.

So limn δ
−n
f hA ◦ fn = ĥD,f by Lemma 4.3. Since hA ≍ hX , we have hf , hf ≍ ĥD,f .

We can take C ′ > 0 such that ĥD,f + ĥD′,f−1 ≥ hA − C ′√hA =
√
hA(

√
hA − C ′).

Take any non-f -preperiodic point x. Then

{ĥD,f (f
n(x)) + ĥD′,f−1(fn(x))}∞n=0 = {δnf ĥD,f (x) + δ−n

f ĥD′,f−1(x)}∞n=0
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is not upper bounded by the Northcott finiteness theorem. So ĥD,f (x) must be positive.

Since hf ≍ ĥD,f , we obtain hf (x) > 0. Therefore Zf (Q) = Preperf (Q) = Perf (Q).

By the same argument for f−1, we obtain Zf−1(Q) = Perf−1(Q). Clearly Perf (Q) =

Perf−1(Q), so we have Zf−1(Q) = Zf (Q).

Take any x ∈ Zf (Q). Then ĥD,f (x) = 0 since ĥD,f ≍ hf . Moreover, since x ∈
Zf−1(Q) and ĥD′,f−1 ≍ hf−1 , we have ĥD′,f−1(x) = 0. Then the inequality ĥD,f +

ĥD′,f−1 ≥
√
hA(

√
hA − C ′) implies that

√
hA(x)(

√
hA(x) − C ′) ≤ 0 for x ∈ Zf (Q) =

Perf (Q). So the Northcott finiteness theorem deduces that Zf (K) = Perf (K) is finite

for any number field K. □

At last, we consider a Calabi–Yau threefold with Picard number ≤ 3 and an auto-

morphism on it. The arguments here is based on [LOP17] and [LOP18]. To obtain a

result, we need the following conjecture.

Conjecture 4.4 (The abundance conjecture for Ricci flat manifolds, [LOP18,

Conjecture 4.8]). Let X be a smooth projective variety with KX ∼ 0 and H1(X,OX) =

0. Then any nef Cartier divisor on X is semiample.

For an automorphism on a Calabi–Yau threefold with Picard number ≤ 3, a precise

description of Zf is not obtained at the moment, but we can prove Conjecture 1.4 if we

assume Conjecture 4.4.

Theorem 4.5. Let X be a Calabi–Yau threefold (i.e. a projective threefold with

KX ∼ 0 and π1(X) = 0) with ρ(X) ≤ 3 and f an automorphism on X with δf > 1.

(i) We have lf = 0, and there is a nef canonical height ĥD+,f such that hf ≍ hf ≍
ĥD+,f .

(ii) Assume Conjecture 4.4. Then Conjecture 1.4 holds for f .

Remark 4.6. As we will see in the proof, ρ(X) is automatically equal to 3 under

the assumption of Theorem 4.5. However the author does not know any example of

(X, f) in the theorem at the moment.

Proof of Theorem 4.5. Since f is an automorphism, f∗ : N1(X) → N1(X)

has the inverse (f−1)∗ : N1(X) → N1(X) and so | det(f∗)| = 1. Now we have

ρ(f∗) = δf > 1, so f∗ has an eigenvalue whose absolute value is in (0, 1). Hence

δf−1 = ρ((f−1)∗) = ρ((f∗)−1) > 1. We can take nef R-divisors D+, D− on X such

that D+, D− ̸∼R 0 and f∗D+ ∼R δfD
+, (f−1)∗D− ∼R δf−1D−. Note that we have

these in R-linear equivalence, not numerical equivalence, since q(X) = 0. Since f is of

infinite order as an element of Aut(X), Aut(X) is an infinite group. Then it follows that

c2 = c2(X) ̸= 0 in N1(X)R (cf. [LOP17]). Here f∗c2 = c2 and f∗ is the adjoint of f∗, so

there is an R-divisor D0 such that D0 ̸∼R 0 and f∗D0 ∼R D0.

Eventually, we have three eigenvectors D+, D−, D0 of f∗ with three different eigen-

values δf , δ
−1
f−1 , 1, respectively. Then ρ(X) = 3 since D+, D−, D0 are linearly indepen-

dent. Since | det(f∗)| = 1, we have δf−1 = δf . Now D+, D− are in the nef cone of X.

So, replacing D0 by a non-zero multiple, we may assume that D = D+ + D− + D0 is
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ample. Taking hD+ , hD− , hD0 and hD as satisfying hD = hD+ +hD− +hD0 ≥ 1, we have

hX ≍ hD. Moreover, hD = ĥD+,f + ĥD−,f−1 + hD0 +O(1).

(i) Set ϕ = hD − ĥD+,f − ĥD−,f−1 − hD0 . Then

hD ◦ fn

δnf
= ĥD+,f +

ĥD−,f−1

δ2nf
+
hD0 ◦ fn

δnf
+
ϕ ◦ fn

δnf
.

So limn δ
−n
f hD ◦ fn = ĥD+,f by Lemma 4.3. Since hD ≍ hX , we have lf = 0 and

hf , hf ≍ ĥD+,f .

(ii) Since (D+ · c2) = (D+ · f∗c2) = (f∗D+ · c2) = δf (D
+ · c2), we have (D+ · c2) = 0.

Similarly (D− · c2) = 0. Let c⊥2 ⊂ N1(X)R be the subspace of N1(X)R consisting

of the elements whose intersection with c2 is zero. Then c⊥2 is a 2-dimensional rational

subspace generated by D+, D−. So R>0D
++R>0D

− contains rational points. Therefore

B = aD+ + bD− is a nef Cartier divisor for some a, b > 0. Applying Conjecture 4.4 to

B, it follows that B is semiample.

Take any dense f -orbit Of (x). By Corollary 2.3, {hB(fn(x))}∞n=0 is upper un-

bounded. Since hB = ahD+ + bhD− +O(1) = aĥD+,f + bĥD−,f−1 +O(1),

{aĥD+,f (f
n(x)) + bĥD−,f−1(fn(x))}∞n=0 = {aδnf ĥD+,f (x) + bδ−n

f ĥD−,f−1(x)}∞n=0

is also upper unbounded. Therefore ĥD+,f (x) must be positive. Since hf ≍ ĥD+,f , we

obtain hf (x) > 0. □

5. Abelian varieties.

For an abelian group G, Gtor denotes the set of torsion elements of G. The main

result in this section is the following.

Theorem 5.1. Let X be an abelian variety and f an endomorphism (which is not

necessarily an isogeny) on X with δf > 1. Then there is a proper abelian subvariety

B ⊂ X and a point P0 ∈ X(Q) such that B + P0 is f -invariant and Zf (Q) = B(Q) +

P0 +X(Q)tor. Moreover, Conjecture 1.3 holds for f .

Proof. Step 1: First we assume that f ∈ End(X). It is well-known that End(X)Q
is a finite-dimensional Q-vector space (cf. [Mum70, Chapter IV, Section 19, Theorem 3]).

So the subspace generated by idX , f, f
2, . . . also has finite dimension. Hence we can take

a positive integer m and c1, c2, . . . , cm ∈ Q such that fm = c1f
m−1+c2f

m−2+ · · ·+cm in

End(X)Q. Let A = (ai,j)i,j be an m×m-matrix defined by ai,i+1 = 1 for 1 ≤ i ≤ m− 1,

am,j = cm−j+1 for 1 ≤ j ≤ m, and ai,j = 0 otherwise. Then we have

A


fk

fk+1

...

fk+m−1

 =


fk+1

fk+2

...

fk+m


for every k ∈ Z≥0. So, setting
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e⃗1 = (1, 0, 0, . . . , 0) and f⃗ =


idX
f

f2

...

fm−1

 ,

we have fn = e⃗1A
nf⃗ . Take a complex invertible m×m-matrix P such that Λ = P−1AP

is a Jordan normal form of A. Then fn = e⃗1PΛ
nP−1f⃗ . Therefore fn is represented

as fn =
∑N

i=1 λ
n
i n

ligi, where λi ∈ C, li ∈ Z≥0, and gi ∈ (
∑m−1

i=0 Cf i) \ {0} with

(|λ1|, l1) > (|λ2|, l2) > · · · > (|λN |, lN ) with respect to the lexicographic order.

Let ĥX = ⟨·, ·⟩ be a Néron–Tate height on X. Set M = X(Q)/X(Q)tor. Then

⟨·, ·⟩ is reduced to a Z-bilinear form on M ×M . Set VK = M ⊗ K (K = Q,R or C).
Then ⟨·, ·⟩ (and so ĥX) is extended to a positive definite hermitian form on VC × VC by

⟨x, αy⟩ = α⟨x, y⟩ = ⟨αx, y⟩ for x, y ∈ M and α ∈ C (cf. [HiSi00, Proposition B.5.3]).

Take any x ∈ VR. Then

ĥX(fn(x)) = ĥX

(
N∑
i=1

λni n
ligi(x)

)
= |λ1|2nn2l1 ĥX(g1(x)) + o

(
|λ1|2nn2l1

)
(n→ ∞).

Write g1 = ϕ +
√
−1ψ with ϕ, ψ ∈ End(X)R. Then g1(x) = ϕ(x) +

√
−1ψ(x) with

ϕ(x), ψ(x) ∈ VR. So, for any x ∈ VR, g1(x) = 0 if and only if ϕ(x) = ψ(x) = 0. We use

the following lemma due to Kawaguchi and Silverman.

Lemma 5.2 ([KaSi16b, Lemma 30]). Let V,W be Q-vector spaces, D ⊂
HomQ(V,W ) a Q-vector subspace, and α ∈ DR. Then there are some β1, . . . , βm ∈ D
such that α(v) = 0 if and only if β1(v) = · · · = βm(v) = 0 for any v ∈ V .

By this lemma, we can take β1, . . . , βk ∈ End(X)Q such that ϕ(x) = 0 if and only

if β1(x) = · · · = βk(x) = 0 for any x ∈ VQ. Replacing βi by a multiple, we may assume

that βi ∈ End(X). Similarly we can take γ1, . . . , γl ∈ End(X) such that ψ(x) = 0 if

and only if γ1(x) = · · · = γl(x) = 0 for any x ∈ VQ. Each member of End(X) has a

kernel as an algebraic subgroup of X, so there is an abelian subvariety B ⊂ X such that

{x ∈ X(Q) | g1(x) = 0 in VC} = B(Q) +X(Q)tor. Here B is a proper abelian subvariety

since g1 ̸= 0.

Using Theorem 3.16, we obtain (|λ1|2, 2l1) = (δf , lf ). Eventually we have hf (x) ≍
hf (x) ≍ ĥX(g1(x)) for every x ∈ X(Q). Hence Zf (Q) = {x ∈ X(Q) | g1(x) = 0 in VC} =

B(Q) +X(Q)tor. Since Zf (Q) is f -invariant, B is also f -invariant.

Step 2: Let us consider the general case. Set f = τP ◦ϕ, where τP is the translation

by P and ϕ ∈ End(X).

We use the following lemma due to Silverman (cf. [Sil17, Proof of Theorem 2]).

Lemma 5.3. Let X be an abelian variety and ϕ ∈ End(X). Then there are abelian

subvarieties X1, X2 ⊂ X such that
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• The addition λ : X1 ×X2 → X, λ(x1, x2) = x1 + x2 is an isogeny.

• ϕ(Xi) ⊂ Xi (i = 1, 2). Set ϕi = ϕ|Xi .

• (idX1 −ϕ1)(X1) = X1.

• δϕ2 = 1.

Take Pi ∈ Xi such that P = P1 + P2 and set fi = τPi ◦ ϕi (i = 1, 2). Then

λ(f1(x1), f2(x2)) = ϕ1(x1) + P1 + ϕ2(x2) + P2 = ϕ(x1 + x2) + P = f(λ(x1, x2)). Thus

λ ◦ (f1 × f2) = f ◦ λ. Since translation maps induce the identity map on N1(X)R, we

have δϕ = δf > 1, δϕ1 = δf1 and δϕ2 = δf2 = 1. So δf1 > 1 = δf2 . By Lemma 3.9 and

Lemma 3.10, we have hf ◦ λ ≍ hf1×f2 ≍ hf1 and so Zf = λ(Zf1 ×X2).

Since (idX1 −ϕ1)(X1) = X1, there is a point P0 ∈ X1(Q) such that P0−ϕ1(P0) = P1.

Then (f1 ◦ τP0)(x1) = ϕ1(x1 + P0) + P1 = ϕ1(x1) + ϕ1(P0) + P1 = ϕ1(x1) + P0 =

(τP0 ◦ ϕ1)(x1). Thus f1 ◦ τP0 = τP0 ◦ ϕ1. By Lemma 3.10 (iii), hf1 ◦ τP0 = hϕ1
and so

Zf1 = τP0(Zϕ1) = Zϕ1 + P0. By Step 1, there is a proper abelian subvariety B1 of X1

such that Zϕ1 = B1 + (X1)tor. As a consequence, we have

Zf = Zf1 +X2

= Zϕ1 + P0 +X2

= B1 + (X1)tor + P0 +X2

= (B1 +X2) + P0 + (X1)tor + (X2)tor

= B + P0 +Xtor,

where we set B = B1 +X2. Then B is a proper abelian subvariety of X. We compute

f(B + P0) = ϕ(B1 +X2 + P0) + P

= ϕ1(B1) + ϕ2(X2) + ϕ1(P0) + P

⊂ B1 +X2 + ϕ1(P0) + P

= B1 + (X2 + P2) + (ϕ1(P0) + P1)

= B1 +X2 + P0

= B + P0.

Thus B + P0 is f -invariant.

Step 3: Finally we prove that Conjecture 1.3 holds for f . By Step 2, we have

Zf (Q) = B(Q) + X(Q)tor + P0 for a proper abelian subvariety B ⊂ X and a point

P0 ∈ X(Q) such that f(B + P0) ⊂ B + P0.

Let π : X → Y = X/B be the quotient map. Take a number field K where X,Y, π

are defined and P0 ∈ X(K). Take any x ∈ Zf (K). Then x − P0 ∈ B(Q) +X(Q)tor, so

π(x−P0) ∈ Y (K)tor. LetN be the order of the finite group Y (K)tor, then π(N(x−P0)) =

Nπ(x−P0) = 0 and so N(x−P0) ∈ B(K). Therefore Zf (K) ⊂ [N ]−1(B(K))+P0. The

Chevalley–Weil theorem (Theorem 3.11) implies that there is a finite extension L ⊃ K

such that [N ]−1(B(K)) ⊂ B(L). So we have Zf (K) ⊂ B(L) + P0. □



621(273)

Ample canonical heights for endomorphisms 621

If f is a self-isogeny on a power of an elliptic curve, we can compute δf and lf from

the matrix representation of f .

Definition 5.4. Take A ∈Mr(C), a complex r× r-matrix. Let Λ = Λ1 ⊕ · · · ⊕Λt

be the Jordan normal form of A, where Λi is a Jordan block of size (li + 1) × (li + 1)

with eigenvalue λi. Then we define l(A) as l(A) = max{li | |λi| = ρ(A)}.

Theorem 5.5. Let E be an elliptic curve, X = Er, and f ∈ End(X) a self-

isogeny. Represent f as f(x1, . . . , xr) = (
∑

j a1jxj , . . . ,
∑

j arjxj), where A = (aij) ∈
Mr(End(E)). Then we have δf = ρ(A)2 and lf = 2l(A).

Proof. It is well-known that End(E)Q = Q(
√
−d) for some d ∈ Z≥0. Set ω =√

−d. Let ĥE(x) = ⟨x, x⟩E be a Néron–Tate height on E. For x = (x1, . . . , xr), y =

(y1, . . . , yr) ∈ X(Q), set ⟨x, y⟩X =
∑r

i=1⟨xi, yi⟩E , ĥX(x) = ⟨x, x⟩X =
∑r

i=1 ĥE(xi).

Clearly ĥX is a Néron–Tate height on X. Set M = E(Q)/E(Q)tor. Then ⟨·, ·⟩E is

reduced to a Z-bilinear form on M ×M . Set VK =M ⊗K (K = Q, R or C).
Take P ∈ GLr(C) such that Λ = PAP−1 is a Jordan normal form. Set Λ =

Λ1 ⊕ · · · ⊕ Λt, where Λi is a Jordan block of size (li + 1) × (li + 1) with eigenvalue λi.

Set ρi = |λi|, ρ = ρ(A), l = l(A). We may assume that, in the lexicographic order,

(ρi, li) = (ρ, l) for 1 ≤ i ≤ s and (ρi, li) < (ρ, l) for s + 1 ≤ i ≤ t. We will prove the

theorem in the cases when ω = 0 and ω ̸= 0, respectively.

• The ω = 0 case.

This is the case when End(E)Q = Q. We extend ⟨·, ·⟩E to a hermitian form on

VC as ⟨x, αy⟩E = α⟨x, y⟩E = ⟨αx, y⟩E for x, y ∈ M , α ∈ C. Then ĥE , ⟨·, ·⟩X , ĥX are

also extended and ⟨·, ·⟩E , ⟨·, ·⟩X are positive definite hermitian forms. We define C-linear
maps F,G,Φ : V r

C → V r
C as F (x) = Ax, G(x) = Λx and Φ(x) = Px. Then Φ◦F = G◦Φ.

Take any y = (y1, . . . , yt) ∈ V r
C , where yi = (yi,0, . . . , yi,li), yi,j ∈ VC. Then{

Gn(y) = (Λn
1y1, . . . ,Λ

n
t yt),

Λn
i yi = (

∑li
k=0

(
n
k

)
λn−k
i yi,k,

∑li−1
k=0

(
n
k

)
λn−k
i yi,k+1, . . . , λ

n
i yi,li).

So

ĥX(Gn(y)) =
t∑

i=1

li∑
j=0

ĥE

(
li−j∑
k=0

(
n

k

)
λn−k
i yi,k+j

)

=

t∑
i=1

li∑
j=0

li−j∑
k,k′=0

(
n

k

)(
n

k′

)
ρ2ni ⟨λ−k

i yi,k+j , λ
−k′

i yi,k′+j⟩E

=
s∑

i=1

(
n

l

)2

ρ2n−2lĥE(yi,l) + o(ρ2nn2l) (n→ ∞).

This implies that
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lim
n→∞

ĥX(Gn(y))

ρ2nn2l
=

1

(l!ρl)2

s∑
i=1

ĥE(yi,l).

We prepare the following easy lemma.

Lemma 5.6. Let ⟨·, ·⟩, ⟨·, ·⟩′ be positive definite hermitian (resp. quadratic) forms

on a finite dimensional C-vector space (resp. R-vector space) W . Set f(x) = ⟨x, x⟩,
g(x) = ⟨x, x⟩′. Then f ≍ g.

Proof. Introduce a norm || · || on W and let S be the subset of W consisting

of the elements of norm 1. Since f/g is a non-vanishing continuous function on the

compact space S, we can take A,B > 0 such that A ≤ f(x)/g(x) ≤ B for x ∈ S. Here

f(ax)/g(ax) = f(x)/g(x) for x ∈ W \ {0} and a ̸= 0. So Ag(x) ≤ f(x) ≤ Bg(x) for

x ∈W . Thus f ≍ g. □

Fix a number field K where all concerned are defined. Since ĥX , ĥX ◦ Φ−1 are

positive definite hermitian forms on the finite dimensional C-vector space X(K)C, we

can take C1, C2 > 0 such that C1ĥX ≤ ĥX ◦ Φ−1 ≤ C2ĥX on X(K)C by Lemma 5.6.

Take any x ∈ X(K). Then fn(x) = Fn(x) = Φ−1GnΦ(x). So

C1
ĥX(GnΦ(x))

ρ2nn2l
≤ ĥX(fn(x))

ρ2nn2l
≤ C2

ĥX(GnΦ(x))

ρ2nn2l
.

Set ĥ+X = ĥX + 1, then ĥ+X ≍ hX . Represent Φ(x) as

Φ(x) = (Φ1,0(x), . . . ,Φ1,l1(x), . . . ,Φt,0(x), . . . ,Φt,lt(x)).

By the above calculation, we have

C1

(l!ρl)2

s∑
i=1

ĥE(Φi,l(x)) ≤ lim inf
n→∞

ĥ+X(fn(x))

ρ2nn2l

and

lim sup
n→∞

ĥ+X(fn(x))

ρ2nn2l
≤ C2

(l!ρl)2

s∑
i=1

ĥE(Φi,l(x)).

Now Φi,l : V
r
C → VC is not identically zero for each i since Φ : V r

C → V r
C is an automor-

phism. Hence
∑s

i=1 ĥE ◦ Φi,l is not identically zero on X(Q). So Theorem 3.16 implies

that (δf , lf ) = (ρ2, 2l) and hf ≍ hf ≍
∑s

i=1 ĥE ◦ Φi,l.

• The ω = 0 case.

This is the case when E has complex multiplication. We extend ⟨·, ·⟩E to a quadratic

form on VR as ⟨x, αy⟩E = α⟨x, y⟩E = ⟨αx, y⟩E for x, y ∈M , α ∈ R. Then ĥE , ⟨·, ·⟩X , ĥX
are also extended and ⟨·, ·⟩E , ⟨·, ·⟩X are positive definite quadratic forms. Since Q(ω) acts

on VQ and Q(ω) ⊗Q R = R(ω) = C, VR already has a structure of C-vector space. We
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define C-linear maps F,G,Φ : V r
R → V r

R as F (x) = Ax, G(x) = Λx and Φ(x) = Px. Here

we will make some lemmas.

Lemma 5.7. Let W be a smooth projective variety, f, g endomorphisms on W with

δf , δg > 1 and f ◦ g = g ◦ f . Let D be an R-divisor on W such that D ̸≡ 0, f∗D ≡ αD,

g∗D ≡ βD for some α >
√
δf and β >

√
δg. Then ĥD,f = ĥD,g.

Proof. Since hD◦f = hD+O(
√
hW ), we can take C > 0 such that |hD◦f−hD| ≤

C
√
hW . Take ε > 0 such that δf + ε < δ2f and δg + ε < δ2g , and use Theorem 2.8 to take

C ′ > 0 such that hW ◦ fn ≤ C ′(δf + ε)nhW and hW ◦ gn ≤ C ′(δg + ε)nhW for every n.

We compute ∣∣∣∣hD ◦ fk

αk
− hD ◦ fk−1

αk−1

∣∣∣∣ ≤ C

√
hW ◦ fk−1

αk

≤ C
√
C ′

√
(δf + ε)k−1hW

αk

≤ C
√
C ′
(
δf + ε

α2

)k/2√
hW .

So we obtain ∣∣∣∣hD ◦ fn

αn
− hD

∣∣∣∣ ≤ n∑
k=1

∣∣∣∣hD ◦ fk

αk
− hD ◦ fk−1

αk−1

∣∣∣∣
≤ C

√
C ′

n∑
k=1

(
δf + ε

α2

)k/2√
hW

≤ C ′′
√
hW ,

where C ′′ = C
√
C ′∑∞

k=1((δf + ε)/α2)k/2, and∣∣∣∣hD ◦ fn ◦ gn

αnβn
− hD ◦ gn

βn

∣∣∣∣ ≤ C ′′
√
hW ◦ gn
βn

≤ C ′′
√
C ′(δg + ε)nhW

βn

= C ′′
√
C ′
(
δg + ε

β2

)n/2√
hW .

So

ĥD,f◦g = lim
n→∞

hD ◦ fn ◦ gn

αnβn
= lim

n→∞

hD ◦ gn

βn
= ĥD,g.

Similarly ĥD,f◦g = ĥD,f . So we obtain ĥD,f = ĥD,g. □

Lemma 5.8. Let ϕ ∈ End(E) be an isogeny with δϕ > 1. Then ĥE ◦ ϕ = δϕĥE.

Proof. Let H be a symmetric ample divisor on E. Then [2]∗H ∼ 4H and f∗H ≡
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deg(f)H = δfH. Since f is a group homomorphism, f ◦ [2] = [2] ◦ f . So ĥE = ĥH,[2] =

ĥH,f by Lemma 5.7 and hence ĥE ◦ f = ĥH,f ◦ f = δf ĥH,f = δf ĥE . □

Lemma 5.9. We have ⟨αx, αy⟩E = |α|2⟨x, y⟩E for x, y ∈ VR, α ∈ C.

Proof. We can take a positive integer m such that ϕ = mω ∈ End(E). Then

ϕ2 = [−m2d], so deg(ϕ) =
√
deg(ϕ2) =

√
m4d2 = m2d. By Lemma 5.8, ĥE ◦ϕ = m2dĥE .

For any x, y ∈ E(Q),

⟨ϕ(x), ϕ(y)⟩E =
1

2

(
ĥE(ϕ(x) + ϕ(y))− ĥE(ϕ(x))− ĥE(ϕ(y))

)
=

1

2

(
m2dĥE(x+ y)−m2dĥE(x)−m2dĥE(y)

)
= m2d⟨x, y⟩E .

By linearity, ⟨ϕ(x), ϕ(y)⟩E = m2d⟨x, y⟩E holds for x, y ∈ VR. Then ⟨ωx, ωy⟩E =

m−2⟨ϕ(x), ϕ(y)⟩E = d⟨x, y⟩E for x, y ∈ VR.

Take any α ∈ C. Set α = α1 + α2ω, α1, α2 ∈ R. Then

⟨αx, αy⟩E = ⟨α1x, α1y⟩E + ⟨α1x, α2ωy⟩E + ⟨α2ωx, α1y⟩E + ⟨α2ωx, α2ωy⟩E
= α2

1⟨x, y⟩E + α1α2⟨x, ωy⟩E + α1α2⟨ωx, y⟩E + α2
2d⟨x, y⟩E

= |α|2⟨x, y⟩E + α1α2(⟨x, ωy⟩E + ⟨ωx, y⟩E).

Here ⟨x, ωy⟩E = d−1⟨ωx, ω2y⟩E = d−1⟨ωx,−dy⟩E = −⟨ωx, y⟩E , so ⟨αx, αy⟩E =

|α|2⟨x, y⟩E . □

Take y ∈ V r
R . We use the notation as in the ω = 0 case. Using Lemma 5.9, we

compute

ĥX(Gn(y)) =
t∑

i=1

li∑
j=0

ĥE

(
li−j∑
k=0

(
n

k

)
λn−k
i yi,k+j

)

=
t∑

i=1

li∑
j=0

li−j∑
k,k′=0

(
n

k

)(
n

k′

)
ρ2ni ⟨λ−k

i yi,k+j , λ
−k′

i yi,k′+j⟩E

=

s∑
i=1

(
n

l

)2

ρ2n−2lĥE(yi,l) + o(ρ2nn2l) (n→ ∞).

This implies that

lim
n→∞

ĥX(Gn(y))

ρ2nn2l
=

1

(l!ρl)2

s∑
i=1

ĥE(yi,l).

Then we obtain (δf , lf ) = (ρ2, 2l) as in the ω = 0 case. □



625(277)

Ample canonical heights for endomorphisms 625

6. Automorphisms on surfaces.

In this section, we study automorphisms on surfaces. Kawaguchi [Kaw08] con-

structed nef canonical heights for an automorphism and its inverse, and proved that the

zero set of the sum of those heights is the union of the periodic curves and the periodic

points ([Kaw08, Theorem 5.2]). The arithmetic degrees for automorphisms on surfaces

are well understood by Kawaguchi–Silverman [KaSi14]. We compute the ample canon-

ical heights for automorphisms on surfaces in this section. However, most of the compu-

tations here are essentially contained in Kawaguchi [Kaw08] and Kawaguchi–Silverman

[KaSi14].

As a related result, Jonsson–Reschke [JoRe18] proved that a nef canonical height

for a birational surface self-map converges at every point with well-defined forward orbit.

As we will see in Theorem 6.1 below, such a nef canonical height is equivalent to the

upper and lower ample canonical heights if the self-map is an automorphism.

Our aim in this section is to prove the following (cf. [Kaw08, Theorem 5.2] and

[KaSi14, Theorem 9, 10]).

Theorem 6.1. Let X be a surface and f an automorphism on X with δf > 1.

(i) We have lf = 0, and there is a nef canonical height ĥ+ such that hf ≍ hf ≍ ĥ+.

(ii) Take x ∈ X(Q). Then the following are equivalent.

(1) Of (x) is dense.

(2) hf (x) > 0.

(3) hf (x) > 0.

(4) αf (x) = δf .

Moreover, if αf (x) < δf , then αf (x) = 1.

(iii) Let C = {Ci} be the set of f -periodic irreducible curves on X. Then Zf (Q) =

Perf (Q) ∪
∪

i Ci(Q), and Perf (K) \
∪

i Ci(K) is finite for any number field K.

First, we prepare some lemmas. The following lemma follows from the Hodge index

theorem (cf. [Kaw08, Lemma 1.2 (3)]).

Lemma 6.2. Let X be a surface and v1, v2 ∈ N1(X)R \ {0} be nef classes which

are linearly independent. Then v1 + v2 is nef and big.

Definition 6.3. Let X be a surface and v ∈ N1(X)R a class on X. We set

Z(v) = {C | C is an irreducible curve on X with (C · v) = 0}.

Lemma 6.4 ([Kaw08, Proposition 1.3]). Let X be a surface and v ∈ N1(X)R a

nef and big class on X.

(i) Z(v) is a finite set.

(ii) There is an effective divisor Z on X such that SuppZ =
∪

C∈Z(v) C and v − εZ is

ample for sufficiently small ε > 0.
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Lemma 6.5. Let X be a surface and f an automorphism on X. Then δf−1 = δf .

Proof. Take an ample divisor H on X. Then δf−1 = limn→∞((f−n)∗H ·H)1/n =

limn→∞((fn)∗H ·H)1/n = limn→∞(H · (fn)∗H)1/n = δf . □

Lemma 6.6. Let X be a surface, f an automorphism on X with δf > 1, and

D+, D− be nef R-divisors such that D+, D− ̸≡ 0 and f∗D+ ≡ δfD
+, (f−1)∗D− ≡ δfD

−.

Set D = D+ + D−. Then D is nef and big and, for any irreducible curve C on X,

C ∈ Z(D) if and only if C is f -periodic.

Proof. D+, D− are linearly independent in N1(X)R since they are eigenvectors

with different eigenvalues. So D is nef and big by Lemma 6.2.

Let C be any irreducible curve on X. Note that (C ·D) = 0 if and only if (C ·D+) =

(C ·D−) = 0. Assume that C ∈ Z(D). Then (D+ · f(C)) = (D+ · f∗C) = (f∗D+ ·C) =
δf (D

+ · C) = 0. Similarly (D− · f(C)) = 0, so f(C) ∈ Z(D). Lemma 6.4 implies that

Z(D) is finite. Since C, f(C), f2(C), . . . ∈ Z(D), it follows that fk(C) = f l(C) for some

k < l. Then C = f l−k(C) since f is an automorphism. Thus C is f -periodic.

Conversely, assume that C is f -periodic. Then fN (C) = C for some N ∈ Z>0. So

(D+ ·C) = (D+ · (fN )∗C) = ((fN )∗D+ ·C) = δNf (D+ ·C). Since δNf > 1, (D+ ·C) must

be zero. Similarly (D− · C) = 0, so C ∈ Z(D). □

Proof of Theorem 6.1. (i) Take nef R-divisors D+, D− on X such that

D+, D− ̸≡ 0, f∗D+ ≡ δfD
+ and (f−1)∗D− ≡ δfD

−. Set D = D+ + D−. Lemma

6.6 implies that C = Z(D). By Lemma 6.4, C is a finite set and we can take ai > 0 for

each Ci ∈ C such that, setting E =
∑

i aiCi, A = D − E is ample. Set ĥ+ = ĥD+,f ,

ĥ− = ĥD−,f−1 . Take a height hA associated to A as satisfying hA ≥ 1. Then

hA = hD − hE + O(1) = ĥ+ + ĥ− − hE + O(
√
hA). Set ϕ = hA − ĥ+ − ĥ− + hE .

We have

hA ◦ fn

δnf
=
ĥ+ ◦ fn

δnf
+
ĥ− ◦ fn

δnf
− hE ◦ fn

δnf
+
ϕ ◦ fn

δnf

= ĥ+ +
ĥ−

δ2nf
− hE ◦ fn

δnf
+
ϕ ◦ fn

δnf
.

Lemma 4.3 (i) implies that limn δ
−n
f ϕ(fn(x)) = 0 for every x. Since every irreducible

component of E is f -periodic, (fN )∗E ∼ E for some N ∈ Z>0. So, applying Lemma 4.3

(ii), limn δ
−Nn
f hE(f

Nn(x)) = 0 for every x. This implies that limn δ
−n
f hE(f

n(x)) = 0 for

every x. Therefore limn δ
−n
f hA ◦ fn = ĥ+. So lf = 0 and hf , hf ≍ ĥ+.

(ii) Assume (1). Take C > 0 such that hA ≤ ĥ+ + ĥ− − hE + C
√
hA. Then√

hA(fn(x))(
√
hA(fn(x))− C) ≤ ĥ+(fn(x)) + ĥ−(fn(x))− hE(f

n(x))

≤ δnf ĥ
+(x) + δ−n

f ĥ−(x)− hE(f
n(x)).

So {δnf ĥ+(x)+δ
−n
f ĥ−(x)−hE(fn(x))}∞n=0 is upper unbounded by the Northcott finiteness

theorem. Since Of (x) is dense, the set Of (x) ∩ SuppE is finite due to the dynamical
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Mordell–Lang theorem for étale endomorphisms (cf. [BGT10, Corollary 1.4]). Moreover,

−hE is upper bounded on X \ SuppE. Therefore {−hE(fn(x))}∞n=0 is upper bounded.

Then ĥ+(x) must be positive. So hf (x) > 0 since hf ≍ ĥ+.

(2) is equivalent to (3) because hf ≍ hf .

(3) implies (4) by Proposition 3.6 (iv).

Finally, assume that Of (x) is not dense and we show that αf (x) = 1. Let Z be the

Zariski closure of Of (x). If dimZ = 0, then x is f -preperiodic and so αf (x) = 1. Assume

that dimZ = 1. We have f(Z) = Z since f(Z) ⊂ Z and f is an automorphism. So f |Z
is an automorphism on Z. Replacing f by a power, we may assume that f(Zi) = Zi

for every irreducible component Zi of Z. So we may assume that Z is irreducible. Take

the normalization C of Z and let ν : C → X be the induced morphism. Then f |Z
induces an automorphism g on C such that ν ◦ g = f ◦ ν. Since ν is finite, hC ≍ hX ◦ ν.
So, taking x0 ∈ ν−1(x), we have αf (x) = limn hX(fn(x))1/n = limn hX(νgn(x0))

1/n =

limn hC(g
n(x0))

1/n = αg(x0) ≤ δg = 1, where δg = 1 because g is an automorphism on

a curve. Therefore αf (x) = 1.

(iii) By Proposition 3.6 (ii), Perf (Q) = Preperf (Q) ⊂ Zf (Q). For any x ∈
∪

i Ci(Q),

we have Of (x) ⊂
∪

i Ci(Q) and so it is not dense. Then hf (x) = 0 by (ii). Thus∪
i Ci(Q) ⊂ Zf (Q). Conversely, take any x ∈ Zf (Q). Then Of (x) is not dense by

(ii). Let W be the closure of Of (x). Then dimW ≤ 1 and f(W ) ⊂ W . So each

irreducible component of W is an f -periodic curve or an f -periodic point, which implies

that x ∈W (Q) ⊂ Perf (Q) ∪
∪

i Ci(Q). Thus Zf (Q) = Perf (Q) ∪
∪

i Ci(Q).

Take M > 0 such that −hE ≤ M on X \ SuppE = X \
∪

i Ci. Take any x ∈
Perf (Q) \

∪
i Ci(Q). Then x is also f−1-periodic since f is an automorphism. Moreover,

we have Of (x)∩
(∪

i Ci(Q)
)
= ∅ since x ̸∈

∪
i Ci and {Ci}i are the whole of f−1-periodic

curves. So the inequality
√
hA(

√
hA−C) ≤ ĥ++ĥ−−hE implies that

√
hA(x)(

√
hA(x)−

C) ≤M for x ∈ Perf (Q) \
∪

i Ci(Q). Then the Northcott finiteness theorem shows that

Perf (K) \
∪

i Ci(K) is finite for any number field K. □

7. Non-trivial endomorphisms on surfaces.

The aim in this section is to prove the following.

Theorem 7.1. Let X be a surface and f a non-trivial endomorphism on X with

δf > 1. Then Conjecture 1.3 holds for f . Moreover, if X is not birational to an abelian

surface, then lf = 0.

To prove it, we will give some lemmas.

Lemma 7.2 ([MSS18, Lemma 3.3]). Let X,Y be smooth projective varieties, µ :

X 99K Y a birational map, and U ⊂ X an open subset of X such that µ|U : U → µ(U)

is an isomorphism. Then hX |U ≍ (hY ◦ µ)|U .

Lemma 7.3. Let X be a surface, E a (−1)-curve on X, µ : X → Y the contraction

of E, f an endomorphism on X with f(E) = E, and g an endomorphism on Y such that

µ ◦ f = g ◦ µ.

(i) (δf , lf ) = (δg, lg).
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(ii) Let K ⊂ Q be any subfield where all concerned are defined. Then Zf (K) ⊂
µ−1(Zg(K)).

Proof. (i) It follows from the product formula (cf. [Tru15]) that δf = δg. If C

is an irreducible curve on X such that f(C) = E = f(E), then f∗C = af∗E for some

a > 0. Now we have the equation f∗ ◦ f∗ = deg(f) idN1(X)R . This implies that f∗ and

f∗ are automorphisms on N1(X)R. So C ≡ aE since f∗ is injective. Hence f∗E ≡ dE

for some 0 < d ≤ δf . Take an ample divisor HY on Y . Then µ∗HY is nef and big, and

HX = µ∗HY − bE is ample for some b > 0. Take any non-negative integer l. Then

hHX ◦ fn

δnf n
l

=
hHY ◦ µ ◦ fn − bhE ◦ fn

δnf n
l

=
hHY ◦ gn ◦ µ

δng n
l

− b
hE ◦ fn

δnf n
l
.

By Lemma 4.3 (ii), lim supn δ
−n
f |hE(fn(x))| <∞ for every x. So lf = lg.

(ii) Take any x ∈ Zf (K). If Of (x)∩E ̸= ∅, then µ(x) is g-preperiodic and so µ(x) ∈
Zg(K). Assume that Of (x) ∩ E = ∅. By Lemma 7.2, we have hX |X\E ≍ (hY ◦ µ)|X\E .

So hf (x) = 0 implies hg(µ(x)) = 0 by (i). Thus Zf (K) ⊂ π−1(Zg(K)). □

Lemma 7.4 ([Nak02, Proposition 10]). Let X be a surface and f a non-trivial

endomorphism on X. Then there is a positive integer N such that fN (C) = C for every

irreducible curve C on X with negative self-intersection.

As a result of [MSS18], we have the following.

Theorem 7.5 ([MSS18]). Let X be a surface and f a non-trivial endomorphism

on X with δf > 1. Assume that X has no (−1)-curve and isomorphic to neither P2 nor

abelian surfaces. Consider the following two operations to (X, f).

(a): X ′ is a surface, f ′ is an endomorphism on X ′, and ϕ : X ′ → X is an étale

morphism such that ϕ ◦ f ′ = f ◦ ϕ. Replace (X, f) by (X ′, f ′).

(b): Replace (X, f) by (X, fN ) for a positive integer N .

After applying (a) and (b) to (X, f) finite times, (X, f) falls into one of the following

two types.

(I): There are a curve C and a surjective morphism π : X → C such that π ◦ f = π.

X

π
  @

@@
@@

@@
@

f // X

π
~~~~
~~
~~
~~

C

(II): There are a curve C, an endomorphism g on C with δg = δf , and a surjective

morphism π : X → C such that π ◦ f = g ◦ π.

X

π

��

f // X

π

��
C

g // C
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More precisely, under the assumption, X is isomorphic to a P1-bundle, a bielliptic

surface, or a properly elliptic surface (a minimal surface of Kodaira dimension one), and

• P1-bundles over a curve of genus ≥ 2 and properly elliptic surfaces fall into type

(I).

• Hirzebruch surfaces, P1-bundles over elliptic curves, and bielliptic surfaces fall into

type (II).

Lemma 7.6 and Lemma 7.7 below treat the type (I) and (II), respectively.

Lemma 7.6. Let X be a surface and f an endomorphism on X such that δf > 1.

Let C be a curve and π : X → C a surjective morphism such that π◦f = π. Then lf = 0.

Proof. Take any x ∈ X(Q) and set F = π−1(π(x)). Since f |F permutes the

irreducible components of F , replacing f by a power, we may assume that f preserves

any irreducible components of F . So Of (x) ⊂ F1 for some irreducible component F1 of

F . Take the normalization Z of F1 and let ν : Z → X be the induced morphism. Take

x0 ∈ ν−1(x). f |F1 : F1 → F1 induces an endomorphism g on Z such that ν ◦ g = f ◦ ν.
Take an ample divisor H on X. Then we can takeM > 0 such that (ν∗Z ·D) ≤M(H ·D)

for any nef R-divisor D. So

δg = lim
n→∞

deg(gn∗ν∗H)1/n = lim
n→∞

(ν∗Z · fn∗H)1/n

≤ lim
n→∞

(M(H · fn∗H))1/n = δf .

We have hX ◦ ν ≍ hZ since ν is finite. Hence

hf,δf ,0(x) = lim sup
n→∞

hX(fn(x))

δnf

= lim sup
n→∞

hX(fnν(x0))

δnf

≍ lim sup
n→∞

(
δg
δf

)n
hZ(g

n(x0))

δng
<∞.

Note that g is an endomorphism on a curve and so lg = 0 if δg > 1 due to Theorem 4.1.

Then it follows that lf = 0. □

Lemma 7.7. Let X be a surface and f an endomorphism on X such that δf > 1.

Let C be a curve, g an endomorphism on C, and π : X → C a surjective morphism such

that π ◦ f = g ◦ π. Assume that (δf , lf ) = (δg, lg). Then Conjecture 1.3 holds for f .

Proof. Take a number field K where all concerned are defined. It follows from

Lemma 3.10 (ii) that Zf (K) ⊂ π−1(Zg(K)). Applying Theorem 4.1 to g, it follows

that Zg(K) = Preperg(K) and S = Preperg(K) is finite. So Zf (K) is contained in the

f -invariant proper closed subset π−1(S). □
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Proof of Theorem 7.1. Assume that X has a (−1)-curve E. By Lemma 7.4,

fN (E) = E for some N ∈ Z>0. Using Lemma 3.7, we may assume that f(E) = E by

replacing f by fN . Let µ : X → Y be the contraction of E. Then an endomorphism g

on Y satisfying µ ◦ f = g ◦ µ is induced. Lemma 7.3 implies that Zf (K) ⊂ π−1(Zg(K))

for any sufficiently large number field K. Assume that Zg(K) ⊂W (K) for a g-invariant

proper closed subset W ⊂ Y . Then V = π−1(W ) is an f -invariant proper closed subset

of X satisfying Zf (K) ⊂ V (K). This argument shows that the proof of the theorem for

f is reduced to that for g.

Continuing this reduction process, we may assume that X has no (−1)-curve. By

Lemma 3.7 and Lemma 3.12, it is sufficient to apply operations (a) and (b) in Theorem

7.5 to (X, f) and prove the assertion for the replaced ones.

• If X = P2, then lf = 0 and Conjecture 1.3 holds for f by Theorem 4.1.

• If X is a P1-bundle, then ρ(X) = 2 and so lf = 0 by Theorem 4.2 (i).

– If X is a P1-bundle over a curve of genus ≥ 2, then X is not potentially dense,

and so Conjecture 1.3 trivially holds.

– If X is a Hirzebruch surface or a P1-bundle over an elliptic curve, then (X, f) is

reduced into type (II) by Theorem 7.5. So there is an endomorphism g on a curve

C with δg = δf and a surjective morphism π : X → C such that π ◦ f = g ◦ π.
Since lf = 0 and δf = δg, it follows from Lemma 3.10 (i) that lg ≤ lf = 0. Then

Lemma 7.7 implies that Conjecture 1.3 holds for f .

• If X is an abelian surface, the claim is a special case of Theorem 5.1.

• If X is a bielliptic surface, ρ(X) ≤ h1,1(X) = 2 and so lf = 0 by Theorem 4.2 (i).

By Theorem 7.5, (X, f) is reduced into type (II). So there is an endomorphism g on a

curve C with δg = δf and a surjective morphism π : X → C such that π ◦ f = g ◦ π.
Since lf = 0 and δf = δg, it follows from Lemma 3.10 (i) that lg ≤ lf = 0. Then

Lemma 7.7 implies that Conjecture 1.3 holds for f .

• If X is a properly elliptic surface, then it follows from [Fuj02, Theorem 3.2] that there

is an elliptic curve E and a curve C of genus ≥ 2 such that E ×C is an étale cover of

X. Here E × C is not potentially dense (if E × C is potentially dense, then C is also

potentially dense, but this contradicts Faltings’s theorem). So X is not potentially

dense due to Theorem 3.11. Hence Conjecture 1.3 trivially holds for f . Moreover,

Theorem 7.5 and Lemma 7.6 show that lf = 0.

Eventually, lf = 0 if X is not birational to an abelian variety, and Conjecture 1.3

holds for f in any case. □

8. Applications.

In this section, we obtain two applications of ample canonical heights.

As we saw in the introduction, the Call–Silverman canonical height for a polarized

endomorphism is used to show that the number of preperiodic points over any fixed

number field is finite. For general endomorphisms, our main conjecture (Conjecture 1.3)

implies the non-density of preperiodic points over any fixed number fields:
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Proposition 8.1. Let X be a smooth projective variety and f an endomorphism

on X with δf > 1. Assume that Conjecture 1.3 holds for f . Then Preperf (K) is not

Zariski dense for any number field K.

Proof. It is clear that Preperf (K) ⊂ Zf (K) for any subfield K ⊂ Q. So the

assertion follows. □

Therefore Theorem 1.5 deduces the following.

Theorem 8.2. Let X be a smooth projective variety and f an endomorphism on

X with δf > 1. Assume that (X, f) satisfies one of the following conditions.

• f∗H ≡ δfH for an ample R-divisor H on X.

• ρ(X) ≤ 2 and f is an automorphism.

• X is an abelian variety.

• X is a smooth projective surface.

Then Preperf (K) is not Zariski dense for any number field K.

Remark 8.3. (i) As we saw in Section 4, Preperf (K) is finite for any number field

K in the first two cases.

(ii) We can also prove the abelian variety case by using the nef canonical height

(cf. [KaSi16b, Theorem 1]).

Let us see another application of ample canonical heights. Using ample canonical

heights, we can investigate the intersection Of (x)∩Og(y) of two dense orbits Of (x), Og(y)

of two endomorphisms on a variety. The results and arguments in this section are based

on the argument appearing in [BGT16, Theorem 5.11.0.1].

Theorem 8.4. Let X be a smooth projective variety and f, g endomorphisms on

X such that δf = δg > 1 and lf = lg. Assume that Conjecture 1.4 holds for f and g.

Take a dense f -orbit Of (x) and a dense g-orbit Og(y). Then the set {|n −m| | n,m ∈
Z≥0, f

n(x) = gm(y)} is upper bounded.

Remark 8.5. The proof of Theorem 8.4 is similar to the proof of [BGT16, The-

orem 5.11.0.1], where polarized endomorphisms are treated.

Proof of Theorem 8.4. Set (δ, l) = (δf , lf ). Since Conjecture 1.4 holds for f ,

we have hf (x) > 0. So there is ε > 0 such that δ−nn−lhX(fn(x)) ≥ ε for every n ∈ Z≥0.

Moreover, since hg(y) < ∞, there is C > 0 such that δ−nn−lhX(gn(x)) ≤ C for every

n ∈ Z≥0. Take n,m ∈ Z≥0 such that n ≥ m and fn(x) = gm(y). Then we have

δn−mε ≤ δn−mhX(fn(x))

δnnl
=
hX(gm(y))

δmml

(m
n

)l
≤ C.

So n −m ≤ logδ(C/ε). Similarly, for n,m ∈ Z≥0 such that n ≤ m and fn(x) = gm(y),

m− n is upper bounded. Hence the claim follows. □
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We need the following dynamical Mordell–Lang theorem for étale endomorphisms

due to Bell–Ghioca–Tucker.

Theorem 8.6 (The dynamical Mordell–Lang theorem for étale maps, [BGT10,

Theorem 1.3]). Let X be a projective variety, f an étale endomorphism on X, and V

a closed subvariety of X. Then the set {n ∈ Z≥0 | fn(x) ∈ V } is a finite union of sets

of the form {kn+ i}∞n=0 for some k, i ∈ Z≥0.

Using this theorem, we can obtain a sharper description of the intersection Of (x)∩
Og(y) if we assume that f, g are étale.

Theorem 8.7. Let X be a smooth projective variety and f, g étale endomorphisms

on X such that δf = δg > 1 and lf = lg. Assume that Conjecture 1.4 holds for f and g.

Take a dense f -orbit Of (x) and a dense g-orbit Og(y). Then the set {(n,m) ∈ (Z≥0)
2 |

fn(x) = gm(y)} is a finite union of sets of the form {(kn + i, kn + j)}∞n=0 for some

k, i, j ∈ Z≥0.

Remark 8.8. Theorem 8.7 essentially says that the intersection of two orbits

with same height growth has a nice form. Sano [San18, Theorem 1.2] proved that the

intersection of two orbits has a nice form under a weaker assumption on height growth

of the orbits.

Proof of Theorem 8.7. Theorem 8.4 implies that N = max{|n −m| | n,m ∈
Z≥0, f

n(x) = gm(y)} < ∞. Fix l ∈ {0, 1, . . . , N}. For n ∈ Z≥0, f
n+l(x) = gn(y) if

and only if (f × g)n((f l(x), y)) ∈ ∆, where ∆ ⊂ X ×X is the diagonal set. Moreover,

f × g is an étale endomorphism on X ×X. So Theorem 8.6 implies that {(n+ l, n) | n ∈
Z≥0, f

n+l(x) = gn(y)} is a finite union of sets of the form {(kn+ i+ l, kn+ i)}∞n=0 for

some k, i ∈ Z≥0. Similarly, {(n, n + l) | n ∈ Z≥0, f
n(x) = gn+l(y)} is a finite union of

sets of the form {(kn+ i, kn+ i+ l)}∞n=0 for some k, i ∈ Z≥0. Therefore

{(n,m) ∈ (Z≥0)
2 | fn(x) = gm(y)}

=

N∪
l=0

{(n+ l, n) | n ∈ Z≥0, f
n+l(x) = gn(y)}

∪
N∪
l=0

{(n, n+ l) | n ∈ Z≥0, f
n(x) = gn+l(y)}

is a finite union of sets of the form {(kn+ i, kn+ j)}∞n=0 for some k, i, j ∈ Z≥0. □

Applying Theorem 8.4 and Theorem 8.7 to the endomorphisms on the varieties which

we have considered, we obtain the following as an application of Theorem 1.5.

Theorem 8.9. Let X be a smooth projective variety and f, g endomorphisms on

X such that δf = δg > 1 and lf = lg. We assume one of the following :

• f∗H ≡ δfH and g∗H ′ ≡ δgH
′ for some ample R-divisors H,H ′ on X,

• ρ(X) ≤ 2 and f, g are automorphisms,
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• X is an abelian variety, or

• X is a smooth projective surface.

Take a dense f -orbit Of (x) and a dense g-orbit Og(y). Then the set {|n −m| | n,m ∈
Z≥0, f

n(x) = gm(y)} is upper bounded. Furthermore, if both f and g are étale, then the

set {(n,m) ∈ (Z≥0)
2 | fn(x) = gm(y)} is a finite union of sets of the form {(kn+ i, kn+

j)}∞n=0 for some k, i, j ∈ Z≥0.
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