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Abstract. Homological tilting modules of finite projective dimension
are investigated. They generalize both classical and good tilting modules of
projective dimension at most one, and produce recollements of derived module
categories of rings in which generalized localizations of rings are involved. To
decide whether a good tilting module is homological, a sufficient and necessary
condition is presented in terms of the internal properties of the given tilting
module. Consequently, a class of homological, non-trivial, infinitely generated
tilting modules of higher projective dimension is constructed, and the first
example of an infinitely generated n-tilting module which is not homological
for each n > 2 is exhibited. To deal with both tilting and cotilting modules
consistently, the notion of weak tilting modules is introduced. Thus similar
results for infinitely generated cotilting modules of finite injective dimension
are obtained, though dual technique does not work for infinite-dimensional
modules.

1. Introduction.

Infinite dimensional tilting theory has been of interest for a long time, but only
recently it has increasingly attracted attention to understand derived categories of general
rings and related topics (see [4], [6], [7], [32], [11], [12], [34]). In this theory, one of
significant and fundamental problems is to understand relationships between the derived
category of a given ring and the one of the endomorphism ring of a tilting module.
For an infinitely generated tilting module, there exists a recollement of triangulated
categories (see [6]), in which two of them are the derived module categories of rings as
expected, but the third one, which is the kernel of the derived tensor functor of the
tilting module, is known only to be a triangulated subcategory. So, to understand the
derived category of the endomorphism ring of an infinite-dimensional tilting module, it
is crucial to understand this kernel of the derived tensor functor. Once the kernel can be
realized as a derived module category of a ring, one gets a recollement of derived module
categories of rings, and may use general theory and properties of recollements to reduce
the investigation of the derived or homological properties of the endomorphism ring of
the tilting module to those of the two outside rings of the recollement: the given ring
and the new ring. This kind of reduction by recollements is quite useful in geometry and
in representation theory of algebras (see [8], [14], [22], [13]).
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In [11], we considered good tilting modules of projective dimension at most 1. In this
case, it was proved that the triangulated subcategory can always be realized as the derived
category of a new ring which is explicitly described as a homological universal localization
of the endomorphism ring (see [11, Theorem 1.1]). An application of this result is that the
Jordan—Holder theorem fails for stratifications of derived module categories by derived
module categories (see [11], [12]).

For a good, infinitely generated tilting module of projective dimension at least 2, it
is fully open whether the kernel of the derived tensor functor of the titling module can
be realized as the derived category of an ordinary ring. What one only knows is that the
kernel can be formally characterized as the derived category of a differential graded ring
(see [23], [30], [34], [7]). Furthermore, neither positive non-trivial examples nor negative
examples are known before our present consideration.

In the present paper, we continue the project on studying infinitely generated good
tilting modules in the context of derived categories. Roughly, we shall give a necessary
and sufficient condition for good tilting modules of higher projective dimension to induce
recollements of derived module categories via homological ring epimorphisms. Such tilt-
ing modules are called homological tilting modules. Our condition is presented in terms
of the internal properties of given tilting modules, which are handy to be verified in prac-
tice. As a consequence, we obtain a class of recollements of derived module categories
from good, infinitely generated tilting modules, and construct a class of non-trivial, ho-
mological, infinitely generated tilting module as well as the first example of a good tilting
module of projective dimension n for each n > 2, such that it is not homological. As
the dual argument of infinitely generated tilting modules does not work for infinitely
generated cotilting modules, we introduce the notion of weak tilting modules to handle
uniformly the tilting and cotilting cases. In this way, similar results for cotilting modules
are obtained.

To state our main results precisely, we recall some definitions and notation.

Let A be an arbitrary ring with identity and let n be a natural number. A left A-
module T is called an n-tilting A-module (see [16], [2]) if the following three conditions
are satisfied:

(T'1) The projective dimension of T, denoted by proj.dim(4T), is at most n, that is,
there exists an exact sequence

0—P,— - — P —P-T-—0

with all P; projective A-modules.

(1T2) Extf4 (T,T(*)) = 0 for all j > 1 and nonempty sets a, where T(®) denotes the
direct sum of « copies of T

(T'3) There is an exact sequence of A-modules

0— 4 A—Ty—T) — - —T,—0

such that T; is isomorphic to a direct summand of a direct sum of copies of T for all
0<1<n.
An n-tilting module T is said to be good if (T'3) is replaced by
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(T'3)" There is an exact sequence of A-modules
0—aA-5T)y—T — - — T, —0

such that T; is isomorphic to a direct summand of a finite direct sum of copies of T for
all 0 <3 <n.

In the following, let T" be a good n-tilting A-module and let B be the endomorphism
ring of oAT. Then T is obviously an A-B-bimodule. By Z(A) and 2(B), we denote the
derived module categories of A and B, respectively.

By definition, the third triangulated category in the recollement associated with T is
the kernel of the left derived functor T ®% — : 2(B) — 2(A), denoted by Ker(T ®@% —).
This category measures the difference between 2(B) and Z(A). In fact, it vanishes if
and only if the tilting A-module T is classical in the sense that 27T has a projective
resolution of finite length by finitely generated projective modules (see [10], [21], [27],
120], [6]).

A ring epimorphism A : B — C is called a homological ring epimorphism if
Tor?(C,C) = 0 for all i > 0 (see [18]). We say that 4T is homological if there
exists a homological ring epimorphism A\ : B — C such that the restriction functor
D(\) : 2(C) — 2(B) induces an equivalence of triangulated categories:

2(C) = Ker(T @% —).

Thus, every classical tilting module and every good 1-tilting module are homological. A
further natural question is about the case of higher projective dimension.

QUESTION. Is every good n-tilting A-module T" with n > 2 homological? If this is
not the case, when is an n-tilting module homological?

To answer this question, we first characterize homological tilting modules in terms
of vanishing cohomologies of complexes related to projective resolutions of the tilting
modules.

THEOREM 1.1.  Suppose that A is a ring and n is a natural number. Let T be a good
n-tilting A-module, and let B be the endomorphism ring of AT. Then AT is homological
if and only if the m-th cohomology of the complex Homy(P®, A) ® 4 T vanishes for all
m > 2, where the complex P*® is a deleted projective resolution of aT. In this case, there
exists a recollement of derived module categories:

/Dd(:*)\ @
2(Br) 2(B) 2(A)
\v/ \_’/

where X : B — Br is the generalized localization of B at the right B-module T and D()\.)
stands for the restriction functor induced by A.

Since the condition in Theorem 1.1 is given in terms of the projective resolution of
a given tilting module, it is handy to be checked for applications. For example, we have
the following result.
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COROLLARY 1.2.  Suppose that A is a ring and n is a natural number. Let T be a
good n-tilting A-module, and let B be the endomorphism ring of AT .

(1) If AT decomposes into a direct sum of M and N such that proj.dim(,M) < 1
and the first syzyqy of N is finitely generated, then T is homological.

(2) If A is commutative and Hom 4 (T;41,T;) = 0 for all T; in (T3)" with1 < i < n-1,
then T is homological if and only if it is a 1-tilting module.

As a consequence of Corollary 1.2, we can construct not only a class of homological,
infinitely generated tilting modules, but also the first example of a good n-tilting module
T for each n > 2, such that T is not homological (see Section 7).

Dually, we consider good, infinitely generated cotilting modules of finite injective
dimension over arbitrary rings. The definition of cotilting modules uses injective cogen-
erators of module categories (see Definition 6.1), and there are many choices of injective
cogenerators. Hence, there is no nice duality between infinitely generated tilting and
cotilting modules, and we cannot get analogous results on infinitely generated cotilting
modules by duality from the ones on infinitely generated tilting modules. Nevertheless,
our methods in the paper can deal with cotilting modules over rings with certain “nice”
injective cogenerators. For example, the following theorem is an analogy of [11, Theorem
1.1].

THEOREM 1.3.  Suppose that A is an Artin algebra with the usual duality functor D.
Let U be a good 1-cotilting A-module with respect to the injective cogenerator D(A). Set
R :=End4(U) and M := Homu (U, D(A)). Then the universal localization X : R — Ry
of R at the module g M is homological, and there exists a recollement of derived module
categories:

/1;(:)\ PN
Z(Rr) -
\/ \_/

where D(A,) stands for the restriction functor induced by .

Theorem 1.1 extends [11, Theorem 1.1] from good 1-tilting modules to homological
n-tilting modules, and provides a class of recollements of derived categories of rings, while
the recollements in [34] and [7] involve derived categories of differential graded algebras
instead of usual rings. Moreover, the proof of Theorem 1.1 is different from the one in [11].
Note that the proof in [11] deals with a two-term complex which automatically yields an
abelian subcategory of the module category of the endomorphism ring. However, this is
not always true for tilting modules of higher projective dimension. To attack this general
case, we have to extend some methods in [11] and develop some new ideas (see Section
4). Tt seems that this is the first time to apply Mittag-Leffler conditions to discuss tilting
modules at the level of derived categories.

The contents of this article are sketched as follows. In Section 2, we fix notation,
recall some definitions and prove some homological formulas for later proofs. In Section
3, we discuss when bireflective subcategories are homological. In Section 4, we introduce
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weak tilting modules and give several characterizations of homological subcategories aris-
ing from weak tilting modules. In Section 5, we apply the results in the previous sections
to show Theorem 1.1 and Corollary 1.2. In Section 6, we first apply Proposition 4.4 to
good cotilting modules in a general setting (see Corollary 6.3), and then prove Theorem
1.3 for Artin algebras. In Section 7, we employ Corollary 1.2 to construct a class of infin-
itely generated, homological tilting modules over non-commutative Gorenstein rings (see
Proposition 7.1), and examples of good n-tilting modules T over commutative Gorenstein
rings for n > 2, such that 7" is not homological (see Proposition 7.2). Such examples are
not known before our discussions in this paper.

2. Preliminaries.

In this section, we briefly recall some definitions, basic facts and notation used in
this paper. For unexplained notation employed in this paper, we refer the reader to [11]
and the references therein.

2.1. Notation.

Let C be an additive category.

Throughout the paper, a full subcategory B of C is always assumed to be closed
under isomorphisms, that is, if X € Band Y € C with Y ~ X, then Y € B.

Let X be an object in C. We denote by add(X) the full subcategory of C consisting
of all direct summands of finite coproducts of copies of M. If C admits small coproducts
(that is, coproducts indexed over sets exist in C), then we denote by Add(X) the full
subcategory of C consisting of all direct summands of small coproducts of copies of X.
Dually, if C admits small products, then Prod(X) denotes the full subcategory of C
consisting of all direct summands of small products of copies of X.

Given two morphisms f: X — Y and g : Y — Z in C, the composition of f and g is
written as fg which is a morphism from X to Z. The induced morphisms Home(Z, f) :
Home(Z, X) — Home(Z,Y) and Home(f, Z) : Home(Y, Z) — Home (X, Z) are denoted
by f* and f,, respectively.

For two functors F' : C — D and G : D — &, the composition of F' and G is denoted
by GF' which is a functor from C to €. Let Ker(F') and Im(F') be the kernel and image
of the functor F', respectively. In particular, Ker(F') is closed under isomorphisms in C.
In this note, we require that Im(F") is closed under isomorphisms in D.

Suppose that Y is a full subcategory of C. Let Ker(Home(—,))) be the left orthog-
onal subcategory with respect to ), that is, the full subcategory of C consisting of the
objects X such that Home (X,Y) = 0 for all objects Y in ). Similarly, we can define the
right orthogonal subcategory Ker(Hom¢ (Y, —)) of C with respect to ).

Let €'(C) be the category of all complexes over C with chain maps, and ¢ (C) the
homotopy category of €' (C). As usual, we denote by €°(C) the category of bounded
complexes over C, and by .#°(C) the homotopy category of €°(C). When C is abelian,
the derived category of C is denoted by Z(C), which is the localization of .Z(C) at all
quasi-isomorphisms. Remark that both #(C) and 2(C) are triangulated categories. For
a triangulated category, its shift functor is denoted by [1] universally.

If 7 is a triangulated category with small coproducts, then, for an object U in T,
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we denote by Tria(U) the smallest full triangulated subcategory of T containing U and
being closed under small coproducts.

A hereditary torsion pair (X,)) of a triangulated category 7T consists of two full
triangulated subcategories X,) of T such that Homy(X,)) = 0 and for each object
M € T, there is a triangle X - M — Y — X[1] with X € X and Y € Y (see [9,
Chapter 1.2]).

Suppose that 7 and 7' are triangulated categories with small coproducts. If F' :
T — T’ is a triangle functor which commutes with small coproducts, then F(Tria(U)) C
Tria(F(U)) for every object U in T.

2.2. Homological formulas in the derived categories of rings.

In this paper, all rings considered are associative and with identity, and all ring
homomorphisms preserve identity. Unless stated otherwise, all modules are referred to
left modules.

Let R be a ring. We denote by R-Mod the category of all unitary left R-modules,
and by Q% the n-th syzygy operator of R-Mod for n € N. We regard Q% as the identity
operator on R-Mod. Note that 2% depends on the choice of projective resolutions of a
module, but is unique up to projective summand.

If M is an R-module and I is a nonempty set, then M) and M' denote the direct
sum and product of I copies of M, respectively, proj.dim(zM) and inj.dim(zM) the
projective and injective dimensions of M, respectively, and Endg (M) the endomorphism
ring of M. Up to projective module, we denote by Q" (M) the n-th syzygy of a projective
resolution of M for n > 0.

As usual, we simply write € (R), # (R) and Z(R) for €(R-Mod), ¢ (R-Mod) and
2(R-Mod), respectively, and identify R-Mod with the subcategory of 2(R) consisting of
all stalk complexes concentrated in degree zero. Let € (R-proj) be the full subcategory
of €(R) consisting of those complexes such that all of their terms are finitely generated
projective R-modules.

For each n € Z, we denote by H"(—) : Z(R) — R-Mod the n-th cohomology functor.
A complex X* is said to be acyclic (or exact) if H*(X®) =0 for all n € Z.

In the following, we shall recall some definitions and basic facts about derived func-
tors (see [33], [23]).

Recall that Z (R)p (respectively, J# (R)r) denotes the smallest full triangulated
subcategory of J# (R) which

(i) contains all the bounded-above (respectively, bounded-below) complexes of pro-
jective (respectively, injective) R-modules, and

(ii) is closed under arbitrary direct sums (respectively, direct products).

Let 2 (R)c be the full subcategory of J#(R) consisting of all acyclic complexes.
Then (% (R)p, # (R)c) forms a hereditary torsion pair in . (R). In particular, for
each X*® € J(R), there exists a quasi-isomorphism axe : ,X* — X*® in J#(R) such that
»X* € A (R)p. The complex ,X* is called the projective resolution of X* in Z(R). For
example, if X is an R-module, then ,X can be chosen as a deleted projective resolution
of RX.

Dually, (' (R)c,# (R)5) is a hereditary torsion pair in . (R). In particular, for
each X*® in 9(R), there exists a quasi-isomorphism fSxe : X* — ;X* in J(R) with
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i X® € A (R);. The complex ;X* is called the injective resolution of X* in Z(R).

The localization functor ¢ : ¥ (R) — Z(R) induces an isomorphism
Hom  (g) (X*,Y*) = Homggy(X*®,Y*) whenever either X* € J#(R)p or Y* €
J (R)r. Moreover, q restricts to equivalences of triangulated categories: J# (R)p —
2(R) and # (R); — Z(R).

Now, let S be another ring. For a triangle functor F' : JZ(R) — J2(S), its left derived
functor LF : 2(R) — 2(S) is defined by X*® — F(,X°*), and its right derived functor
RF : 2(R) — 2(S) is defined by X*® — F(;X*). Further, if F(X*) is acyclic whenever
X* is acyclic, then F' induces a triangle functor D(F) : 2(R) — 2(5), X* — F(X*). In
this case, up to natural isomorphism, LF = RF = D(F), and D(F) is called the derived
functor of F.

Let M*® be a complex of R-S-bimodules. We denote by M*® ®% — the left derived
functor of M*® ®% —, and by RHompg(M*®, —) the right derived functor of Hom&%(M*®, —).
Note that (M*® ®% — RHomp(M?®,—)) is an adjoint pair of triangle functors. If Y €
S-Mod and X € R-Mod, we denote M*® ®@% Y and Hom%(M*®, X) simply by M°®* @gY
and Homp(M*®, X), respectively.

Let Lr denote the full subcategory of J#(R) consisting of all complexes X*® such
that the chain map F(axe) : F(,X*) = F(X?*) is a quasi-isomorphism in J(5), and
R the full subcategory of J#(R) consisting of all complexes X*® such that the chain
map F(Bxs): F(X®) — F(;X*) is a quasi-isomorphism in J¢(.5).

The following result on L and Rp is freely used, but not stated explicitly in the
literature. Here, we arrange it as a lemma for later reference. For the idea of its proof,
we refer to [33, Generalized Existence Theorem 10.5.9].

LEMMA 2.1. Let F : Z(R) — J(S) be a triangle functor. Then the following
hold:
(1) There exists a commutative diagram of triangle functors:

Le/(Lr 0K (R)e) 222 9(9)

where Ly /(LrNJE (R)c) denotes the Verdier quotient of Lp by LrNJE (R)c, and where

D(F) is defined by X* — F(X*®) for X* € Lp.
(2) There exists a commutative diagram of triangle functors:

H(R)1 7(R)

Nl J/]RF
D(F)

where Rp/(Rr N (R)c) denotes the Verdier quotient of Rp by Rp N (R)c, and
where D(F) is defined by X® — F(X*®) for X* € Rp.
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Note that if F' commutes with arbitrary direct sums, then Lp is closed under arbi-
trary direct sums in JZ (R). Dually, if F' commutes with arbitrary direct products, then
R is closed under arbitrary direct products in J£(R).

From Lemma 2.1, up to natural isomorphism, the action of the functor LF (respec-
tively, RF') on a complex X*® in Lp (respectively, Rr) is the same as that of the functor
Fon X°.

COROLLARY 2.2. Let R and S be two rings. Suppose that (F,G) is a pair of
adjoint triangle functors with F : 4 (S) — JH(R) and G : A (R) — JH(S). Let
0: FG — Idy ) and ¢ : (LF)(RG) — Idgr) be the counit adjunctions. If X* € Rg
and G(X*®) € L, then there exists a commutative diagram in P(R):

(LF)(RG)(X*) —> X*

4

FG(X*) —2 o x*

2.3. Relative Mittag-Leffler modules.
Now, we recall the definition of Mittag-Leffler modules (see [19], [3]).

DEFINITION 2.3. Let X be a class of R-modules. A right R-module M is X -Mittag-
Leffler if for any nonempty set {X; | i € I'} of modules in X’ the canonical map

pr: M®g HXi — HM®R Xi, m® (xi)ier = (mx;)ier for me M, z; € X,
el iel

is injective. If X just consists of a single module X, then we say that M is X -Mittag-
Leffler.

A right R-module M is strongly R-Mittag-Leffler if the m-th syzygy of M is R-
Mittag-Leffler for every m > 0.

By [19, Theorem 1], a right R-module M is R-Mittag-Leffler if and only if, for
any finitely generated submodule X of Mg, the inclusion X — M factorizes through
a finitely presented right R-module. This implies that if M is finitely presented, then
it is R-Mittag-Leffler. Actually, for such a module M, the above map p; is always
bijective (see [17, Theorem 3.2.22]). Further, if the ring R is right noetherian, then each
right R-module is R-Mittag-Leffler since each finitely generated right R-module is finitely
presented.

LEMMA 2.4.  Let R be a ring and M a right R-module.

(1) If M is R-Mittag-Leffler, then so is each module in Add(Mg). In particular,
each projective right R-module is R-Mittag-Leffler.

(2) The first syzygy of M in R°P-Mod is R-Mittag-Leffler if and only if
Torf'(M, R") = 0 for every nonempty set I.

(3) M s strongly R-Mittag-Leffler if and only if M is R-Mittag-Leffler and
Tor (M, R") = 0 for each i > 1 and every nonempty set I.
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(4) If M is finitely generated, then M is strongly R-Mittag-Leffler if and only if M
has a finitely generated projective resolution.

PrROOF. (1) follows from the fact that tensor functors commute with direct sums.

(2) Note that the first syzygy Qpe» (M) of M depends on the choice of projective
presentations of Mp. However, the “R-Mittag-Leffler” property of Qpor (M) is indepen-
dent of the choice of projective presentations of Mp. This is due to (1) and Schanuel’s
Lemma in homological algebra.

We choose an exact sequence

O—>K1L>P1 — M —0

of right R-modules with P; projective, and shall show that K7 is R-Mittag-LefHler if and
only if Torfz (M, RT) = 0 for any nonempty set I. Obviously, we can construct the exact
commutative diagram:

0— > Tor'(M,R") — > K 9r R' 2% Plop Rl — > M @p Rl — >0

FLE

I
0 o — P! M1 0

where p;, 1 < i < 2, are the canonical maps (see Definition 2.3). Since the projective
module P; is R-Mittag-Leffler by (1), the map p; is injective. This means that py is
injective if and only if so is f ® 1. Clearly, the former is equivalent to saying that K3
is R-Mittag-LefHler, while the latter is equivalent to Torf (M, R") = 0. This finishes the
proof of (2).

(3) For each i > 0 and each nonempty set I, we have Tor  (M,R!) ~
Tor{%(ﬂzkop (M), R"). Now (3) follows immediately from (2).

(4) follows from the fact that a finitely generated right R-module is finitely presented
if and only if it is R-Mittag-Leffler (see [19]). O

A special class of strongly Mittag-Lefller modules is the class of tilting modules.
LEMMA 2.5.  If M is a tilting right R-module, then M is strongly R-Mittag-Leffler.

PROOF. Let £ := {Y € R”-Mod | Extler (M,Y) = 0 for all i > 1} and M :=
{X € R”-Mod | Extper (X,Y) =0 for all Y € £}. Then (M, L) is the tilting cotorsion
pair in R""-Mod induced by M. Let C := {Z € R-Mod | Torf(X,Z) = 0 for all X €
M}. Tt is shown in [3, Corollary 9.8] (see also [3, Theorem 9.5]) that each module
X € M is strict L-stationary (see [3, Section 8] for definition) and thus C-Mittag-Leffler.
Since M contains My and is closed under taking syzygies in R™ -Mod, Qfon (M) € M
for m > 0. Consequently, Q%o (M) is C-Mittag-LefHler and therefore R-Mittag-Leffler
because gR belongs to C. Thus M is strongly R-Mittag-Leffler. O

By Lemma 2.5 and Lemma 2.4(4), a tilting right R-module is classical if and only if
it is finitely generated.
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3. Homological subcategories of derived module categories.

In this section, we shall give the definitions of bireflective and homological subcat-
egories of derived module categories. In particular, we shall establish a few applicable
criterions for bireflective subcategories to be homological.

Let A: R — S be a homomorphism of rings. We denote by A, : S-Mod — R-Mod
the restriction functor induced by A, and by D(\,) : Z2(S5) — Z(R) the derived functor
of the exact functor ..

Recall that \ is a ring epimorphism if A\, : S-Mod — R-Mod is fully faithful, or
equivalently, the multiplication map S ® g S — S is an isomorphism. A homomorphism
A: R — S of rings is homological (see [18]) if and only if the functor D(\.) : 2(5) —
Z(R) is fully faithful, or equivalently S ®% S ~ S in 2(S). Note that D(),) has a left
adjoint S ®% — and a right adjoint RHom g (S, —).

Let % be a full triangulated subcategory of Z(R). Then # is said to be bireflective
if the inclusion #° — 2(R) admits both a left adjoint and a right adjoint; and homological
if there is a homological ring epimorphism A : R — S such that D(\,) induces a triangle
equivalence from 2(5) to #.

If # is homological in Z(R), then it is bireflective, while bireflective categories are
closely related to recollements, that is, a full triangulated subcategory % of Z(R) is
bireflective if and only if there exists a recollement of triangulated categories of the form

VRN
2(R) A
~_ —

=

&

where 7, is the inclusion functor (see [28, Chapter 9], [9, Chapter 1.2], [30, Section 2.1]
or [11, Section 2.3]).

Recollements were first introduced by Beilinson, Bernstein and Deligne in [8] to
study the triangulated categories of perverse sheaves over singular spaces, and later were
used by Cline, Parshall and Scott in [14] to stratify the derived categories of quasi-
hereditary algebras. For our purpose in this section, we will focus on a special class
of recollements of triangulated categories. Here, by a recollement of triangulated cate-
gories, we mean that there are six triangle functors between triangulated categories in
the diagram:

i* gt
i/:i.\ i'=3"
o ==L 9(R) X

o~
i Jx

such that

(1) (i*,ix), (i1,4'), (j1,7') and (5%, j«) are adjoint pairs,

(2) 2*7 j« and j; are fully falthful functors,

(3) i'j. = 0 (and thus also j'i, = 0 and i*j, = 0), and

(4) for each object X € Z(R), there are two canonical distinguished triangles in
2(R):

' (X) — X — 4.55(X) —ad (X[1], 5t (X) — X — ™ (X) — i (X)[1],
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where i)i'(X) — X and jj'(X) — X are counit adjunction morphisms, and where
X — 7.7%(X) and X — 4,i*(X) are unit adjunction morphisms.

From now on, we assume that # is a bireflective subcategory of Z(R), and define
&€ =% N R-Mod.

It is easy to see that ¢ is closed under isomorphisms, arbitrary direct sums and
products in Z(R). This implies that £ also has the above properties in R-Mod. Moreover,
& always admits the “2 out of 3” property: For an arbitrary short exact sequence in
R-Mod, if any two of its three terms belong to £, then the third one belongs to £. Thus
£ is an abelian subcategory of R-Mod if and only if £ is closed under kernels (respectively,
cokernels) in R-Mod. Since £ is closed under isomorphisms, direct sums and products
in R-Mod, it follows from [1, Theorem 2.4] that £ is an abelian subcategory of R-Mod if
and only if there exists a unique ring epimorphism A : R — S (up to equivalence) such
that £ is equal to Im(\,).

Let iy :  — 2(R) be the inclusion functor with i* : 2(R) — # as its left adjoint.
Define A := Endgg)(i*(R)). Then, associated with %/, there is a ring homomorphism
defined by

d: R— A, r—i"(r) for r € R,

where -r : R — R is the right multiplication by r map. This induces a functor d, :
A-Mod — R-Mod, called the restriction functor.

LEMMA 3.1. (1) For each Y* € &, we have H"(Y*) € Im(d,) for alln € Z. In
particular, H"(i*(R)) is an R-A-bimodule for all n € Z.

(2) Let ngr : R — i,i*(R) be the unit adjunction morphism with respect to the adjoint
pair (i*,i,). Then there exists an isomorphism : A — H°(i*(R)) of R-A-bimodules such
that 61 = H°(ngr).

(3) If H(i*(R)) € %, then H"(i*(R)) = 0 for all n > 1, the map § is a ring
epitmorphism and

¥ ={Y*e€ 2(R)| H"(Y*) € Im(d.) for all m € Z}.

PrROOF. The proof of Lemma 3.1 is motivated by the one in [29, Section 6 and
Section 7] where % is related to a set of two-term complexes in &' (R-proj).

By our convention, the full subcategory Im(d,) of R-Mod is required to be closed
under isomorphisms in R-Mod.

(1) Let Y* € . Then the following isomorphisms hold for each n € Z:

Homg g, (i*(R), Y *[n]) — Homg gy (R, i.(Y*)[n]) = Homgr)(R,Y*[n]) ~ H*(Y*),

where the first isomorphism is given by Homg gy (nr, Y *[n]), which is actually an isomor-
phism of R-modules. Since Homg g (i*(R), Y *[n]) is a left A-module, H"(Y*) € Im(d.).
If Y* = i*(R), then the composition of the isomorphisms

Homg (g, (i*(R),i"(R)[n]) = Homg(r) (R, i.i"(R)[n])
= Homgg)(R,i"(R)[n]) ~ H"(i"(R)) (*)
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is an isomorphism of R-A-bimodules. Thus H"(¢*(R)) is an R-A-bimodule.
(2) In (*), taking n = 0 yields an isomorphism ¢ : A — H°(i*(R)) of R-A-bimodules.
Note that there is the commutative diagram of R-modules:

Hompg (R, R) s Homg gy (i*(R), " (R))

Homg (r)(R,MR) lw
Homo (R, i.i*(R))

Now, identifying Homg(R, R), Homgp(R,i.i*(R)) and Homgg)(R,nr) with R,
HO(i*(R)) and H(ng), respectively, we get 6¢p = H°(ng).
(3) Define

@' ={Y*e 2(R)| H™(Y"*) € Im(6,) for all m € Z}.

It follows from (1) that # C %,

Suppose H°(i*(R)) € #. We shall prove %' C % | and consequently, % = %",

In fact, from (2) we have A ~ H°(i*(R)) as R-modules, and so pA € #. Note
that the derived functor D(d,) : 2(A) — Z(R) admits a right adjoint, and therefore
it commutes with arbitrary direct sums. Since % is a full triangulated subcategory of
P(R) closed under arbitrary direct sums in Z(R), it follows from Z(A) = Tria(,A) and
rA € & that Im(D(d.)) C #. In particular, Im(d,) C ¥

Now, we show %' C % .

Recall that ¢ is a full triangulated subcategory of 2(R) closed under arbitrary
direct sums and direct products in Z(R). Therefore it is closed under taking homotopy
limits and homotopy colimits in 2(R). Observe that each complex can be obtained
from bounded complexes by taking homotopy limits and homotopy colimits, while each
bounded complex can be generated by its cohomologies via canonical truncations (see
the proof of [4, Lemma 4.6]). Since Im(d,) C &, we have #' C &. Thus ¥ = %, as
desired.

Next, we show H"(i*(R)) = 0 for all n > 1. The idea of the proof given here is
essentially taken from [29, Lemma 6.4].

On the one hand, from the adjoint pair (i*,4.), we obtain a triangle in Z(R):

X* — R i*(R) — X*[1].

Evidently, the unit 7z induces an isomorphism Homgg)(i*(R),Y*[n]) =~
Homg gy (R,Y*[n]) for each Y'* € % and n € Z. This implies that Homg ) (X*®,Y*[n])
=0forY* e and n € Z.

On the other hand, by the canonical truncation at degree 0, we obtain a distinguished
triangle of the form:

in Z(R) such that
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H*(i*(R)=) ~

i >
{O ifs > 1, and

H5(i*(R)) if s <0,

teo 1y )0 it <0,
H(i"(R)=") ~ {Ht(i*(R)) ift>1.

It follows that g3 = 0 and there exists a homomorphism « : R — i*(R)<? with ya =
ngr. Due to i*(R) € & = @', we get i*(R)=° € # and Homgy g (X*,i*(R)=0) = 0.
Consequently, there exists a homomorphism 6 : i*(R) — i*(R)<° such that v = nr 6. So,
we have the diagram in Z(R):

X* R~ i*(R) X*[1]

(R)=°[1]
with nrf a = ya = ngr. It follows from the isomorphism
Hom ) (i i*(R)) : Homa e (i* (R), i* () —> Hom ) (R, i (R))
(see () in (1)) that fa = Id;«(g) and
H"(0a) = H"(0)H" (o) = Id ggn (4= (ry) for any n € Z.

This means that H"(0) : H"(i*(R)) — H"(i*(R)<") is injective. Observe that
H"(i*(R)=%) =0 for n > 1. Hence H"(i*(R)) =0 for n > 1.

Finally, we prove that § : R — A is a ring epimorphism.

In fact, § is a ring epimorphism if and only if A® g Coker(é) = 0 (see [31, Proposition
1.2, p.225]) if and only if Homy (A ® g Coker(d), M) ~ Hompg(Coker(d), M) = 0 for every
A-module M if and only if Hompg(d, M) is injective for all A-module M. To prove that
Homp (4, M) is injective, we shall use the commutative diagram in (2) and show that the
induced map

Hompg (H®(ng), M) : Homp (H°(i*(R)), M) — Homp(R, M)

is injective. That is, we have to prove that if f; : H(i*(R)) — M, with j = 1,2, are two
homomorphisms in R-Mod such that H°(ng)f1 = H°(nr)f2, then f; = fa.

Now, we describe the map HY(ng). Recall that H"(i*(R)) = 0 for all n > 1. So,
without loss of generality, we can assume that i*(R) is of the form (up to isomorphism

in 7(R))
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-n -1
F(R): VLYt Lyt 0

By canonically truncating the above sequence, we obtain the distinguished triangle in

2(R):
VesTl —i*(R) = H(i*(R)) — V*="'[1] (*)
where V* <71 is of the form:
sV v V2 S Ker(d ) — 00— -

and 7 is the chain map induced by the canonmical surjection V° — H?(i*(R)) =
Coker(d~'). Applying H°(—) = Homgg) (R, —) to (), we see that H'(ng) = ngn
in 2(R) and that H°(r) is an isomorphism of R-modules.

Suppose that H°(nr)fi = H°(nr)f2 : R — M with f; : H°(i*(R)) — M for
j=1,2. Then nrmfi = nrmfz in Z(R). Note that M is a A-module and Im(d,) C #.
Thus pM € #. Since the unit ng : R — i.0*(R) = i*(R) induces an isomorphism
Homg gy (i*(R), M) ~ Homgyg) (R, M), we obtain 7 fi = 7 f, and H%(n) fi = H%(x) fa.
It follows from the isomorphism of H°(w) that f; = fo. Thus Homg(H®(ng), M) is
injective and 0 is a ring epimorphism. This finishes the proof of (3). O

When a bireflective subcategory in a derived module category is homological was
discussed in the literature, for example, see [4, Proposition 1.7], [11, Proposition 3.6] and
[7, Theorem 6.1]. In the following, we provide a slightly more general characterization
of homological subcategories. This will be applied in Section 4.

LEMMA 3.2. Let % be a bireflective subcategory of Z(R), and let i* : D(R) — ¥
be a left adjoint of the inclusion % — P(R). Then the following are equivalent:

(1) & is homological.

(2) H™(i*(R)) = 0 for any m # 0.

(3) H°(i*(R)) € % and H™(i*(R)) = 0 for any m < 0.

(4) H°(i*(R)) € # and § : R — Endgg) (i*(R)) is a homological ring epimorphism.

(5) There is a ring epimorphism X\ : R — S such that gS € % and i*(R) is isomor-
phic in 2(R) to a complex Z* := (Z"™) ez with Z' € S-Mod for i =0, 1.

(6) £ := #NR-Mod is an abelian subcategory of R-Mod such that i*(R) is isomorphic
in 2(R) to a complex Z* := (Z™)nez with Z¢ € € fori=0,1.

In particular, if one of the above conditions is fulfilled, then % can be realized as the
derived category of the ring Endg(g)(i*(R)) via 0.

PrOOF. It follows from the proof of [4, Proposition 1.7] that (1) and (2) are
equivalent, and that (2) implies both (3) and (4). By Lemma 3.1(3), (3) implies (2).

Now, we show that (4) implies (1). Since H°(i*(R)) € %, it follows from Lemma
3.1(3) that & = {Y* € Z(R) | H™(Y*) € Im(J,) for all m € Z}, where 6 : R —
A := Endgg)(i*(R)) is the associated homomorphism of rings. By assumption, 0 is
a homological ring epimorphism, and therefore D(d,) : Z(A) — Z(R) is fully faithful.
Furthermore, we know from [4, Lemma 4.6] that Im(D(d,)) = {Y* € 2(R) | H™(Y*) €
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Im(d,) for all m € Z}. Thus # = Im(D(d.)) € Z(R), that is, # is homological by
definition. Hence (4) implies (1).

Consequently, all conditions (1)—(4) are equivalent.

Note that (5) and (6) are equivalent because £ is an abelian subcategory of R-Mod
if and only if there is a ring epimorphism A : R — S such that £ = Im(\,) (for example,
see [1, Theorem 2.4]).

In the following, we shall prove that (1) implies (5), and that (5) implies (2).

Suppose that # is homological, that is, there exists a homological ring epimorphism
At R — S such that the functor D(A,) : 2(S) — Z(R) induces a triangle equivalence
from 2(S) to #. Thus % = Im(D(A.)). Since i*(R) € %, i*(R) € Im(D(\,)). It follows
that there exists a complex Z°® := (Z"),cz € €(S5) such that i*(R) ~ Z°* in Z(R). This
shows (5).

Now, we show that (5) implies (2). The idea of the proof arises essentially from the
proof of [11, Proposition 3.6].

Let A : R — S be a ring epimorphism satisfying (5). We may identify Im(\.) with
S-Mod since A : S-Mod — R-Mod is fully faithful. Let Z® be a complex in @ (R) such
that Z* ~ i*(R) in Z(R). We may assume Z°® := (Z",d")nez such that Z" € S-Mod
for n = 0,1, and define ¢ = Homgg)(A, Z*) : Homgg) (S, Z°*) = Homgyr)(R, Z°*). We
claim that the map ¢ is surjective.

In fact, there is a commutative diagram:

Hom ¢ (g (S, Z° )*>Hom@ ) (S, Z°)

Hom_y () (R, Z*) —== Homg gy (R, Z*),

where ¢’ = Hom ¢ (g) (A, Z*) and where ¢; and g, are induced by the localization functor
q: #(R) — P(R). Note that g is a bijection. So, to prove that ¢ is surjective, it is
sufficient to show that ¢’ is surjective.

Let f* := (f?) € Hom (g (R, Z*) with (f);cz a chain map from R to Z°*. Then
fi =0 for any i # 0 and f°d° = 0. Since Z° is an S-module, we can define g : S — Z°
by s+ s(1)f° for s € S. Then g is a homomorphism of R-modules with 0 = \g, as is
shown in the visual diagram:

R S
/
fOJ/ e
_1 %/o 1
z 1 L g0 L 4 g

Since A : R — S is a ring epimorphism and Z! is an S-module, the induced map
Hompg(A, Z1) : Hompg(S, Z') — Homp(R, Z') is a bijection. Thus, from this bijection
together with \gd® = f9%d° = 0, it follows that gd° = 0. Now, we define a morphism
g* := (¢°) € Hom 4 (g)(S, Z*), where (g")iez is the chain map with ¢° = g and g* = 0

for all 4 # 0. Then f* = Ag®. This shows that ¢’ is surjective. Consequently, the
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map ¢ is surjective, and the induced map Homggy(A,i*(R)) : Homgpy(S,i*(R)) —
Homgg)(R,i*(R)) is surjective since Z*® ~ i*(R) in Z(R).

Finally, if i*(R) ~ S in Z(R), then H™(i*(R)) ~ H™(S) = 0 for all m # 0 and (2)
follows. So, it suffices to prove *(R) ~ S in Z(R).

Indeed, let i, : % — 2(R) be the inclusion and ng : R — 4.i*(R) the unit with
respect to the adjoint pair (i*,4.). Clearly, i*(R) = i,i*(R) in Z(R). Since we have
proved that Homgg)(A,i*(R)) is surjective, there exists a homomorphism v : S —
i+i*(R) in 2(R) such that ng = Av. Furthermore, since S belongs to % by assumption,
Homg gy (g, S) : Homg g (i*(R), S) — Homgg)(R,S) is an isomorphism. Thus there
exists a homomorphism u : i.i*(R) — S in Z(R) such that A\ = nru. This yields the
commutative diagram in Z(R):

R R R
an Al ing
i i*(R) — < =S — 2> i,i*(R)
which shows ng = nruv and A = Jou. Since Homg(g)(nr,i*(R)):

Homg gy (i*(R),i*(R)) — Homg gy (R,i.i*(R)) is an isomorphism, uv = 1;_;-(g). Note
that Hompg(A,S) : Homg(S,S) — Homg(R,S) is bijective since A\ : R — S is a ring
epimorphism. It follows from A = Avu that vu = 1g. Thus the map u is an isomorphism
in 2(R), and i*(R) = i.i*(R) ~ S in 2(R). This shows that (5) implies (2).

Hence all statements in Lemma 3.2 are equivalent. g

Now, we recall the definition of generalized localizations at complexes of projective
modules, which were first discussed in [25] under the terminology “homological localiza-
tions”. Here, we restate it without any restriction on complexes.

DEFINITION 3.3. Let R be a ring, and let ¥ be a set of complexes in €(R). A
homomorphism Ay, : R — Ry of rings is called a generalized localization of R at ¥
provided that

(1) As is X-exact, that is, if P® belongs to X, then Ry, ® g P* is exact as a complex
over Ry, and

(2) Ay is universally ¥-exact, that is, if S is a ring together with a ¥-exact homo-
morphism ¢ : R — S, then there exists a unique ring homomorphism v : Ry, — S such
that ¢ = Ag).

If ¥ consists of complexes in °(R-proj), then, for each P* € X, the complex
Ry, @ P*® is actually split exact as a complex over Ry since Ry ®r P’ is a projective
Ryx-module for each 4. If ¥ consists only of two-term complexes in €*(R-proj), then the
generalized localization of R at ¥ is nothing else than the universal localization of R at &
in the sense of Cohn (see [15]), which appears often in algebraic K-theory and topology
[29]. Note that universal localizations may not be homological, but always exist, while
generalized localizations may not exist in general (see [25, Example 15.2]).

Suppose that U is a set of R-modules each of which possesses a finitely generated
projective resolution of finite length. For each U € U, we choose such a projective
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resolution ,U of finite length, and set ¥ := {,U | U € U} C €°(R-proj), and let Ry
be the generalized localization of R at ¥. It is known that R;; does not depend on the
choice of projective resolutions of U. Thus, we may speak of the generalized localization
of R at U if exists.

LEMMA 3.4. Let X be a set of complezes in €°(R-proj). Suppose that the general-
ized localization A\, : R — Rys, of R at X exists. Then:

(1) For any homomorphism ¢ : Ry — S of rings, the ring homomorphism Asp :
R — S is X-exact.

(2) The ring homomorphism As; is a ring epimorphism.

(3) Define ¥* := {Hompg(P°*,R) | P* € £}. Then As is also the generalized local-
ization of R at the set ¥*. In particular, Ry~ ~ Ry, as rings.

Proor. (1) For P*® € ¥, we have the isomorphisms of complexes of S-modules:
S ®pr P® ~ (S Q Ry, RZ) ®p P® ~ S@RE (RZ KRR P.)

Since Ry ®pg P* is split exact in €(Ryx), S ®g P*® is split exact in €(S). This means
that the ring homomorphism Ay is Y-exact.

(2) Assume that ¢; : Ry — S is a ring homomorphism for ¢ = 1,2, such that
Anp1 = Anps. It follows from (1) that Anyp; is Y-exact. By Definition 3.3(2), we obtain
1 = @2. Thus Ay is a ring epimorphism.

(3) Note that P* is in ¢°(R-proj). It follows that, for any homomorphism R — S
of rings, there are the isomorphisms of complexes:

Hompg(P*, R)®g S ~ Hompg(P*,S) ~ Homg(P*,Homg(sSg, S)) ~ Homg(S®g P*,S5).

This implies that the complex Hompg(P*, R) ® S is (split) exact in € (S5°P) if and only
if so is the complex S ®p P* in €(S). Now, (3) follows immediately from the definition
of generalized localizations. O

Finally, we mention the following known result (see, for example, [9, Chapter III,
Theorem 2.3; Chapter IV, Proposition 1.1]). It is related to generalized localizations.

LEMMA 3.5. Let ¥ be a set of complexes in €°(R-proj). Define % =
Ker(Homg gy (Tria(X),—)). Then & is bireflective and equal to the full subcategory
of Z(R) consisting of compleres Y'* with Homgry(P*®, Y*[n]) =0 for every P* € ¥ and
n € 2.

In the rest of this section, we are interested in the bireflective subcategory % in
Lemma 3.5. This yields a recollement of triangulated categories:
Tria(X)
A
where i, and j; are inclusions. Recall that there is a ring homomorphism § : R — A with
A= End@(R) ('L*(R))
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PROPOSITION 3.6. If H(i*(R)) € %, then § is the generalized localization of R
at X. In particular, if % is homological, then § is the generalized localization of R at X.

PrOOF. We first show that § always has the property: For any ¥-exact ring ho-
momorphism ¢ : R — S, there exists a (not necessarily unique) ring homomorphism
1 A — S such that ¢ = §.

Let ¢ : R — S be a Y-exact ring homomorphism. Since S ®g P*® is exact in
%(S) for P* € ¥, we have S ®@% P* = S@p P* ~ 0 in 2(5). Further, the functor
S@% —: 2(R) — 2(S) commutes with arbitrary direct sums, so S ®% X*® ~ 0 for each
X* € Tria(%).

Let 2(R)/Tria(X) be the Verdier quotient of Z(R) by the full triangulated subcate-
gory Tria(X). Then the functor i* induces a triangle equivalence: Z(R)/Tria(¥) — %
Since S ®% — sends Tria(¥) to zero, there exists a triangle functor F : % — 2(9)
together with a natural isomorphism of triangle functors:

d: Sk — = Fi*: 9(R) — 2(S).
This clearly induces the canonical ring homomorphisms:
- F .
A := Endg g (i*(R)) — Endgs) (F(i*(R))) ~ Endgs) (S @% R) ~ Endg(s)(S) ~ S

where the first isomorphism is induced by the natural isomorphism ®x : S ®% R —
F(i*(R)) in 2(S). Now, we define ¢y : A — S to be the composition of the above
homomorphisms of rings. Then ¢ = d1).

If H°(i*(R)) € %, then the map ¢ is a ring epimorphism by Lemma 3.1(3). This
implies that v is unique in ¢ = §1p. Thus ¢ satisfies the condition (2) in Definition 3.3.

It remains to prove that § is Y-exact.

In fact, by Lemma 3.1(2), we have A ~ HY(i*(R)) as R-modules and rA € #.
Note that Homgry(X®,Y*®) = 0 for X* € Tria(X) and Y* € #. In particular,
Homgg)(P*,Aln]) = 0 for any P* € ¥ and n € Z. It follows that H"(Homp(P*,A)) ~
Hom (g (P*, A[n]) ~ Homgg)(P*, Aln]) = 0, and therefore the complex Hompg(P*, A)
is exact. Since P* € €*(R-proj), we have Homp(P*®, A) € €*(A°P-proj). This implies
that Homp(P*®, A) is split exact, and therefore the complex Hompor (Homp(P®, A), A)
over A is split exact. Now, we claim that the latter is isomorphic to the complex A ®pr P*
in €(A). Actually, this follows from the following general fact in homological algebra:

For any ring homomorphism § : R — A and P € R-proj, there exists a natural
isomorphism of A-modules:

A®r P — Hompop (Homp(P,A),A), z@p+—[f— z(p)f]

forz € A, pe P and f € Hompg(P,A).

Consequently, the complex A @ P* is exact in € (A), and the homomorphism § is
Y-exact. Hence ¢ is a generalized localization of R at 3.

If % is homological, then H°(i*(R)) € # by the equivalences of (1) and (4) in
Lemma 3.2, and therefore, the second part of Proposition 3.6 follows. O
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Next, we show that, to judge whether " is homological, one may check whether the
bireflective subcategory defined by the dual of ¥, is homological. This will be used in
the proof of Theorem 1.1.

PROPOSITION 3.7.  Let ¥* := {Hompg(P*, R) € €°(R°P-proj) | P* € ¥} and ¥ :=
Ker(Homggor)(Tria(X*), —)). Then % is homological in Z(R) if and only if so is &’
in P(RP).

PROOF. We only prove the necessity of Proposition 3.7 because its sufficiency can
be proved similarly.

Suppose that # is homological in Z(R). It follows from Lemma 3.2(4) and Propo-
sition 3.6 that 6 : R — A is not only a homological ring epimorphism, but also the
generalized localization of R at . Moreover, by Lemma 3.4(3), J is also the generalized
localization of R at X*.

Note that % is a bireflective subcategory of 2(R°P) by Lemma 3.5. Now, let L be
a left adjoint functor of the inclusion %’ — Z(R°P). To show that % is homological in
P2(R°P), we employ the equivalences of (1) and (4) in Lemma 3.2, and prove that

(a) H°(L(R)) € %" and

(b) the ring homomorphism ¢’ : R — A’ := Endg(ger)(L(R)) induced by L is
homological.

Note that under the assumption (a), ¢’ is the generalized localization of R at X*
by Proposition 3.6. Since § is a generalized localization of R at ¥*, there exists a
ring isomorphism p : A’ — A such that § = §’p. Note that § is a homological ring
epimorphism. It follows that ¢’ is a homological ring epimorphism. So, it is enough to
show (a).

In fact, by Lemma 3.5, we have

@' ={Y* € Z2(R®) | Homggor) (Hompg(P*, R), Y*[n]) =0 for all P* € ¥ and n € Z}.
Let P* € ¥ and set P** := Homp(P*®, R). Then
Homg gery (P**, Y*[n]) ~ H™ (RHomp(P**,Y*)) ~ H"(Y* &% P*) ~ H"(Y* @% P*).
Thus

' ={Y* € P(RP)|H"(Y* ®% P*) =0for all P* € ¥ and n € Z}.

Since § : R — A is the generalized localization of R at ¥ by Proposition 3.6, H"(A ®g
P*) =0 for any P* € ¥ and n € Z. This shows Agr € #”’. Note that § : R°?P — A°P is
a homological ring epimorphism. Hence Z(A°P) can be regarded as a full triangulated
subcategory of Z(R°P). Moreover, since Z(A°P) = Tria(A,) and % is closed under direct
sums in Z(R°P), we have Z(A°P) C #”’. Now, we claim that H"(L(R)) € A°?-Mod for
all n, and therefore H"(L(R)) € ¢ for all n.

Actually, since L(R) € %', we have H"(L(R) ®%}, P*) = 0 for all P* € ¥ and n € Z.
Applying Homgz(—,Q/Z) to the complex L(R)®% P* of Z-modules, we see that, for all n,
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Homg g (P*, Homz(L(R), Q/Z)[n]) ~ H"(Hom%(P*, Homz(L(R), Q/Z)))

H"(Hom$,(L(R) %, P*, Q/Z))

Homz (H™"(L(R) ®% P*), Q/Z)

0.

1R 1R

Define W* := Homy(L(R),Q/Z). Then W* € # by Lemma 3.5. However, since %
is homological in 2(R) by assumption, # = Z(A) by Lemma 3.2. Thus W* € 2(A)
and H™"(W*) € A-Mod. Since H"(W*) ~ Homy(H"(L(R)),Q/Z), we infer that
H"(L(R)) € A°°-Mod by the general result:

Let R — S be a ring epimorphism and N be an R°P-module. It
Homgz(N,Q/Z) € S-Mod, then N € 5°P-Mod.

For a proof of this result, one may use [33, Exercise 3.2.4] to show that the natural
map N — N ®g S is an isomorphism of R°P-modules. O

4. 'Weak tilting modules and recollements.

This section is devoted to preparations for proofs of our main results in this pa-
per. First, we introduce a special class of modules, called weak tilting modules, which
can be constructed from both good tilting and cotilting modules, and then discuss bire-
flective subcategories (of derived module categories) arising from weak tilting modules.
Finally, we shall describe when these subcategories are homological. In particular, we
shall establish a key proposition, Proposition 4.4, which will be applied in later sections.

Throughout this section, let R be an arbitrary ring, M an R-module and S the
endomorphism ring of M. Then M becomes naturally an R-S-bimodule. Further, let
n be a natural number.

DEFINITION 4.1.  The R-module M is called an n-weak tilting module if the follow-
ing conditions are fulfilled:

(R1) There exists an exact sequence of R-modules: 0 - P, — -+ = P, = Py —
M — 0, such that P; € add(gR) for all 0 < i < n,

(R2) Ext’,(M, M) =0 for all j > 1, and

(R3) there exists an exact sequence of R-modules

0 — grR—> My > My — - — M,, — 0

such that M; € Prod(gM) for all 0 < i < n, and
(R4) the right S-module M is strongly S-Mittag-Leffler (see Definition 2.3).

Classical tilting modules are weak tilting modules. If a weak tilting R-module M
satisfies Prod(rM) = Add(gM) (for example, Mg is of finite length), then pM is a
classical tilting module. Moreover, if S is right noetherian, then any right S-module is
S-Mittag-Leffler (see Section 2.3), and thus (R4) is always satisfied.

Let

G := M ®%—: 2(S) — 2(R), H :=RHomp(M,—-): 2(R) — 2(S) and
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% ={Y* € Z(R) | Homgp (M, Y*[m]) = 0 for all m € Z}.

Then % = Ker(H). Moreover, if M satisfies (R1), then % is a bireflective subcategory
of 2(R) by Lemma 3.5.

If M satisfies both (R1) and (R2), then the pair (G, H) induces a triangle equiv-
alence: 2(S) — Tria(grM) (sce [24, Chapter 5, Corollary 8.4, Theorem 8.5]). Thus,
by Lemma 3.5, Proposition 3.6 and Lemma 3.2, we have the following useful result for
constructing recollements of derived module categories.

LEMMA 4.2.  Suppose that the R-module M satisfies (R1) and (R2). Then there
exists a recollement:

¥ —" > 9(R)—E = 9(5) (+)
\_//

with i, being the inclusion.
If % is homological in P(R), then the generalized localization A : R — Ry of R at
M exists and is homological, which induces a recollement of derived module categories:

G
D00, o

2(Ru) —— 2(R) 2(5)
A

In the following, we shall consider when % is homological. In general, this category
may not be homological since the category

E =% NRMod={Y € R-Mod | Ext;(M,Y) =0 for all m >0}

may not be an abelian subcategory of R-Mod. By Lemma 3.2, whether % is homological
is completely determined by the cohomology groups of i,.i*(R). So, to calculate these
cohomology groups efficiently, we shall use weak tilting modules.

From now on, we assume that g M is a n-weak tilting module, and define M*® to be
the complex

e 00— My S My — - — M, — 0 — -

arising from (R3) in Definition 4.1, where M; is in degree ¢ for 0 < i < n.

For each R-module X, let 0x : M ®s Hompr(M,X) — X be the evaluation map.
Then p : My — M; induces another homomorphism g : Coker(6s,) — Coker(6y,) of
R-modules. The kernel of @ will determine when % is homological.

LeEmMA 4.3. (1) If X € Prod(rM), then 0x is injective and Coker(6x) € .
(2) There are isomorphisms in P(R):

GH(R) ~ pM ®% Homp (M, M*®) ~ R M ®5 Homg(M, M®).

Moreover,
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P 0 if7<0
] * ~ )
B (6"(R)) > {Hj“(RM ®g Homp (M, M*)) if j > 0.

(3) For n = 0, the complex i.i*(R) is isomorphic in Z(R) to the stalk complex
Coker(0ys,). For n > 1, the complex i.i*(R) is isomorphic in D(R) to a complex of the
form: 0 - B = E' — ... 5 E"1 =0, such that E™ € £ for0<m <n—1.

PROOF. M is an R-S-bimodule with S = Endr(M). So we have an adjoint pair
(G, H) of functors. Let

0: M®s HOHIR(M, —) — Idg-Moa and e:GH — Id@(R)

be the counit adjunctions with respect to the adjoint pairs (M ®g —, Hompg (M, —)) and
(G, H), respectively.

For each X* € Z(R), it follows from the recollement (*) in Lemma 4.2 that there
exists a canonical distinguished triangle in Z(R):

GH(X*) 2% X* — i,i*(X*) — GH(X*)[1].

(1) Suppose X € Prod(gM). To verify that 0x is injective, it is sufficient to show
that 05,1 : M ®s Hompg(M, M?) — M! is injective for any nonempty set I. Since
Homp (M, M) ~ Homg(M, M), the injection of 0,1 is equivalent to saying that the
canonical map p; : M ®g ST — M’ in Definition 2.3 is injective. This holds exactly if
M is S-Mittag-Leffler. Thus fx is injective by (R4).

We prove Coker(8x) € £ by showing the existence of the commutative diagram in
P(R):

GH(X) ii* (X) GH(X)[1]

=i S

M ®g Hompg(M, X) X Coker(fx) — M ®g Hompg(M, X)[1]

To check the first square in the above diagram, we define F' := gkM Qg — and G’ :=
Hompg (M, —). According to Corollary 2.2, it suffices to prove X € Rgr and G'(X) € L,
where the categories Rg: and Lp are introduced in Lemma 2.1. Note that X € Rg-
is due to the axiom (R2), while G'(X) € L if and only if Tor (M, ST) = 0 for any
7 > 0 and any set I. However, since M is a weak tilting module, the right S-module M
is strongly S-Mittag-Leffler by (R4), and therefore Tor;-g (M, SI) = 0 by Lemma 2.4(3).
This implies G'(X) € LF.

With the help of the above diagram and the recollement () in Lemma 4.2, we have
1+1*(X) € %, and therefore

141%(X) ~ Coker(fx) € # N R-Mod = €.

This finishes the proof of (1).
(2) By (R3) in Definition 4.1, M* is a bounded complex such that each of its terms
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belongs to Prod(grM). Notice that 6pse is injective in €(R) since 6y, is injective for
each 0 <14 <n due to (1). This clearly induces a complex Coker(fss) of the form:

0 — Coker(6as,) % Coker(0yr,) AL Coker(0ys,,_,) Onst Coker(fy,) — 0 in F(R).

It follows from (R3) that there is a quasi-isomorphism R — M*® in J# (R). Consequently,
one can easily construct the commutative diagram in Z(R):

GH(R) —= i.i*(R) GH(R)[]

RN

M ®s Homp (M, M*) —2> M* —— Coker(s+) —> M ©®g Homp(M, M*)[1]

In particular,
141" (R) ~= Coker(6pse) (%)

in Z(R), and therefore H’(i,i*(R)) ~ H7(Coker(fyss)) for any j € Z. This shows
H(i,i*(R)) =0 for j < 0 or j > n. Now, it follows from R~ M*® in Z(R) that there is
a triangle in Z(R):

M ®g Homp(M, M®*) — R — Coker(6pe) — M @g Homp (M, M*®)[1].
Applying the cohomology functor H7 to this triangle, one gets
HY(i,i*(R)) ~ H? (Coker(fpe)) ~ H'T'(M ®g5 Homp(M, M*®)) for any j > 0. ()

Thus (2) follows.

(3) For n = 0, the conclusion follows from ,i*(R) ~ Coker(fse) trivially. So we
may assume n > 1. Since the (n + 1)-term of the complex M ®¢ Hompg (M, M*®) is zero,
we see from (x) and (xx) that H™(Coker(fype)) = 0. This implies that the (n — 1)-th
differential 9,_1 of the complex Coker(fyss) is surjective. It follows that Coker(6pse) is
isomorphic in Z(R) to the complex:

0 — Coker(0as,) Do, Coker(0ar,) N Coker (01, ,) Ong Ker(0,,—1) — 0.
()
Since My, € Prod(rM) for 0 < m < n by (R3), it follows from (1) that Coker(0,s,,) € £.
As £ is always closed under kernels of surjective homomorphisms in R-Mod, Ker(9,,—1) €
£. This means that (t) is a bounded complex with all of its terms in &.
Consequently, the complex i.i*(R) is isomorphic in Z(R) to the complex () with
the required form in Lemma 4.3(3). This finishes the proof. O

REMARK. By Lemma 4.3(2), up to isomorphism, the cohomology groups
HI(rpM ®s Hompg(M, M*)) for j € Z are independent of the choice of the complex
M?® in (R3) of Definition 4.1.

PROPOSITION 4.4.  The following statements are equivalent:
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(1) The full triangulated subcategory % of 2(R) is homological.
(2) The category & is an abelian subcategory of R-Mod.
(3) HI(rM ®s Hompg(M, M*)) =0 for any j > 2.

(4) The kernel of the map i : Coker(6ps,) — Coker(0as,) belongs to E.

PROOF. The equivalence of (1) and (2) follows from the one of (1) and (6) in
Lemma 3.2 together with Lemma 4.3(3), while the equivalence of (1) and (3) follows from
the one of (1) and (2) in Lemma 3.2 together with Lemma 4.3(2). Now we prove that (1)
and (4) are equivalent. By Lemma 4.3(2) and the equivalence of (1) and (3) in Lemma
3.2, (1) is equivalent to H®(i,i*(R)) € % . By the proof of Lemma 4.3(3), H%(i,i*(R)) ~
HO(Coker(fye)) ~ Ker(9y) = Ker(jz), where 9y = 1. Thus (1) is equivalent to Ker (1) €
% N R-Mod = €. O

As a consequence of Proposition 4.4, we have characterizations for " to be homo-
logical.

COROLLARY 4.5. (1) If the map [1 : Coker(0y,) — Coker(0yy,) is surjective, then
% is homological.
(2) If n =2, then % is homological if and only if M ®g EXt%(M7 R)=0.

PROOF. (1) € is closed under kernels of surjective homomorphisms in R-Mod, and
both Coker(65,) and Coker(6yy,) belong to £ by Lemma 4.3(1). So, if i is surjective,
then Ker(zt) € £, and therefore % is homological by Proposition 4.4(4).

(2) By Proposition 4.4(3), we have to check H7(xM ®g Homg(M, M*®)) = 0 for
j > 2. Note that H/(M ®s Homgz(M, M*®)) =0 for all j > n.

By (R2), Exth(M,M) = 0 for all j > 1. It follows that Ext} (M, M) ~
Extg%(]\/[ ,M)! = 0 for any nonempty set I, and therefore Extiz(M ,X) = 0 for any
X € Prod(M). By (R3), there exists an exact sequence in R-Mod:

0—R—My—M —-— M, —0

with M; € Prod(M) for 0 < i < n. Since Ext},(M, X) = 0 for any X € Prod(M) and
j>1, H*(Hompg(M, M*)) ~ Ext% (M, R) for k > 1.
If n = 2, then we consider the complex M ®g Homp(M, M*®) :

0 — M ®s Homg(M, My) — M ®g Homg(M, M1) — M ®s Hompg(M, My) — 0.

Since pM ®g — : S-Mod — R-Mod is right exact, H?>(M ®s Homgr(M, M*®)) ~ M ®g
H?(Homp(M, M*)) ~ M ®5Ext%(M, R). Now, (2) follows from Proposition 4.4(3). O

An application of Corollary 4.5 is the result.

COROLLARY 4.6.  Suppose that the complexr M*® decomposes into a direct sum of
U® and V* as complexes of R-modules

Ue: o —0—U—>5U —0—-—0— -,
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Ve o 00— V5V — eV, =0 — -
such that Vi € Add(rM). Then % is homological.

PROOF. By definition, My = Uy ® Vo, My = Uy @ Vy and p = (§9). Ac-
cording to Corollary 4.5(1), it suffices to show that § : Coker(fy,) — Coker(fy,) and
t : Coker(6y,) — Coker(fy,) are surjective.

Since H/(M®) = 0 = U; for j > 1 and 2 < i < n, the map s is surjective, and
therefore § is surjective. As gpM is finitely generated by (R1), the functor Hompg(M, —) :
R-Mod — S-Mod commutes with direct sums. So, if X € Add(gM), then 0x : M ®g
Homp(M,X) — X is an isomorphism. It follows that Coker(6y;) = 0 due to V; €
Add(gM). Thus t is surjective. Now, Corollary 4.6 follows from Corollary 4.5(1). O

As another consequence of Proposition 4.4, we mention the result.

COROLLARY 4.7. (1) If My € Add(rM), then rRM is a classical tilting module.
(2) If n <1 or My € Add(grM), then % is homological in Z(R).

PROOF. (1) Suppose that My € Add(gM). Then 0y, : M@sHomp (M, My) — My
is an isomorphism, and therefore Coker(6ys,) = 0. By the proof of Proposition 4.4, we
have H(i,i*(R)) ~ Ker(f1) = 0. Note that Endgg) (i*(R)) ~ H(i*(R)) = H°(i.i*(R))
as R-modules by Lemma 3.1(2). This implies Endgg)(i*(R)) = 0 and so % = 0 by
Lemma 3.1(1). Now, it follows from Lemma 4.2 that RHom (M, —) : Z(R) — 2(S) is
a triangle equivalence. Consequently, r M is a classical tilting module (see [24, Theorem
4.1]).

(2) follows from Corollary 4.6. O

5. Proofs of Theorem 1.1 and Corollary 1.2.

In this section, we first develop several properties of (good) tilting modules, and
then give a method to construct weak tilting modules. With these preparations in hand,
we will prove Theorem 1.1 and Corollary 1.2.

Throughout this section, A denotes a ring and n is a natural number. In addition, we
assume that T is a good n-tilting A-module with (T'1), (72) and (T'3)" (see Introduction
for notation). Let B := End4(T).

First of all, we collect some basic properties of good tilting modules. For proofs, we
refer to [6, Proposition 1.4 and Lemma 1.5].

LEMMA 5.1.  The following hold true for the tilting module 4T .

(1) The torsion class T+ := {X € A-Mod | Ext'4(T,X) = 0 for all i > 1} in
A-Mod is closed under arbitrary direct sums in A-Mod.

(2) The right B-module T has a finitely generated projective resolution of length at
most n:

0 — Homu(T,,,T) — -+ — Homyu (T1,T) — Homu (Ty,T) — Tp — 0

with T; € add(4T) for all0 <i <mn.
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(3) The map A™ — Endger (T), defined by a — [t — at] fora € A andt € T, is an
isomorphism of rings. Moreover, Ext'zoo (T, T) =0 for all i > 1.
(4) If T,, = 0 in (T3), then AT is an (n — 1)-tilting module.

Throughout this section, we define
G:=AT®% —: 2(B) — 2(A), H :=RHom A(T,—): 2(A) — 2(B),

Q°®:= -+ — 0 — Homu(T,To) — Homu (T, T1) —
<+« — Homu (T, T,) — 0 —> -~

where Hom4 (T, T;) is of degree i for 0 < ¢ < n, and Q** := Hompg(Q*, B) € € (B°P-proj).
Note that Q** is isomorphic in €°(B°P-proj) to the complex

<o — 0 — Homy(7,,,T) — --- — Homu (T, T) — Homu (Tp,T) — 0 — - --

The following lemma is taken from [6, Theorem 2.2], which says that 2(A) is not
equivalent to Z(B) in general.

LEMMA 5.2.  The functor H : 9(A) — 2(B) is fully faithful, and Im(H) =
Ker(Homgp)(Ker(G), —)).

The next result supplies a way to understand T by some special objects or by
subcategories of derived module categories. In particular, the category Ker(G) is a
bireflective subcategory of Z(B).

LeEMMA 5.3.  For the tilting A-module T, we have

(1) H(A) ~ Q* in 2(B) and Homgyp)(Q*,Q*[m]) =0 for any m # 0.

(2) Ker(G) = {Y* € 2(B) | Homgp)(Q*®, Y*[i]) = 0 for all i € Z}.

(3) Let ji : Tria(Q®) — 2(B) and i, : Ker(G) — Z(B) be the inclusions. Then

there exists a recollement of triangulated categories together with a triangle equivalence:

A /’;N G
Ker(G) —> Tria(Q*) 2(A) (%)
N ~ I

~

such that G j, 7' is naturally isomorphic to G.

PROOF. Lemma 5.3 is implied in [6]. For the convenience of the reader, we include
a proof here.

(1) By (T'3)’, the stalk complex A is quasi-isomorphic in € (A4) to the complex T
of the form:

e — 0 =T —1T— - —T, —0— -

where T; € add(T') is in degree ¢ for 0 < i < n. Further, by (172), we have T; € T+ =
{X € A-Mod | Ext4(T,X) = Ofor all 4 > 1}. It follows from Lemma 2.1(1) that
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H(A) ~ H(T*) ~ Homu (T, T°) = Q° in 2(B). Since the functor H is fully faithful by
Lemma 5.2,

Homg () (Q*, Q*[m]) ~ Homg(p) (H(A), H(A)[m])
~ Homg 4y (A, A[m]) ~ Ext’y(4,4) =0

for any m # 0. This shows (1).
(2) Since Q* € €*(B-proj) and Q** is quasi-isomorphic to Tz by Lemma 5.1(2),
there are natural isomorphisms of triangle functors:

RHom 5(Q°, —) — Q** @% — = ;T &% —: 2(B) — 2(2).

Note that H™(RHom 5(Q®,Y*)) ~ Homgyp)(Q®,Y*[m]) for m € Z and Y* € 2(B).
This shows (2).

(3) Since Q* € €°(B-proj), we know from (2) and Lemma 3.5 that there exists a
recollement of triangulated categories:

Ker(G) 2(B) Tria(Q*®) (k)
On the one hand, by the correspondence between recollements and TTF (torsion, torsion-
free) triples (see, for example, [11, Section 2.3]), we infer from (xx) that Im(j.) =
Ker(Homg(p)(Ker(G), —)) and that the functor j. : Tria(Q®) — Im(j.) is a triangle
equivalence with the restriction of j' to Im(j.) as its quasi-inverse. On the other hand,
it follows from Lemma 5.2 that Im(H) = Ker(Homgp)(Ker(G), —)) and the functor
H:9(A) — Im(H) is a triangle equivalence with the restriction of G to Im(H) as its
quasi-inverse. Consequently, Im(j,) = Im(H) and the composition G j, : Tria(Q®) —
P(A) of j. with G is a triangle equivalence.
For any X*® € 2(B), by the recollement (xx), there exists a canonical triangle in
2(B) :

i (X®) — X® — 5.5 (X®) — i.d' (X*)[1].
Since Im(i,i') = Im(i,) = Ker(G), G(X*) — Gj,5'(X*) in 2(B). This proves (3). O
Next, we shall investigate when the subcategory Ker(G) of 2(B) is homological.

LEMMA 5.4. Ker(G) is a homological subcategory of Z(B) if and only if
Ker(RHom ger (T, —)) is a homological subcategory of 2(B°P).

PROOF. In Proposition 3.7, we take R := B and ¥ := {Q*}. Then ©* = {Q**}.
Since Q** is quasi-isomorphic to Ts by Lemma 5.1(2), there is a natural isomorphism of
triangle functors:

RHom pos (T, —) — RHom go» (Q**, —) : 2(B°?) — 2(Z).
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This implies

Ker (RHom po» (T, —)) = Ker(RHom go» (Q**, —))
={Y* | Homgper)(Q*", Y*[m]) = 0 for m € Z}.

Thus Lemma 5.4 follows from Lemma 3.5 and Proposition 3.7. O

Now we point out that each good tilting module can produce a weak tilting module
over its endomorphism ring. This guarantees that we can apply Proposition 4.4 to show
Theorem 1.1.

LEMMA 5.5.  The right B-module Tg is an n-weak tilting module.

PrROOF. Clearly, proj.dim(Tp) < n. Moreover, (R1) and (R2) hold for T by
Lemmas 5.1(2) and 5.1(3), respectively. Now, we check (R3) for Tp.

In fact, according to (T'1), the module 4T admits a projective resolution of A-
modules:

0—P,—-—P — P T—0

with P, € Add(4A) for 0 < i < n. Since Ext’,(T,T) = 0 for all j > 1 by (T2), the
sequence

0 — B — Homyu (FPy,T) — Homu (P, T) — -+ — Homa(P,,T) — 0

of right B-modules is exact. Note that Hom(P;,T) € Prod(Tg) due to P; € Add(4A).
Thus Tp satisfies (R3).

It remains to prove that Tp satisfies (R4).

Actually, by Lemma 5.1(3), the map A™ — Endgor (T'), defined by a — [t — at] for
a € Aand t € T, is an isomorphism of rings. Further, it follows from Lemma 2.5 that the
right A°P-module T is strongly A°P-Mittag-Leffler. Hence the right End gor (T')-module
T is strongly Endger (T)-Mittag-Leffler. Thus, by definition, the B°P-module T is an
n-weak tilting module. O

Proor oF THEOREM 1.1. Recall that the complex P*® is the deleted projective
resolution of 4T

o — 00— P, — - — P —F—0—--
appearing in (T'1). Here P; is in degree —i for 0 < i < n.
By Lemma 5.5, T is an n-weak tilting B°P-module and the exact sequence in (R3)
can be chosen as
0 — Bp — Homu(Py,T) — Homa (P, T) — -+ — Homu(P,,T) — 0.

In particular, the complex M*® in Proposition 4.4 can be chosen as

Homyu(P*,T): -+ — 0 — Homu(Py,T) — Homyu (P, T) —
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-+« —> Homuy(P,, T) — 0 — - --
Let
H = RHom gos (T, —) : 2(B°?) — Z(A°P).

It follows from Lemma 5.4 that Ker(G) is homological in 2(B) if and only if so is Ker(H)
in 2(B°P). That is, 4T is homological if and only if

(a) Ker(H) is a homological subcategory of Z(B°P).

Now, in Proposition 4.4, we take R := B°P, S := A°? and M := gTs. By Proposi-
tion 4.4, (a) is equivalent to

(b) HI(Hompop(T, M®*) @4 T) = 0 for all j > 2, where Hompgos(T, M®) :=
Homper (T, Hom 4 (P*,T')) is the complex of the form:

0 — Hompor (T, Hom 4 (Py,T)) — Homper (T, Homa (P, T)) —
e —> HOHlBOp (T, HOHlA(Pn,T)) — O7

with Hompes (T, Hom4 (P;,T')) in degree i for 0 < i < n.

In the following we show Hom4(P*®, A) ~ Homper (T, Homy(P*®,T)) as complexes
over A°P.

In fact, since T is a good tilting A-module, it follows from the axiom (73)" that
there exists an exact sequence 0 - A — Ty — Ty with T; € add(T) for ¢ = 0, 1.
Applying the functor ® := Homu(—, 4Ts) to this sequence, we obtain another exact
sequence ®(T1) — @(Ty) — ®(A) — 0 of B°P-modules by Lemma 5.1(2), and the exact
commutative diagram:

0 ———— Homyu (X, A) Hom 4 (X, Tp) Homy (X, TY)

X i |

0——s HOHlBop((I)(A), (I)(X)) —— HOHlBop (@(T@), (I)(X)) e HOl’nBop((I)(Tl), q)(X))

R
R

where the isomorphisms in the second and third columns are due to Ty € add(T") and
Ty € add(T), respectively. Consequently, ® : Hom4 (X, A) — Homper (P(A), (X)) in
the first column is an isomorphism. This implies

~

Hom 4 (—, A) —Hom gos (B(A), &(—)) =
Hompor (T, Hom4(—,T)) : A-Mod — A°P-Mod.

Thus Hom 4 (P*, A) ~ Homper (T, Hom 4 (P*,T)) as complexes over A°P. This completes
the proof of the first part of Theorem 1.1, while the second part of Theorem 1.1 follows
from Lemma 4.2. O

REMARK 5.6. (1) Up to isomorphism, the cohomologies H™(Homu(P*, A) ®4
Tg) in Theorem 1.1 are independent of the choice of the projective resolutions of 4T
Moreover, by Lemma 4.3(2) and the proof of Theorem 1.1, there are isomorphisms in

9(BP):
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Hom(P*, A) ©4 T ~ Hom4 (P*, A) ®% Tz ~ RHom ge» (T, B) @' T5.

(2) In Theorem 1.1, if n = 2, then 4T is homological if and only if Ext% (T, A)@AT =
0. This follows from H™(Homa(P*, A) @4 Tg) = 0 for m > 3 and H?(Hom(P®, A) ®4
Tg) ~ H?(Homa(P*, A) @4 T ~ Ext} (T, A) @4 T.

To prove Corollary 1.2, we first establish a lemma.
LEMMA 5.7.  The complex Homy (P®, A) is isomorphic in P(Z) to the complez:

Homyu(T,7°%): -+ — 0 — Homa (7, Tp) — Homu (7, T1) —

- — Homux(T,T,) — 0 — - -

In particular, if A is commutative, then Homa (P®, A) ® 4 T ~ Homa(T,T*) @4 T in
PD(B°P), where T* denotes the complex in (T'3) without the term A.

PROOF. The maps 7 and w in (71) and (73) induce two canonical quasi-
isomorphisms 7 : P* = T and @ : A — T* in € (A), respectively. Consequently, both 7
and W are isomorphisms in Z(A). Since 7 and @ are chain maps in ¥ (A), we obtain two
chain maps in €(Z):

. (@)" o /e ey () .
Homy (P®, A) —— Hom®% (P*,T*) <—— Homu (T, T*).
Now, we claim that both chain maps are quasi-isomorphisms.

Indeed, applying H'(—) to these chain maps for i € Z, we construct the commutative

diagram:

Hi(Homa(P*, A) 2 b (Hom®, (P*, 7)) Hi(Hom(T, T*))

l (@)" ()« i

Hom 4y (P*, Ali]) —— Hom y (a(P*, T*[i]) <—— Hom y(ay(T, T*i])

J('h iqs
(@)” (7)

HOHl@(A)(P.,A[i]) — Hom@ A)(P.,T' ]) <; HOIH@(A)(T Te [ ])

H' (7))
-

where the maps g, 1 < j < 3, are induced by the localization functor ¢ : £ (A) = Z(A),
and where the isomorphisms in the third row are due to the isomorphisms w and 7 in
2(4A).

Since P* is a bounded complex of projective A-modules, both ¢; and ¢o are bijective.
This implies that H*((@)*) is also bijective, and therefore (0)* is a quasi-isomorphism.

Note that (7). is a quasi-isomorphism if and only if H*((7).) is bijective for each
i € Z. This is also equivalent to saying that gs is bijective in the above diagram. Actually,
to prove the bijection of g¢s, it is enough to show that, for X € add(47T) and i € Z, the
canonical map Hom (4)(7T, X[i]) — Homg (T, X[i]) induced by g is bijective since T
is a bounded complex with each term in add(4T). However, this follows directly from
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(T2). Thus (7). is a quasi-isomorphism.

Consequently, the complexes Hom4(P®, A) and Hom(7,T*) are isomorphic in
D(Z).

If A is commutative, then each A-module can be naturally regarded as a right A-
module and even as an A-A-bimodule. Particularly, 7® can be regarded as a complex of
A-A-bimodules. In this sense, both 7: P®* — T and @ : A — T'® are quasi-isomorphisms
of complexes of A-A-bimodules. Moreover, the chain maps (w)* and (7). are quasi-
isomorphisms in ¢ (A°). Thus Homyu(P®, A) ~ Homu(T,T°) in 2(A°P). Note that
Hom4(P®, A) ®4 T ~ Homa(P*, A) ®Y4 T in 2(B°P). As a result, Hom4(P®, A) ®4
Tp ~ Homa(T,T*) @4 T in 2(B°P). O

PROOF OF COROLLARY 1.2. (1) Let Py, := (Py)o<i<n and Py := (Py")o<i<n
denote deleted projective resolutions of M and N, respectively. Then P® = Py, & Py.
Suppose m € N with m > 2. Then

Hm(HOHlA(P.,A) XA TB) ~ Hm(HomA(P]T/[,A) XA T) D Hm(HOHlA(P]:/,A) XA T)

Due to proj.dim(4M) < 1, we have Pj;f = 0 for all 2 < ¢ < n. This implies
H™(Homa(Py;, A) ®4 T) = 0. Note that 4T = M @ N is strongly A-Mittag-Leffler
by Lemma 2.5, and therefore so is the first syzygy Q4 (N) of 4N. Since Q4(N) is finitely
generated, it has a finitely generated projective resolution by Lemma 2.4(4). Hence we
can assume Pj;j € add(4A) for all 1 < j < n. Now, we consider the natural transforma-
tion ¢ : Homa(—, A) ®4 T — Homu(—,T) from A-Mod to B°?-Mod. If X € add(4A4),
then (x is an isomorphism. In particular, HomA(ng, A) @ T = HomA(P];j,T) for
all 1 <j <n. Since m > 2 and 4T is a tilting module,

H™(Homa(Py,A) @4 T) ~ H™ (Homa(Py,T)) = Ext’y (N, T) = 0.

Consequently, H™(Homyu (P®, A) ®4 Tp) = 0 and (1) follows from Theorem 1.1.

(2) Suppose that 4T is homological. By Theorem 1.1, H™(Homy (P*, A)®@4Tp) =0
for all m > 2. Furthermore, we shall show T,, = 0 if H"(Hom(P*®, A) ® 4 T) = 0.

In fact, since A is a commutative ring, every one-sided A-module is automatically an
A-bimodule. Tt follows from the proof of Lemma 5.7 that Hom 4 (P®, A) ~ Hom (T, T*)
in Z(A°P). Note that the tensor functor —®4 T : A°’>-Mod — B°P-Mod is right exact.
This means

0= H"(HomA(P',A) Ra TB) ~ H”(HomA(P°,A)) QR T ~ H"(HomA(T, T.)) QaT.

In particular, H"(Hom(T,,,T*)) ® 4 T, = 0, due to T,, € add(4T).
Recall that the complex Homy4 (T, T*) is of the form

<+ — 0 — Homyu (T),, To) —
-+ — Homy (Ty,, Ty—1) — Homp (T, T,) — 0 —> - -+

As Homu(T,,T,—1) = 0 by our assumption in Corollary 1.2(2), we obtain
H"(Homa(T,,T*)) = Homu (T, Ty,). Thus Ends(T,) ®4 T, = 0. It follows from the
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surjective map
Enda(T,) @4 T, — T, f@x— (z)f for f € Enda(T,) and z €T,

that 7T,, = 0.

Now, by our assumption, Hom4(T;+1,T;) = 0 for 1 <14 < n—1. Thus, by induction,
we can show T; = 0 for 2 < j < n. It then follows from Lemma 5.1(4) that T is a
1-tilting A-module.

The sufficiency of Corollary 1.2(2) follows from Theorem 1.1, see also [11, Theorem
1.1(1)]. d

6. Applications to cotilting modules: Proof of Theorem 1.3.

In this section, we shall apply the results in Section 4 to deal with cotilting modules.
First, we construct weak tilting modules from good cotilting modules, and then use
Proposition 4.4 to show Corollary 6.3 and give a proof of Theorem 1.3. In the course
of our discussions, we also develop some criterions for bireflective subcategories induced
from cotilting modules to be homological.

Suppose that A is a ring and W is a fixed injective cogenerator for A-Mod. Recall
that an A-module W is called a cogenerator for A-Mod if, for any A-module Y, there
exists an injective homomorphism Y — W7 in A-Mod with I a set.

DEFINITION 6.1.  An A-module U is called an n-cotilting module if the following
three conditions are satisfied:

(C1) inj.dim(aU) < n;

(C2) Ext’,(U!,U) = 0 for each j > 1 and for every nonempty set I; and

(C3) there exists an exact sequence of A-modules

0—U,— - —U —U—W-—70

such that U; € Prod(4U) for all 0 < i < n.
An n-cotilting A-module U is said to be good if it satisfies (C1), (C2) and
(C3)’ there is an exact sequence of A-modules

0—U,— - —U —Uy—W—0

such that U; € add(4U) for all 0 <i < n.
We say that U is a (good) cotilting A-module if 4U is (good) n-cotilting for some
n € N.

As in the case of tilting modules, for a given n-cotilting A-module U with (C1)-
(C3), the A-module U’ := @, U; is a good n-cotilting module which is equivalent to
the given one in the sense that Prod(U) = Prod(U").

From now on, we assume that U is a good n-cotilting A-module with (C1), (Cs) and
(C3)', and call U a good n-cotilting A-module with respect to W. Let R := End4(U),
M :=Homu (U, W) and A := End4(W). Then M is an R-A-bimodule.
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LEMMA 6.2. (1) The R-module M has a finitely generated projective resolution of
length at most n:

0 — Homu (U,U,) — -+ — Homu(U,U;) — Homu (U, Uy) — M — 0

with Uy, € add(4U) for all0 <m < n.

(2) The Hom-functor Homu (U, —) : A-Mod — R-Mod induces an isomorphism of
rings: A ~ Endg(M), and Ext's(M, M) =0 for all i > 1.

(3) The module rRM satisfies (R1)—(R3).

Proor. (1) Applying Homu(U,—) to (Cs)’, we obtain the sequence in (1)
with all Homa(U,U;) € add(rR). Its exactness follows directly from (C2). Thus
proj.dim(gM) < n.

(2) Let ¥ be the Hom-functor Homa (U, —) : A-Mod — R-Mod. Then ¥(U) = R,
U(W) = M and Hom (X, W) — Hompg(¥(X), ¥(W)) for any X € add(4U).

If n =0, then W = Uy and M = Homu (U, Uy) as R-modules. In this case, one can
easily check (2).

Suppose n > 1. By (1), the R-module M = ¥ (W) has a finitely generated projective
resolution

00— YU, — - —VU) — YUy —¥(W)—0

with U, € add(U) for 0 < m < n. Applying Hom4(—, W) to the resolution of W in
(C3)’, we can construct the commutative diagram:

00— Homa (W, W) Hom 4 (U, W) Hom 4 (Uy, W) ——> --- — > Hom (Un, W) ———> 0
0 ——> Homp (¥ (W), ¥(W)) —— Hom (¥ (Up), ¥(W)) —— Hom g (¥(U;), T (W)) —> -+ - ——> Homp (¥ (U,,), T(W)) — 0.

Since the module 4 W is injective, the first row in the diagram is exact. This implies
that ¥ is an isomorphism of rings and that the entire sequence of the second row in
the diagram is exact. Thus Ext% (M, M) = BExth (¥ (W), ¥(W)) = 0 for all i > 1 by
definition.

(3) Clearly, (R1) and (R2) follow from (1) and (2), respectively. It remains to show
(R3) for M. In fact, by (C1), there exists an exact sequence of A-modules: 0 - U —
Iy — I — --- — I, — 0 where I; is an injective module for 0 < i < n. Since W is an
injective cogenerator for A-Mod, I; € Prod(4W). Moreover, due to (C2), the sequence

0 — R — Homa (U, Iy) — Homu (U, I;) — -+ — Homyu (U, I,,) — 0

is exact. Since Homu (U, —) commutes with arbitrary direct products, it follows from
I; € Prod(4aW) that Homyu (U, I;) € Prod(rHoma (U, W)) = Prod(gM) and that pM
satisfies (R3). O

By Lemma 6.2(2), the ring Endg(M) can be identified naturally with A (up to
isomorphism of rings). Now, we define

G:=pM 3% —: 2(A) — 2(R) and H :=RHom r(M,-): 2(R) — 2(A).
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Since M satisfies both (R1) and (R2) in Definition 4.1, it follows from Lemma 4.2 that
there exists a recollement of triangulated categories:

Ker(H)

where (7*,4,) is an adjoint pair of functors with ¢, the inclusion. In this situation, we
are interested in the following

PrROBLEM. When is Ker(H') homological in Z(R)?

We do not know whether pM satisfies (R4) and cannot directly apply Proposition
4.4 to gM. However, the following holds true.

COROLLARY 6.3.  Suppose that A is a ring together with an injective cogenerator
W for A-Mod. Let U be a good n-cotilting A-module with respect to W. Suppose that
A :=End4 (W) is a right noetherian ring.
(1) The following assertions are equivalent:
(a) Ker(H) is homological in 2(R).
(b) H™(gHom (U, W) @5 Homa (W, I*)) = 0 for m > 2, where I*® is a deleted
injective coresolution of AU :

e —0—I—HL—-—1,—0—- -

with I; in degree i for all 0 < i < n.
(2) If one of the above assertions in (1) holds, then the generalized localization X :
R — Ry of R at M exists and induces a recollement of derived module categories:

//Bm 2N
Z(Rr)
~_ ~____—

PROOF. (1) By the proof of Lemma 6.2(3), the sequence in (R3) can be chosen as
follows:

0—R— HOHlA(U, Io) — HOIHA((]7 Il) —_— s —> HomA(U, In) — 0.
In this case, the complex M*® can be defined as the complex:
Homyu (U, I°) : 0 — Homu (U, Iy) — Homa (U, I;) — - -+ — Homyu (U, I,,) — 0.

Since A is right noetherian, M is a weak tilting R-module. It follows from Proposition
4.4 that (a) is equivalent to

(b') HI(gM @5 Homp (M, M®)) = 0 for any j > 2, where M*® := Homu4 (U, I*).

To prove that (a) and (b) in Corollary 6.3 are equivalent, it is sufficient to show
that (b') and (b) are equivalent. For this purpose, we shall show Hompg(M, M*®) ~
Hom 4 (W, I®) as complexes over A.
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Let ¥ = Homa (U, —) : A-Mod — R-Mod. Then ¥(W) = M and M*® = ¥(I*). The
functor ¥ induces a natural transformation of functors

Homy (W, —) — Hompg(¥(W), ¥(-)) : A-Mod — A-Mod.

This yields a chain map Homa(W,I°®) — Homp(¥ (W), ¥(I*)) = Hompr(M,M?*) in
% (A). Note that all terms I; of I® are injective A-modules. To verify that the chain map
is an isomorphism of complexes, it is enough to show that, for any injective A-module
X, the functor ¥ induces an isomorphism of A-modules:

Hom 4 (W, X) — Hompg (¥ (W), ¥(X)).

However, this follows from (C3)" and Lemma 6.2(1) even for an arbitrary A-module X.
Consequently, Hom 4 (W, I®) ~ Hompg (M, M*®) as complexes over A. Thus (') and
(b), and therefore, also (a) and (b), are equivalent.
(2) follows from Lemma 4.2. O

As a consequence of Corollary 6.3, we have the following result.

COROLLARY 6.4. Let U be a good n-cotilting A-module with respect to an injective
cogenerator AW . Suppose that End (W) is a right Noether ring (for example, A is an
Artin algebra and W is the dual of A). If n <1, then Ker(H) is homological in 2(R).

PROOF OF THEOREM 1.3. Recall that 4W is the injective cogenerator D(A) over
the Artin algebra A. Then End4 (W) is isomorphic to A, and therefore right noether-
ian. Since 4U is a good 1-cotilting module with respect to W, the category Ker(H) is
homological by Corollary 6.4. Now, Theorem 1.3 follows from Corollary 6.3. O

7. Homological tilting modules over Gorenstein rings.

In this section, we shall apply Corollary 1.2 to construct two classes of infinitely
generated, good tilting modules over Gorenstein rings such that one is homological, and
the other is not.

A ring A is called Gorenstein (or Iwanaga—Gorenstein) if A is left and right noe-
therian and if both inj.dim(4A) and inj.dim(A4) are finite. In this case, inj.dim(4A) =
inj.dim(A4). The ring A is called n-Gorenstein if it is Gorenstein with inj.dim(4A4) = n.

Let A be an n-Gorenstein ring. It is known that, for an A-module M,
proj.dim(4M) < oo if and only if inj.dim(4M) < oco. Moreover, these two dimen-
sions are at most n (for example, see [17, Theorem 9.1.10]). In particular, each injective
A-module has projective dimension at most n and each projective A-module has injective
dimension at most n.

Let

0—4A— Iy —L—- - —I1,—0
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be a minimal injective resolution of 4A. Then T := @, I; is an n-tilting A-module
(see [2, 32]). This module is good and has projective dimension exactly n. In the fol-
lowing, T is called the canonical n-tilting module associated with A. Moreover, Add(4T")
coincides with the full subcategory of A-Mod consisting of all injective A-modules (see
[26, Corollaries 4.6 and 4.7]).

From now on, A is a commutative n-Gorenstein ring. Let h; be the set of all prime
ideals of A with height i. Then I; = @y, £(A4/p) for all 0 <7 < n (see [5, Section 1]).

For an A-module M, we denote by E(M) its injective envelope.

Now we construct infinitely generated, homological tilting modules over non-
commutative Gorenstein rings by one-point extensions of rings.

Suppose that m is a fixed maximal ideal of A. Define A := (ﬁ?g g), where A/m is

regarded as an A-module via the canonical surjection A — A/m. Then A is a left and
right noetherian ring.

Each A-module can be written as a triple (X,Y, f) with X an (A/m)-module, ¥
an A-module and f : X — Y a homomorphism in A-Mod. Since there is a canonical
surjection from A to A, each A-module can be regarded as a A-module. In the following,
for an A-module Y, the A-module (0,Y,0) will be denoted by oY for simplicity. Evidently,
proj.dim(,Y’) = proj.dim(4Y).

Let

AN = (A/m,0,0), AV :=(A/m E(A/m), i) and AW :=Na&Ve D E(A/p),
pFAm

where i : A/m — E(A/m) is the canonical inclusion and p runs through all prime ideals
of A.

PROPOSITION 7.1.  Suppose that the localization Ay of A at m has global dimension
n>1. Then

(1) A is an (n+ 1)-Gorenstein ring and W is an infinitely generated, good (n + 1)-
tilting A-module.

(2) If n = 1 (for example, Ay is a Dedekind domain), then W is a homological
2-tilting A-module.

PrROOF. (1) First, we show that Add(W) is exactly the full category of A-Mod
consisting of all injective A-modules.

To see this, let e :== (39) € A. Then eAe ~ A, V ~ Homa(eA, E(A/m)) and
E(A/p) ~ Homa(eA, E(A/p)) as A-modules for p # m. Since aeA is finitely gener-
ated, the functor Hom 4 (eA, —) : A-Mod — A-Mod commutes with direct sums. Then
AW ~ N @ Homy(eA,T). As the modules 4T and AN are injective, the A-module W
is also injective. On the other hand, A is a left noetherian ring, this means that direct
sums of injective A-modules are again injective. Thus Add(W) consists of injective A-
modules. Further, each A-module (XY, f) has a submodule Y which can be embedded
into a module in Add(Homy (eA,T)), and has a quotient module (X, 0,0) which can be
embedded into a module in Add(N). Thus Add(W) coincides with the category of all
injective A-modules.

Second, we show proj.dim(W) =n + 1.
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Since the localization A — A, of A at m is flat, it is homological. Thanks to
Am/mA, ~ A/m, we have proj.dim(4 A/m) = proj.dim(4, A/m), while the latter is equal
to the global dimension of An,. Thus proj.dim(4A/m) = n. It follows from Q (N) = A/m
that proj.dim(,N) = n + 1. Note that there is a short exact sequence of A-modules

0— (A/m, A/m,1d) — V — E(A/m)/(A/m) — 0,

where Id stands for the identity map of A/m. In this sequence, the module (A/m, A/m,Id)
is projective, but V is not projective due to n > 1. This implies proj.dim(,V) =
proj.dim(4E(A/m)/(A/m)). Since A is Gorenstein and proj.dim(4A4/m) < oo,
proj.dim(4E(A/m)/(A/m)) < mn, and therefore proj.dim(,V) < n. Moreover,
proj.dim(s E(A/p)) = proj.dim(4 E(A/p)) < n. Thus proj.dim(W) =n+ 1.

Third, we prove inj.dim(yA) =n + 1.

Note that inj.dim(yE(A/m)) = 1 because there is a short exact sequence of A-
modules:

0 — AE(A/m) —V — N — 0, (4)

where both V and N are indecomposable and injective. Since A, has global dimension
n, it is regular and m is of height n, that is, m € h,,. Based on the form of the minimal
injective coresolution of 4 A, one can describe a minimal injective coresolution of 5 A as
follows:

00—\ A—Iy—6LH— - —I,1—V® @ E(A/p) — N — 0.
p€hn\{m}

This shows inj.dim(yA) = n + 1. Since Ay, is regular, the dual of the Koszul complex
determined by a regular sequence of m provides an injective resolution of 4A/m:

0 — 4A/m — E(A/m) — E(A/m) — E(A/m)*? — ... — E(A/m)** — 0
with s; € N for all 1 <4 < n. So there is a long exact sequence of A-modules:
0— (A/m,A/m,Id) — V — E(A/m)** — E(A/m)*? — ... — E(A/m)*" — 0.

This sequence together with (¢) gives rise to an injective resolution of (4/m, A/m,1d) as
follows:

00— (A/mA/mId) —V — W), — Wy — -+ — W, — W41 — 0,

where W; € add(VéN) for all 1 < j < n+1. This forces inj.dim((A/m, A/m,Id)) < n+1.
Consequently, inj.dim(sA) =n + 1 since p\A = A @ (A/m, A/m,1d).

Note that A is left and right noetherian and that Add(W) is the category of all
injective A-modules. Since inj.dim(pA) = n + 1 = proj.dim(WW), it follows from [17,
Proposition 9.1.6] that A is (n + 1)-Gorenstein. From the injective resolution of ,A
constructed above, it follows that W is a good (n + 1)-tilting A-module. Clearly, it is
infinitely generated since V' is infinitely generated.
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(2) Let \AM :=V & D, E(A/p). Then W = M & N. Moreover, Qx(N) = yA/m,
which is finitely generated.

If n = 1, then proj.dim(, N) = 2 and proj.dim(a, M) < 1. In this case, the 2-tilting A-
module W does satisfy the assumptions of Corollary 1.2(1). Thus W is homological. O

Under the assumptions of Proposition 7.1, let U be the canonical (n + 1)-tilting
A-module associated with the Gorenstein ring A. Then add(U) = add(W). Thus U is
homological if and only if W is homological. By Proposition 7.1(2), if n = 1, then U is
homological. This means that, over non-commutative 2-Gorenstein rings, the canonical
tilting modules may be homological.

The following result, however, shows that, over commutative n-Gorenstein rings with
n > 2, the canonical tilting modules are never homological.

PROPOSITION 7.2. Ifn > 2, then AT is not homological.

PrOOF. If p and q are two prime ideals of A, then Hom4(E(A/p), E(A/q)) # 0
if and only if p C q (see [17, Theorem 3.3.8]). This implies that if 0 < i < j < n, then
Hom4(E(A/p),E(A/q)) = 0 for p € b; and q € b;, and therefore Homu4 (I, I;) = 0. If
we take T; = I; for 0 < ¢ < n, then the tilting A-module T satisfies the assumptions in
Corollary 1.2(2). Thus, by Corollary 1.2(2), 4T is not homological since proj.dim(47") =
n> 2. O

In Proposition 7.2, the subcategory Ker(4T ®% —) cannot be realized as the derived
module category 2(C) of a ring C' with a homological ring epimorphism B — C. Thus
tilting modules of higher projective dimension do not have to be homological in general.

For general constructions of homological tilting modules over arbitrary rings, we
shall discuss them in a forthcoming paper.
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